Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 1

Question:

Attime ¢ seconds a particle P has position vector v metres, relative to a fized origin O
The particle moves zo that

dr

— —r=271

When (=0, r=-i+j.
Find r in terms of £ E

Solution:

_ _a
Integrating factor = e-r =g

g E —ret =0 - Llultiply through by the integrating

factor.

—(re") =274

ret = —p ¥ 1o 4——— | Integrate with respectto £ Don't

forget the constant!

£=0 r =-i+j

=—-i+j =—i+c 4—— TJ:se the initial conditions given in

£ =] the question to find c.

L r =—eTi+ e
Multiply through by & to obtain r.
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 2

Question:

With respect to a fized origin O, the position vector,

seconds satisfies

dr S w
—+r=i1—7Je .
= (1-1)

Criwen that 2 i1z at & when ¢ =10, find

a rin terms off,
b acartesian equation of the path of F.

Solution:

dr PRSI, ¥
—4r={(-
a —+r={-j)e

_ 1d
Integrating factor = e‘r =¢'

r metres, of a particle © at titne ¢

Lultiply through by the integrating
factor.

Integrate with respectto £ Don't
forget the constant!

Fiz at O when =0,

" Divide by &' to obtain r
h r= (—e':” +e")i +(e'2’ - e")j
y=—p Mot o ——— Using theicomponent.
y = gt
*r— ] ] ;
Cy=-—x TTzing the j component

Eliminate £ (by ohzervation).
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 3

Question:

Attime ¢ seconds the position wector of a particle P relative to a fized origin & i
r metres. The position vector satisfies the wector differential equation

g+2‘r =0.
e

Attime f=%1n3,r=i—2j+k.

a Find rinterms of £
b Find the greatest walue of the magnitude of the acceleration of P for 20 &

Solution:

a g+2r=l:I
i

. 28
Integrating factor = e‘r b

e £+ 2e%r =0
de

d ( at ) = facter

44— Multiply through by the inte grating

Integrate with respect to £

TTse the initial conditions given in

eh? [i— 23 +k) =A the question to find A

b F=—6(i-2j+k)
¥ =12 (i-2j+k)

|F e = 12— 25 +k)|
=124 (1+4+1)

- . . —Jr
|t | will be maximum when ™ =1

=1248

The greatest value of the magnitude of the acceleration is 1246 ms?
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 4

Question:

The position vector, r m, of a particle P 1z measured relative to a fizxed origin O, and
its velocity vms™ at time £ seconds satisfies the differential equation

dv
e
When £=0,F iz at the point with position vector {(—2i+73) m, and has velocity
{12i+%)m s Find

a an expression for v in terms of £,

-2V,

b the position vector of F when £=1n2. E
Solution:
a d_v =—2v
ds
Lid +2v=10
ot
Integrating factor = e'[m =¥
d
e EV +2e¥v =0  +——— Multiply through by the integrating
¥ factor
2R
a[:e V:I =0

2
efv=A +——] Integrate.

=0 v =121+5j H_’_;_

=1Zi+4] = A Tse the initial conditions given in the
v = []2i +8j) = question to find A

dl‘ . . —ar
b —=(l2i+5)e
"= ()
r =—%[12i+8j)e‘2‘+]3
f=0r =-2i+j] = TTse the initial conditions given in the

question to find B.

= -2i+j =—%(12i+8j)+B

B =4i+5
r = (61 +4j)e 441 +5j

t=1In2 r=—1(6i+4j)+4i+5j e I
4 E—zmzek{-?]

In | —

pors s
2
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 5

Question:

Attime £ seconds the position vector of a particle P, relative to a fixed origin &) 15
r metres, where r satisfies the differential equation

E+ 2r =374

ot

Criven that r =2i—j when =10, find r in terms of £, K
Solution:

£+ 2r =37

ot

Integrating factor = E!’rm =g

Ll % +ore =% e— | Liultiply through by the inte grating

factor.

% (ram) = 3ej

Integrate with respect £ Don't
re =3 +c / forget the constant!

=0 r=2i—j

£
[2i— j) =t 4— TJse the mitial conditions given in the question.

¢ = 2i—dj

r =37 +(2i-4j)e™ . .
1 I: ]) Divide by ¥ to obtain r.
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 6

Question:

The position vector v metres of a particle P, relative to a fized origin O, at time

¢ seconds, satisfies the wector differential equation

a
l—§+4r=ﬂ.

When i=0,r =231 and %=2i+4j.
Find r in terms of £
Solution:
2
jr_‘;+4r =0

Auziliary equation : m* +4 =0
m o= X2

or =AcosZ+Bsin 2

f=0r =3=3=A *]
r =-2AanZi+2Bcoosi

t=0,F = 2i+4]
=2i+4j = 2B
B =i+2j

Lr =3icos 2£+[i+ 2j)sin 2f

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 7

Question:

A particle P mowes in a horizontal plane containing a fized origin O Attime ¢,

OF =r , where r satisfies the vector differential equation

dr

E + (ﬂgr = U
Attime £=0 the particle 1z at the point with position vector aj, and has velocity @i |

where @, b and @ are constants.
wolve the differential equation to find r and hence find the cartesian equation of the

path of the patrticle. E
Solution:

2
j.ﬁ_l; +@r=0

Auxiliary equation w4t =10
o=@
Lr =Acozaf+Bein gy

Pagel of 1

(=0r =aj=aj=A +— TIze the initial conditions given in the
gquestion to find A and B.

r = -Amsin @t +Bacos o
t=0,r = abi
=ahi = Ba

B =4

Jr =heinad +acos @

hence x =&sinax | r =zt
¥ =acos i

a 2
[EJ +(E] =sin? @ +cos? G
b c

]
yo_
2l

=
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 8

Question:

Attime ¢ seconds, the position vector of a particle P is r metres, relative to a fized
arigin. The particle mowes in such a way that

2
d_‘;— i gy
ot de
At £=0, P iz moving with velocity (8i—6jim s,
Find the speed of F when £=%1n2. E
Solution:
2
d_§_4g -
ot ds
dv i 5 4— Touneedto find the speed of £ when
—— V =
dt I=%1n 2 and speed = velocity | You
J._4d'ﬁ i do not need to find r.
Integrating factor = e =™

e v=0 « Multiply through by the integrating
d factor.
—(e"“v) =0
ds
ey =A< Integrate with respect to £,
t=0,v =8 -6j
A=Hi-9)
Lv o= (Bi-6j)e”

ﬁ=%1n2,v=4(8i—6j) -« m2_ w4

speed = v| = 4(64+36)
=40
The speed is 40m s~
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 9

Question:

A particle P mowves in the x-y plane and has position vector v metres at titne £ seconds,

It iz given that r satizfies the differential equation
dr _ L dr
=2

a  d
When 2=0,F iz at the point with position vector 3i metres and is moving with

velocity jm s

a Findrin terms of £
b Describe the path of P, giving its cartesian equation, E

Solution:

Pr _dr

Aumliary equation:
Wt —2m =1

mim—23y=0
m=0orm=2
o r=Acd" +Be®
r = A +Be¥
PO T 4+ TI:ze the initial conditions given in the
, A+B= 3 question to find A and B
=A+b=2a
r = 2Be*
t=0,r=j=2B =j
1
SEB=-3
2]
1
A=3-—j
2]

- 1. 1 2t
L =3i-—j+—je
5 B

orr =3 +%j (eh N 1)

h The particle mowes in a straight line.

: e The i component is constant.
The equation of the line 15 x =3 F
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 10

Question:

Attime ¢ seconds, the position vector r metres of a particle P, relative to a fized origin
) satisfies the differential equation

dr | dr

—t+4—+3r=0

ot i

Attime =0 F iz at the point with position vector 21 m and 15 mowing

with velocity 2jm s

Find the position vector of P when ¢ =1n2 E
Solution:
dr

— +4—+3r =0

dt de
Auxliary equation:
mi+dm+3 =0
(m+3)(n+1)=0

Lm=—Zorm=-1
r=Acst + R / Use the mitial conditions given in
t=0r=2i=2i=A+B D the questionto find A and B.

I =-Ae" —3Be™
t=0f=2j=2j=-A-3B @ |
2i+2j =-2B
B =-(i+j)
LA =2-B=3i+j
L o=(3i+j)eT —(i+j)e

Solve @ and @ simultaneously.

ﬁ=1n2=>e"=%andﬁ'3r=

[l I
fa ]
|
=3
b

LS Wheni=In2

: =%[3i+j)—%[i+j)

SN v e
r = —1+-—]
BB
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 11

Question:

A particle P of mass 2 kg moves inthe x-y plane. Attime # seconds its position vector
iz r metres. When £ =0, the position vector of P isi tetres and the velocity of P is

(-i+jims™.
The wector r satisfies the differential equation
2
d_§+23+h =0.
ot ds
a Find rinterms of £
b Show that the speed of P at time £ 15 &™ V2mst

¢ Find, in terms of e, the loss of kinetic energy of F in the interval
f=0to =1, E

Solution:
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2
d—§+2£+2r =0

ot di
Auxiliary equation:
w4 2m+2 =10
_ —2+4@-8)
i

e

m o =—1%1

. : Initial conditions are given in the
Ern=e r[ﬁcosr+Bsm£) ! g
question.
=0, r =1=i=A

r =—e"[Acos.ﬁ+Bsinf.)+e"[—Asinﬁ+Bcosi)
t=0, r=[-i+j)
“i+j =-A+B=B=j

Sipiatgt [cos.ﬁi+sinf,j)

b F=-¢" (n:osf.i+sin £j)+ e (—sinr.i+|:oszj)
= (—E_: cost—e sinf.)i+(—n3_:r sing+e” cos.ﬁ)j
speed = ||
=e ‘1"([— cosi—sin f.}g +{—sin¢ +|:osf,}2)

=g 11"(03524‘.+213-::usﬁsinf.+sin2f.+sin:{.ﬁ—25in.ﬁsin.ﬁ+|:-::us2 .ﬁ)

=etyoms!

c f,=|:|SpEEd="‘1[2

i =1speed =E_1N"2=E
E

2
L Loszs of EE. =l>< 2><(‘j 2)2—l><2>< E
2 2

£
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 12

Question:

A particle of mass 0.5 kg iz at rest at the point with position vector (2i+5j—4k)m .

The particle 15 then acted upon by two constant forces ) and F, . These are the only

two forces acting on the particle.

Subsequently, the particle passes through the point with position vector

(i+5j]— k) m with speed 12m 57

Solution:

d = (4i+5 — Tk ) (2i+3 —4k)

d =2i+2j-k
F. (2i+2j—k)=%><%><122=36
F = A(2i+2j-k)
L A(2+2-k) (2i+2j-k) =36
Al4+4+1) =36
A=4
S F =4{2i+2j-k)

But F =F, +F,

! Giventhat F=(+2j-k) N find F,. E

Work done (Fed) = gainin E E

The particle starts at rest and
resultant force acts along its path

the

and F,=i+2j -k
(= Gi+8-4k-i-2j+k
F, =7i+6j-3%k

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 13

Question:

Two constant forces ¥) and F, are the only forces acting on a particle. F) has
magnitude ? M and acts in the direction of 2i+j+ 2k . F, has magnitude 15 17 and

acts in the direction of i +8j -4k .

Find the total work done by the two forces in moving the particle from the point with
position vector (i+J+k)m to the point with position vector (Gi+2j—-kim. &

Solution:
F = A(2i+j+2k) *— F, is a scalar multiple of
. |F1|=ir (21 +j +2Kk). Use this fact and the
|2l+]+.21;| B : (Rl =2 magnitudes of the vectors to find F,.
CF=614+3+€6k
F, = u(i+8j—4k)
|E,| =18 * How find F, in the same way.
i+8f —4k| = V(1+64+16) =9
=2

L Fy=2i4+1é)-8k
F+F,=8i+1%-2k
~ work done = (B +1%j - 21{)-[3i+2j—k—|:i+j+k)] +—— work done=F d
= (8i+1%- ) (2i +j - 2k)
=164+1%+4
=39
The work done 12 397
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 14

Question:

[f7 this question 1 ard j are horizontal unit vectors. |

& emall emooth ring of mass 0.5 kg moves along a stnooth horizontal wire. The only
forcesz acting on the ring are its weight, the normal reaction from the wire, and a
constant force (547 —3k) M. The ring iz initially at rest at the point with position
vecter (1+j+k)m , relative to a fixzed origin,

Find the speed of the ring as it passes through the point with position vector
Gitk)im. E

Solution:

d=(3Gi+k)-i+j+k)

=2i—j

work done = (5i+j-3k} (2i-j) «— The ring mowes horizontally so its
=10-1 weight and the normal reaction
ity from the wire do no worlc,

Gain of K.E. = % x0. 59" -

The ring starts from rest.

.'.%XU.SVQ =9 \
Gain of E.E. =work done.

V=36

v==0

The speed iz 6m s,

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 15

Question:

A smooth wire connects A0, 3, 00 to B2, 1, 4. The unite of length onthe x, ¥, andz
axes are metres. & ring is threaded on the wire and a constant force iz applied to the
ring. The resultant of this force and the weight of the ring is (i—j+k) I,

Find the increase in kinetic energy of the ring as it 15 moved from A to 5 E

Solution:

d = (2i+j+4k)- (0i+3j+0k)
d =2i-2j+4k
Wotk done = Fad
=(i—-j+k) (21— 2j+4k)
=24+24+4
=8
Wotk done =increasein K E
.. increase in kinetic energy 15 3
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Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 16

Question:

In thic guestion 1 and j are perpendicular horizontal unit vectors and k iz a vertical
1Rt vacior.
A bead of mass 0125 kg movwes along a smooth straight wire 1n the direction 1427,

from rest at the point A with position vector (143k) m | relative to a fixed origin &
The kead 15 acted on by three forces These are a constant force (=214 230 N, the force
exerted by the wire and ite own weight Given that the speed of the bead when it
reaches the point B on the wire is 2m 57, find the position vector of B relative to O.

E

Solution:

d=4 (1 +2j) * The direction of travel iz 1+ 2]
wotle done =F-d

= [_Ei“‘ Zj)' A lii"‘ 2]':' +— The bead moves horizontally so the
=_21443 torce exerted by the wire and the
weight of the bead do no waork

=24
; 1
EKE gained = 5 x0.125x P g The bead starts from rest.
K \
dll wotk done = gain of E.E.
24 ==
4
=1
2
szl
]
OF =0d+d

OB =i+3k+é(i+2j)

TB = 2id Sk
g 4
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Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 17

Question:

A bead of mase 0.5 kg is threaded on a smooth straight wire. The forces acting on the
kead are a constant force (2 +3j4+2k) W, its weight (—4 9k) I, and the reaction on

the bead from the wire.

a Ezplain why the reaction on the bead from the wire does no work as the bead
moves along the wire,

The tead moves from the point 4 with position wvecter (i4+j—3k) m relative to a fized

origin O to the point B with position vector (2i—j+ 2k} m . The speed of the bead at 4

iz 2m s and the speed of the bead at Bis 4m s
b Find the value of x. E

Solution:

a The wire 15 smooth so the reaction 15 perpendicular to the wire and
so does ne worle

b d=0B-04
= Gi-j+2k)-(i+j-%)
= 2i-2j+5k
F = 2i+3j+ 2k + (~4.%)

= 2i+3j+(x-4.9%k
F.d= (2i+3j+(x—4.9)k)-(2i—2j+5k)"‘—_ F -d = work done

=4-6+5(x—4.39)
=5x-265
Gain of K E. = %xo.ﬁ ><4f*—%><0.5><22
=3
Lox—-265=73
Sx =205 = work done = gain of E.E.
x =55
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Review Exercise 1
Exercise A, Question 18

Question:

In thic gquestion 1 and j are perpendicular unit vectors in @ horizontal plane and K iz a

unit vecior vertically upwards.
A small smooth ring of mass 0.1 kg 15 threaded onto a smooth horizontal wire which is

parallel to (14270 . The only forces acting on the ring are 1ts weight, the normal
reaction from the wire and a constant force (i4+2j— 2k) IT. The ring starts from rest at
the point A on the wire, whose position vector relative to a fized origin 1z

(21— 2j—3k) m , and passes through the point B with speed 5m s, Find the position

vecter of B E

Solution:

work done = (i+2j - 2k) - A5 4+— The ring moves horizontally so the
KoEgained = 1 «0.1x5% =195 reaction from the wire and the

2 weight do no worl
AB = A(i+2§) K\\
- (i+2-2K)-A@+21) =1.25 \ The ring starts from rest
A(l+4) =125
1.25

A ="2=025 The wire iz parallel to (:i+2j).

wotk done = gain of EE.

5
+ 4B = 2(i+2j)

DF =04+ AR

—_—

B =[2i—2j—3k)+%(i+2j)

JR—

DB =

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 19

Question:

A particle P of mass 4 kg iz acted upon by the constant force F=({2i4+3j-k) IV, The

force F 15 the resultant ofall the forces acting on P, including its weight. Initially F iz
at rest at the point A with position vector (i—J+23k) m | relative to a fized origin &,

Tnder the action of F, F moves to the point B with position vector (Fi4+8j1m

a Find the speed of F when itreaches 5.
b Find the vector moment of F about the origin. E

Solution:

a d=7i+8j-(i-j+%)

=6i+9 -2k
work dene = (2i+3j-k) (6i+9-3k) <+—— work done=F d
=124+2743
=42
: 1
EE gained = E><4v:" = The particle starts from rest.
L2Vt =42
v =21
v =21

The speed of P at B iz Jﬁm st {or 46m ™)

b Vector moment =r xF

=({-j+3k)=Ci+3-k)

ijk
=11-13| * The determinant method makes
53 _1 calculation of the wector product
EASIETr.
=i(l-9-j(-1-6)+k (3+2)
=-Bi+7j+3k

The wector tmoment is (—Si +7j +5k)Nm .

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 20

Question:

Two constant forces F) and F, are the only forces acting on a particle P of mass 2 kg
The particle 15 initially at rest at the point A with position vector (—2i—j—4kim .
Four seconds later, F iz at the point B with position vector (Bi—5j+8k)m .

Given that F, = (12i—4j+6k) 17, find

a F,,

b the wotlk done on P as it moves from A te B E

Solution:

a d=(6i—5+8k)-(-2i-j-4k)
= 8i-4j+12k

s =ut+sad < 1.3
2 Tse s=ur.+Ea£ to find the

g 1 _
d-4+12k = U+Ea s acceleration,
a =i—lj+ék
20 2

S{l2i-4j+Ek)+HE, =2 i——1j+—3k 4— Tlzsing F =ma where
2
2" 2 F=F +F,

JF, =(-10i+3j-3k)N

b Work done = (F,+F,)-d
= 2[i—%j+§k] (Bi-4j+12k)
=2(8+2+18)

= 46
The wotle done 13 56 T

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

A particle P of mass 4 kg iz constrained to move along a smaooth straight
herizontal wire, Eelative to a fixzed origin, the vector equation of the wire iz
r==2zi+j+k+ G- 430 where r is measured in metres. The particle moves under the

action of a constant force (12i+4j+3k) W, from the point 4 where A=1, to the point

Ewhere A=3. Giventhat the speed of P at Bis 6 ms™, find the speed of F at 4.
E

Solution:

r, =2i+j+k+{3-4j)
r, =2i+j+k+3(3i-4j)
td =2(31i-4j)=6i-8j
work done = (12i+4j+3k) (61— 8]) +—— work done=F -d

=72-32
=40
Gain of K.E. = 12><4><52—%><4><V2 +— work done = gain of K.E.
L T72-2" =40
2v? =32
=1
v =4

The speed of Patdis 4m s
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Exercise A, Question 22

Question:
I I
B | i
3m
. A
__~Am T I i = i
¥ *.-,-. - . | __--""-d-._-
p < im——=»(

The diagram shows a box in the shape of a cuboid PORSTU VI where

P_Q =3 metres, PS =45 metres and PT=7k metres. A force - 290 W oactz at O,
aforce (414210 M acts at B, a force (—2+k) I acts at 7, and a force (2 +k) I acts
at . (iven that these are the only forces acting on the box, find

a the resultant force acting on the box,

b the resultant vector moment about & of the four forces acting on the box

When an additional force F actz on the box at a point X on the edge BS the box iz in
equilibrium.

¢ FindF

d Find the length of BX E

Solution:
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Moment = r=F

a R = (- 2))+ @ +2§)+ (2 +K)+ (2 +k) PR =PQ+QR
= 8i+2k FIW =PT+TW

The resultant is= (B 4+2k) I

b VWector moment about &

=3 % (- 2)+ G+ < @3+ 2)+ 3k <(-2j tk )+ @ + 3k <25 +k)

=—6k+(6k—16k)+6i+(4i—6i) '\
=416k Moment = r=F
PR =F0+QR

The vector moment 1z (4 —16k) MNm S e
P =FPT+TW

¢ Forequilibrium, F+R=10

SF=-8-2k
E=(-%-2k)N

Page2 of 2

d Forequilibrium, rxF=—di+16ke— | r=FX and moment of F+vector
rx[—Bi—Ek) - _4i+16k motnent from part b must =0 for

e equilibrivm.
PX =
L Ajx(-8i-2k) = —(412M

A%k -2i) =-(4i-16k) Hison PN
A=2
JlengthPY =2m

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

Two forces F) and F, |, and a couple G act on arigid body. The force Fl=CGi+450 N
acts through the point with position vector 2i m and the force F, = (Zi—j+k) I acts

through the point with position wector (1+73) m , relative to a fized origin & The
torces and couple are equivalent to a single force F acting through &

a Find the force F.
b Find G and show that it has magnitude 33 m E

Solution:

a F=F+F,
= (G +4i )+ (2 -j+K)
= 5i+3+k

b Vecter moment of ¥, and F, abowt & *— Vector moment = TxF
= Ax(3A+4j)+(i+])=(2-j+k)

ikl |ijk
=200{+1 10
2400 |2-11
=8k +(1-3(1+k(-1-2))
=dk+i—-j-3k
=i-j+3k
The forces and the couple are equivalent to a single force F acting through &
Li-j+3k+G =0
G =-i+j-3k
|G| = (1+1+23)
=27
=343

G o1z (—i+j-5k) and it has magnitude 343 Nm .

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:
Two forces (1+2)-k) ¥ and (3i-k) M act through a point & of a rigid body, which

1z also acted upon by a couple of moment {(1+j+3k) Hm

a Show that the couple and forces are equivalent to a single resultant force F.
b Find a vector equation for the line of action of F in the form r =a+.h,
where a and b are constant vectors and A i3 a parameter. K

Solution:

a F=(0+2-k)N

F, = (E-k)N
G = (i+j+3k)Nm
F+F,)G=(#H+2-2k) i+i+k)
=442-6
=0

.. The forces and the couple are equivalent to a single resultant force.

b F=F+F,={4i+2j-2k) N
So Fis parallel to the vector (2i +j —k)
Let F pass through the point with position vector r = [;ﬂ +1 +zk) relative to O

Then (xi+)j+zk)x@i+2j-2k)={+j+3k)

Sl +— r %F iz the vector moment of F
about & and so must equal the
xy z|=i+j+3k given couple.

42 -2
[—Ey— 22)i—[—2x—4z:lj+[2x—4y:lk =i+j+3k

—2y-22=1 @

Sxtdz =1 & | Bouate coetlicients of i, jand k.

2x—dy=3 @
Q- —dy-4z=2
—2y—2z=1 This is the same as @,
50 v can be any value
Let »=10

then z=_—1

x=

LUMI"-"JM

-1
F passes through | =, 0,—
3 e (2.0.5)

o An equation of the line of action 15 v = [gl - %k] +ACi+j-k)
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Exercise A, Question 25

Question:

Two forces ) and F, actonarigidbedy, F, = 2L-12j+12k)H and

F, =(pi+gj+7k)M, where p, ¢ and » are constants. F) acts through the point 4 with
posttion vector (3i— 2j+kjm | relative to a fized origin & F, acts through the point B
with position vector {i4+j+k)m relative to O

The twe forces F) and F, are equivalent to a single force (25 -14j+12k)17, acting

through &, together with a couple G
a Find the values of p, ¢ and r.
b Find the magnitude of G. K

Solution:

a F+F = (25 -14j+12k)1T
(112§ +12K)+ (pi+gj +rk) = (25 - 14§ +12k)
C1+p)i+(g-12)i +(12+r)k = (25 - 14j+12k)

Lp =4g=-2r=0%— Equating coefficients of i, j and k

b 6= rxF=(3i-25+k)x( 21— 12 +12k) + (i +j+Lk)x (4i- 25)
i ok
3 -2 1|=-12i-15+6k
D115
ijk
11 1]=2i+4j-6k
4 -2 0

LG = (-10i ~11j) Him
|G| = (10" +11%) =221

TherRagm tideot O N9 N ——— | Eemember to complete the work by
finding the magnitude of G.
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Exercise A, Question 26

Question:

& ayatern of forces consists of a force (420 acting at the point with position
vecter (—14+3jim and a force {—j+ k) acting at the point with position vector
{2i+j+k)m  This system 1s equivalent to a single force F N acting at the point with
position vector (j+2km together with a couple G M

a Find F.
b Find G
¢ 3ive a reason why the system cannot be reduced to a single force without a couple.
E
Solution:
a F = (i+2k)N
F, =(—j+k)N
F =F+F,=(0-j+3%k)N
b o I xF = (143 <1+ 2k )+ (21 4] +k )= (- +k)
ijk
13 0|=6i+2j-3k
102
ijk
21 1=21i-2j-2k
0-11
TZr=F =8i-k
WVector moment of resultant
= (] +2k) ><(i -j +3k) +— F acts at the point with position
ik vector (j+2k).
=01 2[=5%5+4-k
1-13
L hi42j-k+G =8i-5k % | Moment of resultant
=0 =3i-2j-4k force +couple = Ir, = F,
% (:i_j+3k)'(8i_5j) =845 +— The resultant force and the couple
=13=z0 tust be perpendicular if the system
.. The system cannot be reduced to a is to be reduced to a single force
single force without a couple. without a couple.
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Exercise A, Question 27

Question:

The three forces By = (gj +710M, F, =(pi +7k)I7 and E, = (pi+gj) M, where p, g
and » are non-zere constatts, act on arigid body. F) acts at the point with position
wector pi m relative to a fixed origin &0 F, acts at the point with pesition vector ¢ m

relative to &0 F; acts at the point with position vector 7k m relative to O

a Show that the three forces are equivalent to a single non-zero force acting at O
b Find the magnitude of thizs single force. E

Solution:

a IF, = (gi+rk)+(pi+rk )+ {pi+gj)

=2 (pi +4] +rk) < This iz the resultant of the three
Wector moment of system about 0 forces.
= I, % F,

pix(gi+rk)+qi %[ pi+rk)+rkx( pit+g])
(pgk — pri)+(—pgk +gri)+( prj—qri)

=0 ‘_'___(_._,_,____.——-—-—' Eesultant must act through &,

Mo moment about &
So system is equivalent to force 2 (pi +gj +rk)N through O

b MMagnitude of resultant=2 ‘I(pz +4° +r2)N.

© Pearson Education Ltd 2C
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Exercise A, Question 28

Question:

Two forces ) and F, act on a rigid body, where B, =(2j+ 3k and F, =(i+4k)I7.
The force B acts through the point with position vector (i+k)m relative to a fixzed
origin . The force F, acts through the point with position wector (2j1m. The twe

forces are equivalent to a single force F.

a Find the magnitude of F.
b Find, in the form r = a+.4bh | a wvector equation of the line of action of F

E
Solution:

a F=1IF

- (2] +_3k)+ Cl +4k) Eemember to finish this part of the

= +2j+7k ) question by finding the magnitude

|F|=d(1+4+49)=4541 of F.

=36 N «—

b Let F act through the point with position vector r=xi+3j+2k .
(2 +yj+2k) =i+ 2§+ 7k)

= (i+k)x(2j+3k)+2jx (i +4k)

ijk
xyz|= (7y—2z)i—(?x—z)j+(2x—y)k
127
ijk
101)=-21i-3j+2k
nzs
ijk
nz2n=a-2k
104
Lly—2z=-248=6 @

—Tx+z=-3 @
2x—y=2-2=1 @

D+2 =@ Ty—1dx=10

y=2x

Same as 3

LA suitable point 15 (0,0,-3)

Fis parallel to (i+2j+7k)
.An equation for the line of action of Fiz r=-3k + 4 (1 +2j +7k)

Equating coefficients of i, j and k
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Exercise A, Question 29

Question:

Three forces, FLE, and F, act en arigidbody, B =C2i—-j+3k, F, =({i+j-4k)I¥
and F, = (pi+gj+rk), where p, ¢ and r are constants. All three forces act through
the point with position vector (31— 2j+k)m |, relative to a fizxed origin. The three
forces B E, and ¥, are equivalent to a single ferce (51—4j +2k)IT, acting at the

origin, together with a couple G

a Find the values of p, ¢ and r.
b Find G E

Solution:

a F+F +F, =5i-4j+2k
(2i-j+3K) +(i+j—4k)
+pitgi+rk)=51-4j+2k
(3+p)i+gi+(r—1)k =5i—4j+2k
=p=Zg=—4,r=3 =

Equate coefficients of i, jand k.

b ZIr xF, =r xF

o (3i—2j +k)><(5i— 4j+2k) +— All three forces act through the
1]k same point. F =1IF,.
I-21|=0i—-j-2k
542
2 G ={-j-2k)Hm
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Exercise A, Question 30

Question:

A force system consists ofthree forces ¥, F, and F, acting on a rigid body.
F,=(+2j)1 and acts at the point with position vector (—i+4jm .

F, ={—1+k)} and acts at the point with position wector (21 +j +k)m .
F,=(Gi—j+k)M and acts at the point with position vector (i—j+2kjm .

Tt 1z given that this system can be reduced to a single force B

a Find R

h Find a vector equation of the line of action of R, giving your answer in the
torm r =a+ .dh, where a and b are constant vectors and A 15 a parameter. £

Solution:
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a R=1F,
=(1+2)+(E+)+ G- +k)
= (@i +2K)N

b Let B act through a point with pesition vector r= (};1 +3 +zk).

r xR =T, »F,

(xi+3j+zk)x(4i+2k)

=(—i+4i)x(i+2)+(2+j+ k)= (-] +k)+(i-j+2k)=(3i-j +k)

ijk

xyz =2yi—(2x—4z)j—4yk

402

ijk

-14 0| =-6k

120

ijk

21 1|=2i-2j-2k

n-11

ijk

1-12|=1+5+2k

2-11

L2yi- Rx—dz)j-dyk = 3+3 -6k
L2y =73 D

—2x+4z =3 2

—dy=-6 3

o3

..y—E

Make z =0 in @, x=—§ [—ggﬂ] lies on the line of action of R

R=({4i+2%)M
~ Rizparallel to 2i+k.
o An equation ofthe line of action of B 13

r= [—§i+§jJ+A(2i+k).
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Exercise A, Question 31

Question:

Three forces Fy, F, and F, act on a rigid body. F; = (121 —4j +6k)IT and acts at the
point with position vector (21— 3i)m , F, = (-3j+ 2N and acts at the point with
posttion vector (i+j+kjm . The force E; acts at the point with pesition vector
(2i-kim.

Given that this set of forces 15 equivalent to a couple, find

a K.

b the magnitude of the couple. E

Solution:

a F+F,+F, =0
F, = - (12i — 4 + 6k )— (=3 + 2k )
F,=(-12i +7j -8k) N

b G =Tr xF,
i jk
nxF =|2-30
124 6
= —18i-12j+28k
ijk
r,xF, =[1 11
032
=5i-2j-3k
i jk
rxF, =2 0-1
~127-8
= 7i+28j+ 14k

-G = (—6i+14j +3%) Nm
|G| = (6" +14° +39°)
=41.9Nm (3s.£)
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Exercise A, Question 32

Question:

A epaceship is moving in a straight line in deep space and needs to reduce its speed
from Dito 7 This is done by ejecting fuel from the front of the spaceship at a constant
speed krelative to the spaceship. When the speed of the spaceship iz v, itz mass is

a Show that, while the spaceship 15 gjecting fuel, %=%

The initial mass of the spaceship 1z A
b Find, in terms of &7, F, & and M, the amount of fuel which needs to be
used to reduce the speed of the spaceship from Tte I E

Solution:

Pagel of 1

a Conservation of momentum:

My ow [m+ ﬁm) [v+ ﬁv) +|:—§m) (ﬁ:+v+5v)

mv = opnHvam tmdv + dmdv — kdm —vdm — dmdv

The fuel is ejected at a constant

Its actual speed 15 therefore

speed k relative to the space-ship.

0 = mdv—kdm (c+v+dv).
kdm = mdv
In the litnit, as & —0
dez
vk
L] ¥
b J. g i 110 | w1 15 the final mass of the space-
M FH g .SC .
- ship
lnmll =|=
iz =[],
In sy —1n A =£[V—U:I
In [ﬁ] 1wy
M k
1
Yy = MEE[V_U]

1
Amount of fuel = M — = M[l— EEW_U]J*—_ The difference between the initial

and final masses iz the mass of the
fuel ejected.
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Exercise A, Question 33

Question:

A rocket is launched wertically upwards under gravity from rest at time £ =0 The
rocket propels ttself upward by ejecting burnt fuel vertically downwards at a constant
speed i relative to the rocket. The initial mass of the rocket, including fuel, 15 M At
time £, before all the fuel has been used up, the mass of the rocket, mcluding fuel, 15
M{1=ig) and the speed of the rocket 15 v

a Zhow tha E=£—g.
At 1-i
b Hence find the speed of the rocket when £ =%. E
Solution:
V 1"-61'
a X .
i m + &m| T
I m | .
T o
time 1 T
time 1 +6¢

(m + 5m)(v+ 5v)+ (— 5m)(v —u)—mv = —mig

v+ mdv +vdm+ Smdv —vdm +udm—mv = —mg 5 +—| Change in momentum =impulse
Let & —0

e e T %ﬂﬁv—)ﬂwhenﬁi—:ﬂ
m=M(-K)=2 =KMo
ds Given in the question

M (l—ph‘)%ﬂx (M) = -3 (—kt)g

(k) -t =-(1-&)e

3k o
b v= ———g |4 +— Rocket starts from rest.
]

= [—uln(l—kﬁ)—gz]%«

=—:.t1n(l—l] =1
3 3k

The speed iz »ln E _£
2) 3k
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Exercise A, Question 34

Question:

A raindrop falls wertically under gravity through a cloud which iz at rest. Az it falls,
water from the cloud condenses onto the drop in such a way that the mass of the drop

increases at a constant rate of 0,02 g 57 . At time £ seconds, the speed of the drop is

1

v s, and when £ =0 the mass of the drop 15 0.06 g It iz assumed that the only

external force acting on the drop is gravity.

a =how that v satisfies the differential equation
3+ %+v =5.8(3+£)

Giwen that when £ =0, the raindrop 13 at rest,
b find the speed of the raindrop when its mass is twice its initial mass. &

Solution:

file://C:\Users\Buba\kaz\ouba\m5 revl a 34.| 3/23/201.



Heinemann Solutionbank: Mechanics 5

a (m + 5m)(v+ 5v)—mp = mg b 4+— Change in . |
ta =
pnv+vam +mdv + Smdv— pv = mg it MRS RS
Let & —0
P E—
i B A
e ) O
V— i — =g

e

002 ¢—

= =002+
=0 m =006
o= 0.02:+006

L 0.02v+(0.02+ 0.06)% = (0.02¢+0.06) g

dv

v+(t+3— =[(t+3)g

The mass of the raindrop increases
at a constant rate of 0.02g 7" (see
gquestion). Maoze It is OF to work in
grams here as the mass units on
each zide of the differential
equation cancel out. Had kg been
used an extra factor of 107 would
hawe been introduced on each side
of the equation and this would have
cancelled out.

or (3+ﬁ)%+v =983+

. [t
Integrating factor = e”3*

=M = 34y

[3+5)%+v = 9.8(3+¢)

%[v(3+f.}] = 9.8(3+¢)

V(348 = 29464494 4¢
Initial mass =006 g

- —]

dea

Tntegrating both sides ofthe
equation.

0.02gs!

o Mass doubled when £=3
i=0,v=0 . =0

£=36v="204x34+49x9
v = 22.05
o The speedis 22.1m s™ (3 5.D)
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Exercise A, Question 35

Question:

A rocket has total initial maszz M It propels iteelf by burning fuel and ejecting the
kurnt matter at a uniform rate with constant speed & relative to the roclket. The total

mass of fuel in the rocket 1z initially %M and the fuel 15 all burnt up after a time T

The rocket 15 launched from rest vertically upwards from the surface of the Earth Tt
may be assumed that the acceleration due to gravity remains constant throughout the
flight ofthe rocket, and that air resistance is negligible. At time £, the speed of the
rocket iz v,

a Show that, while the fuel iz being burnt,

(2T —£) ll —u-g(2T-1).

b Hence find the speed of the rocket at the instant when all the fuel
haz been burnt, B

Solution:
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1 i =mass of rocket at tume £,
t=T,m= EM The burnt matter 1z ejected at a
uniform rate.

—M=M-kT 1-—1__,_‘_‘___55
2 Attime Tall the fuel has been

M burnt.

F s

m=M-—ti ‘/ Change of momentum =1mpulse

(e + o)y + &Y+ (- Sm )y —w)—mv = —mg &
v vdm Fadv+ dmdv —vdm Fudm— wv = —mg O

mdv +udm+ dmdv = —mg 5
Let & —0 2% S =0
dv  dm %
M—tu— = —mg
i df, ¢ dm =M
al 1 Ehdv M a1 ¢ ‘/ m=M[l—§] from abowve :>E=E
oT) & oF e

b
3 (ET_z)E —¥—g (2?’—3) +— Cancel M and multiply through by
2T to obtain the required result,

dv i

R TP

T
i
- J.,:, (2?’—; —g]di #4— The fuel iz all burnt when =7
{zee question) and the rocket starts

b
Viw [_” ln[ET—.ﬁ)—g.ﬁ]D from rest.
v=—u1nT—gT—[—uln2T)
&
=uln——-gT
uln = g
=uln2—gT

The speed at the instant when all the fuel has been burnt iz uln2— g7 .
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Exercise A, Question 36

Question:

A roclket initially has total mass M It propels itzelf by its motor ejecting burnt fuel
When all of its fuel has been burned its mass 15 &AM k<1 Tt 1z movwing with speed If

when its motor 15 started. The burnt fuel is ejected with constant speed ¢, relative to
the rocket, in a direction opposite to that of the rocket's motion Assuming that the
only force acting on the rocket is that due to the motor, find the speed of the rocket
when all of itz fuel has been burned. E

Solution:

Actual speed of fuel gjected=v -2
e+ Sm)(+ S+ (-dm)v—c) =mv «——— Momentum is conserved.
mv+vdm +mdv+ Smdv—vIm +o dm = my
v +odm+ Jmdv = 1)

Let & —0
mte— =0 %

dv 5”25‘9:5%%0 when
drz &

Cj— =sgldv & —0
m

clnm=—v+.4 M_\\‘
f=0m=Mv=U A iz the constant of integration.
A=0U+clndd

vtelnm=U4cln M

When all the fuel iz burned, #e =&
cv=—clnkM +07 +oln A

i
=—cln—+U
M

The speed 1z OF—cln k.
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Exercise A, Question 37

Question:

A rocket iz launched wertically upwards from rest Initially, the total mass of the rocket
and its fuel is 1000 kg The rocket burns fuel at arate of 10kg s™. The burnt fuel is
ejected vertically dewnwards with a speed of 2000 m s relative to the rocket, and
burning stops after one minute. At time # seconds, £ =60, after the launch, the speed

of the rocket is vm 7', Air resistance is assumed to be negligible.
a Show that

~9.8(100—¢) = (100—:)%— 2000,

b Find the speed of the rocket when burning stops. K

Solution:
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a
T (v+8v)
_m_| T 4——| The fuel iz ejected vertically
mf“ dewnwards with a speed of
=, (v - 2000) 2000 m 57 relative to the rocket.
time | -am T
time (1 +4t)

(m + 5m)(v+ 5v)+ (— 5m)(v— 2000) —mv = —mgdi 4+— Change of

v vdm Famdv + dmdv — v dm + 2000 89m — v = —img At momentum =impulse
Let &t —0

v cen
m— 2000 —= —mg =

de de %’” B =0

But e =1000-10¢

=—10 4— The initial total mass of the rocket
and itz fuel 15 1000 kg and the fuel

(1000—105)%+ 2000 x(~10) = - (1000~ 10¢)g | burnsat 10kg 5 %

e
de

(100 —:)%— 2000 = — (100-£)x9.8

or—98(100-¢)= (100—:)%—2000

e
dt (100—-¢)
v =—98-20001n(100-£) +c
=0 w=10
¢ = 200010100
v = 20001n 100-9.8¢— 20001n (100 - ¢}

t=60,v=20001n100-9 8x60-20001n 40 +— Burning stops after 1 minute (see

question).
¥ = 200010 @— a88
40

v = 2000ln 25— 583
v =1244
When burning stops, the speed of the rocket is 1200m 57" (2 &)
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Exercise A, Question 38

Question:

& epherical raindrop falls under gravity through a stationary cloud. Initially the drop is
at rest and its radius 15 & As it falls, water from the cloud condenses on the drop in
such a way that the radius of the drop increases at a constant rate &

Attime £, the speed of the drop 15 v,

a =how that

(a+h)%+3kv= gla+id).

b Hence show that, when the drop has doubled its radius, it speed iz 1ga :

Solution:
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a r=a+it =

(m+ Sm)(v+Sv)—mw =mgdt

The initial radius 15 @ and the radius
increases at a constant rate k.

4 , \
m ==mrp
3 Change of momentum =impulse.
dme 4 g dr
:E ZEJwXBF E
— Amorik The raindrop 1s spherical.
L vdm b mdv+ Smde —prv = mg &
dr :
— =¥ (gee question).
Let &t =0 de
, dem . dv _ N
dt %’favnau
£
v X4ﬁﬁzk+%ﬂ?3p% = %ﬂ?,@g .
dv substitute for #2 and d;m
?fwk+ra =rg de

(@ +h)g—:-+3vk =gla+it) +

dv 3wk
& (a+k)

=g

; -]
Integrating factor =g ° ‘2%

Substitute for .

— E3h|:ﬂ.+ﬂ‘:l = (a+h:|3

(a +h)3%+3vﬁc{a +i) = gla+ k)

i[w{a+h)3] =gla+k)

via+ i =8 a+id) +c
( ) 4;:( )

4
t=0vy=0=0 =5% 4,
4ic

4
L wa+id)’ = i({; it

4k

radins doubled =% =a
4

: i _ B s EX
LviZa) = e (2a)

4k

3 4

8a’y = L

4k

Riia 15ga
4k

The speed is 15ga
32k
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Exercise A, Question 39

Question:

A hailstone falle under gravity in still air and az it falls ite mass increases. Its initial
tnass 18 #y . The rate of increase of its mass 1z proportional to its speed v,

a Show that, when the hailstone has fallen a distance x, it mass 2 18 given by
m = w1+ Ax), where A i3 a constant.

Azzuming that there 15 no air resistance,

b Show that
d 24
— )+ v =2g.
dx( ) 1+ ﬂx( )=2¢
Given that v=0 when x=10,
¢ find an expression for v* in terms of x, 1 and g. E
Solution:
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de
Id.wz=i:jdx
m=kx+c
=0, m=m =c=wny
m o= kx ey

mo=wmy| l+—=x

oy

writing A =igivﬁs
m = ny (14 Ax)

h (m+5m)(v+5v)—mv =g

v Hvdm iy + dmdv — pv = mg i

The rate of increase of the
hailstone’s mass 15 propottional to
its speed.

+— Change in momentun =impulse

Let & —0 =« o
v Chis
T T
den d
vE-i_mva =mg 4 The required result containg
EBut m= 1+ Ax ivz =n°td_v
" dx dt

e

=>—=m,3,%E = may Ay

di df
_ dv
..vmuﬂv+mv£ =myg

B
(1+4x) 2 dx

d(vz) ( )2

1+}£

2
2, M +1 d(v)zmg

‘ i

Froma my =

{1+ 2x)
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T
¢ Let v'=7¢ 4— TIze the substitution if you need to.
ﬂ + 2AY =2g Tou can solve the equation keeping
dr 1+ Ax the v*if you wish.
2
Integrating factor = e'rmdx
. Eﬂ]n[lux:l

_ Eh[luxf* | I:l+ﬂx:l2
S P e drye =2 (1 25
dx g

d 2 2

a[l:l+/1x) r] =21+,

(1+ 227 = %[1+}£x:l3 x%+c

v2=2—(1+ﬂx]+ ':
34 (1+2x)" 4— o
x=0v=0:‘>0=i—i+c
s 2L e 28
34 3A[1+ Ax)
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Exercise A, Question 40

Question:

A rocket-driven car propels itself forwards in a straight line on a horizontal track by
ejecting burnt fuel backwards at a constant rate Akg s~ and at a constant speed

I7m 57 relative to the car. At time ¢ seconds, the speed of the car is vm s and the

total resistance to the motion of the car has magnitude kv M, where & 15 a positive
constant. When £ =0 the total mass of the car, including fuel, 1z Mkg Assuming that
at time ¢ seconds some fuel remains in the car,

a show that

dv AT -k
e M-
b find the speed of the car at time ¢ seconds, given that it starts from rest when
t=0 and that A=4k=10. E
Solution:
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time !
m

& o -0UN

-&nl irﬂr --c'iuj

re@e  time &

—t 1

(m+0m )(v+0v)+(—Om )(v-U )—m

BV + v + w0 a0y — v+ O i — e = =l

b ) = mmf

Page2 of 2

—ili  ———

Change of momentum =1mpulse
from resistance

—dp—=0
of

Let ¢ —0
P
ds ds
=0 m=Mm=M-if
i :
— =-A
d#

The fuel 15 ejected at a constant rate

e
= A Zeip ey AlgE
d&
1M—,=¢‘]E=£.U—kv
ds
dv _ Wk
de (M-iz)
g B 10 -v) «— j=k=10inh
d M —loz
J‘ dy =10'[ ds
v M 102

=ln(U-v)y=-In{M-10¢)+c
=0, v=0c=lnM-Inl’

An (U —v)=Iln{M-10¢ ) —In M +In IF

. LM —10¢
ln{li—v) =1n[¥}
M
e LA —10¢ )
M
LM — My = LM 10T
108k
v e -S—C 1
M

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5 revl a 40.

3/23/201:



Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 41

Question:

A rocket-driven car mowes along a straight horizontal road. The car has total initial
masz M It propels iteelf forwards by ejecting mass backwards at a constant rate 4 per
unit time at a constant speed I relative to the car. The car starts from rest at time
£=0. Attime £ the speed of the car is v, The total resistance to motion 15 modelled as
hawing magnitude Jov, where k iz a constant.

(iwen that £ = % show that

L Wk
dt M-
5
AP Y]
b v=22 1—[1——}'1 | E
i A
Solution:
= — b U —pv-U — v+ Oy
kv m -ﬂnrl m -+ SJ?F:
time ¢ time 1 +&f

Pagel of 2

(m+ 5m)(v+ 5v)+ (— 5m)(v— U)— B = —lnadi 4—
v vl +mdv + Smdv —vdm+ U dm — e = = edt

Change of momentum =impulse

Let & —=0 4— .
d dere i
vy N g e
de ot
dea
E=_Aim =—Af+c «——— MMass is ejected at a constant rate A
e S per unit timne,
o= M- A
(M- )2 7 =~
e
dv AU -k
de M-
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v e
. J.AU—}':'P = M= A +— Separate the variables, and
1 1 integrate.
——In (ﬂU—kv:] =——In (M—Jlﬁ)ﬂnﬂ
k A
1 1
i=0v=0=——hllli=——IlnM+InAd
i A
1 1
A —ln[ﬂUﬁ
InAd= lnf
i
L
A
A= & :
(AU)*
1 1
A M- A3
In L = =g [ ) 1
[AU)E [AU—ﬁ:v)i
1 1
M I{M—ﬂiﬁ
I~ 1
[,%U)E [AU—E:V)E
E %
M [M—ii.ﬁ)j
AU AL — kv
gy % Eaise each side to the power &, so
A=y = AU —:| the power is the same as in the
L M required rezult,
B k
o = A7 1- MJ"
M
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