Heinemann Solutionbank: Mechanics 5

Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

A uniform circular disc of mass 2 kg and radius 0.7 m 15 rotating in a horizontal plane
about a smooth fized vertical axs through its centre. Calculate its kinetic energy when

it is rotating at Srad s™.

Solution:

EE. =lfm2 -«
2
= lx[lXEXU.?E]xﬁz
2 L2
=6.1257

The kinetic energy 15 6,125 T,
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Exercise A, Question 2

Question:

A uniform circular disc of mass 4 kg and radiuz 0.25 m has particles of mazs 0.1 kg,
0.2kgand 08 kg attached to itat points which are 0.2 m, 01 mand 0.15 m
respectively from the centre of the disc. The loaded disc is rotating at 4 rad s™ about a
fized smooth vertical axis through itz centre perpendicular to the disc

a Calculate the kinetic energy of the loaded disc.

The disc 12 now brought to rest

b Write down the work done by the retarding force.

Solution:

a MI of discand particles = %x4x0.252 +0.1x0.22 +0.2%x0. 12 +0.8x0.152

=0.149 kg m*

EE= lfm:"
2

= %x0.149x42

=11%27
The kinetic energy is 119 T (3 s £)

b The work done by the retarding force 13 119 T (3 s.£) +—— Work done by the retarding
force =lozs of K.E.
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Exercise A, Question 3

Question:

A uniformrod A of mass 2.5 kg and length 2 m can rotate in a vertical plane about a
fized smooth horizontal axzis through A perpendicular to A8 Initially it i at rest with
B overtically abowe A It iz then slightly disturbed and begins to rotate,

a Calculate the potential energy lost by the rod when it is horizontal,

b "Write down the kinetic energy of the rod when it is horizontal

¢ Calculate the angular speed of the rod when &8 1z vertically below A

Solution:
- 'i‘.\[:}
B i
2m 2m

A B /

2] r:f/

a DPE lost=wmgh=25x98x1
=244
The potential energy lostiz 24.5 T

b The kinetic energy of the rod when it 1z horizontal 15 24 5T

¢ MI ofthe rod about the axiz through A

4 2 )
= EX 25x 1" & The formula for the required W T
can be obtained from the formula
= E bool,
3
1
ngﬂ =25gx2 < K E gained =P.E. lost
lew:" =25gx2 44— — = 000000
2 3 You can worlk from the start or from
. 5x98xé the horizontal position. The former
- 10 15 easier.
w=20422...

The angular speed is 5.42rads™ (3 s.£)
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Exercise A, Question 4

Question:

A uniform rod of length 1.6 m and mass 1.2 kg has particles of mass 0.25 kg and

0.6 kg attached, one at each end The rod 15 rotating about a fixed smooth vertical axis
perpendicular to the rod with angular speed 8rad s Calculate the kinetic energy of
the rod when the axis passes through the mid-point of the rod

Solution:

8 rads'

0.8 m (.8 m " L
kg 1.2 kg 0.6 kg

[
0.2

L

MI ofrod and particles about the given axis through the mid-point

1 2x0 8% +025% 08 +06%x0 8

8lkom?

i’ =

L R

% 0.8 x5

2| o=

EE

=256
The kinetic energy 15 256 T
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Exercise A, Question 5

Question:

A pulley wheel of mass 4 kg and radiuz 1.2 m 15 free to rotate in a vertical plane about
afized smooth horizontal axis through the centre of the pulley and perpendicular to
the pulley. & block of mass 2 kg hangs freely attached to one end of a rope. The other
end of the rope iz attached to a point on the rim of the pulley and the rope is wound
several times around the pulley. Initially the block 1z hanging 5 m above horizontal
ground. The block iz then releazed from rest. The pulley wheel can be modelled az a
uniform disc, the black as a particle and the rope az a light inextensible string.
Calculate the angular speed of the pulley at the instant when the block hits the ground.

Solution:
7
/ Ay
1.2m |\
[4 kg j
\ //'
[ 12kg
PE lost by block = 2gx5 = The bloclk falls 5 m.
=487

; 1 1
E.E. gained by block and pulley = —Joo” + —smlre)’ «— When the angular speed of the
2 2 : S
pulley 13 eo, the block's (linear

.'.%x[lzxdlxl.f]mz+15x2x1.22w2 =95 speed) 15 7o,
144e® +1 44ep® = 92
ot 28
2.88
w=5833_

The angular speed is 5.83rad s (3 5.0)
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Exercise A, Question 6

Question:

A uniform disc of radius # 15 free to rotate in a vertical plane about a fized smooth
horizontal axis perpendicular to the disc through a point A of its edge. The disc 15
released from rest with the diameter through A horizontal Find the angular speed of
the dizc when thiz diameter iz vertical.

Solution:
e 1
p % e
/ S / \
/ I". \'., __.)
/| F ¥ Ii -I'n /
/o
b
-\"‘a. ___.-'/ \\ s
) ==
1.4 o .
Efm = mgh . EE gained=PE loat
M1 of disc about axis through A
= —mr’ +mr’ * Tze the parallel axes theorem.
1 32 4

— X.—Rr {Dg = MEF

&

TTse w2 for the mass of the disc. It
, 4z will cancel.

Any equivalent answer iz

The angular speed 13 2 it
3 acceptable,

Ia

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5 4 a_ 6.t 3/23/201.



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 7

Question:

A uniform rod AF of mass e and length 6/ is free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A8 through its mid-point. Particles of
masses 3 and 2m are attached to ends A and B respectively. The rod is held at rest
with A5 horizontal and then released. Find, in terms of f and g, the angular speed of
the rod when A8 iz vertical.

Solution:
A 3/ . 3 B 0
3m K 2m L4
J,
£+ 2m
1
{ « 3m
i)
5

W ofrod and particles about given axis
= %m(i’)g + 3l 3 + 23
= 48 mi*

'

E E gained=TFE lost

1. 4
— e = mgh
5 it

%x A8miw® = 3mgx ¥ —2mgn ¥

24mi*e’ = gl

Py g

i
-
ol

© Pearson Education Ltd 2C

g Any equivalent answer i3
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Exercise A, Question 8

Question:

A uniform rod AF of mass e and length 3/ is free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A8 through its mid-point. Particles of
maszes ¢ and 2w are attached to ends 4 and B respectively. The rod iz initially vertical
with B helow 4

Itthen receives an impulse and starts to rotate with angular speed 1’4% . Calculate, to

the nearest degree, the angle between A8 and the downward vertical when the rod first
comes to rest.

Solution:

A A :
m j”\\

1.5.1 N
X %

151 ?J\\
12 m \\!’,ﬁ m 0
B =

X

" Va

WMI ofloaded rod about given axis
= %mx (1.55% + mox (1.50% + 2mx (1.50)°
= 7.5mi*

Eod comes to rest when the angle between AF and the downward vertical 1z &

2
Zmg w18 1-cosd—mgx1.5(1-cosd) = %x?.ﬁmﬁ{,\/%} +—| PE ganed=E E lost

1.5 mlg (1= cos8) = 3.75mi” x%

15(1—cos &) = E
4
l1-cosd =E
|:-:>55'=1—E
8 =6797..

The angle 13 68" (nearest degree)
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Exercise A, Question 9

Question:

A uniform circular disc of mass 20 kg and radius 12 cm is free to rotate about a fizxed
smooth horizontal axis through its centre C perpendicular to the disc. A particle of
tass Mg is attached to point A ofthe rim of the disc. Initially the disc 15 at rest with
A vertically abowe O The disc is then slightly disturbed. The greatest angular speed of

the disc in the subsequent motion is 10rad s™ . Find the value of M.

Pagel of 1

Solution:
r .-"'?- - ™
. 0 e AMke P \\ +— Watch the units!
o o~ "'\ = 'l y
.r'r.‘ __/ \\. l' C X '|
\ I-"f 0,02m _C ."'. \ /
i | "'z. _f
\ ke ) N A A
\\\ / —iy— )
i TR 10rads"'
M I of disc and particle about the given axis \
1 The greatest angular speed
2 20x0.12% + Mx 0.12° will occur when 4 is

vertically below O as the
= 0.144 + 001440

1

loss of P.E. 15 greatest here.

Efaf* = Mgx 0.24

\ A AR S e PR

%(0.144+ 0.0144M 1 10° = Mgx 0.24

14.4+1440 = M x 3 Bx 048

B 14.4
T (9.8x048-1.44)
M=4411..
o M =44135£)
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Exercise A, Question 10

Question:

A uniform rod A8 15 free to rotate in a vertical plane about a fixed smooth horizontal

axiz perpendicular to A8 through point & ofthe rod, where AT = if . The rod has

mass #2 and length 27, and a particle of mass 2 15 attached to end & Initially the rod
1z hanging in equilibrium with & vertically below A The rod then receives an impulse
and starts to rotate with angular speed . In the subsequent motion, the rod mowves in
a complete circle. The least possible value of w13 02

alg

a Show that =4, — .
3371

The initial angular speed 18 200
b Find the speed of the particle as it passes vertically above O

Solution:
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A Bty m
1 9
Cx4 Y /
3
il 1
4 O
L
iry
2m &
B .4
7

a ML ofrod and particle about given amis through <

1

2
ml® o+ mx Ef + Zmx E
3 4 4

T -—]

Tse the parallel axes
theotrem,

= Emﬂ
48

For least ¢o, angular speed =0 when & iz vertically abowe 4

Attop: P E gained = mgx 2x§f+2mgx 2:{;.{

et
2 e
1387 202 ng.-:’ «—{ K E lost=PE gained
2 4B 2
(T
337 £

Vimgl 1 (337 5 . 1 (337 p
b 2 _Ex[ﬁm’ JX(EQ) _Ex Emﬁl ® 4—— The ENErgy equation
337 337 now includes the K E at
szmﬂ = Emﬁ'j %403 —1Tmgl the top.
P37 i = 4317 mgl —17mgi =t 557l
48 Froma 17mgl = e
351 l =51
a3 ?
s 48x51g
330
S g +— Any equivalent form is
3= acceptable.
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Exercise A, Question 11

Question:

gy -

D

The diagram shows a sign which hangs cutside a shop. The sign 15 a thin rectangular
metal plate which iz free to rotate about a fized smooth horizontal axis which lies
along the side A8 The lengths of A and BC are 2a and 25 respectively. The sign can

be modelled as a uniform rectangular lamina The sign is hanging freely below the

axis when it receives a blow and starts to rotate with angular speed k\/% :

a Find the least value of & for which the sign makes complete revolutions.
h If k=125, find the angle BC makes with the upward wertical when the sign
first comes to rest.

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 a 11.i 3/23/201.



Heinemann Solutionbank: Mechanics 5

a MI ofsign about axis along A5 = imbz Fro.m the formula book,
3 letting the mass of the
For the least initial angular speed for complete rectangle be .
rewolutions:
14 oY f2) -
E[gmb ] k 217 mg % 2b +— The angular speed at the top

2 i it & = Dmgh
3 &
k=13
The least value of & 15 «JE

will be zero.

PE ganed=EE lost

h 0
',."'. \:;I\\\\
Ilff..b II'
/1
voomg
2
B E s AL x[l.ﬁ\[gJ T
2 3 &
=1 Srugh
comgh(l+cosf)=15mgh «
l+cosd =10
cosd =05
g =alr

o BC makes an angle of 607 with the upward vertical
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Exercise A, Question 12

Question:

A flywheel 15 made from a circular hoop of mass & and radius » and four equally
spaced rods, each of mass s and length 27 A& particle F of mass dex 15 attached to the
hoop atthe end of one rod. The loaded flywheel iz free to rotate in a vertical plane
about a fized smooth horizontal axiz perpendicular to the plane of the hoop through its
centre, O Initially the flywheel is at rest with P vertically above O, as shown in the
diagram. The wheel 15 then slightly disturbed and begins to rotate. Find, in terms of #
and g, the angular speed of the flywheel when PC 1z horizontal.

Solution:
i .
RS ‘ 3 P
| . _,—Z: s« dpmr
\ (._; P W | b
- / \\'- r : 0
. -

LI of flywheel and particle about given axis through ©

= Gmr® +4 xlmrg +elpart - The flywheel 15 a hoop and
3 4 rods.
a4
= —mr
3
%Iwz e +—— EE gained=PE lost
lxﬁwzwj = dpmor
2 2
&
. I S
wT e,
wmin 158
17r

© Pearson Education Ltd 2C
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Exercise A, Question 13

Question:

A ring of mass 3 and radius » has a particle of mass s attached to it at the point A
The ring can rotate about a fized smooth horizontal axis in the plane of the ring The
axis 18 tangential to the ring at the point B where A5 is a diameter. The system is
released from rest with A8 horizontal. Find the angular speed of the ring when A8

makes an angle g with the downward wertical

Solution:
B
R
3 |
,.-/ -‘"\. ¥
I Y ! ! r 4 |
| B I mo |
| N 7
I"-, g ‘?h,_\ ]
1 3 S
i e ;
N ™ +— The right-hand
; !_ .m_..----‘ \\M y diagram is the side
F \'\-\.\_‘. | v
A TIEW.
4
f2-1
-

Pagel of 1

From the formula bool.

MI ofring about perpendicular axis through centre = 3ppr? +—]

WI ofring about axis along a dameter = %x Zpoar

Perpendicular axes theorem.

; ; Qs
MI ofring about tangential axis = Emrg + 3t Tarallel axzes theorem.

S MWLT efring and particle about the given

axis = %mrz +m(2r ) =gmr:"

Efwg = 3mgrcos %+mg(2r) cos% +«— KE ganed=PE lost
gmr:{mz = Zmgr ¥ % + Zmgr x%
Msupands
4 2
=10
177

w: m_g
'|.|1?r

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

A uniform circular disc has mass S and radius ». & particle F of mass a2 15 attached
to the disc at point A of its circumference. The centre of the disc 15 C A second

rotate about a fized smooth horizontal axiz in the plane of the disc. The azis iz
tangential to the disc at point B, where A8 1z a diameter, The disc 12 releaszed from rest

with A5 at an angle 457 with the upward vertical When A5 iz at an angle 45" with
B0g+2
59r

the downward vertical the angular speed of the disc is . Show that e’ =

Solution:
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il . \\
- \ r_'-
// , M, i r .’__)__,]l \:I
Il__-' % i 1 2 ___.-"". “
/ U ' : =r 0
I C % 5m I : 2 T
\ | b -
b .2 / LT
W & m ,,/f Biq“\
AP *m gy
K\H'\. {_‘}
1'~-,_h |
"x___ 4
"..I j
w &

M% of disc about perpendicular axzis through O From the formula book.

= Zx Sert

MI of disc about a diameter =%x5w2

4+— Perpendicular azes theorem.

Page2 of 2

W I of disc about a tangential axis

& +— Parallel axes theoremn.

= va"z + Sert =

WI ofloaded disc about the given azis

] 2
s EOME +2m[3] +mf2r
4 2

_ 50

4
PE. lost = Smgr 2+ EMgX%N[ 24 mgx 2r 2

=10mgr 2
1 59%mr
= 10mgr{ 2
2 g T ] BB smned—DB lest
" R0g 2
S8r

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:

A uniform rod of length da and mass m2 i3 free to rotate in a horizontal plane about a
fized smooth wertical axis through its centre. A horizontal force of constant magnitude
1z applied to a free end of the rod in a direction perpendicular to the rod. The rod

: : & :
rotates with angular acceleration 125 . Find the magnitude of the force.

Solution:
r\
2a 2a ) 12¢
b R
2
MIof red = lmx (2a) = Wiz +— Fromthe formula book.
L=18
2
Fria= L xlz—g _
c +—| [ 1z the moment of the force
F = Bmg about the asxis.

The force has magnitude Hepeg,

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

A uniform disc of radius 0.5 m and mass 2.4 kg 15 free to rotate in a horizontal plane
about a fizxed smooth vertical axs through its centre. A horizontal force of constant
magnitude 10 I iz applied at point A on the rim of the disc in the direction of the
tangent to the disc at.A.

a Calculate the angular acceleration of the disc.

The disc starts from rest at titne £ =0, Calculate

h the angular speed when ¢ =2,

c the angle the disc turns through in the first 2 5 of the motion.

Solution:
v kK T
\ ¥
i 05m |4
2.4 ]\}_—’. |I m 1 i
/,-"l
\“'~- 10N
) 1
a MIof dise= EX2.4 x0.5° «+— From the formula bool
=0.3kgm*
10%05=038 —— Using £=18
= 10x05 a0
5 e e~
03 3

The angular acceleration is ]6% rads™ .

The angular speed 13 33% rads™.

c i=2 5=a:|:,.§+%a.ﬁ2
1 a0 _,
=10 G=0+—»x"—x2
e 2x3x
N S

The dizc has turned through 33% rad.

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

A uniform rod AF of mass s and length & 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 at A A particle of mass 2m i3
attached to the rod at & The loaded rod 12 released from rest with A8 horizontal Find
a the initial angular acceleration of the rod,

h the angular acceleration when A5 makes an angle g with the

downward vertical.

Solution:

A 3a ] :}.'.‘"' B

mg 2mg

a WL ofrod and particle about the given axis through 4 = %m % (%) +2mx (Ba)’

= 8oz’
When the rod 15 released:
mg % 3a + 2mg n6a = 8dma’d . | i g
é_lﬂg =
dda  28a
o congans L
The initial angular acceleration 15 ——.
@
b
A
fr‘:_!:\ 3a
: s
.\\ 3-!]'
me 4 |
B
| f!
2mg
LA T 95 -
mgx3a31n§+2mgx6asm§=84m g | Using L=18
15g§ = Bdad
g =152 43 _5g43
dda 2 o6
3

The angular acceleration 13 .
Sha

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

A pulley wheel of mass 2 kg and radiuz 0.5 m has one end of a rope attached to a point
of the rim of the wheel The rope 15 wound several times around the wheel & fixed
smooth horizontal axis passes through the centre of the wheel A brick of mass 0.5 kg
1z attached to the free end of the rope. Initially the system is held at rest with the brick
hanging freely with the rope taut. The system iz then releazed and the wheel begins to
rotate in a vertical plane perpendicular to the axiz. The pulley wheel can be modelled
as a uniform circular disc, the rope az a light inextensible string and the brick as a
particle. Calculate

a the tension in the rope,

h the distance the brick fallz in the first second after the system 15 releaszed.

Solution:
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h
= j|
b 4 N6
Y
l“' 0.5m |
/ U-;f‘j 4—— The (linear) acceleration of the brick is
\ / I rd .
M=o TN
L]
Y 05g N
a For the brick:
0.5g-T=0.5x058 i +— Tsing 7 =m with m=05kg and

a =058

For the wheel:
ML.I =%x 2x 0.5 =025kg m*

. Tx 0.5 =025
T=05% @  4—— Using L=18

Substitute in O

0.5¢-T = 05T
]
T
28

The tension 1z %g M {or 32710

b From@ &= 2T=§g
For the brick:
a=058="1 £ +— Find the angular acceleration so you can
' 3 uze the constant acceleration equations.
u o}
t =1

L=
&= uf +—at
2

5= ICJ+l><E><12
20 03

s=1433
The brick falls 163 m (3 5.£) in the first second

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

A uniform rod AF of mass s and length 4 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 through the point 2 of the rod where
AD =g The rod 1s released from rest with A5 horizontal. Calculate the magnitude of
the force exerted on the axis

a when A8 iz vertical with 4 abowve D)

b when A8 makes an angle of 45° with the downward vertical.

Solution:

D |
F a4 3a B

MI ofrod about given axis through 2

+—| Tlzing the parallel axes theorem.

= %mx (2a)® +ma’

. T’
3
5 A
all
X—D
b In ) -
1 ) Youmust find 8 and 8 when the rod 15
- vertical,
B
0«
1.
Efé‘ = mga
1 ?ngg 5 F
o 3 e « E E gained = PE lost
gt =8
Ta

8 = 0 (from I =18)

+— When the rod iz vertical there 1z no force
with a non-zero meoment about the axis.

Conzider the motion of a particle of mass m
at the centre of mass of the rod.

¥ —img = mad®
¥ = mg +ma xi_g *+— | The particle iz moving in a circle, radius a.
a
13
Y=—m
= 4
g =0=4x=0

o Magnitude 1z L

file://C:\Users\Buba\kaz\ouba\m5 4 b 5.t
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b 1\ X
A : =
\ / & and & are in the direction of
D S\ increasing 8.
a
\\ 0 ;
”I:Q ™. ﬂ"— H
\\\ | ?
,H .f"‘J _/".l
At 8 to the downward vertical:
2
UL TR +——| K E gained=PE last
2
g% = 6—gcos-ﬁ'
Ta
1
When 8 =45 &%=
7 T
g 5 :
28 = ?g sin & 4+ You can differentiate 8° with respect to
~ e 3¢ 1 8 to obtain & . Alternatively, you can
When 8=45"F=-—=x— use Fo=iD
Ta A2

For the particle at the centre of mass of the rod:
Parallel to the rod:

F—mgcos8= mad”

1 6g 1
I =mgx— +mx
&z *V2
:13mg
7z

Perpendicular to the rod:
KX —mganf = mald

1 g
X =moy——may———
g5 Tad2
_ dmg
742

. Magnitude of the force=(X° +7*) «——— The magnitude iz the same for the force
= mg N[(Bg +4;.) on the axis and the force on the particle.

_mg (185
T" 3

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 6

Question:

A uniform rod AF of mass s and length & 15 free to rotate in a vertical plane about a
fized smooth horizontal axis perpendicular to A5 through the point 2 of the rod where
AD =2a . The rod 13 initially at rest with A vertically belew D but 15 then slightly
disturbed and statts to rotate. Find

a the angular speed when AZ has turned through an angle &,

h the magnitude of the force on the axis when the rod iz vertical with 5 below 22

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 b 6.t

Pagel of 2

3/23/201.



Heinemann Solutionbank: Mechanics 5

i 0 I . \'.
f 81
B 5 "0
—111’ * é-.“ & 2
e .-%'"-’
| %
D= /_,/
2a 4 |

A

a MI ofrod about given axis through D

= %m %(3a)? +ma’ = dma’ + TTse the parallel axes theorem.

%fég = mga(l—cos 5‘)

44— EE gained=FE lozt

P g = mgcz(l — o8 5‘)
g =N[|:£(]—|:os.5':|
2a

h A
2a |}'
i
Dl x
|
s m

EHI

a8

fe—'

0 e /

There iz no horizontal force otherthanx = 8=10

Using L. =178

Conzider the motion of a patrticle of mass : Alternatively, when B 1s verj:ic:allgr
m at the centre of mass of the rod: below L) the angular speed 15

Along the rod: ¥ — g = mad” mazimum, so & =0

E
T T ORI X 24[ ( )] | 8=120" = cogd =—1

r—mg = mg
T =2mg
Perpendicular to the rod:
g=10
LAx =10

The magnitude of the force 15 Zmg. «———{ The magnitude is the same for the force

ott the axis and the force on the particle.

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 7

Question:

A uniform circular disc of mass # and radius 2a 15 free to rotate in a vertical plane
about a fized smooth horizontal axis perpendicular to the disc through a point, 2,
which 15 at a distance @ from the centre of the disc, ©. The disc iz initially at rest with
' wertically abowe [ The dizc iz then slightly disturbed and beging to rotate. Find the
magnitude of the force on the axis

a when CD iz horizontal

b when C0 iz vertical with O below I

Solution:
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Page2 of 3

MI of disc about azxis through <= %m(Ea}z = 2ma® 4+ From the formula book.

ML of disc about axis through D = Zoa® +ma”® +———

By the parallel axes theorem,

EE gained =PE lost

= Zma’
/’f/-- ™
..lf \"-\." l‘\-, \"-.
[ D ¢ da ¥ 7
@ a %ﬂ i o
\\\\ /_/:J
e o -
Energy from rest to OO horizontal
%f&jg = mga A,
2
Eli 8% = mga
2
gt = g
2
L=178 <

Equation of rotational motion

mg

w

. 0 i

Conzider the motion of a particle of mass m at the centre of mass of the disc:

Horizontally:
X = mad® ” i
A =max 2_g
3a
o g
2

file://C:\Users\Buba\kaz\ouba\m5 4 b 7.t
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Wertically: —— TTee F =
mg—Y = mad
F= mg—maxi
3a
P
z
2 2
S Magnitude = zﬁ zﬁ
Z 3
= zﬁ'\'[ 2
3
h ¥
//ff-} [¥] H\\ > ¥
.".; a I
I C ] i
\ 1Y)
"“._\ )_.-" |;.5II I.‘.‘F_'
h.______ __F,./ H E.j

Energy from rest to OO0 vertical:

%;gz i +——— K.E gained=DE lost
3’ -
dime g = mgc
gr=32
3
Io horizontal force apart from x = &= .,
For a particle of masz m oat O Rigiion
Wertically:
Y — mg = mad A
4 7
¥ = mg s e _Ime
E 3
Horizontally: X =—mad =10 1 Tze & =
Tenz

o Magnitude 1z

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 8

Question:

A uniform rod AF of mass s and length 2 15 attached to a fized smooth hinge at A
The rod 15 released from rest from a horizontal position and rotates in a vertical plane
perpendicular to the hinge.

a Show that, when AZ has rotated through an angle 8

48 ¥ .
2a| — | =3gsand
[dz] ¢

When A8 has rotated through an angle 8, the force exerted by 45 on the axis s 7
b Find the magnitudes of the components, parallel and perpendicular to A5, of &

: . Fig
¢ Show that the horizontal component of 7 is greatest when §=—.

d Find the vertical component of & when g="

Solution:
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..'....\.. CENTEE )
g
H\\
S
:“\\
I R
me \ |
i

‘B

MI ofrod about axis through A= %maz *— Fromthe formula bool

Energy:
l x[imaz ]5!2 = mgasin & 4— The rod starts from rest with 458
) herizontal,
2a8* = 3gsind
2
ar 2(1[@] =3gand
ot
L .
{ :-'--f'g}
[+ S
I~ 4+— Consider the motion of a particle of
mg " ' mass 2 at the centre of mass of the rod.
B %) ¥
For the component parallel to A5
X —mg sin 8 = mad® — Tee F=pum
; 3g
& =mgsnf+mx—szsnd
5 " et TTse the result from a.
¥ =" 4ns

For the component perpendicular to A5

mgcosd—F = mad —— TJee F =ma
2
2.:;[%] =Zgsind
di
4’8 : . .
i e =Sgcosd 4+— Dufferentiate the result from a with
4 respect to &
af = 2E 058
4

1

i =mgcos§—zmgcosg=zmgcosﬂ

file://C:\Users\Buba\kaz\ouba\m5 4 b 8.t 3/23/201.
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¢ Horizontal component
=X cosf-TFeind

= gmg sinfcos 5—%;?33 sin #ocosd

= ng sin & cosd

g sin 28

cal w

Tou can differentiate this to obtain
the mazirmum but the trigenometric
method 12 much simpler!

- Horizontal component 18 mazimum when sin 28 =1

. o
o Mammum when 8 =—

d Vertical component
=Xsn8+Frosd

Lo | h

. 1
= Zimgsin’ +£mg cos &

Y

e

Wertical component

s [L]Zlm H
s 5 A2 4 g 3

© Pearson Education Ltd 2C
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Solutionbank

M5

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 9

Question:

A uniform wire of mass s and length fa 13 bent to form a rectangle ASCD with
AEB =2a It 1s hung with corner A over a fixed smooth horizontal nail. Initially it 15
held at rest with A8 horizontal and D below A, The plane of the rectangle 15

perpendicular to the nail.

a Show that the moment of inertia of the framework about the nail is 2w’
b Show that the angular speed & of the wire when AC is

vertical 1z given by PR % («J'g— 1.

¢ Find the magnitude of the resultant force on the nail when AC iz vertical.

Solution:
a . 2a
D &) C

WMI ofrectangle about nail

s Tl v la S (6 A ]
=¥ =M Mo =M= =
AN el 3

- —

7 15 the centre of mass of the
framework.

.

Fand { are the mid-points of B0
and C'0 respectively.

Tou must worl: from the
centres of masz when using
the parallel axes theorem for

SC and T
AP =8 -I—%cz2

APt g?

e et )
+i—x| - patt—mrlat =% —m || =
303 3 3 L6 2
dma®  ma 17ma  ma Dt ma’
= + + + +
9 72 24 9 3 18
= D
h Energy:
1 : o i
Zx Zmaldt = haligme =
5 e mg[z 2] AGH

2a8% = g({5-1)
3.8 e
g 2@(«!5 1
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L. ¥
Al ;
=l i +— Consider the motion of a particle of
e mass # placed at the centre of mass
& of the framework.
\ A\
! .."-_
%
ey
LY
_ \
g
\ 52
‘-.\“ -l e
\L_~
b
. __,"'
he
Vertically:

Y —mg = mx AGx &

g =2 5y E 5 -
£ e 2 N[SXEQ: =1l HG=§N[5 i(from a)

¥ =mg+ﬁx5—ﬁﬂ!5
4 4

_ 9mg  mg {5
4 4

Horizontally:

—X=?w’5§

8 is maximum when AC is vertical 4+ Oruse L=18 with L=0
=d=0

LA =10

A The magnitude of the resultant force on the nail 13 dng mg% or
g
—= (945

4 ( )

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 10

Question:

A uniform square lamina ABCD of mass s and side da 15 free to rotate 1n a vertical
plane about a fized smooth horizontal axis through A perpendicular to ABCD. The
lamina is hanging in equilibrium with O below A when it receives an impulse and

: : ’3
beginz to rotate with angular speed i ;
a

a Show that the lamina will perform complete revolutions.

b Find the magnitude of the horizontal and vertical components of the

force on the a=xs
1 when O iz vertically abowe A,
1 when AC 1z horizontal.

Solution:
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/o \ .-IHH‘""'HJ:'! +— 3 is the centre of mass of ABCTD
/o Sy AGP = (2a)* +(2a)°
;_,-"' .",III (; ; -r .H . 8(32
D "-"Im 3 -h:

e

MI oflamina about azis through A= %m@ag +4a2)+m x8a*

_ 32ma’

3

Energy:

Page2 of 4

2 3
1 x?)zﬂ g o 1 x?)zﬂwg = mg % 2a + 3 4+ v isthe angular speed when O is

2 3 & 2 3 vertically abowe A

]
165—1&§” =d4g2

For complete revolutions e® 20

2
16acw :155_45«.{2 As long as it is clear that e = 0
3 there 15 no need to evaluate
3
Zgid—A2
3 ={4 )

aw® = gg(dl—w' 21=0

5 The lamina will perform complete revolutions.

'h i w0

f;- 4+— Consider the motion of a particle of

i . tnass # at the centre of mass of the
% latnina.
# s
V4 k]
B¢ — I ——D
e
AKX

When C 15 vertically above A
3
o =4—g(4—“w[ 2) *— Froma.
@
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WVettically:

- 2
mg+Y =mx2a 2w < — Tee F =

r= 2ma42x3—g(4—“1[2)—mg
da
Y =bmg2—dmg

Horizontally:
when AT iz vertical angular speed iz a minimun,

L 8=0

-— | v -
. horizontal component of force=10 Cryou can use L =178 with L=0

The horizontal component 15 zero and the

vertical component 15 2mg (34 2-2)

i D

-'.\\
¥ __/'/ \_-'jl-:f _ .

P i ] _.: {-’

Energy (to AC being horizontal):

1 32ma® 3g 1 32wa®

=X X——=X 43
273 a 2 3
16

16g—?awf

mgxavs
=gV8

2 33
=T gD
A ltSc;tIi )

Horizontally:
X=m“q[8x]3?g(16—w[8) +—| Use F=ma.
o
_ g
o “v2-1) *+— Anyequivalent form iz acceptable,
Vertically:
¥ —mg = ma 88 | Use F=ma
2
mga“w[8=—32ma g ‘—ﬁ'—__“‘k—-——_____
2 Use L=18.
omal = —mg 1 Ex—
32
3 mg
LY =mg-mgAdBx—Ag=2
s L

The horizontal component has magnitude 3% 4+ 2-1) and the vertical

: 1
component has magnitude Emg .

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 11

Question:

Three equal uniform rods, each of mass e and length 2a, are joined to form an
equilateral trangle ABT. The triangular frame can rotate 1n a vertical plane about a
fized smooth horizontal axis perpendicular to AR through A, The mid-point of B0 is
L The frame is released from rest with AD horizontal and O below AR Find the
magnitude of the force on the axiz when A5 1z vertical

[Tou may assume that the centre of mass of the triangle i3 at F where (7 diwides A7 in
the ratio 2 : 1]

Solution:
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(7 1z the centre of mass of the
framework AGF: G =21

¥
Af— X
_;'r M, a
2a / N L
)
/ "\_.
Ko )
B D w™

MI oftriangle about axzis through A

4 1
= 2% — - mas + o e

2
= 8??;@: +—m§ + 3’
= Gt

Energy:

1 42 2
Exﬁm e =3mgx§xa£
_ 2mg o

3
When AL i wertical:

2
FAECEY

| AD*=44* -4

23 \

= 3aq?

From the formula book and using
the parallel axes theorem.

4— Al was horizontal at the start.

vertically:

]

iZonsider the motion of a particle of
mass 3 placed at (7.

F—lmg = BMX%IN[B-:&E

r= 3mg+2%r3x§mg”1[3
¥ ="Tmg
When AL 15 vertical, angular speed is mazimum.
L 8=0

" no horizental component
o The force on the azis has magnitude Jeeg.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5 4 b 11.t

1-‘_‘—__‘___‘—__‘_'—_"_‘ Tee F =,

b S 2 2ot

AG=ZAn=2C43
3 3

Oruse L=78 with £=0

Page2 of 2

3/23/201.



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

A uniform square lamina of side 0.8 m and mass 4 kg 15 free to rotate about a fized
smooth axis which coincides with one of its sides. Calculate the gain of angular
momentum when the angular speed of the lamina is increased from 2 rad 57 to

Srad s

Solution:

, mass = 4 kg
03m -

0.8 m

MI oflamina about given axis = i %4x0.4* *— From the formula book.

Gain in angular momentum

= Ty — Iy,
= %x4x0.42(5—2]
= 2.56 Nms

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

A uniform hoop of mass 1.2 kg and radiuz 1.9 m 1z rotating at a constant angular speed

of 6 rads™ about a fixed smooth horizontal axis through a point of the circumference

of the hoop, perpendicular to the plane of the hoop. Calculate the angular momentum

of the hoop.

Solution:

MI of hoop about perpendicular axis through its centre = pr?

=12x15

Pagel of 1

4+—| From the formula book.

kg m’

MI of hoop about given axis =12x1.52 +1.2x1.5° «—o

=54 kgm?

Tse the parallel axes
theorem,

Angular momentumn

=54x6
= 32 4 Mms

*— Angular momentum = Ien

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 3

Question:

A uniformrod A8 of length 2.4 m and mass 0.5 kg 15 rotating in a horizontal plane at
6 rads™ about a fized smooth vertical axis through its centre. & retarding force of

constant magnitude P newtons is applied at B in a direction perpendicular to A5 in the
plane of the motion The rod 1z brought to rest in 5 seconds. Calculate the value of P

Solution:

1.2 m e 1.2 m YR

mass 0.5 kg

WL ofrod about wertical axis through centre = lmfz" 4+— From the formula book.

3
= %x 0.5%1.2%kgm?*
Angular momentum lost
ko BB B
3
BRSSP
3 IMoment of
ik 05x1.2°x6 impulse = change in
a Ex Syl atgular momentum
F=024

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:

A uniform rod A of mass Zm and length 6 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through the point & of the rod where AT =2& . The rod
15 released from rest with A8 horizontal When the rod 1z vertical with £ below O, the
end B strikes a stationary particle of mass . The particle adheres to the rod.

1
a =Show that the angular speed of the rod immediately after the impact 13 3 EE .
@

b Calculate the angle between the red and the downward vertical when
the rod first comes to instantanecus rest.

Solution:

28 ) da B

|
"

2mg

MI ofrod about horizontal axizs through O

(2} % (3a)* + 2ma’® 4+— From the formula book and using
i the parallel axes theorem.

*
3

= B

a Energy from release to impact:

% 8% = 2mga <

EE gained=FE lost

Ama’d? = g

For the impact:

_ 2
e I:f +mida) :Im 4+— o 13 the angular speed after the

impact.
Doprer” £ - (Smcxg +16ma2)w
2t
Do 2 e
2a

w.:lfi
3N 2a
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h 1 P
Y/
ke f; ,
. al
Y
3{4’.-"{
/2mg
o AR
. '
-
---;,-{\‘\ mg
1. /g
3 ""l_'-"u

Energy to the highest point:

L
Ef @ =2mgla—acosd)+mg(da—dacesd) ¢« 7' ioihe MLI of the rod
and the particle.

3
]Ex 24’ [% %J = fegaill—cos &) ‘L\

L.g
12ax —x— =t6g{l—cosd
s g( )

P'=24ma’ froma

a
&
— =6(1-cos&
5 ( )
cosd =1—l=E
9 9
8 =2726 ..

The angle between the rod and the doewnward vertical 1z 27.3" (351

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 5

Question:

A rectangular sign 15 hanging outside a shop. The sign has mass 4 kg and measures
1.9mby 2.5 m. Itis free to rotate about a fized smooth horizontal axis which
coincides with a long side of the sign. The sign 1z hanging vertically at rest when it
receives an impulse, perpendicular to its plane, at its centre of mass. The sign first
comes to rest when it iz horizontal. Calculate
a the initial angular speed of the sign,
h the magnitude of the impulse.

{You may assume that the sign can be modelled as a uniform rectangular lamina.)

Solution:

[.5m mass = 4 kg

2.5m

2
W1 ofsign about axis along A8 =%x4x[§] =3 ka i a—— Toabitie Bibatila
book.

a Energy from just after the impact until the sign iz horizontal

1
Efmz =dgx075 4— ¢p 1z the initial angular speed

%xEmz =4g %075

o = Bgx 075
3
o =4427 ..

The initial angular speed is 4.4 rad 57" (2 5.£)

b Forthe impact:
Lloment of impulse = changein angular motmentum

Jx 075 =3x4.427 *— 7 is the magnitude of the impulse.
7= axd 427
075
ofr =R

The magnitude of the impulse iz TR N (22 £)

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics
Exercise C, Question 6

Question:

A umformrod A8 of mass s and length 2a 15 freely hinged at 4. The rod 15 released
from rest with A5 at 60° with the upward vertical through A When A8 15 horizontal it
hits a small fixed peg at point O where AC =15a. The angular speed ofthe rod
immediately after the impact 15 half its speed inmediately before the impact. Find the
impulse exerted by the peg on the rod.

Solution:

1607/

—

MLL ofrod about axis through A= %mag 4— Fromthe formula book

Energy from release to horizontal:

1
Efé’z =mgacos 60  «—— gain of KE =loss of PE.

%ngg = mrga ¥ —
g =32
e
A 4 (- B
For the impact
15af =17 3_g +7 xl 3_3 4+ J s the magnitude of the impulse.
Ay 2Vda The direction of rotation i3
reversed.
1.5aF =[im2+lxim2J 3_g
3 2 3 A
B 8
A

e 3z 1 Zm

T L ] [ PR O

2 a 15 3

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 7

Question:

A uniform rod AF of mass e and length 2 15 free to rotate in a vertical plane about a
fized smooth horizontal axis through A, When the rod 15 hanging at rest with &
vertically below A, the end B receives an impulse of magnitude Jin a direction
perpendicular to the axis of rotation.

a Show that, for the rod to rotate in a complete circle,

Isomist
V3

Given that J :2;;»2 &
3 3

b find the angle the rod turns through before first coming to instantanecus rest.

Solution:
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J

LI ofrod about azis through A= %maz *+— From the formula boolk.

For the impact:
2ad = iw

3 3J

dma®  Zrw

w=2adx

Energy from impact to & vertically abowe A:

1 s
Efmz —5592 = mg % 2a +— Loss of E.E =gain of PE.
2 2 2
Zima [EJ] LRy SRS
3\ Zma 3
For complete circles 82 0
2wt 9J*
% —Z2mga 2l
] Ao =
2.3
J? > 2mgax 202
& Zo®
iy A ga
2
J > 2m, B2
3
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aJ i ’
. speed just after the mpact = 2— =—x— g_ = 1 Use wour result from a.

A
ok
i

m 1_5' W
=N\

i
Energy from lowest to highest point:

2
1( dma’ fod
= — | =mgall-cosd) 4+—— KE lost =PE gained

2l 3 2
2
2”;‘1 x% = mgall—cosd)

E =1-cos#
8

cosd =E

9

g =3894. ..

The rod turns through 38 9% (32 £)

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 8

Question:

A uniform square lamina of mass 2 and side 27 15 free to rotate in a horizontal plane
about a fized stnooth vertical azis through the centre of the lamina Initially the lamina
1z at rest. A particle of mass 2ee 15 moving in the plane of the lamina towards the
lamina with speed 24! and in a direction at 45° to a side. The particle strikes and

adheres to the lamina at a corner. Find the angular speed with which the lamina begins
to turn

Solution:
o
. 3 Vi %, "‘-;{
mass of 21 1 \
square =m S/ < \
\ " 2m
e , //
2"}, . 2 -\'Ilgfr . \.'\ \._I o
WI ofsquare lamina about perpendicular azxis through centre
1
= gm(fz +1%) +— From formula boolo
2
= Sl
3

Ceonzervation of angular momentum:

2
Dwax 2 gfxf“w[2=|:%
2
dppal S22 :14mr
[l 2}

14

© Pearson Education Ltd 2C

_ 122l 6 28

+2m(£”1[2]2}w -

Diagonal ofthe square 13 23«.-6.

S

]

Eemember to include the MI of
the patticle.

Ty -

Equivalent forms of thiz answer are
acceptable.
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 9

Question:

A uniform square lamina of mass s and side 270 15 rotating with angular speed .;’_g

about a fized smooth horizontal axis through the centre of the lamina parallel to one
side of the lamina A particle of mass 22 15 held at a height 12/ abowe the level of the
axiz of rotation of the lamina The particle 15 released from rest and hits the lamina at
an instant when the lamina 15 horizontal The particle adheres to the lamina at the mid-
point of a side which 15 moving downwards at the instant of impact. Find the angular
speed of the lamina immediately after the impact.

Solution:
{
axis- ! -
[
L 2
LI of lamina = lm;’z +— Fromm the formula boolk

Particle falling freely under gravity:

g=12 w=10
a=g v =u'+2as
v = 2dgl

For the impact:

Conzervation of angular momentum:

2 24gfxf+%mf2[1’i—gJ=[2??@.32+%m£2 ]w 4— The particle 15 a distance J

trom the amis.

2% 2 6g§+%..||'6g.-:’ =?§£m
12, f6gf _T"E
3 3

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 10

Question:

A uniform rod A8 of mass s and length e 1z free to rotate 10 a vertical plane about a
fized smooth horizental axzis through peint C of the rod, where AT = %cx W hen the

rod 15 hanging at rest with B vertically below A, the end B receives an impulse of
magnitude J in a direction perpendicular to the aziz of rotation. The impulse 15
sufficient to cause the rod to move in a complete circle. Show that the magnitude of
the impulse 15 given by

JE?JBﬁgﬂ

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 c 10.t 3/23/201.
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j‘.‘} I.ﬁ)

From the formula book and using

2
MI ofrod about azis through O = lmx(Eajz +m[EaJ ki
3 2 the parallel axes theorem.

_ dma®  Gma’
3 4
_ 43’
12
For the impact:
y
??a = 43;?;(3 . +— ¢p iz the angular speed of the rod
427
w —
4 3y

Energy to top:

143 (427 Y 1 43ma®)
5l 19 % Ama ) 21 12 R ery 18 the angular speed of the rod

when & 135 wvertically abowe A,

= mag ¥ 2
For complete circles oy 20

a 2
.1[43;%4 ]x[ 42J] il ST

Cal12 4 Sera
2 72
lxﬁxdlzzj —Zmga =0
2 12 45°m
A3x 24
72w
STy

26
T4 oa
4% &

JE? Egx +—— =0

© Pearson Education Ltd 2C
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 11

Question:

A light inextensible string has one end attached to the rimm of a pulley wheel of mass
Zpp and radius » The string 12 wound several times around the wheel A pan of mass »
1z attached to the other end of the string and hangs freely below the wheel The system
1z held atrest A particle of mass S i dropped from rest at a height 4» vertically
abowe the pan. The particle adheres to the pan. The wheel 1s released from rest at the
instant the particle hits the pan and begins to rotate about a fized smooth horizontal
axis through the centre of the wheel and perpendicular to the plane of the wheel
Azsuming that the pulley wheel can be modelled az a uniform circular disc and the pan
as a particle, find an expression for the angular speed of the wheel immediately after

the impact.

Solution:

LLim

For the particle falling freely under gravity:
s=4r v=u+2as
a=g v =2xdrg=%g

w=10

M I ofthe wheel = %merz #4+—| From the formula bool.

For the impact:

D . JBrg v = gmr2w+(5m+m]rmxr -
3
10, f2rg =§rw+ iren

10, ferg = Erw

IMoment of the initial momentum of
the particle =final angular
meomentum of the wheel + the
mement of the final mementum of
the pan and particle

2
— /ﬁi ’2_5
15Y r ER

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 12

Question:

A uniform square lamina of maszs m and side 2 15 free to rotate about a fixed smooth
horizontal axis which coincides with a side of the lamina The lamina 15 hanging in
equilibrium when it 1z hit at its centre of mass by a particle of mass 4 moving with
speed v in a direction perpendicular to the plane of the lamina The particle adheres to
the lamina

a Find the angular speed of the lamina immediately after the impact.

b Show that, for the lamina to movwe in a complete circle,

p 22 5ﬁ]
y}i 3

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 c 12.t 3/23/201.
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m 2{?

2a

M I of lamina about axis along a side
4 3

= _ 4+— From the formula boole

3
For the impact:

Apmow g = [img + g™ ]m + Angular momentum is conserved.
3

e 16aen
3
_ 3w
da
Y
The angular speed iz —.
e
h Energy:
] 2 2
1y Jomd x[ﬁ] o1, 1omd Cﬂf *—| ¢y 1s the angular speed when the
2 3 da 2 3 lamina is vertical and abowve the
=Smg v 2a axis,
W' B2t
———u =10a
5 3 ey g
For complete circles, ef =0
2
% ~10ag =0

2

a

v E w10
3 =

20az
3

vEZ 5a+g

3

v

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

A simple pendulum is performing small ozcillations. Calculate the period of the

pendulum when the length iz
a 2.5m,
b 0.3 m,

¢ 30 cm.

Solution:

a T=2n j—=2?r E
g V9.8
T=3173_..
TF=32:(2s1f)

h T= 2;'r1||E =1.7%5...
9.8

T=18:(2:f)

c T=2H1||£=1.099... e

T=11s5(2sf)

© Pearson Education Ltd 2C

Change cm to m.
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Exercise D, Question 2

Question:

A simple pendulum is performing small oscillations. Calculate the length of the

pendulum when the period is

1
a —ms,
h E;=?s,
16
c 0.8s
Solution:
T =2 i
g

—
i G2 .| S50
o7 16

The length 15 0.61 m {2 5.7

2

9

— 9 2
b J=0g 18 =9.8x[—]
o 72

=0775_
The length 1z 078 m (2 2.£)

2
c £=9.8[%] =0.158s...

2

The length 13 0.16 m {2 2.£)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 3

Question:

A simple pendulum has length @ and period 77 If the length 15 increased to 2a,

calculate the new period in terms of T

Solution:

7= EH\{IZ EH\[E
g g

When length is Za:

T'=2m Ll

b4

(-}

.. New period is T2

© Pearson Education Ltd 2C
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Solutionbank M5
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Exercise D, Question 4

Question:

A zeconds pendulum takes one second to perform half an oscillation. Calculate the
length of string required for this pendulum.

Solution:

bl g 4+— 1 zecond for half an cscillation
T = ER\/E oo 2 zeconds for a complete
14

oscillation

7 -
) g
1 2
; :[_] %9.8=0.9929.

ki

The string mustbe 0.99 m long (2 5.1

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 5

Question:

A simple pendulum has length @ and period T Calculate, in terms of @, the length of a

pendulum with period IET :

Solution:

T =2r [—

=T

T =Zir

S

I
.
]

e
| =

ﬁ =
it ]
Cowlr ] wETE
[
s | B
[

The length 13 %.

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Cine end of a rope is tied to a branch of atree. A girl i3 swinging on the other end of
the rope. The period of oscillation 15 25, Assuming the girl and the rope can be
modelled az a simple pendulum, calculate the length of the rope.

Calculate

a the period of small oacillations about the position of stable equilibrium,

h the length of the equivalent simple pendulum.

Solution:
T=2m i
g

2= ZHJE +— The period i1z 23,

£
R I
2 z
1=2% 09020

by

The length of the rope 12 0,99 m (2 2.£)

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

A uniform rod, of mass 2 and length Sa, 1z oscillating about a fixed smooth horizontal

axis through ene end of the rod.

Calculate

a the period of small oacillations about the position of stable equilibrium,
h the length of the equivalent simple pendulum.

Solution:

ool 1
J4 0

me &

.(.

MI ofrod about axis through one end = %m(Ba]g =12ma *—

From the
formula bool

mg x3asind = —12ma’d < — T Ears

Forsmall 8, sin& =&

L 124°8 & —3agh
5 g
& = _Ea - The motion is approxitmately

sitmple hartnonic,

o Vg

FPeriod of small oscillations 15 4??\/E
g

Pagel of 1

h The equivalent simple pendulum has length 4o <+
Compate T

T=2}T\[E.
g

=2 4_a: with

g

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 8

Question:

& uniform rod AF of tass s and length 2a with a particle of mass 2m attached at &, 13
oscillating about a fized smooth perpendicular horizontal axis through A

Calculate

a the period of small oscillations about the position of stable equilibrium,

b the length of the equivalent simple pendulum.

Solution:

a A
Py

N
7R
W |

2me

ML ofrod and particle about axis at A = %mag + Zea(2a)*

28
= —ma
3
. .28 g -
mgcxs1n5'+2mgx2as1n5‘——?mc15' — 1. 1 =78
Sgand = —2—?)8@57_
Forzmall &, sin8 =&
L8 ~15g g 4 The motion is approzumately
2Ba sitnple harmonic,
0 15g

The period of small oscillations 13 4 ff?a
g

b The equivalent simple pendulum has length §a — e
15 Compare T = 2w (—— with
E

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics
Exercise D, Question 9

Question:

A triangular frameworl formed by joining three uniform rods, each of mass a2 and
length 3a, is ezcillating about a fized smooth horizental axis through a vertex of the
triangle perpendicular to the plane of the triangle.

Calculate

a the period of small oscillations about the position of stable equilibrinm,

h the length of the equivalent simple pendulum.

Solution:
A
a A
N 3a
I T
S ..\‘
-’.r .\'l.
A I .
&b Y 3a
S mEs5
L
i/ p
B ol 4
mg

MI of frameweotl about axis at .4

2 2 2
:gxim 3a + lm 3a - (34)2_ e +—— TUse the parallel axes
3 2 3 o 2 theorem to obtain

the ML of BC.

mat 2Tt

= Gma’ +

+
4
_ 2 Tma’
2
A
YR
| ™
(111 Y
Y
b
\\
F] N\ 26
[ 5
Y3 mg

Eesultant force 15 Zmg at centre of mass of framework

file://C:\Users\Buba\kaz\ouba\m5 4 d 9.t 3/23/201.
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AG:EAD:EXEaJB:aJB
3 32

s g x (@ Dsind = _Tﬂmazé'-
éz—gﬁﬁjﬁna
Ba

For small escillations sin8 =8
R e 2g AE g
A

“ Tse =18

The motion 15 approzimately
simple harmonic.

L
o 2g 3

The period of small oscillations is 6x =2 o
2g3
b The equivalent simple pendulum has
length a ar 3N[3cz
243

with

Cotnpare T = 27 24
2g 3

Tzzndi
E

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise D, Question 10

Question:

A uniform circular disc, of mass 2, radins @ and centre &, with a

: 1. S,
particle of mass # attached at 4, where Ol =—a, i3 oscillating about a fizxed smooth

herizontal axis through O perpendicular to the disc,

Calculate

a the period of small oscillations about the position of stable equilibrium,
h the length of the equivalent simple pendulum.

Solution:

mg ¥

2
MWI of disc and particle about azis at O = — x Zma” +m x[%a]

mgx%asiné‘: —%mﬂgé | Use L=78

For small oscaillations sin8 =&

5
Lol —"afd
g 2
gx—z—gg —
S

o 'I,’Eg

The peried of stnall oscillations 18 27 ;_cz_
g

2
A

JB|L_J'|[\_)._.

The motion 15 approzimately
simple harmonic.

Pagel of 1

Compate T =2x 5_a: with
g

h The equivalent simple pendulum has length 5_@: . !
o T=2m |—
g

© Pearson Education Ltd 2C
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Exercise D, Question 11

Question:

A uniform circular hoop of mass w2 and diameter & 15 oscillating about a fized smooth
horizontal axis coinciding with a tangent to the hoop.

Calculate

a the period of small oscillations about the position of stable equilibrium,

b the length ofthe equivalent simple pendulum.

Solution:

d

- /f

wid® 4——| Fromthe formula book and

2
MI of hoop about a diameter = %m[%] =

g perpendicular axzes theorem.

2 B

2 2 2
MI of hoop about tangential axis = ms +m[£] = i 4+— By the parallel azes

theorem.

side wiew -H
:’; d
.\.2
2 - Far
mg[%}smg:—sﬂf g * Tse L=17
; B
8 =-—4
g in 4
For small & siné » & +— The motion 15 approximately
= _4_39 simple harmonic,
3d
T=2Zr i
4g
The period of small oscillations 15 7 / N F N ﬁ with
Vg
b The equivalent simple pendulum has length — ]
T=2r
4

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 12

Question:

A uniform rod A8 of mass 3m and length 27 1z free to rotate in a vertical plane about a
fized smooth horizontal axis through A, perpendicular to the plane in which the rod
rotates.

a Find the period of small oscillations of the rod about its position of equilibrium.

A particle of mase #e iz now attached to point & of the rod. The period of the
oscillations 12 increased by 2%,

b Find the value of x.

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 d 12.t 3/23/201.
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MI ofred about axis through A= %x %l 4| From the formula book

= i

", i 2 - “
Zmglan 8 = —dmi’d — Tep [ =18
For small oscillations sin8 =8

. 3g8 x —418
- 3
§x-Eg + The motion 15 approzimately simple
i harmonic.

The period 15 dar i
V3

b "With a patticle of thass #2 at 5
WL =dmd® +m(2D* = Smd®
Zegl sin 8 + gy 2 sin 8 = S8
g8 = —8l0 ¢———— h:inasindad

g x—j—gﬂ

)
HNew period = 2x E=4ﬂ' ot
£ og
47 E—-4;-'r =, 1 £
Sg 3z 4o and J— will cancel
7 % 100% g

S Yoincrease =
dg |—
3g
&6
=¥5 V3 q00%
1
3
=9.544 %
x =954 (5s10)

© Pearson Education Ltd 2C
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Exercise D, Question 13

Question:

A uniform rod AF of mass ém and length 4J has a uniform solid sphere attached to

each end. Each sphere haz mass # and radius lf and the centres of both spheres lie

on the same line as the rod & fized smooth horizontal axis passes through point & of

the rod, where AC =!. The rod can rotate in a vertical plane which 1s perpendicular to
this axis.

22T
1m0

a Show that the moment of inertia of the system about the given axis iz

b Find the period of small ozcillations of the system about its position of
stable equilibrium.

Solution:

I
= 2 d
[ w9 )
Y LY
S | N
e
/‘; \'\
A"
w "x "r H
mg “-\ !
5 [
! 1
N, i
,
N )
L
\a
b
",
b}

A
N
3 |
B ol
AT
V] ) e
Selod g
P
H]‘j__{

a MI ofrod about axis thre” € = %(6»@)(23)2 + Gl

= 1 pmi? +— TIze the parallel axes theorem.

file://C:\Users\Buba\kaz\ouba\m5 4 d 13.t 3/23/201.
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2 1 2 2
MI of spheres about axis thro” (& = %m[a] +m[§f] +Em[i] +M[E]

o Total ML of system

] 2
SR i
5 2

(140+2+145 4
= —10 mal

For small cscillations sinf =8

287
S 8g8 = ———i8
= 10

8035‘

I
5 2 2
wit 58mi?
xﬁ-’_ 4 TT:e the
parallel axes
theorem
again.
2
s1n5=—28:|§ﬂ J4— Use L=7d
Bgsin = —EEE
10

=

287

T=2_fr Zop 287
‘o dlg

The period of small oscillations 15 2 T

© Pearson Education Ltd 2C

2871
Og

-

simple harmonic.

The motion 15 approzimately

Page2 of 2

w287 | e——
24 Sg

Any equivalent formm is
acceptable.
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Exercise D, Question 14

Question:

The diagram shows a rectangular s1gn outside a shop.
The zign iz composed of two pottions, both of which
are rectangular. Eectangle ABCF has mass w,

length 2a and width 26 Bectangle FCODE has mass m,

length 2a and width %b - The zign iz free to rotate
£

about a fized smooth horizental axis which coincides

with side A5 The wind causes the sign to make small

oacillations about its position of stable equilibrium.
Show that the period of these oscillations iz given by 27 ’;}E ;
g

[Tou may assume that both sections ofthe sign can be modelled as uniform
rectangular laminae.

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 d 14.t
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i
; 2a ;
A B axis

mass 2h

F sk €y

mass m Lp
E D

M I ofzsign about axis along A8

2 2
=imb2+lm lb + EE:'
3 3 14 b}

= mbg[i-fiq-g]
3 48 16

_ T mb?
12

Side view 4
N F
0
e 4
mg

SENEN

mg

Page2 of 2

TTze the parallel axes
theorem for COEF
Eemember to move
from the centre of mass.

mgbsin5+mgx%sin5'=—%mgg | Usze L =78
For small oscillations, sin& =8
RN
Egé‘ -
4 12
i0g . _
w -y +—— The motion i5 approximately
Tk stmple harmonic,
TR
p 389g

© Pearson Education Ltd 2C
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Exercise D, Question 15

Question:

A thin uniform rod AF of mass s and length 8/ 15 free to rotate in a vertical plane
about a fized smooth horizontal axis through end 4. A uniform circular disc of radius

%f and mass 10 iz clamp ed to the rod with its centre C on the rod and AC =jd . The

plane ofthe dizc coincides with the plane in which the rod can rotate and the axiz is
perpendicular to this plane.
Find the length of the equivalent simple pendulum.

Solution:
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A
AN\
ey
Lal\ M
N\
AN
:I.!H:.{ \ ( :I
10mg \, T aB=s
g o

MI ofrod and disc about axis at .4

2
. %P‘H@f)z —I{%x lﬂm[%i’} +]Um(k£)2:|‘__ Tse the parallel axes

theorem for the dizc.
= [EQ +10k* Jmf*
3 4

= [E+10k2 ]mig
12

271 . —— Use L=1§
mg x4l sin @ +10mgxk€sin5‘=—[ﬁ+10k2 Jm;f‘a >

For small oscillations sinf =&

4g8 +10kg8 ~ —[% +1o;cf*];§

g (4+10&kg8
21 10e? |
12
_ 24{2+5k)g 4 *+— The motion iz approximately
(271+120k%) sitnple harmonic,

s 2 (271+1204% )
B 24(2 +5k) g

The equivalent sitnple pendulum has

+— Compare the expression for T with

2
lengt, (7112062 ;
DA(2 +5k) T=2r |—
g

© Pearson Education Ltd 2C
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Exercise D, Question 16

Question:

An ear-ring of mass B 15 formed by cutting

out a circle of radius @ fom a thin uniform
circwar disc of metal, radius 3a, as shown

in the diagram The centre B of the larger circle,
the centre A of the smaller circle and the point X
on the circumference of both circles are collinear,
The ear-ring iz free to rotate about a fixed

smooth horizontal azis through X perpendicular to
the plane of the ear-ring. Show that the period

of small oscillations of the ear-ring about itz

posttion of stable equilibrium 1z 4 :3& ;
g

Solution:
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5

S
‘ A \
F L Nal A
rH N :X-:.- ”'.l P
I : B -
\ N o A
Y : \3a J /
\__\\.‘ \/\{/ /
i — \\ _
N\
b
!
Eatio of areas and Cut-out circle ear- ring complete circle
masses e’ 8na’ g’
1 8 9
. . 1
M.I of complete disc about axis at & = Ex Y x(3a) +9m (%)’ +— Use the parallel axes
o7 L 43 | theorem.
2 2
= s 1 a a 3.’?3(32
MI of cut-out circle about axic at X = Ema +mat = >
2 2
Yo MI efear-ring about axis at X = Eﬂ%”fﬁi_ Ei??% =120ma*
Y4 2a
! ] 1 i +— You need to find the centre of mass
mg mg  8mg of the ear-ring.
Fatio masses 1 ] 9
Distance from & e X e
LB =2Ta—a
_ _ 26a
x e —
8
26a . . g5 =
BmngsmE'——lEUME ———— Usa I =78
For small oscillations sin8 =8
- 26g8 = —120a8
& _2555 *— The motion i3 approzimately
120a simple harmonic.
7= 2 _ 120a
@ 26g
= 60_{1
13g
s 100
12¢
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 1

Question:

A uniform circular disc of mass 20 kg and radius 0.5 m 1z free to rotate about a fixed
smooth horizontal axis through its centre and perpendicular to its plane. & particle of
mass 4 kg is attached to a point of the ritm of the disc. Initially the disc is at rest in its
position of unstable equilibrium. The disc iz slightly disturbed. Find the angular speed
of the dizc at the moment when the patrticle is vertically below the axis

Solution:

o G
MI of disc + particle about axis through ¢ = %xzox(o.ﬁjﬂ +4% (0.5

=35kgm?
Energy:
lx3.5w2 =4z xl 4—— The particle starts vertically abowve
2 ' and ends vertically below O
Bg 1
2
m e - 2
35 EE. 5 lew
=473

The angular speed is 4.7 rad 57 (2 5.£).
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:

A uniform rod A of mass s and length 2 15 attached to a fixed smooth hinge at A
The rod 15 released from rest with A5 horizontal At time £ the angle between the rod
and the horizontal 12 8.

2
a Show that Ecz[l—g] =3gzind

b Find the magnitude of the component of the force exerted by the rod on the hinge

parallel to the rod when &=45".
¢ Find the magnitude of the component of the force exerted by the rod on the hinge

perpendicular to the rod when &=45"

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 e 2.t

Pagel of 3

3/23/201.



Heinemann Solutionbank: Mechanics 5

MI afrod about axis through A= %mag

Energy:

1 I8 = mgasin 8 +—| The rod starts from rest with A5
horizontal,

Emazé'g = magacin &

2a8" = 3gzin

aay’
ot 2@(—] =Z3gsinf
e

44— Forthe force onthe axis of rotation
vou need to consider the motion of
a particle of mass a2 at the centre of
mass of the rod.

Equation of motion along the radius:
X —mgsin 8= puad

& = mgan 8+m x%g sin &

When &=45
1 Zpg 1
= ® + == 4+— TIze the result from a
AT 3 AR
Semg

T 242
.. The magnitude of the compeonent of the force exerted by the rod on the hinge
Demg
22

parallel to the rod 1s
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¢ Equation of motion perpendicular to the rod:

mgoos&—Y =mad
Froma

2

Za(g] =Zgand
2

2x2a§= dgcos 8

LY =mgoos 8- 3mgn:c:-sé'

, mg 1 g
g=agyr=" - =T
4 Az 44z

d . N
—rE=2rg
-;:19( )

o The magnitude of the component perpendicular to the rod 1s

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 3

Question:

A uniform circular disc of mass s and radius 2a hangs in equilibrium from a point A
on it circumference. The disc is free to rotate about a fixed smooth horizontal amis
which is tangential to the dizc at 4 and lies in the plane of the dizc. & particle P of
mass #2 18 moving horizontally towards the disc with speed Min a direction
perpendicular to the plane of the disc. The particle strikes the disc at the point 5 where
AB=3a and A8 iz perpendicular to the axis. The particle adheres to the disc.

a Find the angular speed of the disc imme diately after it has been struck by 2

The disc first comes to instantaneous rest when the angle between A5 and the
dewrnward vertical at 4 1z 607

b Zhow that V=%..|4319ga :

Solution:

file://C:\Users\Buba\kaz\ouba\m5 4 e 3.t

Pagel of 2

3/23/201.



Heinemann Solutionbank: Mechanics 5

— axis

f'. .'\'-\
e b
Ll

I'._ | i ;II
A Bx '

s

WLT of disc about axis threugh 4

B %m@“}z +dm(2a) = 20ma* =
4 A
side -]'”. 3”
P Bx !
()
= @

]

For the impact:

ml x3a = (20ma’ +m x(3a) )@ |

3= 2%
3
@ =—
2%
h 2
i \\
.ﬁ{"l :\\\”
[ dmg \,\ 0
— nrq' b
'_"..i. =
. 29a

Energy to the highest point

Tse the parallel azes theorem.

Angular momentum 15 conserved,

2
4 (2[:1»;»;@;2 +9m2)(£] = ding % 2al1— cos 60) +mg %3 (1-cos 50)
2 29

2
l><29mc;t2 E =11mga xl
2 29 2

I
G
ﬁ =1lgﬂ

r? 29;11gﬂ

o= 1§1,||'31.'§" =7,
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 4

Question:

A uniform rod AF of mass 4w and length 2 has a particle of mass m attached at B
The rod 15 free to rotate in a vertical plane about a fized smooth horizontal axis

perpendicular to the rod and passing through point O of the rod where AC = 150: - Find

the period of small oscillations of the system about its position of stable equilibrium.

Solution:

Al
1 ¥
FANT Y

T A

E e g
L dme \a
I LY

B

L1

Tt

¥

MI ofrod and particle about axis through &

2 2
= l><4m2+4m(la] +M[E]
3 2 2
_ 4

_ S5ma’
12
dmg x%a sin 8+ mg xg?asiné' = —%majé | Use £=18
g sind =-— Emazé
12
For amall oscillations sin 8w &
Tg 8w —Eaé % _
& / The meotion iz approxitately
2 sitnple hartmonic,
gﬁ_-ﬂlEg'g T:E_ﬂ-: 5 25 I8
254 a 42z

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5 4 e 4.t

Pagel of 1

3/23/201.



Heinemann Solutionbank: Mechanics 5 Pagel of 3

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 5

Question:

A rough uniform rod, of mass #2 and length 6 15 held on a rough horizontal table,
perpendicular to the edge. & length 2a rests on the table and the remainder projects
kevond the table.

a Find the moment of inertia of the rod about the edge of the table,

The rod 15 released from rest and rotates about the edge of the table A ssuming that the
rod has not started to slip when 1t has turned through an angle &,

b find the angular acceleration of the rod,

¢ find the normal reaction of the table on the rod.

The coefficient of friction between the rod and the edge of the table 1z & - The rod
starts to slip when it makes an angle & with the horizontal

d Findtan & in terms of 4.

Solution:
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2a a Ja

g

a MI ofrodaboutedge of table

m(3a) +ma’ = dma’

0

B!
mg

Equation of motion perpendicular to the rod
mgcos8— N = mad

mgoos8-N= %cos &

3
N=lwmrocos &
p i

-
The normal reaction 15 —mg cos &

file://C:\Users\Buba\kaz\ouba\m5 4 e 5.t
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Zeonsider the motion of a particle of
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d Equati Fmot long the rod:
qua R gm_o 101{1; ONETETOC ¢ The componett of the force parallel to the
HEPING rod 12 needed so that you can find i
Energy:
1 ; : :
— xdma* & = mgasin 8 4| Use conservation of energy to find &°
B, B
ad =_gsind
2
_ 1 : :
L F = Emg sinn Sz sin &
3 .
= _—mgsin &
5 =4

When 8=, F = ulV

+— Therod slips when &= ¢

gmg sin g = ,ux%mg cos g

1
t =
an ¢ S H

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 6

Question:

A wheel has a rope of length & m wound round its axle. The rope is pulled with a
constant force of B0 M. When the rope leaves the axle the wheel iz rotating at 24
revolutions per minute Calculate the moment of inertia of the wheel and its axle

Solution:

e =50 N

.\\\\

Work done by the force = B0 =6

=4307

E E gained by the wheel

g

fad

| S

at = 24 revs. per minute

= E>< Zr=08mrrads?
60

%f % (0.8)° = 480

T= 0 151.5...

0647
The moment of inertiais 152kg m* (3 5.£)

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 7

Question:

A uniform square lamina ABCD of mass M and side 2a 13 free to rotate about a fixed’
smooth horizontal axis through A The axis 1z perpendicular to the plane of the lamina.
The latnina 15 hanging at rest with C vertically below A It 1s then disturbed from rest
and performs small oscillations about its position of stable equilibrium. Find the
period of these oscillations.

Solution:
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I|I_---,.ll'- = - e,
{ l",' HH'H-.\_
III.' " .L\"‘-.__
J \ S B
.l_lll..l ."._‘ {j— ."’
/ I'-
__.f'f [
4 /
D~
s = . ll"".. Il"l..l:
H__H“-. .".".. ."ll
v e N 7
Mg 4
C
LI of square about axis through A
1 1.2 o | .
=_Mia +a )+M (c;t \"2) - From the formula book and using
3 , the parallel azes theorem
:EMag_FzMa?:BM‘I AG=a2
E 2
2
Mgazange DM Use [ =78
For small cscillations
gin & = 8
265 S ad — .
g 3 / The motion 15 approximately
- sitmple harmonic,
&= — ’2 ¥2 &
S
P2 s B8 o a2
a 3g 2 3g

The period of amall ogcillations 15 477 43_«‘1'2 ;
g
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 8

Question:

A uniform circular hoop of mass 4w and radius @ 12 free to rotate in a vertical plane
about a fixed smooth horizontal axis through point A of its circumference. The azis 13
perpendicular to the plane of the hoop and the hoop 15 initially hanging in equilibrium,
A particle F of mass # 13 mowing horizontally with speed I towards the hoop in the
same plane as the hoop. The particle strikes the hoop at one end of its horizontal
diameter and adheres to the hoop.

a Find the angular speed of the hoop immediately after F strikes it

The line A5 15 a diameter of the hoop. The hoop first comes to instantanecus rest
when A8 is horizontal

b Show that F* = 80ga

Solution:
a = 5 4
/ o, r.
P / i \\ P
a i \
m O | =2 1
= V .".\ ’ 'x‘\ i
\\ - é 2 u 4’/
'“"-~.__4£I__.--"" -

s W

. i 2 2
MI of heop about axis through A= dma”™ +dma” oS the Eoraila ok th sy

= Sma’ the parallel axes theorem.
For the impact:
3
mba = (EWI2 + (ﬂ “fz) )5?3 +— Anpgular momentum 1z conserved.
Vo= (Ba+2a)a
¥
10
.
The angular speed 15 — .
10z
b Energy to highest point:

1 ; :
— x10ma” | — | = 4dmga ]
2 [10@;] & e

1 {

—%— =g

s o A% 1

I =80 g =
N ! ’ /'
The vertical distance from 4 to P i3
the same at the start and the end.
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 9

Question:

A uniform rod A of mass s and length 67 15 free to rotate in a vertical plane
perpendicular to a fized smooth horizontal azis through point & of the rod, where
A=} Attime ¢ =10, the rod is at rest in its position of unstable equilibrivm and is
then slightly disturbed. At time £ the rod has turned through an angle 8.

a8y
a Show that 7 i =4g(l-cosd)
i

b Find the magnitude of the angular acceleration of the rod at time 2.
¢ Calculate the magnitude of the force exerted on the axis when the rod 15 horizontal

Solution:
i B
v S |
' ;"'{'j o
/ 3/ “b
/_/
0 } 2a |
/ | me
|

A

MI of rod about axis through O = %m(?,;)ﬂ a2l

— 4+— From the formula book and using
B the parallel axes theorem.
Energy:
%(?stz)éz =mgx2({l—coz &) +— Increase in KE.E =loss of P.E

T8 = dg(1-cosd)

2
48

or H| — | =4gil—cosd
[d.t] gl )

b mgxlisingd =Tmi’d +— | Use L=1d
D {or you can differentiate the result
8= e sin & from a with respect to £).
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C p 1
X i 2 | 4 *— Consider the motion of a
<A " = T 4 _‘-{-' particle of mass me at the centre
me 0°d of mass of the rod
“When the rod 15 horizontal & =390°
2
?E[ﬁ] =4g +— TIse the result from a.
d#
48 2g
md? = E 4— Tze the result from b

Equation of motion for the particle parallel to A5

& =mx 208
dg  EBmg
=2mx—=—"
2 7

Equation of motion perpendicular to A&:
mg—Y = mx 218
2 3
r = mg—EmEx—‘g:ﬁ
i 7

o Magnitude of the force on the axis = E*\[(Sz +32) +— Asthe magnitude 15
7 required, the answer 13

_ " V73 the same for the force on
7] the rod or the force on
the azis.
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 10

Question:
s ‘-! ——
//J —‘7 h\\\

/ poll N\
| b |
\ (’} |

.\\ of

o __..-"'/

& uniform disc of mass 3w has centre & and radius 3a. A disc with centre & and radius
a1z removwed The line 08 =a and, when produced, meets the circumference of the
larger disc at.d as shown in the diagram. The remaining lamina 13 free to rotate about a
fized smooth horizental axis which coincides with the tangent to the disc at 4.

a Show that the moment of inertia of the remaining lamina about the given
2
ais is

The lamina 1z disturbed from rest and makes small oscillations about its position of
stable equilibrium.
b Find the period of these oscillations.

Solution:
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MI of complete disc about azis at A

B %(3?}3)(3@)2 + Bmi3a)’ -

i 135ma’

4
MI of cut-out dizsc about axis at A

= %mlag +im () ]

_1? aﬂ
R

Area of complete disc = Yma’

Area of cut-out part = wa

Somy = %of mass of complete disc

9 3
S ML ofremaining lamina
135 a 1? FEoa
=——ma - —x—a
4 4 3

file://C:\Users\Buba\kaz\ouba\m5 4 e 10.}
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b Side wiew ]
15\‘2“
i MNa
+ ‘{)
i Fm;‘\‘

\
\ da
\

\
\

20

r
-~

Moment of the weight of the lamina about A

= Zmg x3asin 5‘——gx2a sind | As youare using motments

£HEa gin &

97

Emgﬂ sind = ——ma’d
3 3

For small oscillations sin& = &

258 ~ —97ad

5‘-%—25—55‘ -+

of forces you do not need to
find the centre of mass of
the lamina.

Tee L=78

97

© Pearson Education Ltd 2C
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 11

Question:

A uniform square lamina ASCTD of mass 4 and side 2a 15 free to rotate in a vertical
plane about a fized smooth axis through its centre perpendicular to the plane of the
lamina. Particles of mass w2 are attached to vertices 4 and B of the lamina The system
1z released from rest with A5 vertical Find the angular speed of the system when AL 15
herizontal.

Solution:
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A4 m 2a

2a mass ABCD = 4m

m

B

MI oflamina and particle about perpendicular azis through O

= lx -4»*?3[(@:2 +az:|+ 2mx 2a° +— From formula boolk (lamina),
o : AO* =247
_ et e 20 pac
D C
b /
\ .
., l‘yr;’
_.».f '.‘\\
/ N
B
Am oo n
Energy:
2
lx 20ma = mg % 2a +— Only the particle at 4 has
2 3 experienced a change in P E.
3 _ 3g
w = —_—
S

w: 3_g

\ Sa
Th 1 dis |28
g arngular sgoeed 18 —_—
gular sp =
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file://C:\Users\Buba\kaz\ouba\m5 4 e 11.i

Page2 of 2

3/23/201:



Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 12

Question:

A uniform rod A8 of mass 3m and length da lies at rest on a smooth horizontal plane.

The rod 15 free to rotate about a fixed smooth vertical azis through its centre. A
particle F of mass m2 15 mowing on the table with speed & in a direction perpendicular
to the red The particle strikes the rod at a distance @ from & and rebounds from the
rod with itz speed half of it speed before the collision,

a Find the angular speed of the rod after the collision,

b Show that there will not be a second collision between the rod and the particle.

Solution:
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2 C
A 44 g g B mass AB=3m
P m
*
c
P 2a 7] a B \ -
Pe J
v
.I}—H
a For the impact:
= 13:& 3ol 2a1) ev— %mud +— Angular momentum 15 conserved.

4aiw = Em
2
=
2a
. 3u
The angular speed of the rod 52 =
_ 8 _ Baf

b Time for the rod to turn through an angle =—=—
, w 3u

A pathof P

; B 1 8af dad
Distance travelled by F in this time = Eu: = =T
&

For a second collision, there mustbe a &, T <8 <n suchthat
2
3
4
Vf{(12]) <o

l+— <4

=3

27

g £=
16

L8 £1299

but 1.299 = % so there will not be another collision
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