Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass #2 and length f about an axis
through one end perpendicular to its length

Solution:

Diwide the rod inte small pieces of length &x at a distance x from the axis.

The mase per unit length of the rod = ?

=0 the mass of a small piece = ?52{.

For the whole rod
]
2

= ijr
=1
x¥=1 2
- ALY o
!

=0

Az dx— 0 summations become integrals and

e
I=I —dx
0 4

I
5]
34 )
= lmgﬂ
3
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Heinemann Solutionbank: Mechanics 5

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 2

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass »2 and length [ about an axis

. L T
through its centre and inclined at an angle of = to its length.

Solution:

I.
3

’.ﬂ){',f) 'I; “--._‘\\'\l

X Sin-

Divide the rod into small pieces. &g the mass per unit length of the rod iz E, the mass

of small piece of length &x 15 ?Ex.

Ifthe piece iz at a distance x along the rod from O, the centre of the rod, then its

. o . Ow
distance from the azis 15 xsin—.

"
For the wholered 7= Zﬂqrj where » = xsin% :
=1

Az Hx— 0, summations becotne integrals and
i

i= EEx:{sinzEn:i;r:,wherna sin£=£
= 3 3 2

m| 2P
o ot _+_
4 |24 24
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

Answer this question by using calculus.
Find the moment of inertia of a thin uniform rod of mass s and length 27 about an axis

: . ! : o T
through a point at a distance 5 from itz centre and inclined at an angle of " to itz

length.
Solution:
- e T
').f[‘-)“-.\:\.l 3=
Vot BIRANY
[ t - £ |
=
54

The tmass per unit length of the rod= %

Divide the rod into small pieces of length &x at a distance x along the rod from where
the axis meets the rod,

- . o ; e
Then a small piece 15 at distance r= xsmg from axis and the mass =Eﬁx.
2

b
For the wholered [ = Zﬁqr:" where 72 = x° sin° % =
i=1

Az Sx— 0, summations become integrals and
]

— 2
el I VT
=2l 4

T
3

e ]. 3I

i |
T T
1l

_m 933+12533
Il 64 192
m_ 152
=_x—
8 192

197
192
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Exercise A, Question 4

Question:

Answer this question by using calculus.

& uniform lamina, of mass A, iz bounded by the curve with equation y* =16x and the

line with equation x =9,

Tsing calculus, find its moment of inertia about the x axis.

Solution:

.'/’
[N : {)
\ ey i
~— ! !
Let o be mass per unit area of the lamina.
9

Then =,oI 2ydx
0

v 1
= EpI dxdx
0

%2 |
=2p |:—x4x:‘:|
3 i

2xdw 27

= 1440
M

RV

The moment of inertia of a strip about axis through centre, perpendicular to

strip =%5my2 =%p2y- Sx .y

72
=0 f:,[ Zpy? dx
g 3
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Exercise A, Question 5

Question:

Answer this question by using calculus.

Find the moment of inertia of a uniform triangular lamina of mass s which 1z 1sosceles
with base b and height & about its axis of symmetry.

Solution:
(-: ¥ Let the mass per unit areabe 0.
llll." -\..".‘ ]
/1N Then m=—xdxhxp
= 5) 2
/ N 2
/ \ So og=—
.."‘l \"\_ bk
A, b B
(0]

Divide the triangle into strips.
The one shown has mass 2xdyx o

) 2
Le, — 2xdy=dm
B

1 A
The moment of inertia ofthe strip about the y axis is —Sm x° = —x35y

Sototal ML as Ay —= 0 15 given by

Iﬂfd

The equation of the line O'F 15 §+% =1

i.e.x=é[ —E]
2 h

k.3 3
j:ﬁ‘[ ’39_[1_5] dy
k), 3L K

6 hoOROK
b 3}32 y3 y4 U
S e
&k 2 B 4k
_mi k
6h 4
_mb
24
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Exercise A, Question 6

Question:

Answer this question by using calculus.
A uniform lamina, of mass M, 15 bounded by the positive x and y axes and the portion

of the curve ¥ =Z2cosx for which Uixeg.

TTzing calculus, find ite moment of inertia
a aboutthe x amis

h aboutthe v axis

Solution:
a y For the strip shown
2 [ Y=2cosx = pyax
: 1
\ MI of strip about Ox==Sm y*
\ 3
| x 1 5
O—x—& z =gPXex
2

=lp‘[223c053xdx
37 Jo

g (7.

=i 1-sin xJcos x dx
o [(1-sin’x)
o[-
=—p|sinx——sin’ x
3 o
] 1

T P

3’0[ 3}

_1é

9.-‘5'

2 g
1LE I=EM
9

file://C:\Users\Buba\kaz\ouba\m5 3 a_ 6.t 3/23/201.



Heinemann Solutionbank: Mechanics 5 Page2 of 2

3
;I
|

ML of strip about the y-axis = S’
= pyxdx

M a
P Rk 5
—2_}?.7{ X

oty I=£‘[2xj2cosxdx
2 Jo
o .

=M| zcosxdx

Wi

3
= M|z sinx—IExsinx dx}

]

o 3
=M ?— —2xcos x+I2cos xdx

1]

2 T T
=M %+[2x Cog x] g—[Zsin x]u_z}

]
=M ’T__z}
4
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Exercise A, Question 7

Question:

Answer this question by using additive rule and guoting known results.

A uniform ring of radiue » and mass s has a particle of mass #2 attached to it. Find the
motment of inertia of the composite body about an axis through the centre of the ring
and perpendicular to the plane of the ring,

Solution:

Moment of inertia of ring = s
Moment of inertia of particle =mr?

By additive rule, moment of inertia of composite body = Zpp?
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Exercise A, Question 8

Question:

Answer this question by using additive rule and guoting known results.

A uniform rod of mass 2w and length / has a particle of mass # fized to one end.

Find the moment of inertia of the system about an axis through the other end of the rod
and perpendicular to the rod.

Solution:

2mg mg

4 1Y
Moment of inertia of rod = E ZM[E]

” Zpaal?
3

Moment of inertia of mass m = -

2
o Tetal M.I = % +anl (by additive rule)

Sl

2
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Exercise A, Question 9

Question:

Answer this question by using additive rule and guoting known results.
A uniform rod of mass M and length ! 1z attached at one of its ends to the centre of a

uniform disc of radius », which is perpendicular to the rod. Find the moment of inertia
of the system about an axis along the rod.

Solution:

Moment of inertia of rod=10

Moment of inertia of dise = lmrz
1 4

co Total ML I =5mr
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Exercise A, Question 10

Question:

Answer this question by using additive rule and guoting known results.
Four uniferm rods each of mass M are rigidly jointed to form a square of side @ Find
the moment of inertia of thiz structure about a diagonal

Solution:

For eachrod use the formula £ =%m£:" sin’ &

a - found in Example 3e.

4 a
So FT=—xMx| Z | sin®45
3 o

1

T
Eut there are four rods.

Ma?

sototal J=4x %Mag {additive rule)

Mt

| e

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5_ 3 a 10.}

Pagel of 1

3/23/201.



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 11

Question:

Answer this question by using additive rule and guoting known results.

Particles 4, Band C of mass 3kg, 4 kg and 3 kg respectively, are rigidly jointed

by light reds to form an equilateral triangle with sides of length &

Find the moment of inettia of the composite body about an axis

a along A5,

h through O along the axis of symmetry of the triangle which iz perpendicular to A8,

Solution:
a s
Bﬁ{l kg
f._»"; A i
i S h )
Ad Y C
1‘ kg d P kg
Total ML about A8 =3x0+4x0+3x k" where h=asn 60" = af
2
MI=53x——
o 4
St
4
b ff;g kg Let X be mid-point of AB
£ 2 2
v / N\ Total M.I about CX = 3x [%] +x [%] +3x0
i " 2t A
/ L itk e
£ Mg X 4 4
"I-:}K = ':1-:?‘;{(-.1 T’
3 kg 3 kg Ml,= Y
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Exercise A, Question 12

Question:

Answer this question by using additive rule and quoting known results.
In a similar configuration to that described in question 11, particles 4, B and C of mass
Akg 4 kgand 3 kgrespectively, are rigidly joined by heavy rods, each of mass 2 kg,
to form an equilateral triangle with sides of length a.
Find the moment of inertia of this composite body about an azis
a along AR,
b through O along the aziz of symmetry of the triangle which s perpendicular
to A5

Solution:

a MIof rod A8 about AD =10
M.I of rod BC about AB = %’”F sin’ & (from Example 3c)

2
=4xz[“] sin? 60"

LW

2
Similarly M1 of rod AT about A8 = %

2
Total BLI of particles about A5 = 9% (from Question 11

a a a 2
sl T Soanadblet® nel w8 i o
7 272 a

1 2
b MI ofrod AR ahout C"X=1§x2x[§] =‘%

4 2
A, ; 2 [g] sin? 20° = %

2
Similarly MI of rod AC about CF = %

2
Total MLI of particles about CX = % (from Question 11)

2 2 2 2
Ta® a® a® a

o Total ML about CX=—+E+_+_
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Exercise B, Question 1

Question:

Find the moment of inertia of a uniform rectangular lamina of mass a with length 20
and width 2& about an axis along the side of length 2a.

Solution:

2a

2h

From the standard result /= imbz
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Exercise B, Question 2

Question:
Find the moment of inertia of a square lamina of mass me with zides of length @ about
at axis along one of the sides,

Solution:

7]
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Exercise B, Question 3

Question:

Find the moment of inertia of a uniform rectangular lamina of masz #2 with length 2a
ated width 2k about an axis in the plane of the lamina, parallel to the sides of length 24
and bizsecting the sides of length 22 at right angles.

Solution:

From the standard result = lmaz
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Exercise B, Question 4

Question:

Find the moment of inertia of a uniform circular zolid cylinder of mass s, length & and
baze radius &, about itz axis of symmetry.

Solution:
/"__é__ ~,
the J,,1
i ‘
sl i
L _d:______/

From standard results 7= %maz
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Exercise B, Question 5

Question:

Find the radius of gyration of a uniform circular hollew cylinder with height & and
with a citcular base of radius @ of the sate material, about its axis of symmetry. The
total mass of the cylinder with its base 1z m.

Solution:

i ‘
L R

Let the mass per unit area be . From standard results, the moment of inertia of the
hollow cylinder is wna’, where w2 is its mass and me = 0 2mah

ie I =p 2na’h.
2
The moment of inertia of the circular base 15

. where »z, 13 itz mass and

bl
2
= 2

By = O A

4
Ei{#]

Le I = pT
.. Total M.I can be obtained from additive rule and

I=2ma’h +gpa4 =wa o(2h +§] *
But m=my -+, =p 2nak+po0 72’

#

Le. m=mao(th+a) = o=——7——
O TS

substituting into * gives

ma2(2k+%)

2hta
_mat(dh+a)
202k +a)

‘f
Eadius of gyration, &=, ]—
)
dh+a
— a PR LA il ).
2l2h+a)
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Exercise B, Question 6

Question:

Find the moment of inertia, about its axis of symmetry, of a uniform circular hollow
cylinder of height & and basze radius @, which has a circular base and circular top of
twice the density of the material which forms the curved surface. The total mass of the
cylinder with its base and top 15 m.

Solution:

Let the mass per unit area= 0.
The mass of the hollow cyclinder 13 2mako
The mass of the circular base is 7a® 2o
The mass of the circular tep is ma® 22
w2

S Total mass =(2?m}'z +2ma’ +2mz2),r:l and o ZW G
wah+dwa

The ML of the hollow cylinder is (2rako)a’

2
LI ofthe circular bacse is (E,vmzp)%

2
M I ofthe circular top is {2ra” £
pie (ora)

s Total ML = 2rahp +ra’ p+matp
= na’ p(2h +2a)
substituting o = " fomw
2rraih+2a)
maa’ (2k+2a)
2rwath+2a)
_mat(ht+a)
C h+2a

gives M1 =
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Edexcel AS and A Level Modular Mathematics
Exercise B, Question 7

Question:

TTze the additive rule, and the standard result for the moment of inertia of a solid
sphere, to show that the rading of gyration of a uniform solid hemisphere of mass

} : ) : 2
and radiug r about a diameter of the circular base iz J;r.

Solution:

Let the moment of inertia of the hemisphere about a diameter of the base be £
: 2 :
Then as two hemispheres form a sphere 747 == wme”, where m is mass of sphere.

2 2

S0 f=—x—mr

But §= m' the mass of the hemisphere
2 12 13 2 - ; 2
so f= Em Fo=m'k® where k, the radius of gyration, = Er
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Exercise B, Question 8

Question:

TTze the additive rule, and the standard result for the moment of inertia of a wniform
citcular disc, to find the radiuz of gyration of a uniform semicircular lamina of mass M

and radius & about an axis perpendicular to the lamina through the mid-peoint of the
straight edge.

Solution:

2
M I of circular disc about perpendicular axis through centre = ——
i’
Somotnent of inertia, I of semicircular disc about same axis = T
it
fasI+1= " by additive rule)

But mass of semicircular disc M =—

SoMI of semicircular disc = lMaz.

o radiug of gyration, k= Q.

=
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Exercise B, Question 9

Question:

A non-uniform solid sphere of radine £ and mass M has mass &r per unit volume for
all points at distance » from the centre of the sphere.
a Ezpress kinterms of M and &
b Tse calculus to find the moment of inertia of the sphere about a diameter,
giving your answer in terms of M and &

Solution:

Diwvide the sphere up inte concentric shells. Consider one such shell of radius » and

thickness &r
its mass SM = darSrx b

2
o Total mass of sphere =z43’rﬁ:f"3 ar
¥=0

B
As .5r_>oM:I Aol dr
1]

=[],
M

- aR

The moment of inertia of the shell

YK Eﬁmrz = Ekﬁrrjc‘?r
3 3

B
SoAs Sr—= 0 I=I %ﬁ:}rrjdr
0

B
= |:E ﬁmrﬁ:|
13 i

=
£
?‘-u

3
o
=

5
SIS

5

(Focl I Y R R o I N
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Exercise B, Question 10

Question:

TTzing the formula for the motent of inertia of a uniform solid sphere,

a findthe moment of inettia of a uniform spherical shell of inner radivg » and
outer radius R and mass m.

: : 2
b Show that as » — R the moment of inertia reaches the value = mr? .

Solution:

file://C:\Users\Buba\kaz\ouba\m5 3 b 10.t 3/23/201.
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a By additive rule

Moment of inertia of Moment of inertia IMoment of inertia

sphere with radius » * of shell B of sphere with radius &

Let the sphere have mass per unit volume o

Then moment of 1nertia of large sphere = %x %:ﬂrf{apx R

2
=" gn RS
B

Alzo motment of inertia of small sphere= %Hprﬁ

" Moment of inertia of shell = %mﬂﬂj = E;-'r,r:u‘"

13
Le I=Eﬂp(ﬂj—r5 T
o 13
4 s 4
But mass of shell = = gnR —gm" fal
. 3
—mp (R - &
=37
Dividing @ by @ gives
8
— R -p?
i=L)
m —f'?C' R3 3}
SRR IR s Ripse ROt e Rt ptl)
5 (R-r)(R*+Rr+r®)
[R4+Rzr+Rzr2+Rr3+r4}
= 2
SR i)
h sr— R
2 58
I=mx—x—p
5 3R
:Emgﬂ
3
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Exercise B, Question 11

Question:

TTzing the formula for the motment of inertia of a uniform solid cone, (found in
Ezxzample 13)
a find the moment of inertia of a conical shell, with inner radius » and

inner height % and outer radius & and outer height k and mass m. You
should assume that the inner and outer cone are geometrically similar,

: : 1
b Show that as » — R the moment of inertia reaches the value —me?

¢ Explain how vou could have deduced the value of the moment of
inertia by considering a circular disc divided into a large number of concentric
hoops.

Solution:

a Moment of inertia of conical shell = Moment of 1nertia of large cone —

Moment of inertia of small cone

= EMIRE —EMQR
10 10

where M) 1z the mags of the large cone and M, is the mass of the small cone,

Let o bethe mass per unit volume of the cones.

Then M1=%frfw?2}'zp and A, =%frr2?z',o

7\
7 “-.\
: T
;__.f ;__,r h N
P _ %Y
_—“R_—
From similar triangles }izﬁ
5
Soh'=hl
iy
som=M -M,
. 1 2 .33.?"3
B == R —— g
1Le 3;.;@[ 7 J
Also F =ixlm‘22}gpx Rz—ixlﬂrﬂﬂpxrﬂ
10 3 10 3 iy
1 5
I=—mio| -2 | @
10 iy

Divide equation @ by equation @ to give
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it
e 1 2 0
)
_3(®-r)
_E[Rz—rzjl
_ j_3,»;.3I:R"+f‘23;r~+322r~2+R;r~3+r":;
= 10 (Rz-l—Rr—i—rz;l

4
b As r—> R I=imx£=lmﬂz
10 iR 2

¢ Consider the cone divided up into a large number of thin hoops centred on its axis

of symmetry,

This iz similar to a disc of the same radiug divided up into a large number of thin

hoops.

They have the same mass distribution and so the same moment of inertia

ie. —mrt
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Exercise B, Question 12

Question:

Find, by integration, the moment of inertia of a uniform hollow sphere of mass
and radiug » about an axis through the centre of the sphere.

Divide the sphere into compaosite hoops of surface area 27 sin Gxrd8, where & is
the angle between the axis and the radius which joins a point on the outer circular
boundary of the hoop to the centre of the sphere.

Solution:
wny

i b ran
! _,,-f")&..— rsing
I pf' 1

: JI L-48 — X

\ /

. 0

~— g

Divide the sphere into hoops one of which 15 shown
The surface area of the hoop = 27 sin S xrdd

: m
The mass per unit area of the sphere = e
Fivs

a .
.. The mass of the hoop shown = Zﬂr;lﬂ
T

=lmsin5'59
2

MI of hoop about x-axis = massx radius

= lmsin&? xr?sin® 858

Addingthe moments of inertia of all such hoops and letting 58 — 0

T 2
L of sphere about x-axis = I %siné‘ sin® @ 48
0

_ v

2 T
= (1-cos® 8 Jsin 8 d&
i
2 T
K|:—|:-::us&? +l|:-::us3 5':|
2 3 0
par 1 1
— | 1-=+1-=
2 3 3
w4
_x_
2 3
St
3
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Exercise C, Question 1

Question:

A uniform lamina of mass #2 12 in the shape of a rectangle ASC D where A8 = 6a and
BT =7a Find the moment of inettia of the lamina about an axis perpendicular to the
lamina, acting through the centre of the lamina

Solution:

2
IMMoment of inertia about ﬂ'=%m[3§]

Moment of inertia about ¥¥'= %m@a)ﬂ

S Moment of inertia about an axis perpendicular to the lamina acting through the

2
centre of the lamina =%m[%] +13m(3¢:1t)2 (using the perpendicular axes

theorem).
2
te required WMI = lmx9i+lmx g
3 4 3
_ 159ma’
4
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Exercise C, Question 2

Question:

Find the moment of inertia of a square lamina of tmass m and side @ about an axis
through one corner perpendicular to the plane of the lamina,

Solution:

o

—— O —

Yi

iChoose one of the corners, A for example.

2
Moment of inertia of square about axis AX shown = %m[%}
3
Ay
Maoment of inertia of square about axis AF shown, = EM[EJ also

oo Moment of inertia about an axis through one corner, perpendicular to the plane iz f
where

= gmag +%m2(perpandicular axes theorem))

e f = Emaz
3
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Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

Find the moment of inertia of a rectangular lamina of mass a¢ and sides & and & about
a1 axis threugh one corner perpendicular to the plane of the lamina,

Solution:

D C

i

=

o Moment of inertia about an axis through 4 perpendicular to the

lamina = %maz +—

=

= %m a’ +E:2)
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Edexcel AS and A Level Modular Mathematics

Exercise C, Question 4

Question:

A uniform square lamina ABCT) 15 of mass 4 and side meg . The axis [ 15 a smooth
fized axiz which passes through A and 1z perpendicular to the lamina Show that the

moment of inertia of the lamina about L 15 32ma” .

Solution:
D C
2a\3 4m

A—2a\3

B

x4m(a~.ﬂ§)2 =16ma*

E"\-q

g W) I U PR Y 5%

x4m(cz\-'§)2 =16z’

Gaa” +16ma’ (perpendicular axes theorem)
2

e s
e B
o
)

Zry
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Exercise C, Question 5

Question:

A uniform lamina of mass w2 iz in the shape of a square ABCD with sides of length
3 cm. Find the moment of inertia of the lamina about the diagonal AC

Solution:
Nz
Jem |- A ’.".\.a_.'\.". ............... G g
.-Ij 3 1::m B

Let centre of square be & and take x, v and z axes such that Ox 15 parallel to A8, Oy iz
parallel to AD and Oz 15 perpendicular to the lamina.

Then

_ 1 37 _3m

w=3m3) T
_1[3) 3

e=3"3) T

fo = BTm % by perpendicular axes theorem.
_ 3m

2

457 0 Oy

Then /+7 = 3%?2 , by perpendicular axes theorem

o N
4

Zo the moment of inertia about the diagonal AT = B;m
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Exercise C, Question 6

Question:

Find the radius of gyration of a uniform circular disc of radius » about a line in the
plane of the disc which 15 tangential to the disc.

Solution:

2
Ry

The M1 of the disc about an axis, through its centre, perpendicular to the dizc = T

where # 15 it5 mass.

. By perpendicular axes theorem, the moment of inertia of the disc about a diameter

2
PR

15 £ where I+I=T

— tangent

| diameter

'\x\‘.‘ ; /.

Let the moment of inertia of the disc about atangent be [
Then
I'=I+mr? by the parallel axes theorem
2

= gt
_ St
4
=oif the radivg of gyration is k&
5 2 5”2;”"2
4
R l,f: s i
2
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Exercise C, Question 7

Question:

Find the radius of gyration of a circular ring of radiug » about a line in the plane of the
ring which 1z tangential to the ring.

Solution:

The moment of inertia of a ring about an axis through its centre, perpendicular to the
plane of the ring = mr® | where 2 i3 its mass.
The moment of inertia of the ring about a diameter iz [ where

I+7 =mr® (by perpendicular axes theorem)
2

Fr
S
2
——— tangent
y ;
."r r
| | diameter
\
\\

The moment of inertia of the ring about a tangent 1s /' where
I'= I +wmr? by the parallel axes theorem

2

. mar
e d' = T—kmrz

e
2
S0, 1f the radiug of gyration 1s &
k= 332
7

tek = \[Er
2
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Exercise C, Question 8

Question:

Find the moment of inertia of a uniform solid sphere of radius @ and mass 1 about a
&

N5

chord of the sphere which liez at a distance from the centre of the sphere.

Solution:

G : 2
The moment of inertia of the sphere about a diameter = Emaz

This 15 true for any diameter and in particular for a diameter parallel to the chord

Let The the moment of inertia of the sphere about the chord, which iz a distance %

from &

Then
o
2

2 . wa
=—pma +—
5 2
Emz

10

2
= %mag +m[ ] [parallel axes theorem]
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Solutionbank M5
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Exercise C, Question 9

Question:

TTze calculus to find the moment of inertia of a thin hollow uniform right circular
cylinder of masz M, radive & and height & about a diameter of an end circle. The
cylinder 12 open at both ends,

Solution:

Let & be the centre of the circular base of the cylinder and let the x-amis be in the
direction of the diameter of the base.
Let the y-amis be the axiz of the cylinder.

Divide the cylinder into rings — one of which is shown. Let this ring have radius &,
thickness Sy and be at a distance y from the x-asiz Itz mass iz Sm

The moment of inertia of the ring about the y-azis is SmR® = 2m RSy R* = 2mo RSy

Let the moment of inertia of the ring about a diameter perpendicular to the y-axis be
1.

Then &1, +81, =2ap R*8y —using perpendicular axes theorem,
ie 8. =mR8y
So the moment of inertia of the ring about the x-asis 15 7., +&my* , using the parallel

axes theorem e, RSy + 2o Ry Sy
Adding all such rings and letting dy — 0

H
s I o R(R+2y" )y
1}
2 H
= okl [ng+§y3:|

0
= o R [RQH +§ Hﬂ

But the cylinder has mass M S0 2rBH p=M

I o= E[PFH +EH3}
2H 3

=%[3R3+2H2]
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Exercise C, Question 10

Question:

Find the moment of inertia of a solid uniform right circular cylinder of mass A, radius
Fand height 7 about an axis through the centre of gravity perpendicular to the axiz of
the cylinder,

Solution:

file://C:\Users\Buba\kaz\ouba\m5_ 3 c 10.t 3/23/201.
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> X

Take the y-axis as the axis of the cylinder and the x-axis passes through the centre of
gravity as shown

Divide the cylinder into discs. The disc shown has radius &, thickness &y and is at
height ¥ abowe the x-amxis.

The mass per unit volume of the cylinder = —
AR H
MIy

. mass of disc =

= RSy =
T

MIy

R
For the disc IJ, =[—]x—
H

2

oo The MI of disc about 1ts diameter O'x', parallel to the x-axis 13

2
i =[%]X % (from the perpendicular axis theorem)

o MLI of disc about Ox 15 7, where

=1 +[%}<yn (from the parallel axes thecrem)

MSEy| R
_ oM =i
g |4

The moment of inertia for the cvlinder is obtained by adding the moments of inertia
for all such discs and letting Sy — 0
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Exercise C, Question 11

Question:

Find the moment of inertia of a uniferm cuke of mass Mand edge & about an axis
along one edge.

Solution:

-
i
|
Bo
\ 1™
g

Ceonsider a square cross section ASCD of the cube.
Let its mass be Jem.

a
Tts ML about AD =8| 2] =1 s
2 Lok 2

Also its MI about A8 = %.5%12

. By perpendicular axis theorem, its moment of inertia about an axis through 4
perpendicular to AT 15 &7 where

2

& =15maz +15ma2 =2 Sma®

The ML of the cube about the edge through A4 1z obtained by adding all such square
Cross sections

si= Zgﬁmag
3
= Eagz.ﬁ'm
3

Ma®

| e
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Exercise C, Question 12

Question:

Find the moment of inertia of a uniferm rectangular lamina of mass M and sides @ and

b about an axis, perpendicular to the lamina, through the mid-point of a side of length
.

Solution:

o 5

|
‘// X
fp i T AP DX
y
b
e Y

Take XX\ FY' and ZZ2°' as three axes meeting at O, the centre of the rectangle. XY

and ¥¥' are parallel to sides of the rectangle and 22" 1z perpendicular to the
rectangle.

Let L be the axis about which vou need to find the moment of inertia. L 1z parallel to
ZZ'

I = I+ 1 (perpendicular axis theorem)

1
= Em[ag +E:2:|

2
Then. b =1, +m[f—;] {parallel axes theorem)

1 b’
= Em[ﬂg +E:'2:|+T

—maz+lmb2
12 3
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Exercise C, Question 13

Question:

A uniform semi circular lamina has mass a2 and radivs ».

a State the position of its centre of mass.

b Find the moment of inertia of the lamina about an axis through itz centre of mass,
perpendicular to the lamina,

Solution:

; . : 4r : : ; :
a Onits axis of symmetry at a distance oy from O, the mid-point of 1ts straight
g

edge.

b Let the moment of inertia of the semi-circular lamina about an azis perpendicular to

the lamina through Cbe I,
Then, as two such laminas male a disc of mass Zms

1
2w

Iatiy — by the additive rule.

2
L

s faz_

2

The required moment of inertia fé; may be ohtained by using the parallel axes
theorem.

4r ¥
As i = f:?-i-m[g]

2 2
TP

2 a9

= 1’:’; (9 - 32)
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Exercise C, Question 14

Question:

Find the moment of inertia of a uniform solid sphere of mass w1 and radius # about a
tangent at any point on the surface.

Solution:
e S
/
/ r Y
!
¥ -}
\ )

. ; . 2
Moment of inertia about a diameter = = war?

Then using parallel axes theorem:

— i
Wloment of inertia about tangent = Emrz +

= Emr2
5
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Exercise C, Question 15

Question:

Find, by integration, the moment of inertia of a uniform selid cone of mass #, base
radiuz # and height 2 about a diameter of the base.

Solution:
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.

/f

[

r}"‘f I""‘— h Ill . .
S\ — f

Y

4

- ”
3p ¥ __,-" N P
- -~

Diwide the cone into thin discs — one of which 13 shown,
Its mass 15 &, its thickness 15 dx, its radius 1z v and 1t 13 at a distance x from the
V-aEis,

2

The moment of inertia of the dizsc about the x-ams 18

5:‘?@12

Its WL about its diameter = (perpendicular axes theorem)

2
Itz ML 1 about a diameter of the baze = oy

+&mih—x)* (parallel azes theorem) *

: w1 3
The mass per unit volume of the cone =

T
l;frrj}':a mrth

3
. The mass dm=— xmyEx
mr'h
2
= 3”? 8x 1
rh
Alao by similartriangles: E=£:>y=£x &
x k k

Substituting @ and @ inte *,

4
sr=282 am-af Isx
rik 4

Le &f =

4.4 1.2
3m[rx rex

2
— —t+——(k- a
e iy al et ] :
Let dx— 0 and find the total moment of inertia of the cone by integration.

T e
i}

B
4.5 bk 24 2
3m|:rx FexT 2rx rx5:|

4 2
sof—BmJ.’" ) R L
P

rrelzort 3 4n W5
| Pt AR PP
ZT —+ = =+
rih| 20 3 2 3
et b
= +_
20 10
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Solutionbank M5

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

Touw may assume thal the moment of inertia of a uriform circular dise, of mass m and

radius a, about an axis through its cenire and perpendicilar to iis plare is 5 ma®.
A cartwheel 13 modelled as a uniferm circular dise, of mass #2 and radius @, to which 1z
attached a thin metal circwlar rim, also of mass #2 and radius @. The cartwheel rotates

about the axis through its centre and perpendicular to its plane.
Find the radius of gyration of the cartwheel about this asxis, E

Solution:

. . . . 1
Moment of inertia of circular disc = Emg

Moment of inertia of circular rim = ma®

S ML of cartwheel = %mag + {additive rule)

2

But mass of cartwheel = 2m
S Ifits radius of gyration =&

ML= 2wk = %maz
b= Ea:"
|
1e k= ﬁ
2

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m5 3 d 1.t

Pagel of 1

3/23/201.



Heinemann Solutionbank: Mechanics 5 Pagel of 1

Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

A= Der ! i

A pendulum & 1z modelled as a uniform rod AR, of length 22 and mass A, rigidly
fized to a uniform circular disc of radius @ and mass 20 The end B of the rod 15
attached to the centre of the disc and the rod lies in the plane of the disc as shown in
the figure. The pendulum 1z free to rotate in a vertical plane about a fized smooth
hoerizontal axis L which passes through end A and is perpendicular to the plane of the
dizc.

Show that the moment of inertia of P about [ is 190Ma*. E (adapted)

Solution:

2
Moment of inertia of rod about I = i M[%]

M){(ch)g

=

= 27M4
2
Meoment of inertia of dizc about L = 2M[%]+ EM(S‘a)g By parallel axes theorem)

= Ma® +162 Ma®
=163Ma*
o Moment of inertia of pendulum about L = 27Ma* +163Ma* (additive law)
= 190Ma*
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Exercise D, Question 3

Question:

A uniform wire of length 3a and tmass 32 i3 bent into the shape of an equilateral
triangle. Find the moment of inertia of the triangle about an axis through a vertex

perpendicular to the plane of the lamina E
Solution:
4
i
I_)'
.f; h
- A h a
\
[ a B

By Pythagoras' Theorem:

kaaj— E 2:%#
2 4

The diagram shows the equilateral triangle A 80 Let L be the axis through A4,
perpendicular to the plane of ABC

2
Moment of inertia of AZ about L= %m[g]

2
Moment of inertia AT about L= %m[%]

2
Moment of inertia CF about 1 = %[%] +mh? — from parallel axes theorem

.. By additive rule:
motent of inettia of the triangle about L

4 ag 4 a:2 m az 4
=—m| — | +=m| = | +—| = | +m¥
3 2 3 2 ERT

1 2 1 2 1 ] 3.??3&!2

ifroms)
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Exercise D, Question 4

Question:

A uniform piece of wire ABC, of total length 3a and mass a2, 18 bent to form a right
angle at B, with straight arms A8 and BC of length @ and 2a respectively. Show that
the moment of inertia of the wire about the axiz L through B perpendicular to the plane

of the wire is ma’. E

Solution:

B el C

2a

As the wire 15 uniform, mass of A5 15 % and mass of 5C 15 %M :

2
Moment of inertia of A5 about L = g[?}[%]

a
IMoment of inertia 8C about L =%[2ﬁ][2—a]

3 2
. Moment of inertia of wire about L =— xm;ag +ix Bma’
12 3 12
ot Bma®
9 9
= ma’
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Exercise D, Question 5

Question:

A thin uniform rod of mass #2 and length 27 15 attached at one end to the centre of a
face of a uniform solid cube of masz B and side I The rod iz perpendicular to the
face to which it iz attached. Find the moment of inertia of the system about an edge of
the cube which iz parallel to the rod. E

Solution:
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4 y
——
X /_ ‘/ . ! h
' - | h /
B . QI/* ‘ <) "/, [PR F V, 7
) 4
i L o A ! N
£ ¥ 5
ii iii

Diagrami shows the rod A8 attached at A, the centre of the face WXY¥Z Tt also shows
the axis L through point X perpendicular to face WAYZ
Diagram 11 shows the face WX TE and diagram iii shows an enlargement of A4NEY |
where A 15 the mid-point of the edge XF
IV (Y _2f P

Let AX =% where #° =[§J +[EJ :T:E (from Pythagoras’ Theorem)
Let mass of square be '
moment of mertia of the rod 48 about axis L
= mk’

2
=M

2

moment of inertia of cube about L =moment of inertia of square WA YE of same mass

about £ (stretching rule)

Mement of inertia of square about axis along AN = %m'[%)ﬁ

2
Also ML of square about axis perpendicular to AN in plane of square = —;m '[E—J

2
! By perpendicular axes theorem ML of square about ams through A perpendicular
2 2
to plane =-m'—+lm";—=lm'!2
3 4 3 4 6

Ev parallel axes theorem M1 of WAYZ about L

wm' v

wm' -J-lm'i'J
2

ﬁ_

Il

Wy T — O | =

So M.I of cube about L=§x8m22 @
Using results @ and @ the M.I of the system about L
ot 16
=" O
2 3

jozs Emgﬁ
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Exercise D, Question 6

Question:
/ A
' P
|'l il I'.
el |
Y

A uniform disc has mass s and radius a.
a Show that the moment of inertia of the disc about a tangent £ lying in the plane of

the disc 15 gmag.

The line L iz atangent to the dizc at the point 4, and A5 iz a diameter of the disc, as
shown in the figure. A particle of mass # 1s attached to the disc at B
b Find the moment of inertia of the loaded disc about the tangent [ E

Solution:

a ML of dizc about axis through its centre, perpendicular to its

2
plane= o +— This 15 a result you may quote.

2
M of disc about diameter =% +——— From perpendicular axzis theorem —

2 2
FRIE

as I+f=£,then f=—
2 4

2
S ML of disc about tangent =%+m¢;¢2 (Parallel axes theorem)

2
R s

2
b= 5”;“ +m(2a)

2l

e (A dditive rule)
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Exercise D, Question 7

Question:

A uniform rod AD of mass s and length da iz free to rotate in a vertical plane about a
fized emooth horizontal axis ! through the point X on the rod, where AY =a . The rod
1z hanging at rest with B below A when it 1z struck at its mid-point by a particle F of
tmass 3 moving horizontally with speed i in a direction perpendicular to f
Immediately after the impact P adheres to the rod. Show that after the impact, the

moment of inertia about F ofthe rod and the particle together iz %mz : E

Solution:

a
AT

I a
da  1#3m

Jf?

B

Moment of inertia of rod about axis perpendicular to it, through
i 2ty _ A’

£

mid-point =

2
Appc 1

+ it (parallel axzes theorem)

S MWLI efrod about axzis £, through X =

Moment of inertia of particle P about | = Zma’
2

S ML ofrod and particle together = +ma’ + Ima’

_ 16ma’

3
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Exercise D, Question 8

Question:

A uniform rod A8 has mass ¢ and length 20, & particle of mass a2 15 attached to the
end £ The loaded rod 15 free to rotate about a fized smooth horizontal asus L,

perpendicular to the rod and passing through a point & of the rod, where AQ = %cx :

17ma’

Show that the moment of inertia of the loaded rod about £ 13 E

Solution:

Lg

A—— -5
0

310
2a

N : . 1
Moment of inertia of rod about mid-point = — ma”

y
S ML ofred about axis L, threugh &= %mz +m[15cz] (parallel axes theorem)

2
LI ofparticle at B about L= m[éa}

S MLI ofthe loaded rod = lmaj +lma:4 +Emc12

34,
= — it
12
_ 17ma’

T
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Exercise D, Question 9

Question:

i

Anear-ring is maodelled as a uniform zolid sphere of mass 2m and radinz @, with a
patticle of mass e attached to a point & on the surface of the sphere. The ear- ring is
free to rotate about a fized horizontal axiz L which 1s tangential to the sphere and
passes through a point diametrically opposite to F, as shown in the figure.

N . .24
whow that the moment of inertia of the ear- ring about L i3 ?mg . E
Solution:
/.—-’" T,
/ ~
/ T \
| 2m |
% q i
g f o
ekl

m

MMoment of inertia of sphere about diameter = %(2??3}@:2

_ A’
5
o MWL of sphere about L = %mag + 2pa® (parallel axes theorem)
]
MI ofparticle at 2 about I = mi2a)
= dma’
. 4 4 .
o Total M1 of ear-ring about L= ?ma + e {additive rule)
e MI= %mag
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Exercise D, Question 10

Question:
e e o
/ Bt JI_“ .‘-.. ."f I ' 2m
|~ - | ..'
\_ /f T d\“x._ Y.

& model of atiming device in a clock consists of a uniform rod, of mass 3m and
length 2e, the ends of which are attached to two wmform solid spheres, each of radius

lcx as shown in the figure. One sphere has mass a2 and the other has mass 2 The

device rotates freely in a vertical plane about a horizontal azis through the centre of
the rod and perpendicular to it. Show that the moment of inertia of the system about

this axis 15 Emaz. riy
Solution:
B, " Vi ”uf“\
|/ A sl ( ’i":l o [ :’f >|
\ '\;_5_/ II 7‘-’ |l }
A o \\ /,

Let O be the centre of the rod and let L be the horizontal axis through O, perpendicular
to the rod.

WI ofrod about L= %ijag =

2
ML of sphere mass 2m about its diameter = %x 2??{%(1]
5
1 2
M I of sphere mass 2m about [, = gma +2m[ cx] iparallel axes theorem)
= Emaj
10

2 2
cimilarly BT of sphere mass S about L = %xgm[%a] +8m[§a]

188
= — it
10

Teing the additive law:

. ML ofwhole titning device = ma +£m.c;c2 +@maz

_ 49ma’
g
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Exercise D, Question 11

Question:

D : c

' L uniferm lamina of mass m 1z formed
from a square lamina ASCLD of side 2a by
cutting out a square of side a. Both squares
have the same centre & and their sides are
parallel as shown in the figure The points
K oand ¥ are the mid-points of 45 and C0

respectively.

v
a Find the moment of inertia of the lamina about an azis passing through X and ¥

b Hence find the radius of gyration of the lamina about an axis perpendicular to its
plane passing through O E

Solution:
a Let mass per unit areabe o,

Moment of inertia of ABC D abour XY = %(p x4a2)x a’

2
Moment of inertia of stnaller square about ¥ = %(,o xag)x[g]

4

.. By additive law moment of inertia of lamina = 13,0 xda* - %p x%
1 1
5° [ 4]
5 4
= —poa
i
But m = p(da® —a)
Le. g= i
o 3a
2
e
12
b Moment of inertia about axis perpendicular to plane
2 2
= 5m+ﬂt+ Sl {by perpendicular axes theorem)
12 12
_ Sma’
&

3
3
But M.I=mk? where & is the radius of gyration — so &% = 5% and k= \/%a
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Exercise D, Question 12

Question:

A lamina & is formed from a unifort disc, centre & and radiug 2a, by remowving the
disc of centre & and radius a, as shown The mass of 515 A
a Show that the moment of inertia of & about an azis through & and

. . .5
perpendicular to its plane 1z EMQE.

The lamina 15 free to rotate about a fized smooth horizontal axis £ The axis £ lies in
the plane of S and iz a tangent to its outer circumference, as shown,

b Shew that the moment of inertia of 5 about L 15 %Maz : E (adapted)

Solution:
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a Let the mase per unit areabe o and let the axis through O perpendicular to the

lamina be L.
The moment of inertia of the dizsc with radius 22 about L

2
= [,o : H(Ed)z:lx @ = 8moa’
2
a 1
The moment of inertia of the disc with radius @ about L= pma® x = = E,mm“
.. Moment of inertia of lamina § = Snoa’ —%f;ﬂa“

15
=" mgoa D
2”5‘5

But the mass of §=M = mo[(Za) —a”]
= 3noa’ &

; : : : 5
substitute o= i into equation @ to give M.I = EMag

2
[#]

b Let the moment of inertia of 5 about a diameter parallel to £ be £
The moment of inertia of & about a diameter perpendicular to L 15 also £

Then I+7 = gMaj (from perpendicular axes theorerm)
Li= EMag
4
The moment of inettia of 5 about L = ;Mag + M (2a) (from the parallel
axes theorem)
o Bequired moment of inertia = ;Mag + 40’
= EMGE
4
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Question:

Tze integration to show that the radius of gyration of a uniform solid hemisphere

: . ; : 2
of mass 2 and radius # about a diameter of the circular base 13 \[;r. E

Solution:
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Vi bx

|

oF i JT
1/

Let the mass per unit wvolume be g

Divide the hemisphere up into discs of radiug y, thickness dx ata distance x from the
citcular base.

2
The M T of the disc shewn about O = (pﬂygﬁx)x%

2
 The M1 of the disc about its diameter parallel to Ch =(pﬂy25xj%
(perpendicular axes theorem)
2
L Its ML about O =pfry25x% + oS xt i(parallel azes theorem)

sumning all such discs and letting dx— 0 gives [, the moment of inertia of the
hemisphere.

¥ 4 ¥
SO f=,mrI ‘y?dx+p}?‘[ yixt dx
0 0

But x* +y* =r = y* =4 -

"1
l=pa| = e TS L e
o[ 40 (s =
=g l[r*x—gr2x3+lxj]+—r2x3—lxj
4 3 5] .

_ 4,.5;???"5
15
. 2 3 3m
But the mass of the hemisphere m=—mor” = p=——
3 2mr

s =St
. _ 2
and the radius of gyration k& = J;r
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Question:

Azzuming that the moment of inertia of a uniform circular disc, of mass #2 and

. . . . . o1
radiuz r, about an axis through its centre and perp endicular to itz plane is sz,

) : ) : o1
a deduce that itz moment of inertia about a diameter is —wer .

b Hence, using integration, show that the moment of inertia of a uniform solid
circular cylinder, of mass A, radius » and height %, about a diameter of one of itz

plane faces 15 %M(Brz + 45y E
Solution:
a 'li v
- -r —
i | i *
— o/ b4
Ny A /

Let &' be the centre of the circular disc. Take axes Ox and Qv in the plane of the
dizc and &z perpendicular to the disc,

Then [, = %mrz

Alse fo+in =g (perpendicular axes theorerm)
Let I, =1,then {,, =7 also (symmetry)

2

Lal==mr
2
1 4
2o f=—mr
h Z
D
L=
ks — — f__a;;t !
L= s
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Consider the cylinder divided up inte a large number of thin discs.
Let a typical disc have radius 7, thickness &z and be at a distance z from the Oxy

plane.
2

The M1 of this disc 1= WT about its diameter in the direction [, parallel to O,
where #2 15 the mass of the disc.

2
Tts L1 about a diameter of the base of the cylinder, Ox 13 WT+m2

iby parallel axes theorem)

A3z the cylinder 15 uniform 2= %
Mok
S = Eﬁz
P

M 2
mo ML of cyvlinder about base diameter 15 obtained from ZI[% +z{|52 as

Sz —=0
LE
B g
=£ I 4224
2 Jo
Mi#A 1, M#;u;f
Bla” 3 k|4 3
= =[5+ 44
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Exercise D, Question 15

Question:

Fou may assume, without proof, that the moment of inertia of a uniform circular dise,

af mass m and radiue t, about an axis through itz centre and perpendicular to its plane

iz —mr.
2

A unifort solid 5 iz generated by rotating the finite region bounded by the curve with

equation y° = 2ax and the line with equation x= % through 180" about the x-axis.

The wolume of §iz 9m” and its mass is M Show, by integration, that the moment of

inertia of § about its axis of symmetry iz 2Ma*. E
Solution:
¥y Y=2ax
o\ i |3a

Let the mass per unit volume be 2. Divide the solid & into a large number of thin

discs, perpendicular to the x-aziz. A typical disc is shown This has mass pmy Sx and

its moment of inertia about the x-axis is omy*Sx x‘:%

. By summation and letting &x— 0 the moment of inertia of 5 about the axis of
sytmetry

o a
4
il dx
g | oo

3a
:EI (2ax)? dx
2 Jo

_ dat o |:Jr:3 Tﬂ

2 |z

0

d

_Aapaxn
2
=184 o o

Eut as the velume of §is 9ma’
LM =p 9a®
o= MaR by substitution into equation (O
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Exercise D, Question 16

Question:

To may assumme, Without proof, that the moment of inertia of @ unifors dise, of mass

. . . . . 1
m and radius r, about an axis through iis centre perpendicular io ifs planes is 3 mr? .

R

.:._;I-I 4] i
A region R is bounded by the curve ¥* =dax(y = 0) , the x-axis and the line
x=a (e >0, as shown & uniform solid 5 of mass M is formed by rotating & about

the x-asis through 3607, Tlaing integration, prove that the moment of inertia of 5 about

the x-asis 15 %Maz ; F

Solution:
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[ 1 la

on |l |

Diwvide & inte discs parallel to the circular base of the solid let the mass per unit

volume be o,

-3

Then M=pI ay* dx

1]

=pI 7o dax dx
0

= [Q;Tpaxz:l

= 2moa’

=
dra®
2

Alzo I=,-:I‘[ ??ygx%dx

1]

=EI (dax)?dx
2 Jo

3
= 80| 2

3
P ifal

NN el

substitute the value of o fom =

Then 7 = %Maﬂ
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Exercise D, Question 17

Question:

a Show by integration, that the moment of ihertia of a uniform red, of length 27 and
tnass #2, about an axis through the centre of the rod and inclined at an angle 8 to the

rod 15 %mﬂg sin® 8.

‘-'.:'. .. .H

A framework in the shape of an equilateral triangle A 5T 18 formed from three uniform

rods, each of length 25 and mass #, as shown in the figure.

h Find the moment of inertia of the framework about an axis in the plane of the
framework, parallel to B0 and passing through 4.

¢ Hence find the radius of gyration of the framework about this axis. E
Solution:
| B [] |
X ax
— 2L

Diwide the rod into small pieces of length &x at a distance x along the rod from the
middle. The perpendicular distance from the small piece shown to the axis iz
xsind , where £ 1z the constant given angle.

The mass of the small piece is %5x

I 9% 4
Touobtain [ =I Md}:
", 250
fo & g
ied="zn"8|
250 3 Ly
_mlsin® 8
3
] A I
s )
-’j, 1\
.r;.rr R
\f{;; &
A h '
_;f'\',/" ORI |- ERRPURE \\L
."'-r-r./i/ \'\.
s N
B—/[— C
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IMoment of inertia of A8 about axis L'shown
il sin® 600 ml?
3 4

{from result in a)

2
MMoment of inertia of AT about axis L'shown = £ also

Ev parallel axis theorem, MI of A5 about axis L =M1 of AT about axis
2
4 2
Moment of inertia of BC about given axis = mh® where b = (20 - I*
(from Pythagoras ' Theorem)
Lie h=3F

So for BC moment of inertia about axis [ =3m/* and for A8 and AC. each moment
of inertia about L

mi it
=—+
4 4
= ml? (from #)

=o the moment of inertia of the framewortl, by the additive rule,
= ml? +mi + 3D’
= Sml’

¢ Let the radius of gyration of the framework be k. &z its mass =3m
', its moment of inertia = 3mk® = 5mi?

iek? = EE
3

.'.k:\Fﬁ
3
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