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Exercise A, Question 1

Question:

A rocket is launched wvertically upwards under gravity from rest at time §=0. The
rocket propels itzelf upwards by ejecting burnt fuel vertically downwards at a constant
speed & relative to the roclket. Attime £ seconds after the launch the rocket has velocity
v and mass (M —A). Derive the equation of motion for the rocket Ignore air

resistance.

Solution:

At time &
[ m N

After an interval &

% Vv
[ m+d8m | Bm s
/ |

Change in momentum: (m+ 5??2:] I:v+5v:l +|:— 5m)[v—u) — g = —prg i

dy e
=m—tu—=—mg
e
=it =P = i) = M - )g
a& o
B
& M-k
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Exercise A, Question 2

Question:

L spaceship 15 moving in deep space with no external forces acting on it At titne £ the
spaceship has total mass s and 13 moving with velocity v, The spaceship reduces its
speed by ejecting fuel from itz front end with a speed ¢ relative to itself and in the
same direction as its own motion

a =how that i=i

]
Initially the spaceship 13 moving with speed I and has total masz M Ttz speed 13

reduced to ]EV.

b Find the mass of fuel ejected.
Solution:

a Attime s

[ m

After interval ¢

ri
[ m+ | P
I. am .' GEm

\ f
-
e e

1'-{-6[' b o

Change in momentum = (m +5m) |:v+ 5v:|+|:—5m:l [v+c) —mv =10
mv+miv+vdm+ dmdv—vim—cdm—mv =10
mdiv 4 dmdv—cdm =10

ay dv ¢
=m—atdv—c=0=—=—
dm dm

2
v v
=:>—K =1n[ﬁj,e ¥ = =M w
A

4
Wlass of fuel ejected=M[1—e EJ
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Exercise A, Question 3
Question:

& rocket 1z launched vertically upwards from rest. The initial mass of the rocket and
its fuel iz 1000 kg The rocket burns fuel at the rate of 20kgs™. The burnt fuel is

ejected vertically downwards with a speed of 2000 m s relative to the rocket, and
burning stops after 30 seconds. At titne # seconds (f < 200 after the launch, the speed

of the rocket is vm s™'. Air resistance may be assumed to be negligible.
a Show that —g(30-2)= (50—5)%— 2000,
b Find the speed of the rocket when the burning stops.

Solution:

a Attimef

After interval ¢

TN, VS
1= 2000
| m+dm | a4 @ AN

Censidering the change in momentum;

I:m+.ﬁm)[v+5v)+l:—ﬁa?z) [v— EUOUJ—W = —mg ¥
=>md—v+2000% = —mg
e de
Attime 2, =1000— 208

= (1000 - 20;)% +2000 x-20 = - (1000 - 20¢) g

Dividing by 20 = (50—3)%— 2000=—g (50-¢)

e 2000
b _:—g g L
o 50—t
¥ a0
=>J. ldv=J. —g+@dﬁ
] 1] 5[:'_3

Foo=[—gt—-20001n(50 -£]7
=-30g —20001n 204+0420001n 50 1540 m 7.
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Exercise A, Question 4

Question:

A rocket is launched wertically upwards from rest. The rocket expels burnt fuel
vertically dewnwards with speed & relative to the rocket. Initially the rocket has mass

M At time ¢ the rocket has speed v and mass M[l— %z] Ignore air resistance.

a Show that d_v =i—g.
df 3-i
b Find the speed of the rocket when £=1.
¢ Find the height of the rocket abowe the launch site when £=1.

Solution:
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a Attime
| m o o

After interval &

\ VS

/ -". V—N

| m*ém | B

(24 8) (v + v ) +(—Fm ) [ v —u) — v = —mg 5
mv+ dmdv+udm =—mgdt

1
dv gu &
de 4 1, —t
3
i B By Y edt=—uln|3—¢|-gi+C
& 31 ° R £
3 2
I=U,v=0:‘>0=—u1n3+c;v=u1n3——g£=uln§—gwhenr=]
dx 3
t v=—=uln|—0 | —gfi<3
de 5

TTzing integration by parts

:‘>x=J.uln [i]—g:d: =J.u1n3—u1n(3—£)—grdf

i-t
={uln 3}£+u(3—£}1n(3—z}—u(3—£)—égﬁz +C
f=0x=0=0 =04+3uln3-3u+C,C=3u—3uln 3

When £=1,x=u1n3+2u1n2—h—%+3ﬁ—3u1n3=2u1n§+u—§
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Exercise A, Question 5

Question:

A spherical hailstone iz falling under gravity in still air. At time £ the hailstone has

: : . . dr .
speed v The radius » increases by condensation Given that — =%, where & 15 a
constant, and neglecting air resistance,

a show that jz—v=g—3kv,

b find the time taken for the speed of the hailstone to increasze from i to i

Solution:
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a Attime !

( m | ('E:rhrj'
— Wy 0

After ime &

.'(". !
[ m+dm |
k-5
—_— Jr

V4 gy

[[m+ 5;?2) [v+5v):|—[mv+ dre 0] = () g At

= mg+gim

A&
som—+v— =g

The mass of the hailstone 1z Ax%ﬂ?ﬁ

:;»%=4Am~2%=4£1m~2 sl = 4k A

= a2t Y Lysatan = Aximﬁg
3 & 3

And therefore jz_v =g —3kv

£
L G"'Ldv={—l1n|g—3kv|}
& £ g3k 3k
ak
kg
. [*7%E 1. gx3 1
=——In =——1In =—1In
3k 3kg %k 2x2g 3%
ST
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Exercise A, Question 6

Question:

A spaceship is mowing in deep space with no external forces acting on it Initially it
haz total maszs M and iz moeving with velocity ¥ The spaceship reduces its speed to

EV by ejecting fuel from its front end with a speed ¢ relative to itself and in the same

direction as itz own motion Find the mass of fuel ejected.

Solution:

Attime ¢

After interval &

| m+dém | -

vy Ve

Change in momentum = (m + 5m)(v+ 5v)+ (—5m)(v +r:)— po =10

prv+mdvtvdm+ dmdv—vim—cdm—pn =10
miv+dmdv—cim =10
:‘,>m£+5v—c =U,:>ﬂ=i
e deme  m
Eld .
Speed reduced from Fto EV:j ’ 1dv=c?j ldm
5 - P

g #
——=c|lnm|i=cln| —
Z =cliam]meta 2]
¥ ¥
:*—g=ln(ﬁ],c o= 2 = Me
M M
v
Idass of fuel ejeu:ted=M{1—e 5“}
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Exercise A, Question 7

Question:

A rocket 1s launched vertically upwards from rest. The initial tmass of the rocket and

its fuel iz 1500 kg The rocket burns fuel at the rate of 15kg s The burnt fuel is
ejected vertically downwards with a speed of 2000m s7 relative to the rocket, and

burning stops after 60 seconds. Air resistance may be assumed to be negligible.
Find the speed of the rocket when the burning stops.

Solution:

Attime ¢

/..--'

of.

[ m | oa

After interval ¢

e - 1 4(‘;1'
/ "

; : Cv-2000
[ m+&m | A By

o
. 'JJ

Ceonsidering the change in momentum:
I:m+ rfl'm) |:v+5v:l+ [Z—.fl'm:l (v— 2000) — v = —mg
L R
dt ot
Attime £ m=1500-15¢

:;»(1500—15:)%+ 2000x—15=—(1500—15)g

Dividing by 15= (100 —z)ll —2000=—g (100—£)

ch 2000
=-—g+——
00—z

2000
= ldv— —g+
100—3

v o= [—gs—zoomn(mo—z)]f
= —60g — 200010 40+ 0+ 20001100 51240 m 57
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Exercise A, Question 8

Question:

A rocket iz launched vertically upwards from rest. The initial mass of the rocket and
its fuel is 1200 kg The rocket burns fuel at the rate of 24 kgs™. The burnt fuel is
ejected vertically downwards with a speed of 2000 s™ relative to the rocket, and

burning stops after 30 seconds. Air resistance may be assumed to be negligible.
a Find the speed of the rocket when the burning stops.

b Find the height of the rocket abowe the launch pad when the burning stops.

Solution:
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a Attime s

After interval bl

N Vv . v=2000
[ m+&m | .4 8m)

\ | I i

Conzidering the change in momentum;
[m+ 5;?2) [iv+5v)+ [— 5;?2) (v— 2000) — v = —mg
:‘*mﬁ+ 2000% = —mg
ot ds
Attime foa= 1200 - 24¢

= (1200 - 24;)% 2000 x—24 = —(1200—248) g

Dividing by 24 = (50—5)%— 2000=—g (50 -£)

B 2000 H (A, 200,
dt 0-¢ o 50—t
v =[~gt-20001a(50-)]

—30g— 200010 204 0+ 200010 50 & 1540 m 7

h After time £,

50 ¢ ¢
v=[ —gt-2000ln (50—3)];=—g£—20001n[ = J=—g¢‘.—20001n (1—5]

g0, using integration by parts,

30 30
i j 2t —20001n (l—i]d.t = -2 4100 UUU[l—i]ln [1—i]—1m:u 000[1—1J
; =0 2 50 50 50

o
=—%+100 DOOX%In%—lDD CIDU><§+U—O+IDU D00 18200 m
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Exercise A, Question 9

Question:

A rocket is launched wertically upwards from rest. The rocket expels burnt fuel
vertically dewnwards with speed & relative to the rocket. Initially the rocket has mass

M At time ¢ the rocket has speed v and mass M[l— gz] Ignore air resistance.

a Find the speed of the rocket when £ =2,
b Find the height of the rocket abowe the launch site when £ =2

Solution:
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a Attime s

After interval &

TN V4
f \ . v-H

|_ nt+ém P ';___1":'_-”{' o

(2t Gl (v+ 8w ) +(—dm) (v —u)— v = —mg I
el + v i = —pag O

dv  dm
=m—>tu— =g
dt di

dx 4
h v=—=gln|—|—gti<4
ds 4—

Tsing integration by parts

4
== [uln| 2 |- gde = [wlnd—uln(4—2) - gede
x Iu n(al—f) g Iun uln(4-¢)—g

~(ulnd)t+u (40l (4—;)—3;(4—:)—%3:2 e

(=0x=0=0=0+4ulnd -4+ O =4y —dulnd
When =2, x=2xulnd+2uln 2 -2u - 2g+du —dulnd =-2uln 24+2u - 2g
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Exercise A, Question 10

Question:

A rocket uses fuel at a rate A kg s, The rocket moves forwards by expelling used

fuel backwards from the rocket with speed 2500 m s relative to the rocket. At time ¢
the rocket 15 moving with speed v and the combined mass of the rocket and its fuel iz
#2. The rocket starts from rest at time £ =0 with a total mass 10 000 kg and reaches a
final speed 5000m s after 200 seconds. Given that no external forces act on the

rocket

a show that m%= 2500 A,
b find the value of Akgs".

Solution:
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a Attime s

After an interval &f

e S 1 0
N v-2500
| m+dm | B

."\ ___.-/

o

(m + 5m)(v+ 5v)+ (— 5m)(v— 2500)— prr =10
=l + dmdhe 4+ Jm2500 =1
mE +2500% =1

s d

but we are told that %ﬂ =-4

50 md——2500,51 Umﬁ—EﬁﬁlD,%
e e
b The initial mass 15 10 000 and %ﬁ=—fi, 50

(10000 — ) % = 25001

Separating the variables

J‘m J‘”’” 25004
= = i —
. 10000— A

5000 = [-25001n (10 000- A2) | =—25001n[

:>2=1n[ >0 ],J: » 50— A=1507"

T
A= 50[1—.3-2)%43.2

S0—4
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Exercise A, Question 11

Question:

& rocket uses fuel at a rate A, The rocket moves forwards by expelling used fuel
backwards from the rocket with speed 2000 m 57 relative to the rocket At time ¢ the
rocket 1z mowing with speed v and the combined mass of the rocket and its fuel 15 me
The rocket starts from rest at time £ =0 with a total mass 12 000 kg and reaches a
speed of 5000m ¢ after 3 minutes.

Given that no external forces act on the rocket

a show that m%= 2000 4,

b find the greatest and the least acceleration of the vehicle during these
three minutes.

Solution:
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a Attime s

After an interval Zf

" i "-H\. v l-(’ih'
./ N ‘_3“[']”

| m+&m | . ~
y,

e

(m + 5m)(v+ 5v)+ (— 5m)(v— 2000)— e =10
= mdv+ dmdv+ dm2000 =10

mﬁ+2000@ =0
de de

but we are told that %ﬂ =-4

50 mE—ZDDD}i:O,mE:EODDA
o de

b The initial mass 1z 12 000 and %ﬂ=—}£, 20

{12000 ﬂs)% = 20004

s000 120
J‘ = J‘ 20002,
; , 12000 i

120
5000 =[-20001n {12000 - A} |, =—20001n{ = 550

5 5
:‘>E=1n[ 200 ],e§= Al L200—321=200e 2,
2 200-34 200-34

5
A =2—20[1—e 5} 612

d—v=w:‘=mm acceleration = M=]U.2m g

& m 12 000
2000%61.2 ;

max acceleration = =124dm s~

12000-180x61.2
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Exercise A, Question 12

Question:

A particle falls frem rest under gravity through a stationary cloud. At time f the
patticle has fallen a distance x, has mass » and speed v, The mass of the particle
icreases by accretion from the cloud at a rate of kesv, where k 15 a constant. Tgnore air
resistance. Show that

a b= g[l—e_m),
h x=%1n|:cosh(vlfk_gr):|.

Solution:
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a Attime ! After an interval Jf

—— -
.

{ (&) | m+am

\".

b qlp 7

[(era 4 Sepd(v 4+ )] — [ + Jrex 0] = (e + Sesi 2 O

dv  dem
= m—tv— =g
ds ot

But we are told that %=m5:v, 50 m%+v wpioe = mg

dy dv
— =gkt ov—=g-k’
ds £ dx £

¥ _ 1 a4
J‘g_kvzdv—j]dx ﬁ—ﬁln[g—h)—x+ﬂ*

gt
x=0,v=0=>—i1ng=C=>x=—Lln gk
2k 2k

g
g — 8 ’ A e = o =1
5 (g k) g bt =g (i)
dx
h v2=§(1—e_m),v= E(I—E_m)=—
i o ds
£ 1 e
J.J; N e —1
= by using the substitution coshz =e™ sinh u.% = je™

ke
\/Ef. =J‘ £ s1nhu 1 =i
Ly et -1 wﬂcoshg k

i=0,x =0=coshu=1,u=rcosh” ]=CI,:>C—EI

= Jkg i =u, cosh(\fkg £)=¢", h=1n[cosh{Jk_g£)],x=£1n[cosh(v’k_gf.)]
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Exercise A, Question 13

Question:

A raindrop falls through a stationary cloud. When the raindrop has fallen distance x
haz mass = and speed v, The mass increases uniformly by accretion so that

e =M {1+kx).

Given that v =0 when x =10, find an expression, in terms of M, & and x for the kinetic
energy of the raindrop when it has fallen a distance x. Ignore air resistance.

Solution:

At time ¢

m

— L W

v ]

After an interval 4t

| m+dm |

dv dm dmdh il 4t
mM—tv— =g — + dmg —
ax ax ax i} ax
dv dt  mg dv 4 dm
mM—tv— =g —=—_mv—+Vv — =mg
dx dx v dx

Substituting for
M(l+h)v%+v2kM = M1+ ke

dw 2 Fg dv 2k 2
=g, 2v—+ v =g
dx 1+kx dr 14k

A linear differential equation in 2.

, 2% gy
Integrating factor e’ #F = g@MIHR) = (14 1d

droa 7] 2 2 F 2g k
ia[v 1+’ ] = 2g(1+k0°, V(l+ik) =5, 4k +C

F=tv=tsso=28 po ety 28 -
3k 3k (1 +4x)
50 K.E.=lmv2=lM(1+,q;;) 2_3(]4.,:3)_ 2g -
2 2 3k (1 +x)

= @{(Hmf— L }
3k {1+ k)

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

A rocket i3 on the ground facing vertically upwards, When launched it propels itself
by ejecting mass backwards with speed i relative to the rocket at a constant rate & per
unit time. The initial mass of the rocket 1z M Tgnore air resistance.

a Ezxplain why it 15 necessary for Au = Mg

Given that fu = Mg,

b show that the velocity of the rocket after time 15 —xln (1— %J —gt,

¢ find the height of the rocket above the ground when the mass of the rocket
has reduced by one third of itz initial value.

Solution:
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a Attmed

After an interval ¢

;/;.- \\ Vg - P

I\ it + G f: /] I\.i'} AT
Change in momentum = (m+5m) (v+ 51?:] +|:—5m)(v—m) — e = —mrg i
v e
S m—tu— =—mg

de df
m o= M- k= (M uh)%+u(uk)=u(ﬁ{_hjg
dw e
Y -z
df M-Iz

Ifthe rocket 1z to be able to launch then when £= liil,ﬁ =]

dt
b, ;
——g=0, e k> M
%G g g

h i—v=M_h—g =v=—uln (M -kt)-gt+C

i=0v=0=0=—-gulh M+

=v =—uln [M— h:}—g£+uln M=—uln[Mﬂ;h]—gi

it
=—uln|1-= |- gt
un[ M) Ei

kt
e =—uln|1-=|-gt==
un( MJ B

oo on- B S o

(using integration by parts of In [1—%] 3

¢ =0,x=0=>0=%x—]+c

3 3k

o B 2n S 4+1-22
3 % 3 3 bk

HM{E 2 Ejl gM? uM uM[ 2 gM]
r=——]-1 - = t—=
k 18k i 3k

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

At time £ =0 aparticle i3 projected vertically upwards. Initially the particle has mass

M and speed g7, where 7 is a constant. At time ¢ the speed of the patticle 15 v and its
¥

mass is Me?T  Ignore air resistance. If the added material is at rest when it is acquired,
show that
d 2 i
a — | Med | =-Mz:?,
dt
: M :
h the patrticle has mass B at its highest point.

Solution:
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a Attimeiv

After an interval &%

",

TN vy

| I+ g

\
.

.’-'.

Change in mementum: I:(m +dm)v+ 5v):|— [ + im0 ] = — (e + dem ) g O

Taking the limit as 4 — 0
dv  dem .
m—+v—=—mg,1.e.a[mv) = —mg

r

t H
%(MvefJ =—MeT g =—Mge?

d * i3 £ i3
h Q[Mve”} = —Me”g,(Mve”J = J.—Mgezrdz
iy i 5
= Mve® = 2MgTe +O
t=0v=gT C=3MgT
ki 2 L it
= MveT =-2MgTe®T +3MegT, = ve™ =-2gTe +3gT
H

¥
Atthe highest point, v=0, 30 0=-2gTe¥ +3gT, e =§ atied
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Exercise A, Question 16

Question:

At time £=0 apatticle iz projected vertically upwards from the ground. Initially the

patticle has maszs M and speed 2g7, where T iz a constant. At time ¢ the mass of the
¥

particle is MeT . If the added material is at rest when it is acquired, show that the

highest point reached by the particle is gT2(2—1n3) abowve the ground Ignore air
resistance.

Solution:
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At time ¢

rd Y v
f A

[ m . "’-"‘i'“'

After an interval &

; S V4SY
[ +&m

%
, y
o —_

Change in momentum: I:(m + dm ) (v + 51))]— [ + dom 0] = = (2 + e ) g 52
Taking the limitas & —0

mdv+vdm——m ie d (rav) = —m
de det B 8
d & L L
—[MverJ =—MeTg=—Mge”
o
¥ ¥ i ¥
—(MvefJ =—Mel g (MvefJ = | - Mgeldt
2 i
= Mvel = -MgTel +C

f=00=2gT,0C=3MgT
¥ ¥

t
= MveT = —MeTeT +3MgT, =v =—gT+3gTe T
dx b L
=>E=—gT+3gTﬁ T ox=—glt—3gT e T+L

t
£=0,x=0,=C=3gT? x=-gTt—3gT% T +3T°

LI P
T 3

|

Atthe highest point, v=0,:‘~e_ %
:¢x==—g?¢1n3—3g??%+3gTﬂ
=gT*(2-1n3)
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Solutionbank M5
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 17

Question:

At time £=10 apatticle s projected vertically upwards. Initially the particle has mass

¥
M and speed g7, where Tiz a constant. At time £ the mass of the particle is MeT . If the
added material ie falling with constant speed g7 when it iz acquired, show that the

: i : : :
particle has mass S at its highest point Tgnore air resistance.

Solution:

Attime ¢

(Sm)

After an interval o

.
~, V40P

; ',

r ;

)

| m+dm | 4

iChange in momentum;
[[m+ 5mj[v+5v):|—[mv— dp gT] = —[m+5m)g5£

e dv dem

=v—tm— =-—pg—gl—

di ds di

H H t

= dm M < 4 =

m=Mel =" =""eT “{pn) =—pmg—cle’
df T dfli ) B

g % : : :
Y (Meer =-—MeT g —ghel = -2Mge”

H

H H
= MeTy = j— 2eMeldi =—2gTMeT +C

t=0v=gl=MsT=-20MT+C C=3MgT
¥ H
= MeTv = -2gTMeT +3MzT
M

4 S
v =0,=2gTMeT = 3MgT T = ,:;»mzT

|
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Exercise A, Question 18

Question:

L particle of mass M is projected wertically upwards in a cloud. During the motion the
particle absorbs moisture from the stationary cloud so that when the particle is at
distance x above the point of projection, moving with speed v, it has mass M {1+ ax),
where & 15 a constant. The initial speed of the particle 12 (f2gk . Ignore air resistance.
dv A
a Show that 2v—+ .
1+ ax

b Show that at the greatest height, %, (1+ah)® =1+ 3ka.

Solution:

file://C:\Users\Buba\kaz\ouba\m5 2 a 18.i 3/23/201.



Heinemann Solutionbank: Mechanics 5

a Attime s

Ve . N v

After an interval Zf
. V4dy

| m+dm | 4

.--/.‘

Change in momentum: I:(m +dm) (v + 51::]}— [ + G 2 0] = = (s + dom ) g I

Taking the limitas Jf — 0
dv  dem
m—+v— = —g

dt ot
e dx
=M1+ ax) =>M(1+£rx}E+vMa’E =-M{l+axg

Tsing —=vE and E=v
£ dx di
dv+v a dx——gvdv+v2 a <
dt (l+ax)de Tdr (4 ax)
:‘>2vﬂ+ 2 v =—2g
{1+ ax)

b Multiply through the differential equation by the integrating facter (since the
differential equation is linear differential equation in v*)
T
IF. = olwi = gantiran) (1+ )’

:%[vﬂ (14 ax) |=-2g 1+ @)’ v (1+ e = [ -2 (1+ e ix
=—§[1+ax:l3 £

a1

x=0v=.{2gk :‘>2g}{7=—§—i+c, o= Eg[ﬂs+%¥]
1

| | 2
Atthe highestpoint, v=0=>0=—== (1+ah} +2g| k+—
S 3

i[1+a;zj3 = [mi]

3¢ 3¢
and therefore (1+ak) =1+3ka
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Exercise A, Question 19

Question:

A body of mass 3M contains combustible and non-combustible material in the ratic
2 1. The body iz initially at rest and falls freely under gravity, At time ¢ the body has
speed v,

The combustible part burns at a constant rate of AM per zsecond, where A iz a
constant. The burning material 1z ejected wvertically upwards with constant speed u
relative to the body, Assuming that air resistance may be neglected,

a show that d_v: A
-
b find how far the body has fallen when all the combustible material has been
used up.
Solution:
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a Attime s

i

After an interval

i ! —_
| m+dm | | )
¥ vdy R T T

= I:m+ ﬁm] [v+ Efu]+[—.§?z] I:v—u]—mv = g &

e+ S div + D = mg &, m%+u% = g

m=M(3—Az),:M(3—,az)l_"+u(—AM) = M (3-%)g

dv v A
-kl —=Au=53- o
3-%)3 B-Zle. G =3-5*e
h %:%4-5:}1;:j%+gd{.=—uln[3—ﬂ.ﬁ)+gﬁ+ﬂ',(ﬂ.ﬁ“:3:1

i=0v=0=0 =—uln3+C

a- At At dx
=v =—uln +gi=—wuln|l-— |+g=—
3 3 dt

o S)ro=3[1- 2ol (-4]} e

t=0,z=0=0 =—%+C

All combustible material used = m=A [3— /L‘.] =AM, ¢ =%

e B8 [1 ] [ ] [1-E] I
A 3 3 2 A
_ 3| Tt T +g_42+%
Al 24 24 24 24 A
_wf1, l_l}ﬂfﬁi_%{lmlﬁ}ﬁ_f
AL3 2 3] A A AL3 3 3] A
e 2g
T ORI TN +_
A{HB } 7 CZ )
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Exercise A, Question 20

Question:

A spherical hailstone falls wertically through a stationary cloud from rest under
gravity. The initial radinz of the hailstone 15 @ As the hailstone falls itz wolume
increases through condensation. When the radius of the hailstone 1z 7, the rate of
increase of volume iz 47p° A and the hailstone is falling with speed v. Ignore air
resistance.

a Show that, at time £ r=a+ A

b Show that jﬁ—v=g—@

r

¢ Find the speed of the particle when £ = Ei :

Solution:
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a Forthe sphere, %=4ﬂ?’2ﬂ,but

pad psiane O oy
3 df
i E =dr=a+l
ds
b Attime:
rd Iii:”I
I m =
M o g N 0
After time &
[ m +dm ":
\
\-_ _.-/ Il |
I Y vady

[(m+5m)(v+5v)]—[mv+5mx0]=(m+5m)g§i

che cle
=mg +gdm, 50 mE+v—=mg

di &t &t

: . 4 : . :
The mass of the hailstone iz pxgﬂ?B sifice mass 18 proportional to velume

dom , dr

= _—=4 —=4 e
di o df o
4 3dv 1 4 3
= ox—r —4vxd olmrt = ox—ar
2 3 P LEah P A~ 3 E
and therefore dl:g—@
ds r
dy EF A A dv o 3y
C _=g—_=g— ,_-|— —
de F a+A df at+

34
Tsing the integrating factor e'[mdé = gihietat), [a+ ﬂzf:
via+ ) =J.g(a+ﬂz]3dz=f—ﬂ(a+ﬂz]4+c

4 4
t=0,v =0,0=%+c, v(a+a) =2 (a+a) -85

44 44
v_g[a+ﬂf.)_ ga"
42 4afa+ Ay
+1—
& g[a 2,%] gat Zag  Zga  Ghag
= == — 3=_—_=
24 44 a 84 274 2164
4.4 a+ﬂﬁ
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