Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Elastic collisionsin two dimensions
Exercise A, Question 1

Question:

A smooth sphere 5 15 mowing on a smooth horizontal plane with speed & when it
collides with a smooth fized vertical wall. At the instant of collision the direction of

motion of 5 makes an angle of tan'lg with the wall. The coefficient of restitution

between 5 and the wall 12 %

Find the speed of 5 immediately after the collision

Solution:

E Tveosor=u %

o ) 201 3 1
law of restitution « Vainor = Xu K== — Xy X— =1 X—
5 3 3 5
squaring and adding,
vz =M2|I E-’—l I‘:uz «E
V25 20 25
1uny17
v e
o

ORI ETRE._=
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Elastic collisionsin two dimensions
Exercise A, Question 2

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collidez with a smaooth fized vertical wall. At the instant of collision the direction of

motion of & makes an angle of 30° with the wall. Immediately after the collision the
speed of 5 i3 %u .

Find the coefficient of restitution between 5 and the wall.

Solution:

ET ?;ucosr.f=u cos 307

o T . : .
law of restitution <= Esm o = e s1n 30

squaring and adding:

7

74

2

O

'L 4% (3 e®)
7R iy
? £=3+@2

a / 16

P 1, 1
2 T

LN
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Elastic collisionsin two dimensions
Exercise A, Question 3

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collides with a smooth fized wertical wall. At the instant of collision the direction of

motion of & makes an angle of tan_lé with the wall. The coefficient of restitution

between S and the wall 1z %

Find the speed of 5 immediately after the collision

Solution:

12

B Tveosor=ux—"
13

law of restitution < vanor =g xu x—= " xy > i=u X —
3 5 13 13
souaring and adding,
vz =u2l E+i |=u2 -E
L 169 169 168
e 3170
0 13

S
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Elastic collisionsin two dimensions
Exercise A, Question 4

Question:

A zmooth sphere & is mowving on a smooth horizontal plane with speed & when it
collides with a smeoth fized vertical wall. At the instant of collision the direction of

motion of ¥ makes an angle of tan ™' 2 with the wall. Immediately after the collision
the speed of & iz %u .

Find the coefficient of restitution between & and the wall.

Solution:

L ]:%cosu=u/—
4

N

law of restitution «» —aino=eux——
4 b

souaring and adding:

(1 44
_+_|
16 55
o qpage
16
90 wm  f5g
_:42,2:_
16 8

 AAANAAANNAANANNN
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Elastic collisionsin two dimensions
Exercise A, Question 5

Question:

A emall emooth ball is falling vertically. The ball strikes a smooth plane which iz
inclined at an angle 207 to the horizontal. Immediately before striking the plane the
ball has speed S8ms™'. The coefficient of restitution between the ball and the plane

iz i_l Find the exact walue of the speed of the ball immediately after the impact

Solution:

Eefore the impact The component of velocity parallel to the

slope =8an 20° =4 '%=4

Perpendicular to the slope;
v=g¢ xBcos 30 =% <3 §=\."§

Therefore the speed imme diately after

impact = y/4° +~J§2 =\fﬁm gt

Hsin 3"

After the impact

Bsin30y
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Elastic collisionsin two dimensions
Exercise A, Question 6

Question:

A zmall smocth ball 15 falling vertically, The ball strikes a smooth plane which iz
inclined at an angle 207 to the horizontal. Immediately before striking the plane the
ball has speed 10m s~ The coefficient of restitution between the ball and the plane

iz % Find the speed, to 3 significant figures, of the ball immediately after the impact.

Solution:

Before the impact The component of velocity parallel to the
slope =10s1n 20°

Perpendicular to the slope:

v=g -10::0520":% <10cos 207 =4 cos 207
Therefore the speed imme diately after
impact = J(lﬂsin 2009 4+ (4 cos 2007

=./25826.. =508ms"

After the impact

10sin20°
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Elastic collisionsin two dimensions
Exercise A, Question 7

Question:

A zmall smoocth ball of maszs 750 g iz falling vertically, The ball strikes a smooth plane
which 15 inclined at an angle 45° to the horizontal. Immediately before striking the
plane the ball has speed 5\.@ m s~'. The coefficient of restitution between the ball and

the plane iz é— Find

a the speed, to 3 significant figures, of the ball immediately after the impact,
b the magnitude of the impulse received by the ball as it strikes the plane.
Solution:

EBefore the impact After the impact

Y HCOSa

Hsine

Hsine

a The component of welocity parallel to the

slope =msinoe= 5~J§sin 45° =5\."§ /L=5

2

Perpendicular to the slope:
V=g Xiucos = % /5\."5 cosdd”

1 1 ]
=_/5\E . AT
2 2

<2

Therefore the speed imme diately after

inpact =+f5 +2.5° =43125 =550 m ¢ !

b The impulse 1z perpendicular to the surface:

3(5 Ve s 5
Pl e |=_-—=5_625Ns
41 2 ) 4 2
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Elastic collisionsin two dimensions
Exercise A, Question 8

Question:

A emall emoocth ball is falling vertically. The ball strikes a smooth plane which iz

inclined at an angle o to the horizontal, whete tan o= % Immediately before striking

the plane the ball has speed 7.5m 57! Immediately after the impact the ball has speed
1

Sms.
Find the coefficient of restitution to 2 significant figures, between the ball and the
plane.
Solution:
Eefore the impact After the impact

” HCOS &

SN

Hsine

L gy BB DR ey

; g =036
The component of velocity parallel to the

slope=usinor="775 -§=4.5
Perpendicular to the slope:
v=guoosti =g x7.5 -i=6e
Combining the two components:

5% =4 5 + 361
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Exercise A, Question 9

Question:

A ozmall smecth ball of mazs 200 g iz moving in the xy-plane and collides with a
smooth fized wertic al wall which contains the y-axizs. The velocity of the ball just

before impact is (51— 3jim s~ The coefficient of restitution between the sphere and
the wall is 2. Find

a the welocity of the ball immediately after the impact,
b the kinetic energy lost as a result of the impact.

Solution:

a Suppose that the velocity of the ball
immediately after the impact 15 pi+gj

T-3=¢
% — == /5:_
P=e 5
g0 w=—251-3j
Lomdonnammag
b K.E.before=5-g-(5 +321 =136

E.E.after = %/%/(2_52 +#)=6.1
KE.lost=136-61=757

AR

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m4 2 a_ 9.t 3/24/201.



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4
Edexcel AS and A Level Modular Mathematics

Elastic collisionsin two dimensions
Exercise A, Question 10

Question:

A emall emooth ball of mass 1 kg iz moving in the xy-plane and collides with a smooth
fized wertical wall which contains the x-axis The velocity of the ball just before

impact is (31 4+6jim s'. The coefficient of restitution between the sphere and the wall
is 1 Find

a the speed of the ball immediately after the impact,
b the kinetic energy lost as a result of the impact.

Solution:

LI

pi+ qj

3i+6Gj

a Suppose that the velocity of the ball
immediately after the impact is pi1+4)

« 3= p (parallel to the wall)
T —4 =% <6 =2 (perpendicular to the wall)
Speed =+f3* 422 =\."'1_3m sk,

b E.E beforeimpart = % <1%(3* + 6% )=22.5, K E. after impact = — x1x13=6.5

[

EElest =225-65=1617
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Elastic collisionsin two dimensions
Exercise A, Question 11

Question:

A emall emooth ball of mass 2 kg iz mowving in the xy-plane and collides with a smooth
fized wertical wall which contains the line y»= x . The welocity of the ball just before

impact iz (41+2)9m s~'. The coefficient of re stitution between the sphere and the wall
is 1 Find
a the welocity of the ball immediately after the impact,

b the kinetic energy lost as a result of the impact.

Solution:

suppose that v=a+h
where a 12 parallel to the wall and h
1z perpendicular to the wall.

1 PSS : .
T 1470 iz a unit vector in
2
the direction of the wall.
1., .. .
—=(—147) 15 a unit vector

NE

perpendicular to the wall,

1 1
o {(4i+2j).ﬁ(i+j)}ﬁ(i+j)=a
1

= 1 o /iz(i+j):3i+3j

N2 W2
'\%{(4i+2j}.

L.:i_-;.}i
NN
1

#—= (=2 :

\E E(_l +.])

(—1+73)

(=i +) =b

il = ] =

e g e N
303 303
1

=5

1 (64 100 164
b K.E.before=§-2-(42+22}=20,K.E.aﬂ:er= 2'|?+T i

EE lost = 20—E=E
9 9
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Exercise A, Question 12

Question:

A smooth snooker ball strikes a smooth cushion with speed 8ms™" at an angle of 45°
to the cushion. Given that the coefficient of restitution between the ball and the

cushion iz % find the magnitude and direction of the velocity of the ball after the

impact.

Solution:

© Pearson Education Ltd 2C

' no change parallel to the cushion
Boosdd” =veooso = 4«;"5

e Teing the law of restitution
82

E <Ban 45" =wvsin o ZT

Seuaring and adding:
¢ y 2
v = (4427 +‘ % =3712,v=6.09

2
Dividing: taner=—2=== o =tan 0.4
4z 5

Velocity is 6.09ms ™ at 21.8" to the cushion.
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Elastic collisionsin two dimensions
Exercise A, Question 13

Question:

A smooth snocker ball strikes a smooth cushion with speed xm 571 at an angle of 50°

to the cushion. The coefficient of restitution between the ball and the cushion 15 2.
a Show that the angle between the cushion and the rebound direction 15 independent
of .

b Find the value of ¢ given that the ball rebounds at right angles to 1tz original
direction

Solution:

a 1:no change parallel to the cushion

| ucosdl =voosor

Hms

e« TTzing the law of restitution, ¢ xusin 50" =veino

S vaner  esin o0°
Dividing: =

veoosed  xcos S’
= tan o = gtan 307, which iz independent of the value of u
b If o=40%hen tan 407 = ¢ tan 50°
a5
tan 507
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Elastic collisionsin two dimensions
Exercise A, Question 14

Question:

A smooth billiard ball strikes a smooth cushion at an angle of tan_I% to the cushion

The kall rebounds at an angle of tan'lé to the cushion Find
a the fraction of the kinetic energy of the ball lost in the collizsion,
b the coefficient of restitution between the ball and the cushion

Solution:

a 1:no change parallel to the cushion

Ims UX— = VX—
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Exercise A, Question 15

Question:

Two wertical walls meet at right angles at the corner of a room. A small smooth disc
slides across the floor and bounces off each wall in turn. Just before the first impact

the disc is moving with speed wm s~ at an acute angle & to the wall. The coefficient

of restitution between the disc and the wall 15 2. Find
a the direction of the motion of the disc after the second collision,
b the speed of the dizc after the second collizsion.

Solution:

a First collision:

["exusin o= vsin
epooI=veos 3
second collision:
I: veos(90— ) =vsin f=wcos B
xgxven (30— =gvcozs f=wsin B

gcos i 2
== tan H= LR

sin 3 tan 3
e 1
gtan of tat

= B =90" —x, 5o the path 1z parallel to
the original path but in the opposite direction

b esusino =vsin i =wcos 8= wcos(?0" —c) = wain o

speed after second collision =w=au
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Exercise A, Question 16

Question:

A small smooth sphere of mass m is moving with velocity (51— 2j)m =" when it hits

a smooth wall. It rebounds from the wall with velocity (214 2jim ™. Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall.

Solution:

1 [

(5i-2jims

(2i 4 2j)m s

a I=mv—rpm =m{(2+ 20— (01 —27)}
=m(—31+43)
The impulse has magnitude Se s in
the direction parallel to the unit vector

1
— (3 +4§).
5( 1)

b Component of {31 —27) in the direction of the impulse
=[(51— 2j)%(—3i+4j)]%(—3i +450 = % % (—15— 8)%(—3i+4j)

o i
= T xX=(—3i+4j
5 5( 1+47)

Component of (21 + 2j) in the direction of the impulse
=[(21+27) - (=3 +4j)]l (—Si+4p= 1 (—6 —i—B]ll (=31 +43)
5 5 3 5
2 1
= —x—{-31+4)
s X3+

law of restitution

2 x]
i = W —
] 5
8=

23
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Elastic collisonsin two dimensions
Exercise A, Question 17

Question:

& small smooth sphere of mass 2 kg is moving with velocity (214 3j)m ¢~ when it
hits a smooth wall. Tt rebounds from the wall with velocity (31 —jim ="' Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall,
¢ the kinetic energy lost by the sphere in the collision,

Solution:

(3i-jms™

(20 + 3jym s

a I=mv—mpm=m{{G1—7)—(Z1+23)}
= 21— 4)
The impulse has magnitude

2417 Ns in

the direction parallel to the unit vector
1

—=(1-4j)

17

b Component of (21+3)) in the direction of the impulse =

1
— -4 —d3 =
~'ﬁ?(l ])].J,_ 1= .J_ .J,_(l

Component of (31—3) in the direction of the 1mpulse =

=10

[(21+33). (2—12) ﬁ .J%(i 433

4 =—

7

1 1 1
i) =)= -4 3+4 4j) = —=x—=(1-4
[(3 J)ﬁil J)]ﬁil = J_( +4) —(1 1) ?/ .—1?(1 1)
law of restitution = ﬁ =g /% .8 =%

¢ E.E. just before the impact = % x2x (2% +39) =13

K.E. just after the impact = %/2 x(3 +1 =10
EE.lest =13-10=37J
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Exercise A, Question 18

Question:

Tweo smooth vertical wallz stand on a stnooth horizontal floor and intersect at an angle
of 307, A particle is projected along the floor with speed zm s at 45° to one of the

walls and towards the intersection of the walls. The coefficient of restitution between

the particle and each wall iz 1 Findthe speed of the particle after one impact with

N

each wall.

Solution:

For the first impact:

. oy
wcosdd = ——==vcosor
NE
: 1 1 :
eusnds = ——x—=van

V32

By dividing, tance = % =30 and F=60°
e _ Az

Seuaring and adding, v =2+ ="
i ; : 2 6 &

For the second impact:

I
veos 6l =§=wcosH

NG

evsin 60 = vX—m %" =2 = wein @
N i
Souaring and adding,

2 2
5 o —\Eu 1
L2 2
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Elastic collisionsin two dimensions
Exercise B, Question 1

Question:

A smooth sphere A, of mass 2 kg and moving with speed 6 m s™" collides obliquely
with a smooth sphere B of mass 4 kg Tust before the impact 5 15 stationary and the
velocity of A makes an angle of 10° with the lines of centres of the two spheres. The

coefficient of restitution between the spheres iz ;— Find the magnitudes and directions

of the velocities of A and 5 immediately after the impact.

Solution:

Before Farallel to the line of centres

conservation of momentum:
2xbooslll =dw—2v, 2w—v=>6ces 10°
law of restitution:

6m st
6 sin 10¥ 1
w+v=§ «6eosll® =3cos 10°

Alter T = 3w =9cos 10", w=3cos 10", v=0

& ,-":\

So, after the impact, A has velocity §3in10° =1.04m s perpendicular to the line of
centres, and B has velocity 3cos10" =2.95m s ! parallel to the line of centres

© Pearson Education Ltd 2C
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Elastic collisionsin two dimensions
Exercise B, Question 2

Question:

A smooth sphere A, of mass 4 kg and moving with speed 4 m s~ collides obliquely
with a smooth sphere & of mass 2 kg Tust before the impact & iz stationary and the
velocity of 4 makes an angle of 307 with the lines of centres ofthe two spheres. The

coefficient of restitution between the spheres is % Find the magnitudes and directions

of the velocities of A and B immediately after the impact.

Solution:

Perpendicular to the line of
_ centres, cotmponent of the
velocity of 4 iz

4ain 30" =2m s

H\'h_.rp A

4ms-!

Farallel to the line of centres:

4 xdos30 = dv+ 2w, 43 = 2v+w

aw’

w—y = % x4 oog 307, Zw—Cpr= 2=

4 xin 300

LY [ e e—

=53W——J_ 16{
_10wf
=

B has speed %m s ! along the line of centres.

100 ||2[] 9 1
—= — = tns - atanangle
27"

3«!’_‘

Ahaz speed

o+ m,j"

1 i I—tan 1|I |_ 46 17 to the line of centres
ﬁ
[ 0=
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Exercise B, Question 3

Question:

& smooth sphere A, of mass 3 kg and moving with speed 5m s collides obliquely
with a smooth sphere B of mass 4 kg Just before the impact 5 15 stationary and the
velocity of A makes an angle of 45" with the lines of centres ofthe two spheres. The

coefficient of restitution between the spheres iz ;— Find the magnitudes and directions

of the welocties of 4 and & immediately after the impact.

Solution:

Smst

S5sn 45

Perpendicular to the line of centres, component of the velocity of A 1=

5sin45“=%ms !

Parallel to the line of centres:
3x5cosds =3+ dw

152

w—y = % ®ocogdd® Sw—dv=""—

:45J§ wzam’i
4 28
(B T
and v=—m— = —
28 14

542

B has speed % m s " aleng the line of centres

; Y ¥
A has speed 5\5 ‘ +‘ 5J§ ‘ = 5ﬁ
SRRy 2

= Tw

5 atan
(542 )
angle of tan 1| ey |=ta.n ! % =tan 7 =81.5" to the line of centres
| v
L 14
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Elastic collisionsin two dimensions
Exercise B, Question 4

Question:

A emall emooth sphere A of mass m and a emall smooth sphere & of the same radius
but mass 2 collide. At the instant of impact, 5 1z stationary and the velocity of A
makes an angle & with the line of centres. The direction of motion of A 15 turned

through 20° by the impact. The coefficient of restitution between the spheres iz 2,

Show that

tan25'=2é_1.

Solution:

vsin @ ”\'

4 sin 45

A vsin @

Components perpendicular to the line of centres are unchanged For 4, the component
perpendicular to the line of centres is vain 6

Parallel to the line of centres:

conservation of momentum = movcos B = Zeny —my,

lawr of restitution
= +v, =evcost

= voost = 2gveos —w ) —w, = Zeveoos B3,

_ veoos (e —1)

e *

1 wanf  3Zvan# 1 Ztan®
tan @ ¥, _vcosH(Eg—lj’”tanH_ 2o —1

¥y

angHz 2e—1

= tan (R0 —6) =

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Two smooth spheres A and B are
identical and are mowving with equal
speeds on a smooth horizontal surface.
In the instant before impact, A 1z
moving in a direction perpendicular to
the line of centres of the spheres, and &
1z moving along the line of centres, as

shown in the diagram The coefficient of restitution between the spheres is % Find the

speeds and directions of motion of the spheres after the collision

Solution:

vms!

Components perpendicular to the line of centres are unchanged.
Conzervation of momentutn: v =pp g, +ang, Y=V, Vg

lawr of restitution:

Yy~ —2v
47Ve T 3
= 2v =Evv =Ev v =lv
AT VaT Y VaT
Ahas speed = 61vm s and is moving at

tan "

(5
Hl

= tan 1% =50.2" to the line of centres.

. _ . . 1
B is moving along the line of centres with speed gvm gl

© Pearson Education Ltd 2C
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Elastic collisonsin two dimensions
Exercise B, Question 6

Question:

& smooth sphere A collides obliquely with an identical stnooth sphere B Just before
the impact £ 1s stationary and the velocity of A makes an angle of « with the lines of
centres of the two spheres. The coefficient of restitution between the spheres is

e (g=1) Immediately after the collision the velocity of A makes an angle of 3 with

the line of centres.

a Show that tan 5= AL

l—2
b Hence show that in the collision the direction of motion of A turns through an angle
(142 itan o ]

2tan‘a+1—a

equal to tan ™" [

Solution:

Before ------=-----

SN £

Perpendicular to the line of centres, component of welocity of 4 is wsin o Parallel to
the line of centres:
conservation of momentum: mucos X =pe+pnd, LCOSE=V+wW

law of restitution; w—v = gucos, 80 2y =Hoos e —aucos o =ucos o 1—g)
wsino _ dusino  2tando

= tah I|'_]': = =
v wooscl—g) 1—¢

b The path of A has been deflected through an angle equalto [ —o.

. Etmtf_tan”
R tan 3 — tan o _ _1-e . 2tan o —(1—g)tan o
' I+tancttan f,, 2tand -2+ 2tan’ o
1-e
_ (I+eitano
2tan’ or+1—e
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Elastic collisionsin two dimensions
Exercise B, Question 7

Question:

3 ms!

A small smooth sphere A of mass 2 kg collides with a small smooth sphere B of mass
1kg Tust before the impact 4 is moving with a speed of 3m ™' in a direction at 45°

to the line of centres and B is moving with speed 2m s at 60° to the line of centres,

as shown in the diagram. The coefficient of restitution between the spheres 13 % ;

Find
a the kinetic energy lost in the impact,
b the magnitude of the impulse exerted by 4 on B

Solution:

Mo change in the components of velocity perpendicular to the line of centres. Parallel
to the line of centres:

conservation of momentum: 122 cos 60" — 2% 3cos 45" =2v—w=1— 3@@

lawr of restitution: v+w = ?2 (Beosdd + 2cos b0

AN V2
‘ > +1J—]+?

2.2 EBJ_

solving the simultaneous equations gives Sv=2— —— v=—— =—0.590 and

3
19,52 2408 Bl B0
303 9 3 9

a E.E lostin the impact
1

= 2x((3cos45)* —0.590%) +% x1x((2cos60°) —2.06°) = 2,537
b Impulze on B =1{w+ 2cosb0) =306 Nz
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Elastic collisonsin two dimensions
Exercise B, Question 8

Question:

A small smooth sphere A collides with an
identical small smooth sphere B Just before
the umpact A is moving with a speed of

3-u'r2._’m s in a direction at 457 to the line of

centres and B is moving with speed Sm s at

Hu:m ﬁmku

4
~ tan~ =
Y

W2 ms 5 ms-!

tan_lg to the line of centres, as shown in the diagram.

The coefficient of restitution between the spheres 1z % Find

a the speeds of both spheres imme diately after the impact,
b the fraction of the kinetic energy lost in the impact.

Solution:

32 sin 45°

After the collision the components of velocity perpendicular to the line of centres are
3m s and 4m s (Mo change in this direction
Parallel to the line of centres:

conservation of momentutm: 2 = 3\.'5 cosds —pp S ; =pnw—mv =1

I
law of restitution: v+w=§‘ 3\.@ cosdst +5 ; =4

50 V=w=2

a speedof 4 =./2%+7 =-V'{1_3ms 1
speed of B =28 +4° ZmZZ-\ff_Jms !
m 4

b Total EE. just before impact = % < (3nf2)° +% <o 5 —TJ

TotalK.E.justaf’terimpact=%-m-(v"l_3)2+; (o5 =122 33

4520510
43 43

Fraction of E.E lost =

© Pearson Education Ltd 2C
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Elastic collisionsin two dimensions
Exercise B, Question 9

Question:

& emooth sphere A of mass 2 kg iz mowing on a smooth horizontal surface with
velocity (41 —Jim 570, Another smooth sphere & of mass 4 kg and the same radius as

Ais moving on the same surface with velocity (21 4+7)m 7', The spheres collide when

thewr line of centres 15 parallel to 3. The coefficient of restitution between the spheres 1s

;—. Find the velocities of both spheres after the impact.

Solution:
4i-j 14
N,
2i + j

Before After

Line of centres parallel to j = no change in the components of velocity parallel to 1

Conservation of momentum: —2x144x1=2xs—4 =2

law of restitution: s+ =%(] +e+t=1

s—2f=1
35 =13
g=1,t=10

velocity of A is di+jm s’

velocity of Bis Zims !

© Pearson Education Ltd 2C
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Elastic collisionsin two dimensions
Exercise B, Question 10

Question:

& emooth sphere A of mass 3 kg iz mowing on a smooth horizontal surface with
velocity (143m 5!, Another smooth sphere B of mass 1 kg and the same radius as

Ais moving on the same swrface with velocity (—4i+2im s~'. The spheres collide
when their line of centres 1z parallel to 1 The coefficient of restitution between the

spheres 13 % Find the speeds of both spheres after the impact.

Solution:
Befor /; w\\//hl
/ M ““‘x 2
T~
i+3j .-"'
4 + 2
AT TS
3 2j
ARSr  oeee. w\/ .\% ............
NG A

Line of centres parallel te 1 = no change in the components of velocity parallel to j
conservation of momentum: 3x1-1x4 =1xw—-3xv=-1

law of restitution: v +w= %(4 +1,dv +4w =15

dw—12v=—4
16w =19

© Pearson Education Ltd 2C
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Elastic collisionsin two dimensions
Exercise B, Question 11

Question:

& emooth sphere A of mase 1 kg iz mowing on a smooth horizontal surface with
velocity (214 3))m s~ Ancther smooth sphere B of mass 2 kg and the same radius as

Ais mowing on the same surface with velocity (—i4j)ms . The spheres collide when
ther line of centres 1z parallel to 1. The coefficient of restitution between the spheres 1z

%. Find the kinetic energy lost in the impact.

Solution:

Before

After

Line of centres parallel to 1 = no change in the components of velocity parallel to j
conservation of momentum: 1x2 - 2x1=2xw-1xv=1

lawr of restitution: v +w= g (2+1)

2w—v=03w=_w

[t

Lhl o )

v

Components of
/ velocity unchanged
.' F oy parallel to
(3 48
12—‘_| ‘:_:1.921 i=allEK.E lost
\ 3} 25 ]
SEOUER parallel to 1.

i r w2 )
1 F 60 1
K.E.lost=—-1-‘22—|_‘ ‘+_.2_
2 | \3)) ¢z
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Exercise B, Question 12

Question:

Two small smooth spheres 4 and B have equal radii. The mass of 4 iz s kg and the
tass of B iz 2m kg The spheres are mowving on a smooth horizontal plane and they

collide. Immediately before the collision the velocity of A is (214 5))m s~' and the
velocity of Bis (31 —J)m 5! Immediately after the collision the velocity of 4 is
(%4 2j)m 7' Find

a the welocity of B immediately after the collision,

b aunit vector parallel to the line of centres ofthe spheres at the instant of the
collision

Solution:

a Conservation of moementum = mZ2i+5)) + 2m(Gi— ) = w5+ 2)) + 2y
2V =12 +2x3 -3 +)0-2x1-21=5+]
5001

s Moo
s

b Tmpulse on A= m((3 +25) — (20 + 50 = m(i— 3}

= line of centres parallel to L(i— 3

J1o
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Exercise B, Question 13

Question:

Two small smaooth spheres A and B have equal radii. The mass of 4 1z 5me kg and the
mass of B is e kg The spheres are moving on a smooth horizental plane and they

collide. Immediately before the collision the velocity of 4 is (3 —5] m ™" and the
velocity of Bis (414 )im s~'. Immediately after the collision the velocity of A is
(41 —43m s ', Find

a the speed of B imme diately after the collision,

b the kinetic energy lost in the collision

Solution:

a Conservation of momentum = 33— 550+l +3) = Smeldi — 450 + v
v =1{3x3 44 -2 430+ 14532 =1-2)

Speed of B is of1* +27 =\Em gt

b EKElest= B?M((B2 +55— (4 +4°0 +§((42 +1%)-5)

ro | E

(3034 —32) +(17-5)) = %(6+12}=9m1
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Exercise B, Question 14

Question:

Two small smaooth spheres A and B have equal radii. The mass of 4 1z 2 kg and the
tnass of B iz me kg The spheres are moving on a smooth horizontal plane and they
collide. Immediately before the collision the velocity of A is (214 5))m s~ and the

velocity of Bis (21— 2))m st Immediately after the collizion the velocity of 4 iz
(3i+4j)m 7' Find

a the welocity of B immediately after the collision,

b the coefficient of restitution between the two spheres.

Solution:

a Conservation of mementum = 221 +57) +e(21 — 27) = 2 (31 +4)) + v
VEI2H242-2x3) +)(2x5-2-2x4)=10

b 51z brought to a halt in the collision = the line of centres must be parallel to the

original direction of motion of &, 16 Y a-1

I this direction,

speed of A before = ({4 +5j}.%(i—j) =%(2—5} = —3%
speed of A after = (3i+4j).%(i—j)=%(3—4)= —%

speed of B before = 2\.!5
speed of Bafter =0

| &

1
=

Therefore the impact law gives =g =

3%+2J§
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Exercise B, Question 15

Question:

A emooth uniform sphere A, moving on a
smooth horizontal table, collides with an

identical sphere & which is at rest on the
table When the spheres collide the line
joining their centres makes an angle of

45" with the direction of motion of 4, as

shown in the diagram. The coefficient of

restitution between the spheres 1z . The direction of motion of 4 1z deflected through

142

an angle @ by the collision. Show that tanf = :

Solution:

|II 457 ", I'.'I

i—g

| ;.:-.'--"' i f
! Lo /
B / \'\-5_ __,/
¢ % - —
'\'5{' ", :

-
[ g >
uwsin 45 | v W

\J/

Parallel to the line of centres, using conservation of meomentutn and the law of

restitution gives mucos 45" =mv+rov and w—v=eucosdd”

By subtracting
2v =ucosdd (1—g)

, _uN2(l-e)
4
b = wsin 45 _ 2
(unf2(1-9) | 1-¢
e
Loy
f s g tanc—tan 43 1, ~_Z-l4+e _l+e
I+tancrtands” |, 2 1-e+2 3-s
1-¢2

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\m4 2 b 15.t

Pagel of 1

3/24/201.



Heinemann Solutionbank: Mechanics 4 Pagel of 1

Solutionbank M4

Edexcel AS and A Level Modular Mathematics

Elastic collisionsin two dimensions
Exercise B, Question 16

Question:

V13 ms!

VS ms-!

Two stmooth uniform spheres 4 and B of equal radius have masses 2 kg and 1 kg
respectively. They are moving on a smooth horizontal plane when they collide,

Immediately before the collision the speed of 4 15 -.,I"E m s”! and the speed of B is

Jl_Bm 57! When they collide the line joining their centres makes an angle & with the
direction of motion of 4 and an angle S with the direction of motion of B, where

tan a=% and tan 3 =%, as shown in the diagram abowe. The coefficient of restitution

between A and B 1= é—
Find the speed of each sphere after the collision

Solution:

W3 sin

Y13 sin 8

Before collision, components of velocity of 4 are 1m s perpendicular to the lines of
centres and 2 m s parallel to the line. The components of the velocity of B are

Zm s ! perpendicular to the line, and 2m s ! parallel to it
conservation of momentum: 22— 1x2=1xw—2xv, 2 =w— 2v
lawr of restitution: wH+v=e2(2+2),w+v=42=2

solving the simultaneous equations = w=2,v=10

= speed of A is 1m 5! and speed of Bis /3% +2° =~Jr]_3m 57!
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Exercise B, Question 17

Question:

A smooth uniform sphere B 15 at rest on a smooth horizontal plane, when it 15 struck
by an identical sphere A mowing on the plane. Immediately before the impact, the line
of motion of the centre of A iz tangential to the sphere B, as shown in the diagram

abowe, The coefficient of restitution between the spheres is ;— The direction of motion

of A 1 turned through an angle 8 by the impact.

33

Show that tan d = T

Solution:
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e SI0

L 11

: : . 1
Tangent perpendicular to radive = sino ==

Initial components of velocity of 4 are wcosz o parallel to the line of centres, and
sgin o perpendicular to the line of centres.

i otnentutn = M cos of = B+ Bt
WCOSCl =vV+wWw

impact = w—v = eau cos
subtracting gives

un:osu| 1—%| ﬂ,,g/% 5
2V SurCosr—eucosc V= L [ = =
2 2 B
B
i 5111 0F =y kil
= tan{H 4+ = : uﬁ =5
B
i o |i|
tan @ = tan(f +cf) — tan o _ ﬁ 3 ﬁ _E\E
1+ tan (6 +of) tan o 1+i L |ﬂ| 7
NERNE 3 |
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Exercise C, Question 1

Question:

A smooth sphere & 15 movwing on a smooth horizontal plane with speed & when it
collides with a smooth fized wertical wall. At the instant of collision the direction of

motion of & makes an angle of 45" with the wall. Immediately after the collizion the

speed of 51z %1:; . Find the coefficient of restitution between 5 and the wall.

Solution:

E 1:4?”c:osu=u cosds”

— A : .
law of restitution « ?sm o = g1 sin 45

squaring and adding:

D AANNNNNNNSRNNNNY

16 L1 &)
:u s, —
25 |L2 2 |
i
E=1+e?2
25
-1-“’ T"‘ ozt _’\E
et e s —
5 25 5
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Elastic collisionsin two dimensions
Exercise C, Question 2

Question:

A zmall smeocth ball of mass %kg 1z falling wertically. The ball strikes a smoeoth plane

which iz inclined at an angle o to the horizontal, where tan o = 15—2 . Immediately

before striking the plane the ball has speed 5.2m 571, The coefficient of restitution
between ball and plane iz 41—1 Find

a the speed, to 3 significant figures, of the ball immediately after the impact,
b the magnitude of the impulse received by the ball as it strikes the plane.

Solution:

EBefore the collision:
a Considering the component of velocity
parallel to the plane:
3

Hsn=52x_—_=2

HCTREE

sz

Perpendicular to the plane:

12

v =eu cost.f=lx5.2 x—=12
4 13

speed = 422 +1 28 =f544=233m 5!

After the collision:

b Tmpulse =%(1_2--- (—4.8)) =3 15

ITE3 11174
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Exercise C, Question 3

Question:

A zmall smecth ball of maze 500 g iz moving in the xy-plane and collides with a
stmooth fized vertic al wall which containz the line x4y =23 The velocity of the ball

just before impact is (—4i — 2j)ms ™. The coefficient of restitution between the sphere
and the wall is ~. Find

a the welocity of the ball immediately after the imparct,
b the kinetic energy lost az a result of the impact.

Solution:
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a Suppose that v=a+b where a is parallel to
the wall and b iz perpendicular to the wall,

% {—1+]) 1z a unit vector parallel to the

wall and % 1477 15 a unit vector perpendicular to the wall.

" a= (—4i—2j).é(—i+j) %(—Hj)

1 1
= (A= 2) X (i +§) = (- +)
NE 45
1
A =——[(- -2 =1 +]))]—=1+71)
2 J‘ 7
1
= (=) —=(+])
2 J_ J_
3
i+
2( 1)
3 1 5
so v+ +={1+)1=—=1+—]
(—1+1) 2( 1) 5Lt
. L
b K.E.beformmpact:E-E-(ﬂf +2%1=15
i, 50 LEPNE s 4 L2613
EE. aﬂ:erimpact——/—/|_|+|_| o S W
2727 z2) 2] |Ta"a s
13

EE lost= S—E—B 75T
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Elastic collisionsin two dimensions
Exercise C, Question 4

Question:

A small smooth sphere of mass m is moving with velocity (614 3 m s~ when it hits
a smooth wall. It rebounds from the wall with velocity (21 —2jm s~ Find

a the magnitude and direction of the impulse received by the sphere,
b the coefficient of restitution between the sphere and the wall.

Solution:

(61 - 3jhm s

(2i-2j)ms
I
a 1I=wmv—prpm
=m{{21— 27)— (61 + 370}
=mi{—Hh- 5]}
The impulse has magnitude mafl6+25= m«fdﬁ M inthe direction parallel to the
. 1
unit vector ——={—1—577.
7
b Component of (61 +327) parallel to the impulse
1 1
=[{f1+3)) —— (-] x—— (- -3}
7 7
1 1
= (=24 -19) ¥ —=(—h— 53]
I Ry
Component of (21— 27) parallel to the impulse
1 1
=[(a1—2)) = {—h-3))]*——={—h-3))
N V41
1 1
= (B 4+10) = (=1 =57
I 7

law of restitution
20 ” 39

RS RRNT]
2

39

g =
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Elastic collisionsin two dimensions
Exercise C, Question 5

Question:

Two small smooth spheres 4 and B have equal radii. The mass of 4 1z 4pe kg and the
tnass of B iz me kg The spheres are moving on a smooth horizontal plane and they

collide. Immediately before the collision the velocity of A is (214 3)m s~ and the
velocity of Bis (31 —j)m 571 Immediately after the collision the velocity of 4 is
(34 2j)m 7", Find

a the welocity of B immediately after the collision,

b aunit vector parallel to the line of centres of the spheres at the instant of the
collision

Solution:

a Conservation of momentum =
dpa(20 + 310 + (B — ) =dm( 5+ 2)) + mrv

Vi %2+ 153 4% Hj(Ax3-1x1-4%2) = i +3
b Tmpulse on A=4m((3i+2) — (20 +3))) = dmli— )

2. . : .
= ?(1—]} iz a unit vector parallel to the line of centres.
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Elastic collisionsin two dimensions
Exercise C, Question 6

Question:

A smooth uniform sphere B 15 at rest on a smooth horizontal plane, when it 15 struck
by an 1dentical sphere A mowing on the plane. Immediately before the impact, the line
of motion ofthe centre of 4 iz tangential to the sphere B, as shown in the diagram

abowe, The coefficient of restitution between the spheres is % The direction of motion

of A 1z turned through an angle & by the impact.

s

Show that & =tan

Solution:
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74! Tangent perpendicular to radiug

. 1
= o =—

Initial components of velocity of A are
gooz o parallel to the line of centres, and
gein ¢ perpendicular to the line of centres.

Momentum = wa cos O = mv + wow where v 15 the welocity of 4 along the line

MCOSOE = v4w of centres and w the velocity of B along the
Impact = w—v = eu cost 11nﬁ.o.fc:antres inmediately after the
collizion.
i 2 i
ucoszf‘1—§| u/ﬁfl Nz
subtracting gives 2v = L Cosof — U COSO, V= 2 L= ;; 3 - u12

I" u ‘I
1§11 O ‘ 2 | &

(3 | _E )
|

= tan (A +o) =

23

»

1 [6-=11
RS tan (B +of) —tan o 2’\5_;’?-) _| V"? ‘_ 5 S\E

1+tan(f + o) tan o 1+2J§/i (1+2) 33 @

LEN]

H=tan1¥
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Elastic collisionsin two dimensions
Exercise C, Question 7

Question:

A emooth uniform sphere A, moving on a smooth horizontal table, collides with a
second identical sphere B which is at rest on the table. "When the spheres collide the
line joining their centres makes an angle of o with the direction of motion of A, as
shown in the diagram abowe The direction of motion of A 15 deflected through an

angle £ by the collision. Given that a=tan'1% and that the coefficient of restitution

between the spheres is e,
& +6e

17—8¢

show that tan #=

Solution:
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N

e
ri
¥ W
& sanr

Parallel to the line of centres, using conservation of momentum and the impact law
gives
B COS O = pO +Ew
and w—v= eucosc
By subtracting,
2w =pcosarx(l—g)
_du(l-e)  Zu(l-eg)
TTo T s

& S0 Of
f2ull—e)n
=5

3
2(1—g)

= tan (@ +0) =

3
g tan (H + &) — tan o __2(1-4
1+ tan{f + o) tan o 8 2
2(1-2) 4

3
4 12-6(1-8) _ 6+6e
8(1-e)+9 17-8e
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Elastic collisonsin two dimensions
Exercise C, Question 8

Question:

V2 ms-!
Two smooth uniform spheres 4 and B of equal radius have masses 2 kg and 2 kg
respectively. They are moving on a smooth horizontal plane when they collide.
Immediately before the collision the speed of A is ﬁm 57! and the speed of B is

2.5 ms ", When they collide the line joining their centres makes an angle e with the

direction of motion of 4 and an angle 3 with the direction of motion of 5, where

tan e =1 and tan 5= 2 as shown in the diagram. The coefficient of restitution

3
between A and & 15 %

Find the speed of each sphere after the collision.

Solution:

V2 sina

Before the collision, the components of the velocity of A are 1m 5! perpendicular to
the line of centres and 1m s parallel to the line.

The components of the velocity of Bare 1.5m 5 * perpendicular to the line, and

2m s ! parallel to it.

Conszervation of momentum: 2x1-3x2=3xw—-2xy, —d=3w—2v

Law of restitution: w+v=e(l+2), w+v=32=2

Solving the simultanecus equations —4 = 3w—2v and 4 =2w+2v

= w=0pr=2

= speed of A is +f1° +2° =~J§m s ! and speed of Bis 1.5m s

© Pearson Education Ltd 2C
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Elastic collisionsin two dimensions
Exercise C, Question 9

Question:

A red ball is stationary on arectangular billiard table SASC Tt i3 then struck by a
white ball of equal mass and equal radius moving with wvelocity 2 (—21 4 8)) where 1

and j are unit vectors parallel to G4 and OO respectively. After the impact the welocity
of the red ball is parallel to the vector (—1+4j) and the welocity of the white ball 1z

parallel to the vector (214430 . Prove that the coefficient of restitution between the

two balls 15 %

Solution:

5 =i+ j) r (20 + 4j)

(=2 + 8j)

Ceonservation of momentum:
w(—214+8)) = s(—1+3) +riZ1+4
= -2u=-—g+lrand Bu=s+4r
Adding = fu=6r r=u.s=49u
Line of centres 1z parallel to —1 +j (as this is the direction of the impulse on the red

ball).

In the direction of the line of centres

(—21+8;-|)-|E—1+;|) _ 1042 5
[(—1+73)] 2

component of (—21+5)) iz

component of (21 +4§) iz % =+/2 and component of (—1+j) iz «1'5

sousing law of restitution:
4:;«,.5—:;@ =g x 51;«,.5, 3\.'E= 5\.@@
2

g2 = —

5
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Edexcel AS and A Level Modular Mathematics

Elastic collisionsin two dimensions
Exercise C, Question 10

Question:

2u

Two uniform spheres, each of mass m and radius @, collide when mowing ona
horizontal plane. Before the impact the spheres are moving with speeds 2u and 2, as
shown i the diagram.

The centres of the spheres are mowving on parallel paths distance %ﬂ apatt.

The coefficient of restitution between the spheres is % Find the speeds of the spheres

just after the impact, and show that the angle between their paths s then equal to
-114

tan 7

Solution:
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N/

N/

EBefore impact the balls are mowing at angle o to
the line of centres.

. : .13
g=gint—Z=gin 12
momentm:

12
QU H—tuH—=v W= —

lawr of restitution:

3 8u Au ) Gu
WP =— _—_|:_
4l 5 5] B
Adding
EW:&:}J,W:%
5 2
122 3u S
—_= Y = —_——=
5 < 10

Bl 36 225 u

speedsare n, |—+—=u,]—=—
o 25 o 2

9 9 w29 329
and u, |-+ —=u = i
425 100 10

s
= 4
Directions relative to the line of centres are tan % =tan 1§ and
10
i 3 hl
1l 5 1_ 2 '
tan o tan 3 so the angle between the paths is
2 i
4 2 )
2z 5 fE0—60 14
tan ! 34 52 =tan 1| J=tan1—
it L 1osk8 ] 23
3 5]
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