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Review Exercise 1
Exercise A, Question 1

Question:

A particle P mowes in a straight line. At time ¢ seconds, the acceleration of 2 13
¥ ms? where £ 20 When £=0, P iz at rest. Show that the speed, vm s L of Pat

time ¢ seconds 15 given by

1
= E(Em -1 [E]
Solution:
dv
@ = o =e¥
Teo find the acceleration, you integrate the
J. 4— welocity with respect to time. Eemember to
include a constant of integration.
ent=10,v= EI

—

0 ==+4d= ﬂ——l
2

—_ D2

Hence v=§(|32:r -1, as required

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3Wmmt\sb\content\m3 revl a 1.h  3/4/201:


http://www.kvisoft.com/pdf-merger/

Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 2

Question:

A particle P mowes along the x-asiz in such a way that when itz displacement from the
origin O is xm, its velocity is vm s ! and its acceleration is 4xm s . When x=2,

v=4,
Show that v* =4x* [E]
Solution:
When the acceleration 15 a function of the displacement,
a = i lv:‘ =4y 4—— | xmetres, youwrite g= i[lv:’] and integrate both
dxl 2 dx 2
sides of the equation with respect to x.
151?2 = J.4x dr=2x*+A4

v =4x* + B, where B= 24 : ———
_ _ Ewven when, as here, the constant of integration 15 0, it i3
At x=2wv=4

s i GaE e ] eszential for vou to show how this follows from the
l6=16+5=5=0 infermation given in the question to gain full marks,

Hence
V=
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Question:
A particle P moves along the x-axis in the positive direction. At time £ seconds, the
1
velocity of Pis vm s and its acceleration is EE & m 5L, When £=0 the speed of P
is 10ms™.
a Ezpreszvin terms of 2.
b Find, to 2 significant figures, the speed of 2 when § =3,
¢ Find the limiting value of v, [E]
Solution:
1
11) i Taing J.eh de = Eeh +.4, then
" Ile—a’ =gt 1 -k 1 L 1 L
2 \ .[_E_E n::1£=—1|3_E +A=—Te_3 +.4
When ¢=0,v=10 2 23 (=) 3
I0=-3+4= A=13 !
RS =37 44
Hence »v=13- BE_EI
b "When =3
1
v=13-3 2 =11.180...
The speed of Pwhen £=3 is 11.2m s (3 5.£).
L
c Asf—omet >0 and v—=13 +— widlt
The limiting value of v is 13. Asfgetslarge, & % gets very small For
1
example, if £=120  then ¢ © ~ 2.06x 107
In this question, as £ gets larger, v gets closer
and closer to 13 and so 13 1z the limiting
value ofv,
© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

A particle P moves on the positive x-axizs. When OF = x metres, where O 1z the
origin, the acceleration of & 1z directed away from £ and has magnitude

[1— iz] ms . When OFP=x metres, the velocity of Pz v ms™'. Given that when

x
x=1,v=3“"2 show that when x=§,v2=§. [E]
Solution:
d(1 4
=—[—v2]=1——2=1—4x_2
dxl 2 x
%vg _ I'ﬂ 4 dx Multiplying the equation

%vz = 2x+i+ﬁ throughout by 2.
Es

4 4 ; ; ;
=x ——1 +Ad=x+—+4 Twice one arbitrary constant iz another
7 d arbitrary constant,

s 23r+E + 8 where 8=24

x
At x=1v=342 You use the information that at x=1,v=3v2 to
18=248+ 8= B=% evaluate the constant of integration & Tou then
s 2x+E+8 substitute x =§ into the resulting equation and
s 4
2 _
ﬁtx=§ show that v S

v = 2x§+8x2+8=11+E=E, as required.
2 3 303
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Question:

A particle F iz moving in a straight line. When F iz at a distance x metres from a fized
point & on the line, the acceleration of £ is (54 3sin 3x)ms™ in the direction OF.

Given that P passes through O with speed 4 m 57, find the speed of Pat x=6

Give your answet to 3 significant figures,

Solution:
di1
a=—[—v2]=5+35in3x
dxl 2

%v:{ = J.(5+33in Andr=5x—cos3x+A

v =10x— 2eos3x+ 8, where B=24
.n.‘lji.t x:tl,v=4 /
le=0-2+8= E=18

Tou use the information that at
x=10,v=4 to evaluate the constant of
integration B Tou then substitute x =46
inte the resulting equation and use your
calculator to find v,

Hence v* =10x—Z2cos3x+18

At x=46
v = 60-2c0s18+18=76679  4+— 10 |
v=~T76.679  =8756.

The speed of Pat x=6 is 8 76m s (3 a.f)

When calculus has been used, it 13 assumed
that all angles are measured 1n radians and
vou must make sure that vour calculator is
in the correct maode,
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Exercise A, Question 6

Question:

A particle P is moving along the positive x-axis in the direction of x increasing. When

2
{F = x metres, the velocity of Fis vm s and the acceleration of P is o

———m3:
(x +1)
where & i a positive constant. At x=1, v=10,
a Find v interms of x and k.
b Deduce that v cannet exceed 2.
[E]

Solution:

2
a a=i[lv2]= g =43 (x+1)"

dxl 2 (x+1)?
2 -1
Yoo (et a2 B0 oy
2 =1
]
Pl g ) ,where 8 =24

x+1

A x=1v=0

]
0=F- 8’; = B =4

2
Hence v* =4&* - i 43:2[] i]
x+1 x+1

Az Pz moving on the positive x-amis in the

h v="2k ,\] [ ] direction of x increasing, you need not consider
x+1 the possibility of a negative square root,

1 ; i . o
As xispositive, |- —— <1 4+————1 Az xispositive, —— 15 positive and one
x+1 1+=x
Hence v < 2k and v cannot exceed 26 | minus a positive number must be less than
ohe.
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Question:

A particle F mowes along the x-axis. At time £ =0, F passes through the origin &,
moving in the positive x-direction. At time £ seconds, the velocity of P is vm s~ and

OF=x metres. The acceleration of P is %(30 —x)m 57, measured in the positive

x- direction.

a Give a reason why the maximum speed of & occurs when x =30,

Given that the mazimum speed of P is 10m 57,

b find an expression for v* in terms of z. [E]

Solution:

a Atthe maximum walue of v, ? =10.
£

bz a =j£—v,the mazimum speed of P occurs when cz=l(30—x]|=0:> x=30.

drl 1
b a=—| v |=—(30-x)
12

dxl 2
e L mnemme [ 2 fa
2 12 2 1z
2 Wultiplying the equation Evz = Ex - % +.4
L o e S threughout by 2. Twice one arbitrary constant
iz another arhitrary constant.
At x=30v=10
200

100 =5x30——+7F
12

9010 An alternative form of this answer, completing the
8= 100—0—5—15[]: 25

p /,« square, is v =100—%(30—x}2 . This confirms
Henee +* =5x—E+25

that the speed has a mazimum at x= 30
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Exercise A, Question 8

Question:

A particle P moves along the x-amis. At time ¢ seconds the velocity of P is vm g™

Y and

; . il _ ; 5o ;
its acceleration is 2sin—fm s, both measured in the direction O, Given that v=4

when £=10,
a findvin terms of'Z,

h calculate the distance travelled by P between the times £ =0 and = %T [E]

Solution:

dv )
a ga=—=2=28n—{
di 2

o 1 1 2 1 1
v=J.251n5r.dz=—4|:osE£+ﬂ “ J.Esingf.dé=—Tcos§ﬁ+A=—4cos§z+A

TWhen f=0v=4
d=-4+ 4= A=8

Hence v=8—-4cos lz

1
Tzing the formula J.sinaf, di=——cosaf+ 4,
&

b

b The distance, s metres, travelled by F between

the times £ =10 and £ =% 1z given by

Pagel of 1

3=I2[8—4coslszi s
0 2
[a-son ]
=| B —8sin—{
2
3

—dm—Ssin L =dm— —

2
=dr—4d2=4(n -2

The change in the displacement of F between any two
times, say £ and £, , can be found by calculating the

definite integral of the welocity between the limits 4 and

¢y If P has not turned round, this will also give the
distanice travelled by P The patticle in thiz question does

d _
turn round when Ev =g =0 but that does not happen until

i=2m 5o Fdoes not turn round 1n the interval 0= =

ra|

The distance travelled by P between the times £=10 and ¢ =£2 is 4(m - 2im .
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Exercise A, Question 9

Question:

A particle P moves along the x-axiz. At time 7 seconds its acceleration s

{—4e™)m s in the direction of x increasing. When ¢ =0, P is at the origin O and is

moving with speed 1m 57 in the direction of x increasing.

a Find an expression for the velocity of P at tume £

b Find the distance of F fom & when F comes to instantaneous rest. [E]
Solution:
d
a a=—l=_4™
ds

y= —I4e'3’ de=2e M+ 4

At f=0v=1
1=2+ A= A=-1
Hence v=224 -1

b Fis instantaneously at rest when v=10.

0 =221 4

g = l = e =2
2 Take natural logarithms of both sides
I I Y %ln o of this equation and use the property

x= Iv dt =I(2e-2’ —Tyde

=—e¥-¢+8
When t=0,x=10

To find the speed when F 15
instantaneously at rest, you will need to
know the value of f when v=10.

that, for any x, ln(e™1=x

Using e” =1. It is a common
error to obtain B =0 by

D=-1-0+5=5=1 =

Hence x=1-e—¢

When.ﬁ=%ln2
1
midie B ki Bodo bt T
2
1
T
5
1 1

{
e B S e
5 g e gl

carelessly writing " =0,

Tsing the law of logarithms,
lna®=nlna with n=-1,

—lnZ2={-Dn2=In2" =1n%. Then as for

h
X, E

2

B3] -

hr _

oo o=

any x, e

The distance of P from & when P comes to instantaneous rest is ]Eﬂ_ In 2im .
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Exercise A, Question 10

Question:

Attime =0, aparticle P is at the origin & moving with speed 18m 57! aleng the
x-amiz in the positive x-direction. At time ¢ seconds (= ) the acceleration of P has

magnitude 57 and is directed towards O

3 m
V(t+4)
a Show that, at time £ seconds, the velocity of P iz [30 - N"(i +4}:|m g [E]

b Find the distance of P from & when P comes to instantaneous rest.

Solution:
£ dy
Asthe acceleration 15 towards &, T
1 o : e
a a= ﬂ —_ 3 =3 _'_4)“; +— | which iz always measured in the direction
de At +4 of x increasing, is negative.
1

1 3 I

y= —BI(z O P ) N S R
7

TWhen t=0v=18

18= A—6x 2= A=30

Hence
1

v=30—6(+4)2
The wvelocity of P is [30 —64 +-4):| m s, as required.

1
b 0=30-6( +4)7

1 There are three steps needed to solve part
E+d?=5=i+4=25=¢t=21 *+— b.First you must find the value of ¢ for
i 1 which F iz instantaneously at rest; that is
V:EZBO_@@"‘&UE when v=10 You must alse find x in
" terms of ¢ by integrating the expression
1 6 +4)2 vou proved in part a. Finally you
= I 30— 6 +4)* |dt =306 ———=——+5 | substitute your value of ¢ into your
3 expression for x. Tt is a characteristic of
3 harder questions at this level that you
=30 —-4(i+412 + B often have to construct for yourself the
When i=0,x=0 steps needed to solve aproblem.
3

0 =0-4x 42+ 8
3
B=4x42=4x8=32
3
Hence x=30—4(t +412 +32

When =21
3

x=30x 21—-4(25)_2 +32=630-500+32=162
The distance of F from & when £ comes to instantaneous rest 15 162 m.

© Pearson Education Ltd 2C
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Exercise A, Question 11

Question:

A particle P starts at rest and mowes in a straight line. The acceleration of P initially
has magnitude 20 m 5™ and, in a first model of the motion of P, it is assumed that this

acceleration retmains constant,
a Forthiz maodel, find the distance moved by P while accelerating from restto a

speed of 6m s
The acceleration of F when it is x metres from its initial positionis @ m s and it is

then established that @ =12 when x =2 A refined model 15 proposed in which
@ = p—gx, where p and g are constants.
b Show that, under the refined model, p =20 and g =4.

¢ Hence find, for this model, the distance mowved by P in first attaining a speed of
6ms [E]

Solution:
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a u=0g=20v=6s5="7
V=t oy e————
36=0+2x20x s

— 28

The model in partt a 15 that of constant acceleration,
which yvou studied in module M1, The specification
for M3 includes 'a knowledge of the specifications
for M1 and M2 and their prerequisites and associated
formulae iz assumed and may be tested’

0.8

=

For the first model, the distance moved by & while accelerating fromrestto 6 ms”

15 0.9 m.
h a=p—gx
At x=0a=20

d=p-—0= p=20
Hence a=20—¢gx
At x=2a=12

12 :20—2g::-g:20_12:

p=20,g=4, as required.
d1
€ =—[—v2]=20—4x
dxl 2
1 4
2

4

1

The initial acceleration is 20m s . This

applies to all parts of the question.
Addtionally in part b, you are given that
@ =12 when =2 The two conditions
enable vouto find the two unknowns p
and ¢

—p¥ = I(20—4x}dx= 20x—2x 4+ 4

v =d0x—4x + B, where B=24

At x=0v=0
0=0-0+8= F=10
Hence v =40z -4
When v=146

Divide this equation throughout

/ by 4 and factorize.

36 =40x—d4x* = 42 —40x+36=10

2 -10x49 = (x-D(x-5=0
x=19%

The distance moved by F in first attaining a speed

'\ Comparing this with result in part a, the

of fmstislm

© Pearson Education Ltd 2C
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Exercise A, Question 12

Question:

A particle moving in a straight line starts from restat a point O attime £=0.
At time ¢ seconds, the velocity vm 57 is given by

-4, 0=Z=¢f=5
v:

787, 5<£=10

a Sketch a welocity - time graph for the particle for 0= =10
b Find the set of walues of 2 for which the acceleration of the patticle iz positive.
¢ Show that the total distance travelled by the particle inthe interval 0=2<5 13

39m
d Find, to 3 significant figures, the value of £ at which the particle returnz to O [E]

Solution:
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In the interval 0=¢=5, the graph is partof a
parabola which meets the £-axis at the origin and
where ¢ =4,

In the interval 5 < £=10, the graph is a segment of
a hyperbola joining (5, 120 to (10, 7.5).

O

b The set of values of £ for which the acceleration
1spositive 18 2 =<5

-~

4 4
I 3t —4)de :I (%* —1260de
1]

10 £ (s)

The acceleration 15 positive when the
velocity—time graph has a positive
gradient. By the symmetry of a
parabola, the graph has a minimum
when § =2 and the set of values of £ for
which the gradient is positive canbe
written down by inspecting the graph,

i}
[-60]
= (64-96)—0=—-32

.‘—
5 5
I 3tz — 4) ds =I (3¢% —126)ds

4 4

=[£- 6521
= (1251500 - (64 — 9&)
=7
The distance travelled by & in the interval
02515 B2+ Nm=3%m.

Fori=s

x=J.vd.ﬁ=J.75ﬁ'ld£

=75lni+ A

Taking the direction of v increaszing
as posttive, for the first 4 seconds
the particle travels 32 m 1n the
negative direction. In the next
second, it travels 7 m in the positive
direction. So in 5 seconds, it travels
atotal of (32+7m ending ata

point which 1z (32— "7m fom O in
the negative direction.

<7 m=
/.-h

Attime =5, the particle 13 (32-Tim =25m
from O in the negative direction.

Sowhen §=5, x=-25

=25="T5ln5+Ad= A=-73n5-25

Hence
£
x=?51115—7"51115—25=?51n[gj—25 |

At x=1

Tzing the law of logarithms

1na—1nb=1n[i}
b

£
Tolni=75n5="751ni~1n 5 ="75n [E]

0= ?5111[

Lh|

5]_25:'11{2]:% \

1
=56 =698 (3:.f)

il =

[

LR | =

You solve this equation for £ by taking
exponentials of both sides of the

(3)

equation and using e

Lh | s
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Exercise A, Question 13

Question:

A particle P moves along the positive x-ams. When OF = x metres, the velocity of P

: z . o 7 . oL : :
iz vm s and its acceleration is Wm s in the direction of x increasing
x+

Tnitially z=1 and P is moving toward O with speed & m s, Find

a vinterms of x,
b the minimum distance of F from O

Solution:
d 1 2 ?2 -2
voes E[Ev J= GagDE At To integrate (2x+1)7, you can use
1 the formula
lv2 = I?2(2x+1)'2 dx = M e (ax +&)""
2 2xi-1) % J.(ax+b)” dr=r—— 4
o aln+1)
=A-
2x+1
w=5- i ,where 5=24
2x+1
At x=1v=-%
b =h- % = =640
Hence +v* = 60— de
2x+1

i g dx
b At aminimum value of x, — =10 i i . i
di In this question, it is not practical to

ad so v=0. find x in terms of £ However, to find
Substituting v =10 into the result of part a the minimum valve of x, this 15 not

79 70 necessary. The minitnum is a
0=6&0-

Sl = Srr] stationary walue and at a stationary
dx L .
_12-1 value E which 1z v, 13 Zero

=01

2x+1=E=].2:> x
60

The minimum distance of P from @15 0.1 m.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

A particle mowes on the positive x-axizs. The particle 15 moving towards the origin &

. . . i .
when it passes through the point 4, where x = 2a , with speed -\/ (—] .where k iz a
a

constant. Given that the particle experiences an acceleration T3 +4—2 in a direction
x i

away from O,

a show that it comes instantane ously to rest at a point 2, where x=a .
Az zoon as the particle reaches B the acceleration changes to e ina
x i

direction away from O

b Shew that the particle next comes instantaneously to rest at A, [E]

Solution:
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s k k5 k&
a a=—| =V |S—mt+t-—F==x +—5
dxl 2 2x° Ao 2 e

-1
lvg =I[Ex_2+inx=Exx_+E+ﬁ

2 4a’ 2 -1 da?
ko k=
B - e
2x  HAa
e —E+E2+B,Where B To show that the par_tic:le cofnes
r O to rest at A, you use integration to

I obtain v* in terms of x, and then
At x=Zav=- '\] = substitute x =a into your

e :
expression and show that v=10.

i ko 2k
s ek
& 2a  Za
a Z2a a 24
Hence +* ——E+£2—0—i
X Zat Za
At x=a
9 ko k ki K ok
P = —— _2 TR e L _t =
a Zda’  2a @ 2a Za
The particle cotnes to instantaneous rest where x=a.
di1 4 & ko k 45 ok
dxl 2 2x°  da 2 da

-1
lvgz‘[[fx_g—ig]dxzixx_—ﬂg+c
2 2 Je 2 -1 4a

ko k= o
B _ﬂ_ ﬁ-’_ Altheugh the acceleration changes at B
§ A you can assume that the velocity is
Vv = —;— Fw/ continuous and that the final velocity, 0,
N D in patt a is the initial velocity in part b
0 =—E—£+D:s D=E
o s & There are a numb er of different ways
Hence of completing thiz question. The
sk x5k _ ~2ka® — ka® + 3kax solution shown here puts all of the
x 2a° Za 2a’x terme on the right of the equation
3 i s U - over a common denominator and
- Sy (2" = 3ax+2a") =~ Saix (x—a)(x—2a) | factorises the resulting expression
When v=0,(x—a)(x—2a)=10
x=a,la < j
After leaving B, the particle next comes to rest at A, £ gontipeads ImEpont L .
ohetE Fiang. and x=2a corresponds to the point
A

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

A car s travelling along a straight horizontal road. As it passes a point & on the road,
the engine 15 switched off. At time # seconds after the car has passed &, 1t 15 at a point
Fowhere OF = x metres, and itz velocity 15 vm ¢! The motion of the car is modelled
by
1
P gl
where p and ¢ are positive constants,
a Show that, with thiz model, the retardation of the car is proportional to the square
of the speed.
When £ =10, the retardation of the caris 0.75m s~ and v=20.
TTzing the model, find

b the value of g and the value of g,
¢ xinterms of £

Y=

Solution:
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a v= L =(p+gt)’
g

P tgi
azﬂzq—lj (p+at)™
o g(p+q

g 2
=——=—gv
(p+gt)’

=0 the deceleration iz propottional to the
square of the speed.

The deceleration 1z the negative of the
acceleration. If & =", for any constant

i, then d is proportional to +".

The zquare of the speed and the square of the
velocity are identical because, for example,

(—20)% = 20°

Page2 of 2

bh When i=0,2=-075 and +=20
a=—gv
ALk —_— 2
HaA g2l The exact decimal answers
gZE ng 3 & | »=005 and g =0.001875 are
4 200 1600 also acceptable.
o= 1
ptagl
When f=0v=20
r 20
N W -
#7207 Te00
dx 1
c v=—=
dft  ptgi
1 1
x= di=—In(p +g)+.4
P gt o
= —16??01n[%+—16300:]+ﬂ
This expression can be simplified
When ¢ =0, x=10 using the law of logarithms
1600 1 1600 1
0 =Tln[ﬁ]+ﬂj A=- Tln[ﬁ] lnae—Ink= lng. Howevwer, as the
1600 1 3 1600 1Y | auestion specifies no particular
Hence x= 5 ln[ﬁ+_l600£] g 1H[EJ form fo; the answer, an
unsimplified answer or an answer
with decimals would be accepted.
1 4 2 ;
_ 1600, | 20 1600
3 1
20
x= 16001n[]+%£]

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 16

Question:

A particle of mass 0.8 kg is attached to one end of a light elastic spring, of natural
length 2 m and modulus of elasticity 20 M.
The other end of the spring 15 attached to a fixed point & on a smooth plane which is

: : ]
inclined at an angle @ to the horizontal, where tan &= =

The particle 15 held at a point which 15 1.6 m down the line of greatest slope of the
plane from O, as shown in the figure. The particle 15 then released from rest. Find the
initial acceleration of the particle. [E]

Solution:

Initially the spring is in
LY ¥
\ ;‘h——“—-k—___,_‘___ﬁ cotnpression and the force of the
o spring on the particle is acting
’,'[ 0.8¢ down the plane.

_a

Let the thrust in the spring be Tnewtons.
Ax

Hoolke's law T = T

i The compression is

_ 20x04 % (2-1.6)m=04m,

2
Ei) F=wma

mgsina+‘T’=/n’ﬂa//' When you know tana vou can draw a
triangle to find cosa and sine .

0.8x9.8x§+420.8@ 3 5
0.8z = 8.704 i

a=10.88 sine 4

3
2
Il

The initial acceleration of the particle

[ [ S [ S T |

Cosdx

iS 11ms_1 (2 Sf:] \

Az you have used an approximate value of g,
vou should round your answer to a sensible
accuracy. Either 2 or 3 significant figures is
acceptable.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 17

Question:

The figure shows a particle P, of mass 6L, suspended by two light elastic strings from
points A and B which are fized and at a horizontal distance 2/ apart. Each string has

natural length [ and P rests in equilibrium at a vertical distance ;f kelow the lewvel of

AL Determine
a the tension in either string,
b the modulus of elasticity of either string. [E]

Solution:

file://C:\Users\Buba\Desktop\further\Mechanics 3Wmmt\sb\content\m3_revl a 17.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Page2 of 2

a Let the angle between P4 and the vertical be o

{4 ; 4 3
tang = =—=siha=—,cosa =—
=1
Let the tensions in AP and BF be T newtons. By symmetry, the tension in both
E(M 2T cosar = 60z strings is the same.
2Tx§ = 6Mg

r= 6ng§=5Mg

The tension in both strings 1z 50z

y
h oARi=}? .,{E;] = E;ﬂ = AP = E; 4 You use Pythagoras theorem to find the
4 1 4 length of one of the strings and use this
_ (5 1 length to find the extension of the string.
The extension of AP iz [ZE_E J= Ef

Hooke's law T = E Ag wou know the tension in the string from part
: | / a, you catt uze Hooke's law to find the modulus
5Mg=lx¢£ :i of elasticity, A,
J 4

The moduluz of elasticity in either string i1z 200z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 18

Question:

120 cm

A particle of mass 5 kg is attached to one end of two light elastic strings. The other
ends of the string are attached to a hook on a beam. The particle hangs in equilibrium
at a distance 120 cm below the hook with both strings vertical, as shown in the figure.
One string has natural length 100 cm and modulus of elasticity 175 N, The other string
has natural length 20 cm and modulus of elasticity Anewtons.

Find the value of A. [E]

Solution:

+— You must consider the two strings separately. Here
the string of natural length 100 cm 15 drawn on the
left. The extension of this string 15

T LT, (120—100cm = 20 cm and the tension in this
string is taken as 7] newtons. The string of natural
length 20 cm is drawn on the right. The extension
of thiz string 15 (120—-90cm =320 cm and the

tension in this string is taken as 7, newtons.

For the string of natural length 100 cm

Hooke's law T = %

s 175% 20 _ 35
100
For the string of natural length 90 cm
Hooke's law T=%
7= Ax30_ 4
an 3

R(M T +T, =5g
355t 5508
3
A=3(5x9.8-35=42

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 19

Question:

A+—I(03m = [

4 m

PN
¢

The figure shows a particle C of mass 2 kg suspended by two strings. The strings are
fized to two points 4 and & on a herizontal ceiling, where A5 =03m  The string AT
1z light and inextensible, with length 0.4 m, while the string 27 1z light and elastic
with natural length 0.4 m and maodulus of elasticity 32 1. 4 horizontal force of
magnitude P M holds the system in equilibrinm with AC vertical
a Show that the tension in 5C 13 31
b Find the value of 2.
¢ Find the tension in AC [E]

Solution:
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a Let 80 =zm
H=032404=025= x=05

The extension of 5015 (0.5—04m=01m.

Let the tension in 50 be 7 newtons

Hooke's Law T = %

T=32x0.1=8

1
0.4
The tension in BC 15 8 M, as required.

h Let ZACE =
4

tanot =—— = — = sina = —,cos = — 4
04 4 5 5
E(—=) FP=Tsina
=8x§=4.8
5

c Let the tension in AT be 7, newtons
R(T L +Tcosa =2g

T, =2x 9.8—8)(%:]3.2

+— B 15 an elastic string and,

to find its tension, you need
to know its extension. You
use Pythagoras™ theorem to
find the length of BC and
subtract the natural length to
find the extension,

To resolve, you need to know the
sines and cozines of an appropriate
angle. The dimensions of the
triangle AFC enable you to find
these.

The tension 15 AT 15 1321 +

© Pearson Education Ltd 2C

When a numerical value of g 13
used, 2 or 3 significant figures is
acceptable.
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Review Exercise 1
Exercise A, Question 20

Question:

A light elastic string, of natural length 7 and modulus of elasticity dang, has one end
tied to a fized point A The string passes over a fized small smeoth peg & and at the
other end a particle P, of mass #, 1= attached The particle hangs in equilibrium. The

distance between A and B 13 f and A5 1z inclined at 60° to the vertical, as shown in the
figure.

a Find, in terms of /, the length of the vertical portion BF of the string.
b Show that the magnitude of the force exerted by the string on the peg 1z mg 3.
[E]

Solution:

Pagel of 2

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\content\m3_revl a 20.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Page2 of 2

Az the string 15 light and the peg 1z smooth, the
tension, T say, 15 the same throughout the string.

a Let BF=x
For the particle P

BT T=mg

Hoolee's law

P /?._x 4—— | Az the natural length of the string 12 7 and
{ Af =1, the length BF iz the extension of the
i dmgw x string,
{
{
x 1 oA
4
o i
4

h Eesolwing aleng the bizector of the angle
between the two portions of the string

E(7) R=2Tces3l" = Az both parts of the string exert the same force

2 Tonthe peg, by symmetry, the resultant force
= Zmgx — ot the peg acts along the angle bisector of the
2 angle between the two portions of the string
Tou find the magnitude of the resultant force,

fsay, by resolving along this angle bisector.

= mg 3, as required

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:

(e 4
1 i

Ared AR, of mass Zm and length 2e, 15 suspended from a fized point O by two light
strings AT and BT The rod rests horizontally in equilibrivm with AC maling an angle

& with the rod, where tan £I=§ , and with AT perpendicular to £C, as shown in the

figure.
a (ve a reason why the rod cannot be uniform.

b Show that the tension in BT iz %mg and find the tension in AC

The string 5 15 elastic, with natural length ¢ and modulus of elasticity keeg, where &
15 a constant.

¢ Find the value of k. [E]

Solution:
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2me

a The line of action of the weight must pass
through C which is not above the centre 4| For three forces to be in equilibrium the
af the rad lines of action of all three forces must

pass through the same point. As the

3 _ lines of action of both tensions pass

b tan = 2 T I 5 D 5 through ), the line of action of the

weight has to pass through C as well

Let the tension in AT be T newtons and the .
and so the rod cannot be uniform.

tension in BC be T newtons.

Ei—=) Tcosa=Tana

4 3 2
g?i ngz:‘ 7 =ZT2
E(T Teana+Tcosa = 2y «—

You substitute 7 = ;?5 and the values of

3 3 4
—Lx=+Tn—=2mg _ _ : ;
4 3 3 sinea and cosa into this equation and solve
8 4 5 tor 7,
—+— |L==T =2m
[20 5] i o
8
L= gmg

The tension in AC 15 %mg.

¢ BC=Afsina =2axE=Ea You find the length of 20 by
303 trigonometry. Then the extension
For C 4 of the elastic string 57 13
Hooke's law T;=—x éa—a::la
o ngla
—mg = 9 =8
] a

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3Wmmt\sb\content\m3_revl a 21.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 22

Question:

. FiN

A particle of mass 0.8 kg is attached to one end of a light elastic string, of natural
length 1.2 m and modulus of elasticity 24 M. The other end of the string 15 attached to
afized point A A horizental force of magnitude 7 newtons iz applied to & The
particle 12 1n equilibrium with the string making an angle &0° with the downward

vertical as shown in the figure. Calculate
a the value of &,

b the extension of the string,
¢ the elastic energy stored in the string. [E]

Solution:
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R(T) Toost0'=08¢g ‘/ Eesolving vertically gives you the
1 tension in the string.

~T=08g=>T=16g

R(«) F=Tros30"=16gx E 1 Gubstituting for the tension into
the equation obtained by

=15579._. resolving horizontally gives the
=14 (2sf) value of F.
h Hooke's law T= %
16g= & +— Lubstituting for the tension inte
' 1.2 Hooke's Law gives vou an
eruation for the extension
:].6 5:1.220.?84 e

The extenszion of the string 15 078 m (2 5.1,

¢ The elastic energy stored in the string 12 given by

2
= ‘q‘i “ Tou need to remember the
2 formula for the energy stored in
5 ; ;
- BANIETRT € 146 56 an elastic string,
2nl

The elastic energy stored in the string 15 6.1 J (2 2.£)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

A - 2dl >

P

Two light elastic strings each have natural length & and modulus of elasticity 4. &
patticle P of mass me 15 attached to one end of each string. The other ends of the string
are attached to points 4 and &, where A8 iz horizontal and A8 =24 . The particle is
held at the mid-point of A8 and releaszed from rest. It comes to rest for the first time in

itz subsequent motion when FA and P5 make angles @ with A5, where tan .::E=% , s

shown in the figure. Find A interms of s and g [E]

Solution:
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" W S | |
Nt | W When F comes instantaneously to rest, it i not in
{\ J,f equilibrium and so the gquestion cannot easily be
Nk / solved by resolving. It 15 a common error to attempt
X‘\.\ ;_f" the solution of this, and similar questions, by
\N | / resolving.
\|/
Yp
When you know tan o vou can draw a triangle to find
fan o = —=-cosa =— FOR
4 /|
Let the distance fallen by Phe & fane = 3 . //
3 Vi 4
cosa = — /
5 /"-\_I I3 I
3
4
h=atang =2
£
da Y 254
AP =F+at=| — | +4° =
3 9
Sa
7 [ P,
3
When F first comes to rest the energy stored in
otle string iz given by
2
= “?‘i The extension in one string 1s
. / Sa
2 AP —natural length = — —a
1 2a 3
_ 3 ) _ 2da Lo
2a 9 e

“When F first comes to rest the potential energy
lost 1z given by

mmgh =mgx%a

Conszervation of energy
Elastic energy gained = potential energy lost «——— Initially P is at rest and, when it has

dda _ dimga Sa .. . _
o = 3 fallen — | it is at rest again So there is
e demga 7 2 no change in kinetic energy. Elastic
3 & Ao £ energy is gained by both strings and

potential energy 13 lost by the particle.

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

A particle F of mass w2 15 attached to one end of a light elastic string, of natural length
a and modulus of elasticity 2 éemg. The other end of the string 1z fized at apoint Dona
rough horizontal table. The particle 15 projected along the surface of the table from &
with speed ‘I(Eag) At ats furthest point from O, the particle 1z at the point A, where

4
OAd=—a .

3
a Find interms of 2, g and a, the elastic energy stored in the string when F iz at A
b TUsing the work—energy principle, or otherwise, find the coefficient of friction

between & and the table. [E]
Solution:
ol (00
' (cag) R 1
[ - | L] ‘_1.
() F mg

a At.A, the elastic energy stored in the string is given by
s
2
12
3.6mg x(;a)

i
&%

At A the extension of the string 13
2a 4 1

zo_zmga — ==

b The total energy lost 1z

%m:"— 0. Zege = %x 2ag—02mga 4| As Fizatrestatd, the netloss of

energy iz the loss in kinetic energy

= 0.8mga minuz the gain in elastic energy.
At any point 1n the motion
E(T) R=mg
The friction 15 given by By the work—energy principle, the net loss in
F=uR=umg energy is equal to the work done by friction.
By the work—energy principle Tou find the work done by friction by

4 multiplying the magnitude of the friction, geg |
0 Bmg = ymgr —a 4
3 by the distance the particle maowves, ga. This

4 = 0.8x o =056 gives ¥ou an equation in g, which you solve.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 25

Question:

A particle P of mass #2 15 held at a point A on a rough horizontal plane. The coefficient
of friction between P and the plane iz % . The particle iz attached to one end of a light
elastic string, of natural length @ and modulus of elasticity deeg. The other end of the
string 15 attached to a fized point O on the plane, where 04 = ;ﬂ . The particle F is

released from rest and comes to rest at a point B, where OF <= Using the

wortk—energy principle, or otherwise, calculate the distance A5 [E]
Solution:
=g 3 il H
A
o B F mg

At any point in the motion

ETY R=mg
The friction 1z given by

F=puR= Emg
3
At A the elastic energy stored in the string 12 given by
Ax?
2
drmg x(l a)z / At A, the extension of the string 1z
- ¥
Za E @ = la .
1 2
= —mga
2
By the work—energy principle
1 2
Emgﬂ = gmgxﬂﬁ +— WWhen F comes to rest, as OF < a, the string is slack 20 all of
the elastic energy has been lost This lost energy must equal
AR = Ea the work done by friction, which 1s the magnitude of the
4

friction, %mg , multiplied by the distance moved by &, which
15 AB.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 26

Question:

Cne end of an light elastic string, of natural length 2 m and modulus of elasticity
19.6 I, 15 attached to a fized point A, A small ball B of mass 0.5 kg 15 attached to the
other end of the string. The ball 15 releaszed from rest at 4 and first comes to
instantaneous rest at the point O, vertically below A4

a Find the distance AC

b Find the instantaneous acceleration of & at [E]

Solution:

Pagel of 2

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\content\m3_revl a 26.F 3/4/201:



Heinemann Solutionbank: Mechanics 3

2m

xrm

c

In solving nearly all questions
invelving elastic strings and springs
vou need to find the value of, or an
expression for, the extension If no
symbol 15 given in the question, you
should intreduce a symbol, here x m,
vourself

D5gy

a Let the extension of string when 5 1z at C' be x m.
Conservation of energy

elastic energy gained = potential energy lost

19 6x°

=05x598032+x

In falling from A to O, the ball mowes
a distance of {2+ 2)1m and so the

potential energy lost 15, in Joules,
mgl2+x).

49x8 =4.9(2+x)

For there to be elastic energy in a
string, the extension must be
positive, so you can discard the
solution x=-1.

F—x—2=0
(=2 (z+1)=0 ¢rfﬂf”ﬁf;ﬂfﬁﬁfﬂfd
x=2
AT =4m
b AtC

Hooke's law

mg—T = ma
05%x58-196 =05

05x%3-1946
a=—— =

0.5 B
The instantaneous acceleration of B at &

is 294 ms™ directed towards 4.

294 +—

The negative acceleration shows
vouthat the acceleration is in the
direction of x decreasing, that iz
towards A,

© Pearson Education Ltd 2C
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Question:

A light elastic string AFS of natural length 1.5 m has modulus of elasticity 20 I The
end A 1s fized to a point on a smooth horizontal table. A smallball 5 of mass 0.2 kg iz
attached to the end B Initially 5 iz atrest on the table with A% =15m. The ball &1z

then projected horizontally directly away from 4 with a speed of 5m 57 By modelling

& as a particle
a Find the speed of S when A5 =2m .

When the speed of Siz 1.5m 7, the string breaks.
h Find the tension in the string immediately before the string breaks. [E]

Solution:
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Smsy!
-
.'3'.
A 1.5m B 05m C

a Let AC =2m "When 5 iz at O, the elastic energy

_Ax
o
_20%(05)° 5
- Bas B

Let the speed of Sat C'be vim s~

Conzervation of energy
Einetic energy lost = elastic energy gained

stored in the string is given by

The exact answer 5“‘4[73111 s s

also accepted,

2 3
lx D.2x52—lx0.2v:" 2
2 2 3
o_hﬁ=0_1x25—f —
36
v2=§:‘;v=i =ﬁ22.886
3 43 3

The speed of Swhen A5=2m iz 289m s (3¢

b Let the extension of the string immediately

£)

Page2 of 2

hefore the string breaks be x m. ‘
When the extension in the string 15 & m, the
elastic energy stored inthe string 15 given by

s Axt 204

af 3

Teo find the tension in the string when the
speed of Sis 1.5m 570, you first need to

find the extension of the string at this
speed. The extension 13 found using
conservation of energy.

Conservation of energy
Einetic energy lost = elastic energy gained

Toge Aoy . P0R
— et —— et =
5 > 3
2
Sorog S _dupongdt o 0%
2 >
2
VT 5975 2 = 0.34125
x =+(0324125
Hooke's law
potx 2000319 o

The tension in the string immediately before the string breaks 12 779 (3£

© Pearson Education Ltd 2C
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Exercise A, Question 28

Question:

COne end of a light elastic string of natural length & and modulus of elasticity 3 mg, is
fized at a point 4 and the other end carries a particle & of mass #. The particle 15 held

at A and then projected vertically downwards with speed N"(Bga) ;
a Find the distance AF when the acceleration of the particle 15 instantaneously zero.
b Find the maximum speed attained by the particle during its motion. [E]

Solution:
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i

rFre

Y mg

a Let the extension of the string when the acceleration of 7 15 zero be x m.

Hoolee's law

Page2 of 2

Ax Zemgx ) . .
:T = It iz usually easier, when using Hoolee's law, to
< wotle in terme of the extension of the string
Reb) F =ma than to worl with the total length of the string.
mg—T =mxl Here, first find the extension when the
Smgx 4 acceleration 15 zero and, then, find the total
2= =0=x= 3 length by adding the extension to the natural
f p length.
AP =gq+2="2
3 03

4 _ o
h When AF= ?a, the energy stored in the string is given by

¢ ¢ The maximum speed cccurs when the
152 i E 1 acceleration 15 zero. This 15 the
= o] = » = gmga equivalent of the caloulus property that at
. : d
Let the mazimum Spﬁﬁd of P a maxitmutn value OEV, _V =0 TIn part a,
be vm st ds

e

Using conservation of energy you showed that @ =0 when AP = ?

Tsing conservation of energy, you can

find the speed of P when HP=4§.

kineticenergy gained +elastic energy gained = potential energy lost

2
]Emvz—lmug +{Ii = mgh
1mv2— ¥ 3ga +—mga = Mg X i
5 R gines IR
lmvg o 4mga+3mga_mga:8mga
2 3 2 & 3
i
vgzmijvz.q.[ﬁ]z
1 3

1

2
The mazimum speed attained by F during itz motion is 4[g—;] .
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Review Exercise 1
Exercise A, Question 29

Question:

A light elastic string of natural length 30 cm 1z placed on a smooth horizontal table

with one end attached to a fized point F on the table. The other end of the string 13

attached to a fized point (' on the table such that PO =580cm

a (iven that the tension in the string 15 175 M, find, in newtons, the modulus of
elasticity of the string.

The mid-point of the string 1z pulled a distance 30 cm along the perpendicular bisector
of P in the plane of the table.

b Find the increase of tension in the string.
¢ Find, in joules, the corresponding increase in the elastic energy of the string.  [E]

Solution:

Pagel of 2
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a Hooke'slaw T = E
Ax 0.5
g — + It iz always a good idea to convert all units
0.3 to base 31 units. Here 30 cm =0.3m, and
A=175x% g:loﬁ the extension S0cm =053 m. In this

- _ uestion, using centimetres could be ver
The modulus of elasticity of the string o : & : ¥
105 1 misleading as wou will get the correct
15

answers in parts a and b but the incorrect
answer in part ¢, where the extension iz
squatred.

Let the mid-point of the stringbe Mand PM =y m.
=04 +0F=025=y=05

The new tension in the string 1z given by Hoolee's law

A
T= f_x Here, the tension is caleulated using half
/ the string P Tou could use the whole
- 105(0.5-0.15) =245 of the string when the working 1s
0.15 -
T 105(1-0.3) _ 545

The increase in the tension in the string iz
(245-105 M =140 19

¢ The iutial energy, & Joules, say, 15 given by

The final energy, E, Joules, say, 1s giverf’jf/// The final energy has been calculated as
2 E twice the energy in half of the string 24
Ezzzx.ﬁé_xfzleﬂjxé(;Eﬂ 2y g

The increase in the elastic energy of the string 1s
(B2 75-4373T=421

=85.75

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 30

Question:

A particle F of mass #2 15 attached to one end of a light elastic string of length @ and

modulus of elasticity lzmg. The other end of the string is fized at a point A which is at

a height 2 above a smooth horizontal table, The particle iz held on the table with the

: ; ; 3
string making an angle 8 with the table, where tan §=—.

4

a Find the elastic energy stored in the string,

The particle 13 now released from rest. Assuming that P remains on the table.

b Find the speed of P when the string is vertical.

By finding the vertical component of the tension in the string when P iz on the table
and AF makes an angle & with the horizontal,

¢ show that the assumption that P remains in contact with the table is justified.  [E]

Solution:
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f}
i _ .5
LR e 5 You find the extension of the string by
9 _ calculating the length of AF using
— =sinf < trigonometry and subtracting the
natural length of the string a.

2a  2a  10a

p g R e e
sin§ 3 3

3
The energy stored in the string is given by

1 (7aY
12 2™z ) a9
A= = o

) o, 36

b When the particle 13 vertically below A,
the energy stored in the string, &' say, iz
given by

/

; oo A0 7
The extension of the string 13 i WO

When P 1z vertically below A, AP =2a
and the extension of the string 1s
da-—a=a.

Let vm 57 be the velocity of P when it is vertically below A.

Conservation of energy
kinetic energy gained = elastic energy lost

1mvz_49mﬂ_1mﬂ_][:lmﬂ
2 qE o Rl i
= 2020 == v=§ﬁf(5gcz)

The speed of F when the string 15 vertical 15 %*u[ (Dga)

Page2 of 3
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*+— For Pto remain in contact with the table,
the normal reaction between F and the
table, here called R, must remain positive
throughout the motion If =0, the
patticle loses contact with the table

2a

2B iy P
AP P Sl 4— You must consider the forcez on Pata

general point in its motion As F moves

The extension in the string 13 el from its starting position to the point
| ; . 3
Hooke's law below 4, sind waries from = to 1.
1 Zda
— —a
podx_2 o\sing
! @
_omg 1
 sind Emg The question requires you to

The wertical component of the tensien, 7, say, 15 given by consider the vgrtical component
of the tension in the string. You

T g =[ ;_ﬁg - lmg ]sin 8 =mg— lmg cind «+—y  findan expression for the

singd 2 2 vertical component and then
E(T L +R=mg resolve vertically to obtain the
R=wmg-T notmal reaction.

1 ;
= mg—[mg—gmg s1n5']
_:—'—'_'_'_'_'_‘_'_'_._._'_

. ; 3 .
_ lmgsiné‘ S Ag sin@ wartes from — to 1, the normal reaction &

1z always positive and so the assumption that P
retnaing in contact with the table 1s justified.

=0 P remains in contact with the table.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 31

Question:

4 light elastic string has natural length 4 m and modulus of elasticity 58 8 M. A

particle F of mass 0.5 kg is attached to one end o

fthe string. The other end of the

string is attached to a fized point A The particle is released from rest at A and falls

vertically.
a Find the distance travelled by P before it comes to instantaneous rest for the first
titne.
The particle 15 now held at a point 7 m vertically below 4 and released from rest.
b Find the speed of the particle when the string first becomes slack [E]
Solution:

a When F comes to rest for the first tirne, let the extension of the string be x m

Conservation of energy
elastic energy gained = potential energy lost

Az
21 &

58 8x°

735z =196+4 9%

Divide this equation throughout by 2.45 and
rearrange the terms. If you cannot see this
simplification, you can use the quadratic

=0ox%8x{d+
X )(( ‘X)/ fortmula but Fou would be EEpE cted to obtain

atl exact answet.

3xi-2x-8 =0
(x=2)(3x+4) =0 <
T

The distance fallen by P iz (d+2)m=6m .

For the string to have elastic energy, it has
to be stretched so wou can ignore the

; . 4
negative solution — e

b P will first become slack when it has moved 2 m vertically.

Let the velocity at this pointbe vm s™.

Conservation of energy

kinetic energy gained +potential energy gained = elastic energy lost

%mvz +mgh = E

2!

1 58 8x 3

50.51;2 +05%98x3=

025 +14.7 = 66,15
. 66.15-14.7
‘I_,'l e e
0.25
v =4(205.8)=14.345__.

=205.5

N

Tnitially P 15 at rest and then rises 3 m.
S0 both kinetic and potential energy are
gained. Initially the string 13 stretched
baut, after rising 3 m, it 15 slack. So
elastic energy is lost. By conservation
of energy, the net gain of kinetic and
potential energies rmust equal the elastic
energy lost

The speed of the particle when the string first becomes slack is 14m s™ (2 2.£).

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 32

Question:

Two light elastic strings each have natural length 075 m and modulus of elasticity
49 M. A particle P of mass 2 kg 15 attached to one end of each string. The other ends of
the strings are attached to fized points 4 and B, where A5 15 horizontal and
AB=15m.
- 1.5 m =
p

1 - B
The particle iz held at the mid-point of A8 The particle is released from rest, as shown
in the figure.
a Find the speed of & when it has fallen a distance of 1 m.
h Given instead that P hangs in equilibrium vertically below the mid-point of A8

with ZAFPH=2a

show that tan @ +5smna=5 [E]

Solution:

0.75
a m

“When P has fallen 1 m, let AP=xm.

x =075 +1"=15625= x=125 «———— To find the elastic energy in the string, you
need to calculate the extension in the string.
Atthis pointthe extension of the string AF iz First find AF (you could just use the 3,4, 5

(125-0753m=05m o ——— | triangle) and then subtract the natural length,
0.75 m.

Let the velocity of P when it has fallen 1 mbe vm s

Conservation of energy

kinetic energy gained +elastic energy gained = potential energy lost

2
-~ | ; ;
lmvﬁ +9 x"?‘i = mgh Both strings have elastic energy
stored in them. By symmetry, the
2 energy in both strings 15 the same.
Lo BT o 0 g 2 5
2 2075

v +4_39 =19 6= v =3 266

v =1.807...
The speed of P when it has fallen 1 mis 1.8m s (2 s.£).
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h 0.75m

£

B

Let AF = ym and the angle AF makes with the vertical be o .

By trigenometry
: 0.75 0.75
sina = =y =—
¥ sin o
R(T 2Tcosa =2g
7= g 898

Cosar Cos

Hooke's law \ You find two separate expression for T
T E / one by resolving vertically and the other
i from Hooke's law. Equating the two

EXpPrESSIONns SIVES Wou an equation in o .

49
= (y-075)=——
075 V=075

0,75

e -o7)
J

=49[ .'l _1]=49[]—.51na
sin o sin o

9.8 1-sina . . .
= 49[ . ] +— Eliminating T gives an equation in &« = Tou
il ST hawe to manipulate thiz equation to obtain
the printed answer.

43 [ 075

Sitlex

= %(1—sin ) =5(1—zin &)

COS ol

tanea = 5—Ssinex

tan o +5sina = 5, as required.

© Pearson Education Ltd 2C
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Solutionbank M3
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Review Exercise 1
Exercise A, Question 33

Question:

A light elastic string, of natural length 37 and modulus of elasticity A, has ends
attached to two points A and B where AS =73 and A58 iz horizontal A particle Fof
tnass # 18 attached to the mid-point of the string. Given that P rests in equilibrium at a
distance 2/ below AF5, as shown in the figure,

a showthat A =%.

The particle iz pulled wertically downwards from it equilibrium position until the total
length of the elastic string 1z 7 81 The patticle iz released from rest.
b Shew that P comes to instantaneous rest on the line A5 [E]

Solution:
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1 _ 2 2 _ 2 —
- e e S e e ~ *— Ttis acceptable just to write down
Let & be the angle between AF and the vertical AP=25] using the 3,4, 5
S =£ =i triangle.
25 4

The extenszion of half of the string, AP, 1z 2.5/ 1.5 =]
Hooke's law
_ Axeztension

natural length
i ﬁ :E (I} *+——— You find two equations in T and
IS 3 A byresolving vertically and
E(TY 2Tcosa =mg using Hooke's law. Eliminating 7
4 between the two equations gives
27 ¥ = = g A
7 =28 @
8

Eliminating Thetween @ and &

24 _ 5mg
3 8
A= f:um;g E = 1omg ,as required,
52 16
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§ p

Let the perpendicular distance from the eriginal
position of Pto A8 be b

BE=(3en - (150 =12.960 = h=36]
Let the speed of P as itreaches A8 be vm®™

Conservation of energy

To prove that the speed of P at AF 15 zero,
the speed of P at A5 is takenas vm s,
Teouthen use conservation of energy to
obtain an equation for v, You complete the

proof by selving the equation for v and
showing the solution 15 zero.

kineticenergy gained +potential energy gained = elastic energy lost

Page3 of 3

2
lmvz +mgh = 2x ok -
2 2 ¥ natural length

Each of the two halves of the string have
natural length 1.57 and extension 2.47

[%](3.9;—1.53)2
2%1.50
%mv:" +3 bmgl = %x (2.4 =3 Gamgl

%W2+mgx3.6£ =2x

Hence %mvg =0=w=10

F rcomes to instantaneous rest on the line A8, as required.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

A particle P, of mass m2, 15 attached to one end of a light elastic string, of natural
length ! and modulus of elasticity Bmg. The other end of the string 15 attached at a
point A to a horizontal ceiling which 15 at a height 24 abowe a horizontal floor. The
particle P i1z held at 4 and projected vertically downwards with speed 2.

a Find the least possible value of & for P to reach the floor

Given that z* =16g! and that when P strikes the floor its speed is halved, find

b the speed of P when it hits the ceiling after striking the floor once,

¢ the mazimum speed of P during itz motion, [E]

Solution:
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a Conservation of energy

elastic energy gained = potential energy lost +kinetic energy lost

Ax
= = migh +§mu2 The least value of & occurs when F just
’ reaches the floor. That 15 when the speed of
Smg <! = g x 2£+lmu2 Pbecome; zero just as it regche.s thg floor,
2 2 H——‘—-——‘_.___ At that point, P has lest all its kinetic
i i
dppgl = 2mgf+12m2 ENETEY ‘ lzmg | F has fallen a distance 2/
émg BT i i and the extension of the string is [
u =2Vigl

The least possible value of & to reach the floor 15 24 (gl

b Let the speed of P as it strikes the floorbe vm s '
Conzervation of energy
elastic energy gained = potential energy lost +kinetic energy lost

i 5
o mgh +l g _lmvﬂ +— Inpart b, you first find the speed
2f 2 2 of P imme diately before it strikes
_ 1 1 the ground. In the downward
At Pomeet +§m(16gf) Emv motion, the gain in elastic energy

1

atdd the logs in potential energy
Emvz = 2wzl +8mgl — dimgl = bmgl

are the zame az in part a.

Vi =12gl = v=2%(3g)

Frebounds from the floor with speed, v' | say

‘/’/’/ Az Fostrikes the ground,
where v'=(3g])

itz welocity is halved.

Let the speed with which P returns to the ceiling be wm s

Conzervation of energy

elastic energy lost +kinetic energy lost = potential energy gained
7 5 A 5

—— =" — — " = pagh
2 2 2 . S

How you use conservation of energy for the
motion of F as it moves from the floor to the
ceiling. &5 Frises, elastic and kinetic energy are
lost; potential energy 15 gained.

4yl +%m(3§f)—]§mwg = Zmgi

1 2 3 ki
— o = dmgl + —mgl — Zmgl = — gl
5 = 5 E £ 5 4=

wh=Tgl = w="\{Tgh
The speed of F when it hits the ceiling after striking the floor once 13 V{7gf) .
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¢ ceiling

X
+ T }.}
mg

floor

The mazimum speed occurs when the acceleration iz zero, Let the extenszion of the

string at this point be x.

Page3 of 3

Hookesilap : The mazimum value of v is when
i _Oies dv
] R a=—=0. Touuge Newton's
R (L) mg =T = mx0 second law and Hooke's law to
Begx find the extension of the string
mIg — =1 .
] when the maximum occurs.
i
x T —
n
Let the mazimutn speed of Pbe Fm s
Conzidering the motion of P frotm the ceiling to the point where x= %

kineticenergy gained +elastic energy gained = potential energy lost

]

1 P2 _ T s ;
i A +? =mgl+x) 4—— You consider the fall of P Fom
(17 the point where it first leaves the
8mg| - | ceiling to the point where the
lm}rﬂ —lm{lt‘SgI) + V%) =g f,% maximum speed is reached. In
2 2 2f 8 that motion kinetic energy and
1 mgl  Smgl elastic energy are gained, and
EMV — Bimgl +F T TR potential energy iz lost,

lm{ﬂ — Sl m;g-:’ Dl s 14 5emei
2 16 a 16
1
/ \3
P 145g] = 145gd |
8 \ 8
/ o
The maximum speed of P during its motion is | % r :

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

& particle F of mass 0.2 kg moves away from the origin along the posttive x-axs. It
mowes under the action of a force directed away from the origin & of magnitude

5

—— M, where OF = xm . Given that the speed of iz Sm s when x=0, find the

x+1

value of x, to 3 significant figures, when the speed of P iz 15m ™.

1

Tou need to remember that
di1 4

a=—| —v |
dxl 2

Solution:
F =#m
i=0.2cx
x+1
o 25
a sl et
02(x+0 x+1
d(1 4 25
dxl 2 ) x4+l

lv2 = JE dx=25In(x+1 +4
2 x+1

Tou integrate both sides of this
equation with respect to x. It 15
important to include a constant of
integration. hlost questions
include information which
enables youto find the constant

v' = 50ln(x+ 1)+ B, where B =24

A x=0v=>5
25=50ln1+58=E5=25

e

Tou use the information that v=25
when x =0 to evaluate the constant.

Hence v =50In(x+11+25

Take exponentials of both sides of this

: hixel)
equation and use e =x+1.

Whenv =15
In(x+1) = 280 By
S0
r+1=¢'

x=e'—1=53.6(3:f)

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 36

Question:

A particle P of mass 2.5 kg moves along the positive x-axzis. It moves away from a
fixed origin &, under the action of a force directed away from & When

OF = x metres, the magnitude of the force is 2e™™ M and the speed of Pis vms™.
When x=0,v=2, Find

a v interms of x,

b the value of x when v=4

¢ Give a reason why the speed of F does not exceed Y20 m st

Solution:
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a F =wm

Dp il 5s
el 0.1x e 0.1x ) d171 3
d f 1 --I I'. .'I
—| v | =0.8e "
dx| 2 )

1 08 0.1x
—v2=JU.86 DR Gt P
2 —01

=—8e 4+ 4 "’/ Twice one arbitrary constant 1s
O e T i N e another arbitrary constant

TWhen x=0v=2

/ At x=0 " = =1

4=8-16=50=20

Hence v* =20—16e "™

h When v=4
16 =20-16"%

o0l — 20-16 1 «4——— Take logarithms of both sides of this equation

16 4 and use In(e "™y =-0.1x.

~0.1x=1a| l‘l|=—1n4
4

x =101n4

Page2 of 2

¢ Forallx, e®™™ =0 l.
So v =20-16e <20 |

a.ﬂd hEﬂCE vy 20 "ll?.“ B e s e
The speed of P does not exceed

W 20m st

-

T

)

reaches it. \ 20m 5!

speed of F.

This sketch, of v against x, shows that as x increases,
the velocity of P gets closer to v 20m s but never

iz the terminal or imiting

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 37

Question:

A toy car of mass 0.2 kg iz travelling in a straight line on a horizontal floor. The car iz
modelled as a particle. Attime £ =0 the car passes through a fized point & After

¢ seconds the speed of the car is vm 57 and the car is at a point 2 with
OF = x metres. The resultant force on the car iz modelled as %x(4—3x)N it the

direction & The car comes to instantanecus rest when x=16. Find

a anexpression for v* interms of x,
b the initial speed of the car. [E]

Solution:

a F=mna
1
— x4 -3x1=02a
5 ( )

a
gz, L s sue %x(4—3x} = 2x—%

0.2x10 Integrate both sides of this equation with
3t / respect to . Eemember to include a constant

_| ‘ - EX_T of inte gration.
2% 3
lvE=J| 2x—3i |dx=x2—x—+_r'1
2 | 2 2
v=20x"—x+B. where F=24
At x=68v=0
D=2x36-216+80= 5 =144 " The car comes to instantaneous rest when
Hence v* =2z — x° +144 =6 Sov=0a x=46.
: ’-Eghen = - EBoth signs are possible as the car could
pii= ldd —pp =kl pass through O in either direction when
The initial speed of the car is 12m s £ =10. Hewever, in either case, the speed

of the car, which iz the magnitude of the

velocity, 15 12m = .

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 38

Question:

L particle P ofmass 0.6 kg 1s moving along the positive x-axis under the action of a
torce which 15 directed away from the origin & Af titne ¢ seconds, the force has
magnitude 3e ¥ . When =0, the particle P is at O and moving with speed 2m 57
in the direction of x increasing. Find

a the value of £ when the speed iz 8m s,

h the distance of F from & when £ =2 [E]
Solution:
a F=gma
05 _ . ) i
3 =0.6a When the acceleration 15 a function of time, you use
05t
a = 3e = 5 04 = d_v “When the acceleration 15 a function of distance,
0.6
df1 ;0
E = 504 VOU Can Use g = —| —y° ‘
i dxl 2
SE-' T
P JSE: S o +A=A-10e""

When f=0v="2
2=A-10=4=12
Hence v=12-10e"*
When v=25

R b By LR L S0 Mo particular form of the answer 15

~0.5¢ =1u| 2 |
5

£ = —21n|" % "|= 21n"' g |

h v=

&| &

=il2e et

xr=

—y

Whenié=0,x=0

(1210 *yde =126 +20e ¥ +

asked for in the question and an
approximate answer, such as £ =183,
would be accepted.

8

D=0+20+58 = B=-20 =«
x =128 4207220

Whent=2

Tsing e =1. Carelessly writing
e’ =0 is a common error.

x =24+ 20et-20=4+20e"

The distance of P from & when =2 is (4+ 20z m.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 39

Question:

A particle F of mass me kg slides from rest down a smooth plane inclined at 307 to the
horizontal. When P has moved a distance x metres down the plane, the resistance to

motion from non-gravitational forces has magnitude mex® 1. Find

a the speed of P when x=2,
b the distance  has moved when it comes to rest for the first time. [E]

Solution:
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. Eesistance opposes motion, so as &
moves down the plane, resistance acts
up the plane.

mg

E(7 F =pa
g sin 30° —x = +— Dnwide thiz equation throughout
a =gsin30° —x° by 2.
2] =te-7 < 1
del 2 12 Tsing sin 30° =E.

B . f: =) 1 b
v =||-g—x |dx=—gx—+4
o = J(pe e g

v o= gx—§+5,whereﬂ=2ﬂ

At x=0v=0 +— Ftarts from rest and so at
0=0-04+8=8=0 x=0,v=0.
Hence +* = gx—%
When x =2 Az a numerical value of g has been uzed, you
16

O P, L shoqld round your answerto 2 or 3
significant figures,

v =V14.26 =3777...
The speed of Pwhen x=2 is 3.78m s (3 s.f)

P
b V=g
2 2
When v =10 x =0 1z the starting position and this
553 i 95 ) / root of the equation can be ignored.
oot (e ]
E 3 ._ £ 3 |
F romes to rest when
g—z W
3 2

x="147=3834
The distance mowed before P first comes to rest 15 383 m (3 5 ).

© Pearson Education Ltd 2C
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Exercise A, Question 40

Question:

Abhovwe the Earth's surface, the magnitude of the force on a particle due to the Earth's
gravity 1z inversely proportional to the square of the distance of the particle from the
centre of the Earth. Assuming that the Earth 15 a sphere of radiuz K, and taking g as the
acceleration due to grawvity at the surface of the Earth,

a prove that the magmtude of the gravitational force on a particle of mass #2 when it

S i . mgR*
15 a distance x (where x = &) from the centre of the Earth 13 mgz ;
x

A particle iz fired vertically upwards from the surface of the Earth with initial speed .,

3 . . .
where u? = 3 gR  Ignoring air resistance.

b Find, in terms of g and &, the speed of the particle when it 1z
at a height 28 abowe the surface of the Earth. [E]

Solution:
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The gravitational force is directed towards the
centre of the Earth and so iz in the direction of x
decreasing,

i
.n."lILS Fc'= — = T
x x
AR Tou introduce a constant of proportionality k and
—img = _iz = k= mgR* use the fact, that the force due to gravity at the
£ surface of the Earth iz known to have magnitude mg,
R to find k.
Henee F=- mgz

x
g
The magnitude of the force is -— . as required.

x
b F=rmn
mgR’ _ _ :
———— T i 44— In this equation, the force dus to gravity has
5 5 anegative sign as it acts in a direction which
i gR decreases the distance, x, of the particle from
% the centre of the Earth.
di1 4 22
—| =" |=—gfx
dr| 2 | g
1 R
—v2=—'[gﬂzx2 dx=—g +A4
2 -1
2gk?
NS g + 8, where B=24

i SER | Tha_qutstv:_:-n gives the welocity of the

particle as 1t 15 fired from the surface of

3 EgRE 2 1 the Earth. That is the velocity when
EER: +B=‘-B=Egﬂ—2gﬂ=—§gﬂ x=H&, the radius of the Earth.
2
Hence v = - lgR
x 2

When 1= 38+ When the particle iz at a height of 28 abowve the

2oR? 1 R surface of the Earth, itis 2R+ X =38 from the

= g———g '\||' | £ | centre of the Earth.
AR 2
[ g&

The speed of the particle when it 15 28 above the surface of the Earth 1z \f |

© Pearson Education Ltd 2C
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Exercise A, Question 41

Question:

A rocket 13 fired vertically upwards with speed U7 from a point on the Earth’s surface.
The rocket 1s modelled as a particle P of constant mass m2, and the Earth as a fized
sphere of radius R At a distance x from the centre of the Earth, the speed of F is v
The only force acting on F is directed towards the centre of the Earth and has

; e :
magnitude —-, where ¢ 15 a constant.
s

a Show that v* =77 +2¢ [l—é] ;

x
The kinetic energy of P at x= & iz half of the kinetic energy at x=X.
h Findein terms of I and & [E]

Solution:
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a F=mwmm

CH

- +
—E—P?Iﬂ
X

d
|

A

Lo

¥ =%+B,Where A=24
x

When x =K, v=0U

Bl =%C+B=:~B=U2—2—C

Hencev? = %+U2 —2—6
7

—— =X

4

In the equation of motion, the force due to
gravity has a negative sign asitacts ina
direction which decreases the distance, x, of
the particle from the centre of the Earth

a s
Loy dr="+44
2‘P ch . *lﬂ—-_._._h__‘__‘_

R

Taing
5L 1
ng dx=—]+£:=——+£:.

X

1 1
= +2C‘| i | as required

| %

b At x=E& v=0U and the kinetic energy of F 15 lzmﬂz

At x=2R, using the result of part a

i
and the kinetic energy of F 12 %mvg =lzm| )

Iy ”"

(netic energy at x=2R) = %{kinetic: energy at x = X)

lm[ Uﬂ_i]:l
2\ R) 2
UQ_C _1
A2

lia_e

2 Iy

1

C prese b S

2

© Pearson Education Ltd 2C

oo o=

S

s
5

mii* | +— Divide this equation throughout by

lzm and then make £ the subject of

the formula.
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Exercise A, Question 42

Question:

A projectile F s fired vertically upwards from a point on the Earth’s surface. When P
15 at a distance x from the centre of the Earth its speed 15 v, Its acceleration 15 directed

: e ;
towards the centre of the Earth and has magnitude — , where & 15 a constant. The
x

Earth iz azsumed to be a sphere of radius &
a Show that the motion of F may be modelled by the differential equation

dv _ gR*

dx 5
The initial speed of Fis U, where [7* < 2gR . The greatest distance of P from the

centre of the Earth 1z &
b Find A interms of 7, Rand g [E]

Solution:
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e ‘J_._),_,__.f—-—*"
. @
x
k
3 ="—2
ey
At x=Ra=—g o— |
R
k = mgR*

Substituting & = mgR”® into @D

mgR*
- = dv .
P / a=va i one of the alternative forms of the
2
a=vy ﬂ——i,asrequired. acceleration,
% dv  d*x 41 5 v .
4= —=—=—| = |—v— and you must pick

The force iz negative in equation @ as the force
on M due to gravity iz directed towards the centre
of the Earth and that 15 the direction of x
decreasing.

Tou know that the acceleration due to gravity at
the surface of the Earth 15 g and that the direction
of the acceleration 15 towards the centre of the
Earth. Substituting @ =—g into @ gives you k in

terms of 2, g and &

out the form of @ which you need in any p articular
fuestion

b Separating the variables in the printed answer to part a and inte grating

The projectile 1z fired froma
point on the Earth's surface with

Jvdv— J —|gR*x 7 dx
1s_zefx +4
2 -1
2
W= G + 8 where 5=24
x
Ax=Rv=07 =
2
=28 g g
2
Hence v2=2‘gR +U%-2gR
x

When v=0,x=%

2gR

= FEE

0=2gR*+1PX - 2gRX

X(2gR-U") = 2gR?
_ 2R
2gR-17*

© Pearson Education Ltd 2C

2gR speed U7 This gives wou that at
r=8Rv=0".
2gR +— Multiply this equation throughout

by X and then make X the subject
of the formula,
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Exercise A, Question 43

Question:

A car of mass 800 kg moves along a horizontal straight road. At time ¢ seconds, the

4 000

resultant force on the car has magnitude o7

IT, acting in the direction of motion

of the car. When =10, the car 15 at rest.

a Show that the speed of the car approaches a limiting value as ¢ increases and find
this value.

b Find the distance moved by the car in the first &5 of its motion [E]

Solution:

Pagel of 2
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a F =ima
43 CIUEI — 6004
(i+2)

dv 60 When th leration is a function of £
. . = §00£ 42 en the acceleration 15 a function of ',
e f+ ) ( ) "H—f{j the velocity can be found by writing
v = J60(5+2) 2= 60{2 +2) 1+A & =j£—v and integrating with respect to £

-1
g B0
£+2 ¥ i
“When t=0w=0
0=A- 6—20 = A=30
Hence »v=30- ﬂ
42 >
&0 () !
Ay f—soa — 0 and v —€T |
E+Z 50
Az the walue of f increases, the value of —— decreases and
Ag £ increases, the car approaches i i+
a limiting speed of 30m s, go 30— s gets clozer to 30, The graph of v against ¢
I+
approaches vw= 30 as ah asymptote.

b The distance mowved in the first & 2 15 given by

o= J ‘ 30_ \' 4+— The car is always travelling in the same
direction. It does not turn round and so the
_ I30£—6Uln(£ +2) E distance moved in the interval 0=f <6 canﬁbﬁ

=(180-60In8) — (0—601n 23 found by evaluating the definite integral J wdi
= 180- 6010 2° +601n 2 g
=180-180ln 24+601n 2

=180-1201n 2

The distance moved by the car in the first 6 5 of its motion 15 (180 — 120 1n &) m.

© Pearson Education Ltd 2C
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Exercise A, Question 44

Question:

: 1 ‘o : : :
L particle P of mass gkg tmoves along the positive x-amiz under the action of a single

force. The force 15 directed towards the origin & and has magnitude ﬁN, where
i+

OF =x metres and & iz a constant. Initially P is moving away from O

At x=1thespeed of Pis dm s, and at x=5 the speed of P is Y2m s

a Find the walue of k.
h Find the distance of P from & when P first comes to instantaneous rest [E]

Solution:
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a F =imna
Fi 1 _ :
i 5 = —_a k| - v
I:I + 1:1 3 (4] o
_ 3k = e g
(x +1)° £
d 1 ,) 2 The particle 15 moving along the positive
—| = = -3k(x+1
dx | 2 v | (x+1) x-axis and the force 15 directed toward O
' : B 1 So the force 15 in the direction of x
lv2 e ls Gl +A4A= i +.4 decreasing and force has a negative sign
2 -1 x+l in this equation.
wo= £+B,Whereﬂ=2ﬂ
x+1
At x=1,v=4

16 :6_;:+3=>3;:+B:16 (D.\
The information in the question gives you
the values of v at tweo values of x and you use

o % iy Eﬁ: - Sl ) the in.fc-rmatio.n to obtain twe sumultaneous
o equations, which vou solve,

At x=8v=+2

D-D
g5 Aps b _opy
33

E=14x2 =6

~1]

b Substituting k=46 into D

ISEE=10 :363 :_2/ To find the value of x for which F comes

Hence v* = —1— 2 to rest, substitute v =0 into this equation
X+

When v=10

O=£—2=‘,~ 2(x+1) =36
x+1

and solve for x.

2r+2=3h= x=#= 17
The distance of P from & when P first comes to instantaneous rest 15 17 m.

© Pearson Education Ltd 2C
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Exercise A, Question 45

Question:

A particle F mowes in a straight line with simple harmonic motion about a fized centre
O with peried 2 5. At time £ seconds the speed of Fiz vm s When =0, v=0 and
Fis at apoint 4 where OA=025m . Find the smallest positive value of £ for which

AP=0375m . [E]
Solution:
-— (375m —= . . . .
4+— The motion 1z simple harmonic with
i ) | i - 2 amplitude, @ m, givenby @ =025,
P 0 A :

- (.25 m -

AP, x=025-0375=-0125 4+—— When AP=0375m , Pis0.125 m from the

centre of oscillation O It 15 the other side of O

The period 15 2 = from A and, if OA4 15 taken as the direction of x

21 i i ' g e
[E O SRR [ S—— increasing, the displacement of P 1z —0.125m .
ey
F=acostl o | : . )
0.195 = 0.95 s Ifthe time, # seconds, 15 measured from the time when the
: — Ve Lai velocity 15 zero, that 15 when the distance of P from O 15 the

T _l amplitude, then x=a cos mf 15 the appropriate formula

% connecting the displacement with the time.

The smallest pozitive value of £ iz given by
(1Y 2r

mE= arccos| -— |——

2

2
F=—
2

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:
& particle P of mazz 0.2 kg oscillates with simple harmonic motion between the points
Aand B, coming to rest at both points. The distance A5 15 0.2 m, and P completes
5 oscillations every second.
a Find, to 3 sigmificant figures, the maximum resultant force exerted on P
When the particle i3 at A, it 15 struck a blow in the direction B4, The particle now
oicillates with simple harmeonic motion with the same frequency as previously but

twice the amplitude.

h Find, to 3 significant figures, the speed of the particle immediately after it haz been
struck. [E]

Solution:

a IfFcompletes 5 oscillations in one second,

1 o
then P takes gs to complete one oscillation.

=2i=l:-m=10,¢
o

i In many other topics in Mechanics, it 15 usual to

Thesscoslorstion Fme s ey use the symbol a for the acceleration. With simple

b 3 ] hartnenic motion, & 15 often used for the amplitude

T - and it 15 sensible to use another symbol Here the
The amplitude of the oscillation 1 calculus symbol X, for the acceleration 1z used.
0z

—m=01m

2 ]
The greatest magnitude of the acceleration
1z given by

| x]= i a =(10m .]2 «0 1=10m2

The maximum magnitude of the‘forc\

1z given by

The atoplitude 15 half of the distance
between the extreme points of the
oscillation.

The greatest magnitude of the acceleration,
and hence the force of greatest magnitude,
occurs when  the displacement 15 the
=02x10m?=2m%=19739__. amplitude.

|F | ma|=mofa <+

The magnitude of the greatest force exerted
onF i 197N (35

b w=10r,a=2x01=02

v =i - x%) 4— The blow iz struck when F is 0.1 m from the
=100m%(0.2* —=0.1*y=3x* | centre of oscillation So x=0.1.
v=N31=5441__.

The speed of P immediately after it has been struck is 5.44m s (3 s.)

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3Wmmt\sb\content\m3_revl a 46.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 47

Question:

A piston P in a machine moves in a straight line with simple harmonic motion about a
fized centre & The period of the oscillations 12 775 . When P15 0.5 m from O, its
speed iz 2.4 m s, Find

a the amplitude of the motion,

b the maximum speed of P during i1ts motion,

¢ the maximum magnitude of the acceleration of F during the motion,

d the total time, in seconds to 2 decimal places, in each complete oscillation for
which the speed of P is greater than 2.4 m s [F]

Solution:
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2
a = =g =wm=2
]

When x=05v=24
v =g’ - x%)
giddodpadepusdy

2
a?-025=22 144
2

al=169=a=13
The amplitude of the motion iz 1.3 m.

b The maximum speed 1z given by P

i =2%13=26 h As v =0’ (cf —xgj and x° is
Y=k = e i
The maximum speed of P during its motion is 2.6m s 1. p-;:-sitnre For all x, the greatest value of

v iz at x=0. S0 the greatest value
of v* is w*a® and the greatest value
of the speed 15 ma

¢ The maximum magnitude of the acceleration 15 given by

| %= e l=4x1.3=52 #4— The acceleration 15 given by

#=-wm*x and this has the
The mazimum magnitude of the acceleration greatest size when x 13 the
is 5%m g2 atnplitude.

d x=acosomé
Differentiating with respect to £
X = —atosin o

| x| = | awsin i |
24 =13x2sin 28 =260 2
fin 2t = Lo |
13 P e i i
2, = arcsin| o |=1.176...
ilea E
£=0588... O fte =m
e “ooo
Th ired timne iz given b
Tle_riqu;r: _1rTne f gév;élg ! This diagram illustrates that if £ 15 the smallest
— T l_alu_ s i ati 2
— 0789 posittve solution of 265024 =24 the time for
which the speed 15 greater than 2.4 15 7 — 4
The time for which the speed 1z greater
than 24 mi1s 0792 (2 dp).

© Pearson Education Ltd 2C
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Question:

In a game at a fair, a small target C' moves horizontally with simple harmonic motion
between the points 4 and &, where A5 =475 The target moves inside a box and talkes
3stotravel from A to B A playver has to shoot at O, but O 15 only visible to the player
when it passes a window PO where PO =250 The window is initially placed with O at
the point shown in the figure abowe. The target takes 0.75 = to travel from O to F.

a Show that & =(2—- 211

b Find the speed of ' as it passes F.

For advanced players, the window P2 12 moved to the centre of A8 so that AF = 08,
as shown in the zecond figure abowe,

¢ Find the time, in seconds to 2 decimal places, takeen for C to pass fom O to P in
this new position, [E]

Solution:
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a ThE-' period Ofmotlonis 6 5 4 The timg takento fnove ﬁ’omﬁto

2n
T=is
ek
T b
E em— :"a"r} = —
i 3

MMeasuring the time, { seconds,
from an instant when O is at
 and the displacement from the
centre of the oscillation, O say

r=acosi¥ 4————""" |

The amplitude is 25 and =%

After 0755, Cizat P.

x= ELCOS( £><U.'?5]=2Lcos£
3 4

=2Lx%=\'2£. buscee g

b=a—-x=2L-v2L
=(2-2) L, as required

b The speed of Cat P is
given by
V= m’(az - ;;2)

=|%] (@D -(20?)
EE%J (42 -2 = 2[%]2’
5 V2
3

£ 1z half of a complete oscillation.
So the period 1s 2x3s=635_

The formula for the displacement in terms of time when
time is measured from the instant when a particle is at
the amplitude 18 x=a cosé. If time 12 measured from
the instant when a particle 15 at the centre of oscillation,
thenthe formula s x=a sin ¥, In part a, it is more
efficient to use the formula with the cosine but in part ¢,
the formula with the sine gives yvou a quicker solution.

Frompart a, when C is at P, itz displacement

from the centre of oscillation 1z v 25 3o
z=v2aL.

¢ Ifthe window is centred the displacement of (! from the centre of oscillation is

givenby
x:i:z_.-\ 2[,
2 2

Measuring time,  seconds, from the centre of oscillation, at &

X =t sin oo

Clan (CF ST o LY
2 3

T — 0146975, = =0.140 35 angles are measured in radians. It is

The time from F to 13 given by
T'=2r=0.2807...

] In all SHI questions, it is assumed that

important that you make sure your
calculator is in the correct mode.

The time taken for O to pass from F o Q15 028 (2 dp.)

© Pearson Education Ltd 2C

Page2 of 2

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\content\m3_revl a 48.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 49

Question:

The points &, A, B and ' lie in a straight line, in that order, with O4=06&m,
OB=0E8m and OC =12m. A particle F, moving in a straight line, has speed

(% "JEJ ms ™ atd, [% “JSJ m s at B and is instantaneously at rest at ¢

a Show that this information 15 consistent with F performing simple harmonic motion
with centre &
Criven that P iz performing simple harmonic motion with centre O,

b show thatthe speed of Pat Ois 0.6m s,

¢ find the magnitude of the acceleration of F as it passes A,
d find, to 3 significant figures, the time taken for P to move directly from A to B [E]

Solution:
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a AtV =wilat —xH)
0P =@ -12=a=12

Atd v =oi(e* -1

(3, ¥\
3| =122 063
(5543 = )
E =’ x1.08
27 1 1
iy = —=— == —
108 4 2

Checking @« =1.2 and :% at B

Page2 of 2

Tou show that the information 15 the question is
consistent with SHM by taking the information
you have been given about two of the points and
using it to find the values of @ and @ . ¥ou then
confirm these values are correct using the
information about the third point. Az the
information about O gives you a directly, it iz
sensible to start with that point.

v =wia® - 2%

=%aztmsh=02=l

‘5/

Teing =12 and mzé, vou find the speed

of £ at B This calculation confirms the

speed of F given in the question and you
deduce that the information 15 consistent with
Fperforming simple harmonic motion.

d

This 15 consistent with the information in the question The information 1z
consistent with F performing SHB with centre O,

AtO, =0 Using v =@ (a¥ =)
1 22
=—(12°-0"=036
4( J
v=N036=06

The speed of Pat Ois 0.6 ms ', as required,

ArA :3E=—mzx=—%- 0&=-0.15

The magnitude of the acceleration at A is 0.15m s 2.

Atd r=asnaf 4—

In this question, as yvou need to find the

D=0 i 151 s %51 - l difference between the times at which P is

2 at A and B, it does not matter which of the
T T formulae x=asinmé of x=acosod you
Ezl EE E:"EI _E uge. If vou uge the formula with cosine,
mae N
At B x=asinox vou obtain ?s and 1.6821... = asthe

1 izl 2 : ; :
0.8 =12sn Efg = sin Eﬁg =§ times. The difference between these times

1z again 0412 (3.1

%zg =0728727 . =¢,=1459455_.

£, —f =1459 455...—% =0.412 257 ..
The time taken to move directly from A to B1s 04122 (3 s )

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

The rize and fall of the water level in a harbour 1z modelled as simple harmonic

motion On a particular day the maximum and minimum depths of the water in the

hatbour are 10 m and 4 m and these occur at 1100 hours and 1700 hours respectively.

a Find the speed, in m h™ at which the water level in the harbour is falling at 1600
hours on this particular day.

b Find the total time, between 1100 hours and 2300 hours on this patticular day, for
which the depth in the harbour 15 less than 5.5 m. [F]

Solution:
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10-4

a g=——=73

The period of motion 15 12 hours 4—— The & hours, from 1100 to 1700, are half of a

2m T complete oscillation.
T===12s0=C s
]

At 1600 hours, £ =5
X =goosoE

= 3::055'_'T:3./ e |=_3."3
& 2 2
v =w?(a® -1
2 32 / \
e ¥ [ 3V¥3Y | _(=Y(. 27)
(5|2 |3 -2
L6 2 YR 4 |
rona . 9
= | E *"E The formulae for simple harmonic
motion can be used with any
=(-) T, ,E I consistent set of units. Here metres
& 2 4 and hours are used.

At 1600, the water level is falling at a rate of im ht.

b depth (m) ! Yeu find the times, here

10 labelled # and &, , where
the water 1z at a depth of
3.5 m The diagram

T shows that the total time
5.5 |- for which the depth of the
water 1z less that 5.5 m 12
4 the difference between

these times.

0 3 I, 12 time after
1100 (h)

95mis 1.9 m below the centre of oscillation «#——7 The centre of the oscillation 15 at a

depth of m=7m.
X = acosor
-1.5 =3cos‘l lz |:- .:.::.s[ lg '|=_l
L& ) \ & 2
£f=2i,4_ﬂ-=’;.3=4’8
& 373

The time for which the depth of water in the hatrbour is less than 5.5 m s
(8 —dihours =4 hours
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Question:

A piston in a machine 15 modelled as a particle of mass 0.2 kg attached to one end 4 of
a light elastic spring, of natural length 0.6 m and modulus of elasticity 48 N. The other
end & of the spring is fized and the piston 15 free to move in a horizontal tube which 13

assumed to be smooth. The piston 15 released from rest when A8 =09 m.

a Prove that the motion of the piston is simple harmonic with period —s .

b Find the maxzimum speed of the piston
¢ Find, in terms of /7, the length of titne during each oscillation for which the length
of the spring 13 less than 0.75 m. [E]

Solution:
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a -=-+-— (09m —
l I TN |
| 1 @
A Q P B X

). M ———— m—

Let the piston be modelled by the particle 2
Let Obe the point where A0 =06m

When iz at a general point in 1ts motion,
Displacements in simple harmonic

.”/// guestions are usually measured from the

let ©F = x metres and the force of the spring centre of the motion. At the centre, the

on P be T newtons, acceleration of the particle 15 zero and the

forcesz on the particle are in equilibrium,

In thiz question, the point of equilibrium,

2, 18 where the spring is at its natural

length. Mo horizontal forces will then be

Hebiae s acting on the particle.
Ax 4Bz
=—=—=80x
! 0.6 When x 15 positive, the tension in the string 15 acting
E{—=) F=uma in the direction of x decreasing, so 7 has a negative
-r=02x | sign in this equation.
—80x =0.2%

F=—d00x=—20"x

To show that F 15 moving with simple harmonic

Comparing with the standard metion, you have to show that, at a general point of
formula for simple harmonic itz motion, the equation of motion of & has the form
s e lliuspre x =—kx,where & 15 a positive constant. In this case
. : e Sl : s,
sitnple harmonic motion with k=o" =100,
0 =20, The peried, T zeconds,
1z given by
2 m :
F=—=—_asrequired
20 10

b a=03m=20
The maxzimum speed is given by
v=aw=03x20=4§
The mazimum speed is 6m s

¢ When the length of the spring 13 075 m
x=075-06=0.15

X =acos

1
S ) When the length of the spring is less than
i n 075 m, the extension of the spring, x m, is less

201 = §=‘" H= 0 than 0.153 m. This sketch shows you that if the
The total time for which the length first time WhEI-’E the exten_smn 120,15 m 13 _:1 g,
of the spring is less that 0.75 m is the length of titne for which the extension 1z

: f g )
gigenby less than 0.15 m is | — -2 |s.
PR e \ 10 J

10 &0 15

The length of time for which the length of the spring is less that 075 m iz % g,
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Question:

A particle F of mass 0.8 kg 15 attached to one end 4 of a light elastic spring OA, of
natural length 60 cm and meodulus of elasticity 12 M. The spring i3 placed on a smooth
table and the end O iz fized The particle is pulled away from O to a point B, where
8 =85 cm, and 15 released from rest.

. e ; ; ; Vi
a Prove that the motion of F iz simple harmonic motion with period ?s :

b Find the greatest magnitude of the acceleration of & during the motion

Tweo seconds after being released from rest, F passes through the point O

c Find, to 2 significant figures, the speed of F as it passes through O

d State the direction in which P 1z movwing 2 s after being released. [E]

Solution:
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g | 'N |
; 1 ®— .
0 E P B
- 0.6 m - 11—

Az wouwill use Newton's second law in this question,
it iz safer to use base 21 units. So conwvert the distances
in cmto m.

-— ()85 m

Let B be the point where O =06m .

When P 1z at a general point in its motion, let BF =x metres and the force of the
spring on & be T newtons.

Hooke's Law
_Ax _lex o0
! 0.6
E{—) F =wma

—r=0pg7 ¥ | Whenx is positive, the tension is the string 1s acting in
the direction of x decreasing, so Thas a negative sign

—20x =0.8% i this equation

oS Atk

Comparing with the standard formula for simple harmonic motion, ¥ = —c®x, this
1z simple harmonic motion with =25 The period, T seconds, 12 given by

r= 2—T = 2—T . as required.
e 3

b The amplitude of the motion is 0.25 m.
The maximum magnitude of the acceleration

1z given by
| ¥|=|e'a |= 25025 =625 ¢ The acceleration ie given by ¥ =-w*x and
The mazimum magnitude of the acceleration | this has the greatest size when x 15 the
iz 5.25m s °. amplitude.
€ X=acoso Tou can derive an equation connecting
X = —an sin o H‘ﬁf welocity with time by differentiating
At =2 X =acosé with respectto £ You obtain
x=-025x58n(5%2) = -1.25an 10 v=x= % = —atosin o . This equation 15
R0 026"'. patticularly vseful when wou are asked
Th_e e Off_: = I paeeivauch about the direction of motion of a particle.
Gt 0:68masta(2sih ) Az the v is squared in v = (a® — 2%,
_ - : e . values of v found using this formula hawve
d As the. sign of x in pa:.ft €13 pc-.mtnre, P 13 an ambiguous + sign.
travelling in the direction of x increasing

as it passes through
Az it passes through O, P iz moving
away from O towards 5

© Pearson Education Ltd 2C
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Question:

A light elastic string of natural length £ has one end attached to a fized point 4. A
patticle F of mass me 15 attached to the other end ofthe string and hangs in equilibrium

at the point &, where AD = ;f ;

a Find the modulus of elasticity of the string.
The particle F iz then pulled down and released from rest. At time ¢ the length of the

..o
string 15 I+x.

2

: e 4
b Prove that, while the string is taut, dz._;: S

{
When P 1z released, AP = ;ﬁ' . The point & 15 a distance { vertically below A.

¢ Find the speed of P at B

d Describe briefly the motion of P after 1t has passed through B for the first time until
it next passes through O [E]

Solution:
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0
mg

Atthe equilibrium lewel

R(I) T=mg @ +—u The information you have been given at the equilibrium

level enables vou to obtain two equations for the tension
: " _ T one using Hooke's law and a second by resolving
T Ae A = e @ / vertically, Eliminating Thetween the two equations _

] ] 4 gives you an equation for the modulus of elasticity A

Hooke's law

Combining D and @

A ;

0 =mg = A =dmg

The coefficient of elasticity iz dmg.

b A-—T

g Mg

Hooke's law

% 4mg{'i.f+x.] g dmmesanas 5
T= T =£— TWhen AF= HE + x, the extension i
gl + dmgx Apman (5 } 1
=— = =mg+ &) |_£+x|—f=—.-:’+x.
i ! |4 ) 4
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Mewton's second law

Ril) F=ma

mg —T = mif @ < Youtake the forces in the direction of x

de increasing. The weight tends to increase the value
of x, 20 mg 12 positive. The tenszion tends to
Substituting @ inte @ decrease the walue of x 20, in thiz equation, T has a
negative sign.

( g | dx
mg—| mg+ |= m?
2
_dmgx _ md—f
{ ds
2
d—f =— 4E as required.
di {

¢ Comparing the result of part b with the

standard formula ¥ =—w®x, while the
string is taut, P mowves with SHW about O,

Srthignd _4e Alternatively, you can use cotservation
' ' of energy between the point of release
When F 1z released from the point where and B to find the welocity at 5.

7 _ __ Loss in elastic energy = gain in kinetic
AP =] the amplitude, a, iz given by e :
4 Energy +gain in potential energy

e 1 A (3 b 4
a=AP-A0="}-j="] hix i F T Vel
g o 5 5 o g =]
AtF x= _l; This, of course, leads to the same
4 ANEWEL.
v =@ (a® -2
i 2 ﬂ.lz A

1
=_'-3.'!1
WS (3gl)

The speed of P at J iz é v [(5gh)

d First P moves freely under gravity until it returns to 5
Then it moves with simple harmonic motion about &,

© Pearson Education Ltd 2C
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Question:

A light elastic string, of natural length 4a and modulus of elasticity Breg, has one end
attached to a fized point A. A particle & of mass # 15 attached to the other end of the
string and hangs in equilibrium at the point O

a Find the distance A0,

The particle is now pulled down to a point O vertically below &, where OO = | It is
released from rest In the subsequent motion the string does not become slack

g ; ; ; 2
b Show that P meves with simple harmonic motion of period -\/ 22 The greatest
E

speed of P during this motion iz lzﬂ'(ga) :

¢ Find & in terms of .

Instead of being pulled dewn a distance &, the particle 1z pulled down a distance a.
Without further calculation,
d Describe briefly the subsequent motion of F. [E]

Solution:
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2 : +— A particle attached to one end of an elastic string will oscillate
about the equilibrium position. When solving problems about
vertical escillations, you often have to begin by finding the

da + e LT point of equilibrium. In thiz case, the oscillations later in the
gquestion have centre &
0
meg

Atthe equilibrium level, let AQ =4a +¢, where 2 iz the extenzion of the string.
Hooke's law

! Az a
RN T =mg
Hence
_ Zmuge s ]
i 2
@ Yo
A =dgte=da+—=—
2 2
h A-—T
das T
sal
T0
b
X
y g

When P iz at a general point,
& zay, of itz motion, let OF =x.
At this point, the extension of the

+— To show that F 15 moving with simple

harmonic motion, ¥ou have to show that, at a
general point in its motion, the equation of
string is —a +x motion of P has the form ¥ = o’ x, where

2 i 15 a positive constant.
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Hoolke's law

i 1 M
. . 8mg| —a+tzx |
_ Axexmtension | 2 |

natural length - da

_ dprnga + Brmgx — 2rgx 0

A i
HMewton's second law \
Hooke's law and Newton's second

Eily F=sma : ]
law give youtwo equations from
g —T = mi @D = which you eliminate the tension, T

Substituting (D into @

mg |—mx
_2mgx -
[
2
i G
o

Comparing this equation with the standard formula for simple harmonic motion,
F=-w'x, P moves with simple harmonic motion about & and

= ‘\I|' |F Eg

The panod ofmotmn Tiz given by
T———ZT | |— |—I|,asrequired.
v =z

¢ The maximum speed 12 given by v=awm

l Viga) =d ,\/ | % |  *+— Asthe particle is pulled down a distance
2 / d from the equilibrium position and

l g e 25 released from rest, 15 the amplitude of
4 g a the motion.
g laz
8 . .
1 souaring both sides of the
d = X 24 previous line.

1 . : ;g ; .
d 4z a= Ea , the string will become slack during its motion The subsequent motion

of P will be partly under gravity, partly simple harmonic motion.

© Pearson Education Ltd 2C
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Question:

A particle P of mazs 0.3 kg 15 attached to one end of a light elastic spring. The other
end of the spring is attached to a fized point & on a smooth horizontal table. The
spring has natural length 2 m and modulus of elasticity 21.6 I, The particle F iz
placed onthe table at a point A, where 04 =2m  The particle P iz now pulled away
from ' to the point B, where QA5 15 a straight line with OF =35 m. It 1z then
released from rest,

— ; . NG|
a Prove that P moves with simple harmonic motion of period 3 5.

b Find the speed of 7 when it reaches A

The point T iz the mid-point of A5,

¢ Find, in terms of 57, the time talken for Fto reach C for the first time.

Later in the motion, P collides with a particle O of mass 0.2 kg which iz atrest at 4.

After impact, F and (3 coalesce to form a single particle &

d Show that & also moves with simple harmonic motion and find the amplitude of
this motion. [E]

Solution:
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|
|
0 A B

-— ] ————y

-—— 35m

When P iz at the point X, where AX = xm | let the tension in the spring be TH.

Hoolke's law

T—;— =2"""" =10.8x
Ei{—) F =i
—T =035 4—
~10.8x = 0.3%
F=-36x=—6%

When x is positive, the tension in
the spring is acting in the
direction of x decreasing, so T has
anegative sign in the equation of
motion.

Comparing with the standard formula for simple harmonic metion, ¥=-mw’x, Pis
performing simple harmonic motion about A with m=4§6

The peried of motion s 1z given by
2 e . |

T="="="_asrequired.
3
b Atd, x=0
v =i (a? —x*)=36(1.5 -0%) =81
v =v81=9

The speed of Patdis 9m s,

c At T x=%=0.?5

X = Ccosid
075 =1 5coshi 4+

1 I I
coshi = — = bhf=—_—=f=_—_

15

T

FPreaches O for the first time after E 5.

The time when P first reaches O 15 the
smallest positive walue of ¢ for which this
eruation 15 true. In principle, in simple
harmonic motion, & will reach this point
infinitely many times.

Page2 of 3
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d Eefore impact, the inear momentum of F 15

g =03x3MNs=27MNs
Let the velocity of the combined particle R immediately after impactbe U m s L.

After impact, the linear momentum of & 15

=050 s

Conservation of linear momentum  «——— Conservation of linear momentum is an
0a7=277=0=54 M1 topic and 15 assumed, and can be
tested, in any of the subsequent
IMechanics modules.

For R

B A m D'Sf +— When His at X, Hooke's law gives
—10.8x=05% T =10.8x, exactly as in part a. There is no
x=-2l6x need to repeat the working in part 4.

Comparing with the standard formula for simple

o A 0] . 2 .
harmonic motion, ¥ =—wm"x, after the impact
R s performing simple harmonic motion about

Awith * =216

o +— Az Rizperforming simple harmonic motion
SidmnaN 216 about A, the speed of B immediately after the
54 impact i the maximum speed of & during its

motion. The mazimum speed during simple

gt i U Y B
vale _ g
harmonic motion 15 given by v=amm .

The amplitude of the motion 1s

116 m (3 .£) \

Mo accuracy 15 specified in the
gquestion and the accurate answer,

ER

—— 1, or any reasonable

10

approximation would be accepted.
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Question:

N

A zmall ring K of mass we iz free to 2lide on a smooth straight wire which is fized atan

angle of 30° to the horizontal. The ring 15 attached to one end of a light elastic string
of natural length @ and modulus of elasticity 4. The other end 13 attached to a fixed
point A on the wire, as shown in the figure. The ring rests in equilibrium at the point 5,

where A8 = %a ;
a Show that A =dmg.

The ring is pulled down to apoint O, where 5C = %cx and released from rest At time

: - IR
¢ after A is released the extension in the string 13 [ga +x] :

b Obtain a differential equation for the motion of X while the string remains taut, and
: : : . : . a
show that it represents simple harmonic motion with period 7 -\/ [—] ;
g

¢ Find, in terms of g, the greatest magnitude of the acceleration of & while the string
retnain s taut.

d Find, in terms of @ and g, the time talen for £ to mowve from the point at which it
first reaches a maximum speed to the point where the string becomes slack for the
first time. [F]

Solution:
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—a—a=—a 4— The extension in the string 1z
AR —the natural length.

T
R(~) T =mgsin30 =]5mg +— Using sin 30 =E_

A 1 ; :
Hence §=Emg = A =4mg , as required.«—— Yoy equate the tweo expressions
for T

. A ! |
When the extension of the string is ‘ Ea +x |

Hoole's law

dimg /|.' écx +x |

_ Axextension

 natural length B @

1
mga +dmex 4
_ Mg gx _mg _ dmgx
a 2 &

B~ F =:ma

mgsin 30" —T =mix @

<_-_-_-_-_-—\_‘_'_'_'_*_-—-—._

mag sin 307 iz the component of

the weight parallel to the string.

file://C:\Users\Buba\Desktop\further\Mechanics 3Wmmt\sb\content\m3_revl a 56.F 3/4/201:



Heinemann Solutionbank: Mechanics 3 Page3 of 3

Substituting @ into D
mg [ mg i Apozga |

|=mk’
2k 2 a
_4mgx=mk_
o
a

Comparing with the standard formula for
simnple harmonic motion, = —'x,

. . . . . ) [ (ot
F s performing simple harmonic motion about B with @=2 N.' | ot |
| a

The peried of the motion 15 given by

_2m__em [(a) _
T= = —2 '\." | 2 | m ”\Il' | 2 ‘ as required
L a )

¢ The mazimum magnitude of the acceleration iz given by

i : dg 1
Lt _ _ ‘ . .
| % |= o x amplitude = ? i E‘I = As ¥=—w*x_ the magnitude of the
The maxzimum magnitude of the acceleration acceleration 15 @ | x|. So the mazimum
5 g magnitude is where x iz a large as possible.
That ig at the amplitude,

d The mazimum speed iz at & and the string
becomes slack after mowing a further

: 1
distance gﬂ : / Tou find the shortest time for Kto
- ; 1
X =asin o move a distance of ga from the centre
1

—a = la in oo of the simple harmonic motion.

B

T

. 1 m
SNOE = — = (i = —
2

T

i T T ff{a)
=~ ollT B Nkl

) 632 "\.'I ‘.' £ ~'| 1
\ & )
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