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Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise A, Question 1

Question:

Find, by integration, the centre of mass of the uniform triangular lamina enclozsed by
the lines y=6—-3x,x=0 and y»=10.

Solution:

1 : .
Mass=M=—px2x6==6p,where p 1z the mass per unit area

1]

b 4 1
ME=J px(6—3x) dx ME=J p§(6—3x)3dx
0

2 2
= .;_'[ fx —3x dx = %pj 36-36x+9x° dx
0 i}
. 2 e Ohic a 3
=p[3 -2 —5;_-[36x—18x +x ]j
=pl4a-0] 1
=4p =§r'-‘|24_0|
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2 S¥ 7 =
3 =2

The centre of mass 13 at the point with coordinates (% 2 )
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Statics of rigid bodies
Exercise A, Question 2

Question:

TTze integration to find the centre of tnass of the uniform lamina occupying the finite
region bounded by the curve with equation y= 3z | the x-axis and the line x=2.

Solution:

‘:hz :
M=J oy dx
1}
2
:-;.J L by
ik 1}
x a
S
—,_-I:x :Iu
:8;_'\
a 2
Mz J px3x’ dx MFZJ = p(32)* dx
1]
0 ; .
1 s
=p| 32 dx =—-p-J 9x dx
0 2" Jo
:r\[%x“'f :El'.\ x_jz
2%l 5
=12r'.'-‘
__12p_12p :9'1’032 .
= =
M 8p
5 3 144
:5:1.5 5"
‘}_3:144.;.:1449
E M 40p
=36

The centre of mass iz at the point with coordinates (1.5, 3.6),
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Exercise A, Question 3

Question:

TTze integration to find the centre of mass of the uniform lamina occupying the finite

region bounded by the curve with equation ¥ = ﬁ the x-amxiz and the line x=4.

Solution:

374
=lEF\x§]
3 ]
216,1_'?
3
i £ 47 12
MEZPL e A ‘ " ‘ dx
2
4 2 Wi i\ J
=p| x*dx o
rhJ‘u =1§,:* xdx
5 4 I-_D ’
=| = pxd 1 X2
5 0 :_r_'\ —
2 2 .
64p "
5 R
Lz B4 e _ A
: Y, LY o
_ 64;.‘?_:15;_“-' 245}_:16;3'
3 3 3
= 6dp . 3 = 4px 3
] lép l&p
=E=2.4 =E=CI.T"5
5 4

The centre of mass iz at the point with cocrdinates (2.4, 07730
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Exercise A, Question 4

Question:

TTze integration to find the centre of tnasz of the uniform lamina occupying the finite
region bounded by the curve with equation y= x° +1, the x-axis and the line x=1.

Solution:

1
M=pj@ﬁmﬁ
1}

0 1 5
=
o1 1 el
Mz=p| oz +0dx Mf=5p (x* +13% dx
W0 w i
sl 1t
=p| +xdx =—p| L+2x2*+1dx
v 2" Jo
1 . 1
=p Exj+%x2} =%,-_‘- %xz+—x4+xi|
L o L o
—— y p._ 23 23p
10" 2 14 28
7 __23p
I=—p+ M =
T 7" 8
. 23p 5
10" 40 P
_F-"‘r'-ﬂ’ 4 23p 4
10 35p 28 5p
28 14 _23p 25
a0 25 35p 0 35
|" )
The centre of mass 13 at the point with coordinates %% .
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Exercise A, Question 5

Question:

TTze integration to find the centre of tnasz of the uniform lamina occupying the finite
region bounded by the curve with equation y* =4ax, and the line x=a, where @ is a

positive constant.

Solution:

‘a

Il
-I‘.r'
=
Fa
~a
X
[0
!
B3
o
b3

I

I

S
b2l =
e —
| 2

o
ba] L
| |
[=] Fa

1 s
= ,3/40:5 |:Ex5]
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— B0 i3
5
sl
i =i =M
5
_ Sr‘ag__Bpaj
53
3
=—a
5

From symmetry ¥=10.

: : , : (3 A
. The centre of mass 15 at the point with coordinates | E.:x, 0 |
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Exercise A, Question 6

Question:

Find the centre of mass of the uniform lamina occupying the finite region bounded by

the curve with equation y=sin x,{0= x= 1) and the line y=0.

Solution:
L
¥ =nx
M=,0-J‘ sin x dx
0
0 £ & =p —cost'_.T
:2[._1_-
From symmetry f=%
_ HE R
My=—p| s@n”xdx
2 Jo
=l,-:.~,fl'|‘”1—|:032xdx
2 2
=l,-_{x—lsin2x}
4 2 a
—1 T
i
'F—l'\.'r_'M— '\'r_'2'\.
i Pl P+ 2
_1-|-
z

F R |
The centre of mass iz at the point with coordinates | = |
V2 8

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\contenttim3 5 a 6.h

Pagel of 1

3/4/201:



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise A, Question 7

Question:

Find the centre of mass of the uniform lamina occupying the finite region bounded by

the curve with equation y=%,(0ﬂ:xﬂl) and the lines x=0,x=1 and y=10
+ X

Solution:

M=p| ydx
o
— : ]
. £ g l+x
I = plact+x ]
= pln 2
_ bz so 1 C
Mx:r"[]?dx B o (1+2)°
1 e 1
=.;J‘ - =2 p[-a+a7],
i 1 X
:l.'\|:__1+1i|
= plx-ta(t+x | L
= p[l-n2] R0
1-1In 2 =R
E =r'_'-‘—| ﬂ; I '11
 fi-tn2] =g pEl
Y 1
_1-In2 40
T Tz pln 2
1
42
(1-1n2 1 )

The centre of mass 15 at the point with coordinates

nz "4in2
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Statics of rigid bodies
Exercise A, Question 8

Question:

-
o
=Y

Find, by integration, the centre of mass of a uniform lamina in the shape of a quadrant
of a circle of radius # as shown

Solution:

prr” as this is a quatter of a circle.

I | —

Mx = PJ4 %rﬂ /%rcosH dd

1 o
—5,-_‘-3" [smH]%
iy {L_{' i ﬂ

30 V2 L2
_2,'_'-‘.?"3
= -
P 2pr? —:l wr?
302 47
B NG
BN
_8\,@3"_4«,@?"
T

Alze ¥=10 from symmetry.

The centre of mass 15 at the point with coordinates

af2r U‘I‘
im T
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Statics of rigid bodies
Exercise A, Question 9

Question:

The figure shows a vniform lamina bounded by the curve y=x" and the line with
equation ¥ =4x, where x = 0. Find the coordinates of the centre of mass of the

lamina.

Solution:
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W i
y=x" meets y=4x when x° =4x ie x=12.
el Sowhen x> 0,x=2
¥ ’ ; .
5 i - » The small strip shown has dimensions (p, — ) by
X F X
i A
dx and centre of mass at | x,%(y1+y2) ‘
.1
M=p| (4x-xHdx
W0
. 2
1
= ,J_ng—Zx“l
:4[._1,-
P -l V]
Mz=p| xdx—x")dx My = oy v + 0000 — 0 )dx
W0 0
w2 -1 w2
=p| 42" dx =—p| Gx+204x-)dx
Jo 2" Jo
e 2 -2
s if_lf} bl Tt
3 5 ] e W0
2
L3 5 213 T
_bp _ p{l28_128}
15 20 3 7
iy =64P—M=64p_4p — 256 al
15 15 ot
_Ie _ 25 . 256
a¥ = =@ M'=——p=dp
15 21 21
o4
21

i
The centre of mass i at the point with coordinates | TN
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Statics of rigid bodies
Exercise A, Question 10

Question:

The figure shows abadge cut from a uniform sheet of fabric. The badge 15 formed
from one semi-circle of radiuz 1 cm and a semi-circle of radiug 3 cm joined as shown
in the figure to make a plane lamina. Both semi-circles have the same centre &
Determine, in terms, of p1, the distance from & of the centre of mass.

Solution:

This question may be answered using M2 techniques. List the shapes with
their masses in a table.

shape Idass Position of centre of
mass
Snp [ |
Large semi-circle 2P ‘ B |
mp 3 -4 i
Small semi-circle - ‘ 0, —
2 \ 3T )
Total Smp (0, 7)

From symmetry, the centre of mass lies on the axis of symmetry, taleen as the y-amis.
The common diameter is taken as the x-axis.

Then use LY =f2n§ to give

mp 4 +,¢r i P
P bR

: 2
re. 18——=5a¥

2 iy
LE =L =¥
 15m

: : : 52

The centre of mass iz on the axzis of symmetry at a distance by o abowe the common
diameter.
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Statics of rigid bodies
Exercise A, Question 11

Question:

The figure shows a uniform lamina made from a sector of a circle with radius 5 cm
from which a similar sector of radiug 2.5 cm has been remowed. The sector 15 three
quarters of the original circle in each case, and both circles have the same centre &0
Find the distance of the centre of mazs of the lamina from the point &,

Solution:

The centre of mass lies an the axis of symmetry.

. drsmno :
Centre of mass of a sector 15 o . where the angle of the sector 15 Zer .
¥
. am n .
In the given shape 2¢ =? = =? and centre of mass of the sectors iz ata
1

25K E 2 4:\5

sm TN

distance from the centre & of

4
Shape WMass Distance from O of centre
of mass
3
Large sector —x25np 20:2
g On
3
Small sector == 6. 25mp 1042
4 A
: 3 a
Femainder Z <18 75mp ¥
From the moments equation
E/ 25mp /w - E/ 6. 25mp /w = E/lS.?ﬁ;‘T,@f
4 Om 4 Sm 4
20442 10442 —
soax J_ —1x J_ =3y Diwvide each term by E < 6.25mp .
o or 4
Ly = 7042 =12
2im

The distance of the centre of mass from ©'i5 1.2 cm (2 5L,
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Statics of rigid bodies
Exercise A, Question 12

Question:

The figure shows a uniform lamina occupying the finite region bounded by the x-amiz,
the curve y=,[/i24 —4x), where 2 =x =6, and the line with equation y= 2z, where

0 <x =2 Find the coordinates of the centre of mass of the lamina.

v=W24 —dx)

o 1 2 3 4 5 [

Solution:
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4 L Divide the region into horizontal strips of
1 dimensions (x, —x) by oy .
" The centre of mass of such strips lies at
[z, +x, 5 ”'|
x5 : " 2
o ©1 2 2 6 x 24 —y*

where x =§ and x, =

4
TTzing M= pj (x, — x)dy
0

wd s Y

i 1 4 yl
M=p| | 6-=y -2 |4
tﬂ"\ 4}? 2 '|y
I 1wy Log |

=1 6 [ —_—

f-_ ¥ 12.}’ 4.}’ l;.
: 24—E—4}
3

I
=

a4

= i
=

2

4

Using M}=pj Yz - 1)y
i}

4 1 )
My = PJ 6}’——)?3—%'&)?

16" 6 |,

=|L{48—16—E}

fe

=_r|\_'>

3
_-_ﬁ:ﬂp;_Mzﬁ/i

3 34

o

11

=15(2sf)
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Tsing My =

s}

- (% + x)(% +x)dy

Lot

5#0
ad] . w2

P ' 1 27 1 2}1

s ft g

mh & | P
ad

=
Ll
2Jo

4

-

(x3 — 5 )dy

1 1
-3+ —yt——y d
¥ 16}’ 4.? g

=4
13 1
36-—2pt + 3t &
0 4}‘ lﬁy _Jf

é B6y— 2 )7 +iy4]:

12 80

2 144—5/54+@]
G T 80
I 3?1}
217 15
1/871—:£
B

_oA
55

=3.0(2sf)

The centre of maszs iz at the point with coordinates | 22— 1
L 55
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise B, Question 1

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve y= x* —4x and the x-axis is rotated through

260" about the x-ams to form a solid of revelution. Find the coordinates of its centre
of mass.

Solution:

0 - ~

From symmetry the centre of mass lies an the x-amis,

As y=zx* —4x meets the x axis when

X—d4x=0
ie xix—4) =0
Lx=0and x=4

Again from symmetry the centre of mass lies at x=2.

The coordinates of the centre of mass are (2, 0).
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Statics of rigid bodies
Exercise B, Question 2

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid.
The finite region bounded by the curve (x—1° +y* =1 is rotated through 180" about
the x-amis to form a solid of revelution. Find the coordinates of its centre of mass.

Solution:

The curve with equation
(x=17 +3* =1

1z a circle, centre {1, 0 radius 1.
It 1z rotated about the x-axis to form a sphere — centre (1, O

The centre of mass 15 at {1, 0.
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Statics of rigid bodies
Exercise B, Question 3

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid

; : i 3 .
The finite region bounded by the curve y=rcosx o =x= Ex . and the x-axis, iz

rotated threugh 260° about the x-axis to form a solid of revelution. Find the
coordinates of its centre of mass.

Solution:

a

3=
wlg

From symmetry the centre of mass of the solid of revolution is at the point with
coordinates {m,0) .

-] +
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Exercise B, Question 4

Question:

TTze symmetry to find the coordinates of the centre of mass of the solid
The finite region bounded by the curve ¥ +6¥ =z and the y-axis, is rotated through

360° about the y-axis to form a solid of revolution. Find the coordinates of its centre
of tnass.

Solution:

The curve with equation y° +6y = x meets the x-axis at x =0, and meets the y-axis

when ¥ +6y=0

Leyly+é61=10
Ly=0or—6

The curve 15 shown in the diagram, and 1z rotated about the y-axis through 3607

Vi

4]

63~
From symmetry the centre of mass lies at the point {0, -2) .
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Exercise B, Question 5

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y =3z, the line x=1 and the x-axis is rotated

through 260° about the x-amis.

Solution:

The centre of mass lies on the x-axiz, from symmetry.

TTzing the formula

J,-.ygxdx
——,as_y=3x2

T =
'[Tygdx
1
J Tx9x dx
=0
J mxext dx
0

i 5 k]
o The centre of mass lies at the point | z ] ‘
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Statics of rigid bodies
Exercise B, Question 6

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y = Jp_r the line x=4 and the x-ams 15 rotated
through 360° about the x-axis.

Solution:

The centre of mass lies an the x-aus, from symmetry.

J,Tyzx dx
TTzing the formula ¥ = Lwith v= JE
I,Tyz dx
4 4
J Txxxdx J nxt
0 — &0
7 7
J mxdx J Txdx
0 0

dx

X =

3
e
3 5

i b
o The centre of mass lies at the point | 22,0 |
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Statics of rigid bodies
Exercise B, Question 7

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mase of the solid formed when

the finite region bounded by the curve y=3x" +1, the lines =0, x=1 and the x-axis
1z rotated through 360° about the x-amis.

Solution:
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¥ 1/

e 1

=y

The centre of mass lies on the x-axiz from symmetry.

J,-.yzx dx
Tzing the formula ¥ = cas y=13x+1,
l,-'ry2 dx

1
J mGxt+ D x dx
Tl

S —

1
J 737 +1)7 dx
1]

1
"J 0% +6x +xdx
_ _Ju

1
"J axt+ext+1dx
0

1
{gx5+éx3+x}
5 ]
E+E+l 31
=6 4 2. 2
2i2h1 42
35 3 5
&5
48

i N
o The centre of mass lies at the point | %,D |
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Exercise B, Question 8

Question:

TTze integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mase of the solid formed when

: : 3 : w
the finite region bounded by the curve y=—, the lines x=1, x =3 and the x-axiz 1z
x

rotated through 260° about the x-amis.

Solution:

The centre of mass lies an the x-asis from symmetry.

nygx dx 3
TTzing the formula = cwith y==— then
i 2 x
Tyt odx

i )
- The centre of mass lies at the point | gln 30 |= {1650 3:1)
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Statics of rigid bodies
Exercise B, Question 9

Question:

TTze integration to the find the position of the centre of mass of the solid
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve ¥ = 2e% , the lines x =0, x =1 and the x-amxis iz

rotated through 260° about the x-amis,

Solution:

The centre of mass lies on the x-axiz from symmetry.

nyix dx
TTzing the formula = cwith y=2e", then

e —lE:2 +—=
i 2 2
et -1
14D
2(e* -1
{ 1 2+1 i
.~ The centre of mass lies at the point | — (Ej ), .
|2 -1 )
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Statics of rigid bodies
Exercise B, Question 10

Question:

Use integration to the find the position of the centre of mass of the solid.
Find, by integration, the coordinates of the centre of mass of the solid formed when

the finite region bounded by the curve y =32, the lines x=0,x=2 and the x-axis is

rotated through 3607 about the x-axis.
Solution:

The centre of mass lies an the x-axis from symmetry.

Jﬁyzx dx
Tsze the formula 7= Lwith y=3"".
Iﬂy2 dx

1
J 79 ¥ dx
0

2x

Tx% dx
1]

Then x =

T=5et gte§

i — ~ =046(2sf
2(1—e™) = 2(et -1 S

4 "
: , , : e =5 '
. The centre of mass lies at the point with coordinates |

0.
L2t -1
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Statics of rigid bodies
Exercise B, Question 11

Question:

Tou may quote results for the centres of mass of cones and hemispheres obtained
earlier.

A umiform solid right circular cone of height 10 cm and base radius 5 cm 15 joined at
its base to the base of a uniform solid hemisphere. The centres of their bases coincide
and their axzes are collinear. The radius of the hemisphere is also 5 cm. Find the
posttion of the centre of mass of the composite body,

a when both the cone and the hemisphere have the same density,

b when the hemisphere has density twice that of the cone,

Solution:

a Let O be the point at the centre of the plane circular face of the cone and of the
hemisphere. Let positive displacement be towards the wertex of the cone

Shape Wl Tt Distance from O to
centre of mass

1 10

Cone —mp w2510 1 s

3 4
2 15
Hemizphere Zapx 5t 1 S
3 8

250 250
Composite body —ap+ 3 puf 2 x

Take moments about O
10

1/—+]/‘r£"‘=2f
4 . 2 )

5
16

LxX =
. . .5
The centre of mass lies an the axis of symmetry at a point e cm from O towards

the vertex of the cone.

b Ifthe hemisphere has twice the density of the cone then the ratic of the masses
becomes cone 1, hemisphere 2, composite body 3 so the moments equation

becomes
1> E+2 « _—152 3x
4 ]
_ —1a
R —
12

; . e
The centre of mass lies on the axis of symmetry at a point 0 cm from O towards

the rim of the hemisphere.
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise B, Question 12

Question:

Tou tmay quote results for the centres of mass of cones and hemizpheres obtained
earlier.

A solid s composed of a uniform selid right circular cylinder of height 10 cm and
base radius & cm joined at its top plane face to the base of a uniform hemisphere of the
same radius. The centres of their adjoining circular faces coincide at point & and their
axes are collinear. The radius of the hemisphere 15 also & cm. Find the position of the
centre of mass of the composite body,

a if the cylinder and hemisphere are of the same density,

b if the hemisphere has three times the density of the cylinder.

Solution:
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Let p bethe mass per unit volume of the cylinder,

a The centre of tnass lies an the axis of symmetry.

Units of Distance of centre of mass
=hape Ilazs from O ( +wve towards top
mass :
of hemisphere)
Cylinder prx36x10 5 -5
2 3
Hemisphere pomxE 2 -6
3 B
Composite body 360mp +144mp 7 x

Tale moments about O

5/—5+2/18—8 =7

1e.9-50 =14%
e ]
LE=E——

14

; ; : 13
o Centre of mass 15 an axis of symmetry at a distance 2 B cm away from base of

hemisphere.

b Eedraw the table noting that the masses of the hemisphere and of the composite
body have changed.

Distance of centre
shape Idass Tnits of mass of mass from &
{+wve as before)
Cylinder prx 36x10 5 -5
_ 2 3 3
Hemizphere Ipx—mxb & Zwh
3 8
Composite body 360mp +4327p 11 x

Take moments about &
—25+ 13?8= 11x

-3
sk —

22
. . . 1
oo Centre of mass 15 on the axis of symmetry at a distance IE cm away from the

base of the hemisphere.
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Statics of rigid bodies
Exercise B, Question 13

Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained
eatlier.

Find the position of the centre of mass of the frustum of a right circular uniform selid
cone, where the frustum has end radin 2 cm and 5 cm, and has height 4 cm.

Solution:

A frustum of a cone iz obtained by removing a small cone from a large cone.
Diraw a diagram, showing the cones and the frustum and let the height of the small
cone be k2 cm.

Tzing similar triangles:
B2
A+d 5

S5k = 20h+D)
3k =8

o [T D
3

The centre of mass lies an the axis of symmetry. Let the centre of the baze of the large
cone be O

: Distance of centre
=hape Mazs TInits of mass of mass from O

1 20 5
Large cone PX—T X554 % 00 g
3 3 3

1 2 2

=mall cone X —T > 7 ) .

3 3 3

a00m 32T

Frustum 3 Q- 3 fa) 468 X

Talke moments about &

500/5—32/[ 1 '|=468f
3 |3 )
22992 aeer
3
6
LE=1—or146 (3s1f)
1%
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Statics of rigid bodies
Exercise B, Question 14

Question:

Tou may quote results for the centres of mass of cones and hemispheres obtained

earlier.

a Find the position of the centre of mass of the frustum of a right circular uniform
solid cone, where the frustum has end radu 2 cm and 4 cm, and has height & cm.

b A cylindrical hole of radiuz 1 cin with the same axis as that of the frustum is now
drilled through the frustum. Find the distance of the new centre of mass from the
larger face of the frustum.

Solution:
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a From similar triangles:
N
W8 4
n 4k =2(h+8)
S22k =16

Page2 of 2

- =] ]
1e k=18
: Distance of centre
=hape laszs Tnitz of mass of mass from O
1
Large cone ol gT <416 8 4
1 2
“mall cone ,-_‘-*-g,-T-E X8 1 Ry2=10
256 3am
Frustum p- fa) 7 x
3 3
Take moments about O
Bxd—1=10=7%
R % =314{3:=1)
Eequired distance 15 3. 14 cm.
b
. Distance of centre
=Shape Mazs itz of mazs En i ey
Frustum 224 fa] 28 %
3 7
Cylindrical hole nxi*x8p 3 4
200w
Eemainder 3 fa) 25 x

Take moments about O

28*%—3*4=25§

1e B8-12 =25%
E=E =304
25

Eequired distance 15 3.04 cm.
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Exercise B, Question 15

Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained

earlier.
A thin uniform hemispherical shell has a circular base of the same material Find the
position of the centre of mass abowe the base in terms of its radius »

Solution:

Let the density of the materialbe p and its thickness be £,

Then the mass will be proportional to the surface area
The centre of maszs will be an the axis of symmetry

Distance of centre
=hape lazs Tnits of mass of mass above
base
. . F
Hemispherical shell pt % 2mr? 2 5
Circular base pt xmr? 1 0
Composite body P Emr? 3 %

Take moments about centre of base;

ol 4+0=13%
>

LE ==r

| —

: : r
o the centre of mass 15 at a distance § abowe the base.
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Statics of rigid bodies

Exercise B, Question 16

Question:

Tou may quote results for the centres of mass of cones and hemizspheres obtained

earlier.

A thin uniform hollow cone has a circular base of the same material. Find the position

of the centre of mass above the base, given that the radius of the cone 15 3 cm and itz

height 15 4 cm.

Solution:

Let the density of the material be p and itz thickness be &

Then the mass will be proportional to the surface area
The centre of mass will be on the axiz of symmetry

Distance of centre

shape Ilass Tnits of mass of mass above
haze
1
Hollow cone piXmxIXD 15 - <4
Circular base pt xm x3? 9 0
Composite body 15mp £+ Impe 24 %

[The surface area of a cone 15 given by the formula 7+ where [ 15 the length of the

slant side. &5 » =3 and A =4 then /=5 from Pythagoras-Theorem ]

Talke moments about centre of base:

4

Slax—=+0=24%
3
__ 20 35
LEE—==
2 )

: ) 5
=0 the centre of mass 15 at a distance g cin abowe the base.
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Statics of rigid bodies
Exercise B, Question 17

Question:

TTze calculus to obtain your answer,

A cap of height 3 cm iz cut from a uniform solid sphere of radiuz 6 cm. Using
calculus, find the position of the centre of mass of the cap, giving the distance from
the plane circular surface,

Solution:

This cap 15 the solid of revolution obtained when the arc of the circle with equation
x2 +y2 =6 3<x<6, isrotated through 180° about the x-axis.

The centre of mass lies an the x-amis, from symmetry.
§ 8
J Ty xdx J (36— x"x dx
x = ==
e J my? dx J (36— x%) dx
3 3

5
J 36x—x dx
3

LS
J 36— % dx
3
6
{18:{2 —lx4l
4
- . T
{36x—lx3}
3k

|" 18 x6% —

<6 | —|" 18 3% — L3t |
4

|| s | —

|"36,/5— ,z53t'|—|"35,/3—1,/33"|
ciall @ 57|
_324-141.75 _182.25

144 — 59 45

=405

o Distance from x=3 13 105 cm.
o The distance of the centre of mass from the plane circular face 15 1.05 cm.
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Statics of rigid bodies
Exercise B, Question 18

Question:

TTze calculus to obtain your answer.

=how that the centre of mass of a cap of height & of a sphere of radius & 15 on its axis
. hlda—k) .
of symmetry at a distance ————— from the circular base of the cap.

4{3a—4)

Solution:

1

The arc of the circle x° +v* =a* a—h < x<a is rotated about the x-axis.

n (a -2 )x dx [lagxg —lx“}
2 S

J (cz —x)dx {azx—%xﬂ:k

4—5 (a ?33'+ (a—hy*

1,

_4

& (a—;z)+-(a—;z)
3 3

S @ == Ry

%(m? - a -k +a-nY

_ 3 (2ak—kY)?
TP
3 (2a-h)
4 (3a-h)

o Distance of centre of mass from base of cap (le. x=a—-Ak) s

Hoa—h)t i 2a—-kr -4 -Ra-B
A(3a - k) A(3a — k)
_ dah -k’
4(3a—h)
hida — k)

1 e required distance iz

45— k)
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Statics of rigid bodies
Exercise B, Question 19

Question:

TTze calculus to obtain your answer,
Tzing calculus, find the centre of mass of the uniform hemispherical shell with radius

R

Hint: Divide the shell into small elemental
cylindrical rings, centred on the x-asis, with
radius Rsin @, and height R66, where 0 iz
the angle between the radiue & and the x-asis,

|

R sin @

Solution:
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The curved surface area of the elemental disc is 27 WNPR 80 =278 sin 0 x 66

= & ! 2 ] -~ & [
. itz mass 15 270 R 510 806 |, where p is the mass per unit area.
I F

J.osnce E py X = E mx,, where x; = Rcost)

and g, =21 pR* sin 0 60 then

7 _
J 2np R sin B« ReosH d6
0

e

Jz 2mpR? sin 6 46
1]

T
RJ sin Boos @ d6
e

i
J asin B 46
0

s,
R/—J sin 26 Jdd
2Ja

I—cos f r

P |—COjZHr

Rii--1]

Y [N Ny

This proof 1s not expected to be known for the examination.
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Statics of rigid bodies
Exercise C, Question 1

Question:

A uniform solid right circular cone 15 suspended by a string attached to a point on the
rim of its base. Given that the radius of the base 15 5 cm and the height of the cone 1s
8 cm, find the angle between the vertical and the axiz of the cone when it 1z in
equilibrium.

Solution:

The diagratn shows the equilibrium position with the centre of
tasz (7, vettically below the point of suspension 5

As ﬁG=%§s for a cone

S AG=2cm
Also the radius AS=5cm .

b

Let the angle between the vertical and the axis be 8.
Then from AASG, tan 6 = g

o8 = 68 (to the nearest degree)
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Exercise C, Question 2

Question:

A uniform solid right circular cylinder 15 suspended by a string attached to a point on
the rim of 1ts base. Given that the radius of the base 18 & cm and the height of the
cylinder 1z 10 cm, find the angle between the vertical and the circular base of the
cylinder when it 12 in equilibrium.

Solution:

The diagram shows the equilibrium position with the
centre of masz & below the point of suspension 5

Az AG= ]E?z for a uniform cylinder

S AF=5cm
Also the radius AS =6cm .

The angle between the vertical and the circular base of
the cylinder iz 8.

From AASH tan @ = g

S8 =40 (to the nearest degree)

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

A unifortm hemispherical shell is suspended by a string attached to a point on the rim
of its baze, Given that the radius of the base is 4 cm, find the angle between the
vertical and the axis of the hemisphere when it 12 in equilibrium,

Solution:

f The diagram shows the equilibrium position, with the
centre of mass (& below the point of suspension 5

bz AT = % # for an hemispherical shell

LAG=2cm
B also the radius AS=4cm
Let the angle between the vertical and the axis be 6.

Then from AASG tan ) = g

LB =65 (nearest degree)
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Exercise C, Question 4

Question:

a Find the position of the centre of mass of the frustum of a right circular uniform
solid cone, of end radit 4 cm and 5 cm and of height & cm. (Give your answer to
3sf)

This frustum 1z now suspended by a string attached to a point on the rim of itz smaller

circular face.

b Find the angle between the vertical and the axis of the frustum when it 15 1n
equilibrium. (Give your answer to the nearest degree.)

Solution:
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a X
From zimilar triangles
R4
E+6 5
L0k =4h+24
te k=24
-5+ Centre of mass lies at the axis of symmetry OX
. Posttion of centre of mass
=hape Maszs Ilass ratios e
1 2 a0
Large cone —mpx 5° %30 125 —=75
3 4
i 24
small cone “apx4*x24 &4 fE4+—_=17
3 4
250
Frustum p p—128m0 &l x

Talke moments about &
125x7 5-64d=12=061x

~168.5=61%

339
SX = 2783 L) (or =
x (3s.£) (or 1500

In equilibrium the centre of mass & lies vertically below

the point of suspension 5
Let the required angle be o
A% iz smaller radive =4 cm

by

’ AF=6-278=322cm (3:1)
_ _ 4

CAG 322

Soof =571 (to the nearest degree)

tat of
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Statics of rigid bodies
Exercise C, Question 5

Question:

A unifortm zolid cylinder of radiuz » and height 4 rests in equilibrium with itz base in

contact with a rough inclined plane, which 1s sufficiently rough to prevent sliding The
plane 1z inclined at an angle o to the horizontal Show that equilibrium is maintained

provided that tan o =% and find the value of k&

Solution:

The diagram shows the limiting case when the point vertically below the centre of
mass (7 15 on the edge of the area of contact.

In this position angle AGC 15 also equal to o |, the angle of inclination of the plane to
the horizontal

From AAGD tanor =7 = l

2r 2
(ro=266(3:80
For any larger angle tilting will occur

- Eguilibrium 1z maintained prowvided
k!

tan o < — |i.e.k=—
2 | 7}
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Statics of rigid bodies
Exercise C, Question 6

Question:

A uniform hollow cone of radivg » and height 4r restz in equilibrivm with its base in
contact with a rough inclined plane, which 1s sufficiently rough to prewvent sliding The
plane iz inclined at an angle o to the horizontal Show that equilibrium is maintained
provided that tan o =% and find the value of k.

Solution:

A& —= o

The diagram shows the limiting case where A, a point on the circumference of the
citcular base of the cone, 15 vertically below & —the centre of mass.

AGO =

A =r

0G = Lugr=
3 3

From AAGO tanor e
4

3

For any larger angle tilting will occur,

3
= ({w=37
7 { )

Equilibrium is maintained provided

3 3
tanr <= (1e k==
4 ( -4:I
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file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttm3 5 ¢ 6.h

Pagel of 1

3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise C, Question 7

Question:

A uniform zolid hemisphere of radius » rests in equilibrivm with its curved surface in

contact with a rough inclined plane, which is sufficiently rough to prevent sliding The
plane iz inclined at an angle o to the horizontal, and the plane face of the hemisphere
1z in a vertical position Find the value of o, giving your answer to the nearest degree,

Solution:

The diagram shows the centre of mass 7 above the point of
contact &

G50 =
S =p

and OCF:gr.

S =227 (nearest degree)
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Statics of rigid bodies
Exercise C, Question 8

Question:

& solid uniform hemisphere rests in equilibrium with its curved surface in contact with
s : ; 3
arough plane inclined at o to the horizontal where sino = TS

Find the inclination of the axis of symmetry of the hemisphere to the vertical

Solution:

Touneed a good
diagram and use of
the sine rule.

The diagram shows the equilibrium position with the centre of mass 7 vertically
abowe the point of contact with the plane 5 15 the centre of the plane face of the
hemisphere.

Let the obtuse angle between the azis of symmetry and the vertical be 7. Let the
radius of the hemisphere be ».

In AOGS, 05G =
O =r

and OGF = gr

TTzing the sine rule

my 51;1” But sinee = i
4 =r
]
: r
e W = E = l
SLEn Y 3 5
—r
8
Sy =130 and the acute angle between the axis of the hetnisphere and the vertical iz
307
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Exercise C, Question 9

Question:

A zolid object is made up of a right circular uniferm solid cone joined to a uniform
solid hemisphere 2o that the base of the cone coincides with the plane surface ofthe

: : 9 B ; i
hemisphere. Their commeon radius is » and the height of the cone 13 gr.

a Find the position of the centre of mass of the compostte object giving the distance
of thiz centre of mass from the vertex of the cone.

b Show that the object will remain in equilibrium on a smooth horizontal plane, if it
15 placed with a curved surface of the cone in contact with the plane.

Solution:
a ¢ Let the wertex of the cone be ' and let the mass per unit volume be o .
i Diztance of centre
Shape Ilass fass ratios -
Cone l-‘.’prz Er 2 E.Er=lr
3 4 3 2
2 B3 a2 25
Hemisphere Zmprt & Tt le="0
k] 8 3 4
. B 3 =
Composite body §,¢pr & T

Take moments about &

E/lr+6/Er= Bx
2 24

SBx =r+£
-
4
_ 2%r
x i el
3
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¢ 15 the angle between the axis of
symmetry and the slant side of the cone

i

Aw—r—=

For equilibrium, the point vertically below &, 12 point B, must lie between &' and
A, where 4 15 a point on the common face of the cone and hemisphere.

OA =slant side of cone =

13

2

PR
r +‘ %r | (from Pythagoras)

=l fpra=
3

O = Ol cosae
2% 2

i R

32 13
29r413
~ 16x13
_ 29r413

208

5 l > 2 LO0A =08 and equilibrium i3 maintained.
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Statics of rigid bodies
Exercise C, Question 10

Question:

A uniform solid consizts of a hemisphere of radius » and a right circular uniform
cylinder of base radius » and height % fized together so that their circular faces
coincide. The solid can rest in equilibrium with any point of the curved surface of the
hemisphere in contact with a horizontal plane. Find & in terms of #

Solution:

Shape hass Distance from O of centre
of mass
: 2 ki
Cylinder Tprih )
2 3
Hemisphere Znpr’ o
3 8
: af 2 _
Composite body Tpr | b+ gr ‘

Az the solid can rest in equilibrium with any point of the curved surface in contact
with the horizontal plane, the centre of mass must be at the centre of the plane face of
the hemisphere.

Le. x =0
oo Taking moments about O

B2 .3

prrikh-——Zmpr®-Zr=0
3
d, 2
2 4
rt=opt
TR )

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise C, Question 11

Question:

Tou may assume that the centre of mase of a uniform semi circular lamina of radiug a

: ' L
15 at a distance — from the centre.

M)

A uniform solid right circular cylinder iz cut in half through its axis to form two
pristne of semi-circular cross section. One of these is placed with its curved surface in
contact with a rough inclined plane as shown in the figure. The inclined plane malces

an angle of 207 with the horizontal Show that when the prism is in equilibrium, its
rectangular plane face makes an angle o with the horizontal, where o 13

approximately 54"

Solution:
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Draw a clear diagram showing equilibrium with the centre of mass (7 above the point

of contact S5

Identify¥ the lengths of the sides and the angles in AQGY.

Tlze the sine rule in ADGS
N sin(180 —or)  sin 20°

The = e
i

sn(l80 —or)  sin 207
o a e

T

SN = 1 *sin 20
4

= 0.806
00 =53.67(35.£)
o= 54"

© Pearson Education Ltd 2C
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Exercise C, Question 12

Question:

& hemispherical bowl, which may be modelled as a uniform hemispherical shell, has
tass kg A weight of 2 kg iz placed on the rim and the bowl rests in equilibrium on a
smaooth horizental plane. The plane surface of the bowl makes an angle o with the

horizontal. Show that tan o =% )

Solution:

Let the radius of the bowl be .
The distance &5 = %

Take moments about point & — the point of contact with the plane:
o
Zg Esmtt =Zgxrcosd
S3sno = dcoso

4 ;
Stanod = = as recuired

© Pearson Education Ltd 2C
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise C, Question 13

Question:

A uniform solid right circular cone has baze radius #, height 4» and masz . One end
of a light inextensible string i1z attached to the vertex ofthe cone and the other end iz
attached to a point on the rim of the base. The string passes owver a stooth peg and the
cone rests in equilibrinm with the axis horizontal, and with the strings equally inclined
to the horizontal at an angle @, as shown in the figure.

i

_ _ 1
a Show that angle & satisfies the equation tan 8= 3

b Find the tension in the string, giving your answer as an exact multiple of mg.

Solution:
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In equilibrium the centre of mass &7 lies below the point of suspension 5 Let

distance S =x.

iz the centre of the base of the cone and Fis its vertex

A and B are shown on the diagram.
tanH:Bi (from AFS3)
"

X—F

Alze tanf = (from AABS)

b Eesolve wertically for the forces acting an the cone:

2Tsinf = mg 5
s I8 E
2einf 3
ba tan = . sinfl = : ifrom Pythagoras)
2 NG
- ﬁzmg

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 1

Question:

A unifortm solid right circular cylinder with base diameter 4 cm stands on a rough

plane inclined at 407 to the horizontal. What 15 the mazimum height that such a
cylinder can have without toppling over?

Solution:
(s

I em

3 2em X

Let the maximum height be b cm. The cylinder is about to topple and so its centre of
tnass (7 12 directly above the point 5 on the circumference of the base X 13 the

mid-point of the base.
Ag o +40° =80° o =507,
In AGEY 55 = 2 cm (radius)

521 =g {position of centre of mass)
i
stan 50" =2
o
oA =4tan 50°

k=477 cm (35.£)

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 2

Question:

A umiform solid right cwcular cvlinder with base radius 3 cm and height 10 cm 15

placed with its circular plane base on a rough plane. The plane 15 gradually tilted.

a Find the angle which the plane makes with the horizontal if the cylinder topples
ovet before it slides.

b What can you deduce about the value of the coefficient of friction?

(]
A -
"

Icm

Solution:

a "When the cylinder iz about to topple, & 15 vertically above point 5 X is the
mid-point of the base.
Let o bethe angle which the plane malces with the horizontal.

In triangle GSX, SGX =
X = %/10 cm=5cm  (position of centre of mass)
SX =3cm (radiug)
3
Stanol = —

te. o =31 (to the nearest degree)

R(7)
Fomgano =10
L F = Mgana
E(~)
A-Mgroz=10
L R=Mgcoso

As F= R Meaino = Mecosorx [0

SOl tan o

Le 2=

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 3

Question:

& uniform solid right circular cone with base radius 5 cm and height % cm 15 placed
with its circular plane base on arough plane. The coefficient of friction 1s = The

plane 15 gradually tilted.

a Find the angle which the plane makes with the honizontal if the cone 15 about to
shide and topple at the same time.

b Calculate the value of the height of the cone, % cm

Solution:

[44

It ¢m

3 5em X

Mg

a "When the cone is about to slide F =Rk
1ef = ?E Y

EL7)
Then F—mgsino =0 -~ F=Mgsine @

RN
Then B—Mgcosar =0 - RE=Mgcoscx 3

Substituting 7 and & into equation @

Then Mgsino = gﬂffg COSCf

NE

Standl = —

oo =30

b From AGEY | where F 15 the centre of mass of the cone, X the centre of its base
and 5 a point an the circumference of the base about which topping 13 about to

QCCUL
g 320
Al CF —E—?
4
20 3
kb= =20—:§=20J§=35cm (25£)

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 4

Question:

A uniformm solid right circular cone of maszs M with base radiuz » and height 2» iz
placed with itz circular plane base on a rough horizontal plane. & force P is applied to

the vertex I of the cone at an angle of 60° abowe the horizontal as shown in the figure,
The cone begins to topple and to slide at the same time.
a Find the magnitude of the force P in terms of A
b Calculate the walue of the coefficient of friction

Solution:
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Mg
Let the point about which toppling occurs be A.
Take moments about point A

When toppling i about to occur, £ and 7 act through point 4.

So Prosblx2r 4+ Pain 60xpr = Mgwr

.‘.Pr+Pfr = Mgr
:,P‘ 1+£ ‘=Mg
\ 2 i
g0 p=2ME
2+.4/3
Ri-=)
Frosél —F =
2403
Ry

Psin 607+ R~ Mg =0
R MEND _ 2Me

ot B
Asthe cone 15 on the point of slipping, F=uR
ny=F+R=l
2
1e U, the coefficient of friction, = %

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 5

Question:

A frustum of aright circular 2olid cone has two plane circular end faces with radii »
and 2r respectively. The distance between the end faces iz 27

: : 11
a Show that the centre of mass of the frustum 1z at a distance — from the larger

circular face.

b Find whether this solid can rest without toppling on a rough plane, inclined to the
horizontal at an angle of 407 | if the face in contact with the inclined plane 1s
1 the large circular end,
1n the small circular end.
¢ In order to answer part b you azsumed that slipping did not ocour. What does this
imply about the coefficient of friction u?

Solution:

Let the height of the small cone shown be j

TTzing similar triangles

B F
h+2r  Zr
Lk =h+r
Sh=2r
. Distance of centre
=hape Idazs Eatio of masses of mmiacs from ¥
1
Large cone pg.-'r(Erjz (4 8 ”
1 2 5
=mall cone p-gm"g < 2F 1 D o
1 5 _
Frustum ,:.‘-E,-T < 14p 7 T

Talke moments about X

Sr—2=?f
2
-1
E=—
1
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b i "1‘ Let Fbe the position of the centre of mass,
Let 5be the point an the plane vertically
below 3

Let ¥be the centre of the circular face with
radius 2r and A be the point about

which tilting would o cour,

Let X =y,

Then tan 40° = =2
1l
14

. %tandl[]" = 0.66r (25f)

Az SF =066 and AY =2r
S& =AY and the solid rests without toppling,

Thiz titne ¥ iz vertically belew . 2 iz the centre
of the circular face and B is the point about which
toppling would ocour,

Let FEi==
L, 2
Then tan 40" = E
14

= Etanﬁllll" =1.02r
14

Ag FE=102r and BZ =r
Y2 = BZ and toppling would ocour,

¢ Asthe angle of slope 13 407 limiting friction would imply o =tan 40",
Mo slipping implies p=083% (321)

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 6

Question:

A uniform cube with edges of length 6@ and weight W stands on a rough horizontal
plane. The coefficient of friction 15 p . A gradually increasing force P iz applied at

right angles to a vertical face of the cube at a point which i a distance & above the
centre of that face.
a Show that equilibrium will be broken by sliding or toppling depending on whether

2

He—or U=>—.
4 4

b If u= % and the cube iz about to 2lip, find the distance from the point where the

normal reaction acts, to the nearest vertical face of the cube.

Solution:
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i W AR

F
- A

a Consider the cube in equilibrium, on the point of toppling, so & acts through the
corner A
E{(—=)y.F-F =0 F=F
R(T:R-W =0.R=W
UNCAY: Pxda = W = 3a
saP= EW
4

If equilibriutm is broken by toppling P=§W, so B =§W
But <R

%W = i s0 p 3% 1z the condition for toppling.

If howewer, i = % then the cuke will be on the point of slipping when F =y &

1e when P=ul# the cube will start to slip.

b Let Hactat apointx from A
i *

E{(sF-F=0.F=F
EMR-W =0 k=W
When the cubke 1z about to slip: F=uk

SF= lW
4
MY Poeda + Bx = W 3a (substitute for &)
%W A+ Bx = W 3a (substitute for &)
S =W 2a

1e.x =2a

The required distance iz 2a.

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 7

Question:

A apindle iz formed by joining two solid right citcular cones so that their circular
bases coincide. The cones have the same base radius and have the same uniform
denzity. The heights of the two cones are & and 24 as shown in the figure.

- :-'i - - -

a Find the distance of the centre of mass of the spindle from the vertex of the larger
Cone,

The spindle 15 placed on horizontal ground with the sloping surface of the smaller

cone in contact with the ground. Tt rests in equilibrium but 15 on the point of toppling.

b Show that the radius of the common base of the two cones 1 l}'ﬂ.

Solution:
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a Let the point " be at the vertex of the large cone. The centre of mass lies an the axis
of symmetry. Let the radiug of the bazes of the cones be »

. Distance of centre
=hape Idass Mass ratios e
1 3
Large cone —mpr?2h 2 —x2h
3 4
1 a 1
=mall cone —aprt k 1 2h+—h
3 4
, 1 2 i
=pindle gﬁpr 3k 3 T

MY 2 /3/2;2 +1 /|' ok +%ﬁz | =13%

3k —l—% =3
4
1.e.x =1}2
4

When the spindle 15 on the point of toppling
the centre of mass & iz vertically abowve
point S, on the rim of the common face,

In the figure let X50=uo .
then SGO = also

60 = 2;3—" Ll
L 4 )
_k
4
O =rand OX =k
From _"..GOS,tant-!'=L
1
—h
4
F
and from ASOX tancr = —
r
B dr
ok
e k=407
1
orr =—
&

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 8

Question:

A uniform zolid cylinder of baze radius » and height & has the same density as a
uniform solid hemisphere of radiug # The plane face of the hemisphere 12 joined to a
plane face of the cylinder to form the composite solid & shown. The point O 15 the
centre of the plane base of 5

G +8hr + 3

4Gh+2r)

a Show that the distance from & to the centre of mass of 515

A

Fy

[l

()

The solid 15 placed on a rough plane which iz inclined at an angle & to the horizontal
The plane base of 5 iz in contact with the inclined plane.

b Given that & =3 and that.5 15 on the point of toppling, find & to the nearest
degree.

¢ (iven that the solid did not ship before it toppled, find the range of possible wvalues
for the coefficient of friction. [E] [adapted]

Solution:

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttm3 5 d 8.h

Pagel of 3

3/4/201:



Heinemann Solutionbank: Mechanics 3

Page2 of 3

. Diztance of centre
shape Mass Mass ratios SR
2 2
Hemisphere = nps 2 Et=r

3 5
: 1 F
Cylinder nprch ik 5

a i 2 i

Composite solid mpr ‘ gr +5 | 2r+3k x

um:zr[ ;g+§r"+3;g/g =(2r +3)7

B 2
.‘,Erﬁs+£r2+§k2 = (2r + 3%

Multiply both sidezs by 4
Bri+3r° +6k° =4(2r +3R)%
= 6k + Bhr + 3
A3+ 2r)

When the solid iz on the point of
toppling the centre of mass & iz
vertically abowve point 4 as shown

In AGOA,
ZAGO =«
Ol =r
603 480300 + 307
4(9r + 21
(ie. T with k=73
_ Bl 81y
C4dr 44
r 44

Stano = ——=

81 81
—r
44
s =25 (nearest degree)

and O =

SO

E{"MF—mgano =0 F =mgein o
ESJR—mgeosor =0 E=mgcoso
The zolid does not slip

LEEnR

Le, mgsinog = [Img Cosd

Sop 2 tan of

Le: u= ; if the solid did not slip before it

toppled.

[If u =§ it slips and topples at the same time. ]

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 9

Question:

A uniform zolid paperweight iz in the shape of a frustum of a cone. Ttis formed by
remowing a right circular cone of height & from a right citcular cone of height 24 and
base radius 2r.

a =how that the centre of mass of the paperweight lies at a height of %}2 from its

base.
When placed with its curved surface on a horizontal plane, the paperweight is on the
point of toppling.
b Find #, the semi-wertical angle of the cone, to the nearest degree.

Solution:
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a Let the mass per unit volume ke p |

. Posttion of centre of mass
Shape Iiasz Idazs ratio _ distance from O

1 2k

Large cone —p (2r2)2k 3 i
3 4

2 i

=mall cone —Tprth 1 A+l

3 4
1 1 a _
Frustum g,-'.',-_‘- (Brik—rh) 7 T

The centre of the bage iz the point &
The radius of the small cone is obtained by sinular triangles
MO8 /24—;2—1 /% =7x

114 -
4

= s 11

1.8 X = —

28

b As CJG=12£,G}{'=£3—E

28
_Vir
28
From AS GXS and FXS shown:
17
tanH=ﬁ and tanH=£
r k
)
Eliminating r, Ztan 6 = _28
tan &
17
tath &
A . 17
28

8 =38 (nearest degree)

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise D, Question 10

Question:

A child's toy is made from joining aright circular uniferm solid cone, radiuz » and
height &, to a uniform selid hemisphere of the same material and radiug » They are
joined so that their plane faces coincide as shown in the figure.

a Show that the distance of the centre of mass of the toy from the base of the cone iz
B —3r?
4{2r + i)

The toy 1z placed with its hemisphere in contact with a horizontal plane and with its
axiz wertical. It iz slightly displaced and released from rest.

b Given that the plane 15 sufficiently rough to prevent slipping, explain clearly, with
reasons, what will happen in each of the following cases:

i herf3
i herd3
il k=ra3 [E]

Solution:
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a Let the mass per unit volume of the solids be p . Let O ke the centre of the plane

ciclar faces which coincide.

: Distance of centres
shape Maszs Eatio of masses of mass from O

1 Fi
Cone Znprik Fi .
3 4

2 -3

Hemisphere — ,-Tpr3 D Kl
3 8

1

Toy gfp(rgﬁz +2r% Bt 2r T

UO(ﬁz+2r)f=k/§+2r|l _—g’" |

s _3:’2
44
e 53
A(h+2r)

b1 Ifk= ru@ then ¥ =0 sothe centre of mass 15 in the cone — the cone will fall

QOVET.

n Ifk= r\-@ then ¥ <0 zothe centre of mass 13 in the hemisphere, the toy will

return to vertical position

m If % =r~.:'§, then ¥ =0 so the centre of mass 15 on the join at point & The toy

will stay still in equilibrinm.

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

The curve shows a sketch of the region B bounded by the curve with equation y* =4x

and the line with equation x =4 . The unit of length on both the axes 15 the centimetre.
The region R is rotated through 7 radians about the x-axis to form a solid &

a Show that the volume of the solid 51z

32T em’

b Given that the solid 1z uniform, find the

distance of the centre of mass of 5 from O
[E]

Solution:

p 3
el
32mpT = E,-'rp
3
_ 8
x _ —_
3

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise E, Question 2

Question:

The region & iz bounded by the curve with equation y = l the lines x=1,x=2 and
x

the x-amis, as shown in the figure. The unit of length on both the azes s 1 m. A solid

plinth 1z made rotating & through 27 radians about the x-axis.
a Show that the volume of the plinth is Em3

b Find the distance of the centre of mass of the plinth from its larger plane face,
giving your answer in cm to the nearest cm.

Solution:

a V=J;'ry2 dr=m| —dx

1

]
o]

-

Volume = —m?
S
b Mrz=plamy dx=pr| xx=dx
1 xz
a
= pn ldx
1 X
= T 2
= pm [lnx|1
o r'_‘-,-'l'lnz

m
L—pr=paln?

2
X =2lnZ
o the distance of the centre of masz from the plane face x=1 1z
2lnz-1=0386m (3s0)

1.e. 39 cm to the nearest cm.

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise E, Question 3

Question:

The figure shows a uniform solid standing on horizontal ground. The solid consists of
auniform solid right circular cylinder, of diameter 80 cm and height 40 cm, joinedto a
uniform solid hemisphere of the same density. The circular base of the hemisphere
coincides with the upper circular end of the cylinder and has the same diameter az that
of the cylinder. Find the distance of the centre of mass of the solid from the ground.

Solution:

Let the density of the solids be p . Let O be the centre of the circular base of the solid

: Distance of centre
=hape MMass Eatio of masses SN gt
Cylinder T x40% % 40p 1 20 cm
i 3 N
Hemisphere Eﬁp <40° E A0+ Z 40 |em
3 3 ]
i 2 hl 5
Solid np> 403| 142 ‘ o F
L 3] 3

() gf =1 /20+§/" 40 +§ %40 |

=20 +E
3
170
2
=34
. The centre of mass of the solid is at a height of 34 cm abowve the ground.

S

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise E, Question 4

Question:

A simple wooden maodel of a rocket 12 made by takiing a uniform cylinder, of radius »
and height 37, and carving away part of the top two thirds to form a uniform cone

of height 27 as shown in the figure. Find the distance of the centre of mass of the
model from itz plane face.

Solution:

Let the mass per unit volume be p .

Pagel of 1

Dustance of | #— MNote that the cylindrical base of

it centre of i '
Shape Mass ass this rocket has height ».
ratios mass from

plane face

; r
Cylinder ,-'.r,':-*rz W 1 —

2

2r
A

Cone —prT K 2r

Iodel mprixlzr 1

x

UM(planeface]l:1—f=1/i+gf|lr+al‘
2 o1 =

: ; 9r
o The centre of mass 15 at a distance 5 from the plane face.

© Pearson Education Ltd 2C
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Statics of rigid bodies
Exercise E, Question 5

Question:

The figure shows a cross section containing the axiz of symmetry of a uniform body
conzisting of a solid right circular cylinder of base radiuz » and height ke surmounted
by a solid hemisphere of radius » Given that the centre of mass of the body 1s at the
centre & of the common face of the cylinder and the hemizphere, find the value of i,
giving your answer to 2 significant figures.

Ezxplain briefly why the body remains at rest when it i3 placed with any part of its
hemispherical surface in contact with a horizontal plane.

[E]

Solution:

Let the density of the zolidbe p .

Shape tlass Tlisssaiin Dustance of O of
mass from O
- 2 i
Cylinder apre wkr i _E
2 2 3
Hermisphere —apr = —r
2 3
3 2 2
Composite body apr | e+ 3 | i+ 2 0
i {about O & /|I 15 | +E /Er =
. 2] 3 8
‘kzr i
sz 4
1 1 1
Sk === k=—=071{2:f)

2 J2
The centre of mass of the body 15 at O which iz always directly abowve the contact
point.

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

A uniform lamina occupies the region & bounded by the x-amis and the curve with

equation y=%xi4—x][]iixi 4, as shown in Figure 1.

_ _ : w
a =how by integration that the y-coordinate of the centre of mass of the lamina is 5

Figure 1
vk

—~
-

Figune 2

A uniform pristm P has cross section & The prism 15 placed with its rectangular face
oft a slope inclined at an angle # to the horizontal. The cross section R lies ina
vertical plane as shown in Figure 2. The surfaces are sufficiently rough to prevent &
from sliding,

b Find the angle 8, for which P iz about to topple.

Solution:
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1 2 1 4x2 ]
pl=yde = —=(lé-bx+x")dx
g 16

ey 2 2
a y= = D
F‘Jydx —J dx—x* dx
4.Jo
4
lj xg—lx3+ix4dx
2Jy 2 16

sl 0 80 L
3-4
3
=£[E_32+ﬂ}
32| 3 5
:i-’g
3015
_6_¢2
15 5

b From syminetry the x-coordinate of the centre of mass 13 2.
When F i1z about to topple the centre of mass & 15 directly abowe the lower edge of

the prism 5

Il
LA

whl oo e

Stan @

LB =79 (nearest degree)
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 7

Question:

A uniform semi-circular lamina has radiug 2a and the mid-point of the bounding
diatneter A8 iz O
a [Jsing integration, show that the centre of tass of the lamina iz at a distance

8—a fram O c

e

A<
o

A

cut away from the original lamina to leave the lamina AQSC shown in the diagram,
where O 1z perpendicular to A5

b Show that the centre of mass of the lamina AQEC iz at a distance 4_a from O

The lamina ACBC iz of mass M and a particle of mass 3 1z attached to the lamina at B
to form a composite body,

The body 15 smoeothly hinged at A to a fized point and rests in equilibrium in a
vertical plane.
d Calculate, to the nearest degree, the acute angle between A5 and the horizontal.

Solution:
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a Ylo Tale the diameter as the y-axis and the mid-point of the
\“h diameter as the origin,
5 H | X Then Mx= ,-:-'J‘ny dx where
L /;R/ M= % pr(2a)® and where x° +y° = (2a)°

2o
s2pnaiT = ;.‘-J 2xda’ — 7t dx
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b
: Centre of mass
=hape Ilazs Ilazs ratios iR e A
8

Large setni-circle 2mpa’ 4 3_a
Semi-circle l et 1 ‘4_f1
diameter A0 o 27
Semi-circle 1 i 1 S
diameter OF g 3
Eemainder .-'.fr-.‘-az 2 x

UMO:AIVB—a—l r'4—a—1wﬂ =27

3m 3r im

R o M
a2

e

e = —

¢ The distance from 00 13

The distance from <15 1= 2_a:

4

d Let Mbe the foot of the perpendicular from F onto A5

In the diagram & iz the angle between A8 and the vertical.

From AANG
et
e tanH=E= b
AN Za+ta
=z
3

S =12 {to the nearest degree)
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 8

Question:

A uniform wooden ‘mushroom’, used in a game, 15 made by joining a solid cylinder to
a solid hemisphere. They are joined symmetrically, such that the centre & of the plane
face of the hemisphere coincides with the centre of one of the ends of the cylinder.
The diagramn shows the cross section through a plane of symmetry of the mushroom,
as it stands on a horizontal table,

The radius of the cylinder 1s #, the radius of the hemisphere iz 37, and the centre of
masz of the mushroom iz at the point &

81
a =how that the height of the cylinder 13 r\E :

The table top, which iz rough encugh to prevent the mushroom from sliding, is slowly

tilted until the mushroom 1z about to topple.

b Find, to the nearest degree, the angle with the horizontal through which the table
top has been tilted.

Solution:
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Shape Wlass Mass ratio D;sft;r;:sz ?foc;nge
Cylinder mprik A — g
Hemisphers % ap(E }3 19 g (3
MMushroom mor (h+189) h+18# 0

UMY — & /g+18r/§ %3r =0

B 81t

24

~BR=F E
2

When the mushroom is about to topple G55 18
vertical

Frotm the diagram tan 8 =

b
B

S0 =9" (nearest degree)

i
x’;".
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Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Statics of rigid bodies
Exercise E, Question 9

Question:

Figure 1 shows a finite region A which iz bounded by the curve with equation
¥* =dax  the line x=a and the x-asis.
A uniform solid 5 is formed by rotating 4 through 27 radians about the x-amis.

."":: dax

U Ir=ua

a Show that the volume of S is 2ma’

b Show that the centre of mass of 5] 15 a distance 2?4 from the origin O

Figure 2

Figure 2 shows a cross section of a uniform solid 5 which has been cbtained by
attaching the plane base of solid 5 to the plane base of a uniform hemisphere 5 of

the base radiuz 2a.

¢ Given that the densities of solids 5] and & are o and p, respectively, find the
ratie Py p, which ensures that the centre of mass of 5 lies in the common plane

face of &) and S,
d Given that p: p, =6, explain why the selid 5 may rest in equilibrium with any

point of the curved surface of the hemisphere in contact with a horizontal plane.

Solution:
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a = ,ijz dx
= *J dax dx
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=ina’
HJ:@JQ dx
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T yz dx
TJ dax® dx
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2ma
dax’ |
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Distance of
=hape lazs fass ratios centre of
tnass from X
e
ot 2mpa’ o) i B
5 2 ps(20) s es
Cotnbined LygeE B, PR
aolid 2na (r-'1+3r~'2:' r-'1+3r'2 0

The centre of mass of 5 15 ata
: [ 2a) :
distance | a—? | trom its

plane face.

A 15 the centre of the comtmon plane base.

3 M0
a B B
—ll_'! *—+—IL'? "——D
3 37 g
1
.‘.Epl =Zp,
. rl"-‘l =6r.\_'5.2
A =61

d Given that py: o, =6:1, then as centre of mass 13 at centre of hemisphere thiz will

always be above the point of contact with the plane when a point of the curved
surface area of the hemisphere iz in contact with a horizontal plane.

{Tangent — radius property)
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Statics of rigid bodies
Exercise E, Question 10

Question:

A mould for a right circular cone, base radiug » and height 2, iz produced by making a
conical hole in a uniform cylindrical block, baze radius 27 and height 3» The axis of
symmetty of the conical hele cotncides with that of the cylinder, and A8 12 a diameter
of the top of the cylinder, as shown in the figure.

1 ;2
a Show that the distance from A8 of the centre of mass of the mould is M
diZ6r — k)

e g

The mould 1z suspended from the point 4, and hangs freely in equilibrium.
b Inthe case & = Z2r , calculate, to the nearest degree, the angle between AR and the
downward wertical.

Solution:
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h From the diagram
tan & sl
2
2 2 2
Az h=2r 7= elw sl = el :Er
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