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Further dynamics
Exercise A, Question 1

Question:

A particle F of mass 0.2 kg 1s moving on the x-axis. At time £ seconds F i3 x metres
from the origin & The force acting on & has magnitude 2cost N and actz in the
direction OF, When =0, F iz at rest at & Calculate

a the speed of P when =2,

b the speed of F when £ =73,

¢ the time when P first comes to instantaneous rest,

d the distance OF when £ =2,

e the distance OF when P first comes to instantaneous rest.

Solution:
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* 02ke s
] xm P 2 cost N
a F=ma
Zoogi =0 2a

v e . . .
UQE = Z2cosé Force 13 a function of time 50 use a = % :

2
V= _Icosz de G _ .
0.2 Integrate to obtain an expression for v,

v =10sint+e
t=0 v=0 '\
Don't forget the constant.

O=0+c¢. =0

v=10zn{

t=2 v=10gin2=9082__

When £=2 the speed of Pis 9.09m s (3 5.£)

b (=3 v»=10:n3=1411_
When =3 the speed of Pis 1.41ms™ (3 5.£)

c v=0 0=10zns = Fromes to rest when v=10.
sing =0
i e

Exact answers are best.

3

Ffirst comes to rest when i =7 .

d  v=10an¢

=10sin#

&l &

x=10]sinﬁdﬁ

“ Integrate to obtain an expression

x=-10cosi+ X
for x.

=0, x=0 0=-10+%" X=10
x=—10cosi+10
=2 x=-10cos:+10=1416__.

When t=2 OP=14.2m (3 s.f)

e i=g x=-10cesmr+10
=10+10=20
When F comes to rest QF=20m .
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Further dynamics
Exercise A, Question 2

Question:

A wan of mass 1200 kg moves along a horizontal straight road. At time ¢ seconds, the
. . &0 000 . L
resultant force acting on the car has magnitude ~ I and acts in the direction of
[ E4+D0

motion of the wvan. When £ =10, the van 15 at rest. The speed of the van approaches a

limiting value ¥ m s Find
a the value of ¥,
b the distance moved by the van in the first 4 seconds of its motion.

Solution:
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a F=ma
- 002 = 12004
(t+5)
50
@+’
dv 50
&t E+9)° =
50

dv

Force 13 a function of time 50 use a = —.

=-— +
(f+3)
i=0v=0 U=—E+c
5
c =10
v=—£+10
i+5
1’-‘155—)-0!::—ﬂ 0
i+5
=10
20 +10
(t+5)
dr __ 50 g
i i+5
x=-00In{+2)+10f + &
=0, x=0 0==-50ln5+K&
K =50In5

 x=—501In(t+5)+ 10t +501n 5
t=4 x=-50109+40+501n5

x=40+501n§
x=1061..

Integrate to obtain an expression
for v,

The wan mowves 106 m in the first 4 seconds (3 2.£)

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\contenttim3 3 a 2.h

Page2 of 2

3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise A, Question 3

Question:

A particle P of mass 0.8 kg s moving along the x-axis. Attime £=10, P passes
through the origin &, moving in the positive x direction. At titne # seconds,
OF=x metres and the velocity of P iz vm 7', The resultant force acting on P has

magnitude %- 15 —x 1M, and acts in the positive x direction. The maximum speed of P
iz 12ms™.

a Ezplain why the maximum speed of P occurs when =15,
b Find the speed of P when ¢t =10

Solution:
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9 xm

a Mamimum speed = acceleration zero
= force iz zero

%(15—x}=0 . ox=15

b ¥ =wmna

é(lﬁ—x) =0.8a

dv

Force 1z a function of x so use a=v— .

separate the variables.

lv2=L[15x——x2]+c
2 4.8
=15 v=12 +——
lx122 = b 15:{]5—1:{152 +c
2 4.8 2
o =l><122—i><1x152
2 48" 2
c =48 5625
lvﬁ = i[lﬁx—lxﬂ ]+48_5625
2 4.8 2
f=0x=0 v =2x485625
¥ =9.855

When t=0 P'sspeedis 9.86m s (3s.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 4

Question:

A particle F of mass 075 kg iz moving in a straight line. At time £ seconds after it
passes through a fized point on the line, &, the distance C0F 13 x metres and the force

acting on & has magnitude | 287 +2 17 and acts in the direction 9P Given that &

passes through O with speed 5m s, calculate the speed of P when

a x=73,
b =7
Solution:
0.75 ke
. o g
0 xm P (2ex+2)N
F=ma

(26 +2) = 0.75%

U.T"ﬁvﬁ — 04D / Force is a function of x so uze f=vii—d:.
dx

o.?5jv dv =I(2&'x+2}dx «

Separate the variables.

D.?ﬁxlv:" =2 +2x+0c
2
=0 v=5 U.?ﬁx%xﬁg = -D+4¢

e = D.?ﬁx%x 5 +2=11375
L0375 = —2e +2x+11.375

a x=3
v =;(—23'3+6+11.3?5)
0.375
v =6787...

When x=3 P'sspeedis 6.79ms™ (3af)

b x=7 vﬂzL(—ze-”'+14+11.3?5)
0.375
»=18.2325.

When x=7 Psspeedis 8.23m s (3 a.6)

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 5
Question:
A particle P of mass 0.5 kg moves away from the origin & along the positive x-asxis.
When OF=x metres the force acting on P has magnitude 7 I and iz directed
I+
away from . When x=0 the speed of Pis 1.5m 7. Find the value of x when the
speed of Pis 2m s
Solution:
P 0.5kg
0 - 3 T
N
(x+2)
F = ma - dv
7 Force 15 a function of x souse x=v—.
=0.5x
x+2
0.51;ﬁ = -
dx x+2
U.Sjv dv = 3! L dx
x+2
U.5x%v2 =Zln{x+21+c
x=0v =15
0.5x %x 15 =3ln2+c
15
€ = e —3lnz2 For the best final answer keep the exact
: s value as long as possible.
S = 3n(x+ 2+ —3n 2
4 4
2
s hos =31n(x+2)+£—31n )
4 i}
122
Alniz+2) =1 —T+31n 2
In{x+2) =0838%...
x = _2=03140..
When P's speed is 2m s, x=0.314 (3 s.D)
© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 6

Question:

Calculate the magnitude of the impulse of a force of magnitude F I acting from time
£ seconds to time £, seconds where

a F:B:z—l: Eea. e
2

b Fei— b ETE =3,
3i-2

c F=Zcosd Il=0,f2=%,

d F=3+e™® g=0,=4

Solution:
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T

Impulze =I Fdt orsee end for an alternative

t
method.

The magnitude of the impulse 15 60 Ns

2
b Impulse =I [23.+L}1£
1 31‘,_2

1 2
= [.:3 +—In(3% - 2)}
3 1
1 1
=4+-In(6-2)—| 1+=In1
3 3
1
=3+=In4
3
= 3462

The magnitude of the impulse 1z 346 Ns (3 5.£)

¢ Impulse = I

i} 0

= %[sin T — st O]

=1

The magnitude of the impulse iz 1 s
4

d anulse=! (T4 ds

1]
~[-26]
=P Pe danfli=Ducl)
=14-2¢7
=392

3 5 TF
Zcosds di :[Z sl 4z:|

The magnitude of the impulze 1z 127 Ma (3 2.£)

Alternative method for a

F=ma " o Tz F = to find mv at each of the
3,2 1 , dv recuired times.
o O
2

e
5 £
F =—+tc =mv
4
(=0 wmy=c

t=4 td-d+e =y

impulse = wrvy — oy *— Lnpulse=change in motnentum.

=40+ec—c=60

The magnitude of the impulse 1z 60 M.

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 7

Question:

Calculate the worlk done by a force of magnitude & I directed along the x-axis which

meoves a particle from x =z metresto x=x, metres where
1
3 2

a F=2xi+-—x" xn=1x=4,

b F=2sinx+3 x =0, x2=%,

e Fi=sxiae® wmp=liwm=3
3 2

d F=—+—— x=2,x=4.
x x-1

Solution:
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3

4 1
1 —
a WOI’kdOﬂE:I [2x3+_xﬂde work done=! F ds or see for
1 X
3 i an alternative method.

_ F En f}
1

= ix 8+lx 6 — i+l

3 ) CR

=19§ (or 19.83..)

The work done 15 19%:[ for 198 T(3 £

b work done = j ! (2sin x+3dx
0

= [—2 Cos x+3x]§

=-2 cos£+3—ﬂ—(—2 cos 0 +0)
I P

give the exact answer unless
3 : ;
=432 / accuracy i1s specified.
2

The worl: done iz [3;+ 2] Tor671T(3s1£)

3

¢ Work done = J (32 +e"ydx

1

- |:x3_le—2x:|3
2 1
=2?—le4—{1—1e4]
2 2

=26.06...
The work done 15 26,1 T (3 s5.£)
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4
d Work done=JA [E-I—i}:lx
Sieims e

=[3tn x+2ln(x-1)];
= 3lnd+21n3- (3n 2+21n D)
=1n64+ln9—1n8—0

=1n[64;9]=1n?2

The work dene 1z In 72T or 4 287 (3 s51)

Alternative method for a
F=pma =

1
= d
221 +—1° = v
dx
21
mjv dv = I[Exz +E x de
3
lmv2 =ix§+—x3+c
2 3
1 5, 41
=l smpisr_itk e = e
2 &
=4 —mv;' = —x8+—xbd+c
Workdone=£+E—E:192
6 2 &

The wotk done 15 19%]

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 8

Question:

& particle F of mass 1.5 kg 15 moving in a straight line. The particle i3 initially at rest

at a point & on the line. Attime £ seconds (where £ 2 0) the force acting on F has

magnitude (3¢+8) and acts in the direction OF. When =7, P has speed 75m s~

Calculate

a the magnitude of the impulse exerted by the force between the times £=1 and
i=4,

b the speed of P when £=13,

¢ the value of T

Solution:
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—=—p=

1.5ke (3t+8)N

]

e

0

r

Impulse =I Fdi or find velocities at

31‘,2 k t
=|:?+83:| t=1and i =4 and use
: impulse = change in momentum,

4
a Impulse =I (3 +E)de
1

=(24+32)—[§+8]

=465
The impulzse has magnitude 46 5 Ms

b F = ma
3i+8= 15%a
EE: i+8
2 dt

év = J.(Bz +8)de

2
Ev= 3i+8.ﬁ+c
2 2
f=0v=0=c=10
£=33v= E 24
2 2
2 75
"P: _x_
3 2
v = 25

v
Jyasedh gy
2 2

372 4167 - 225 = 0
_ —16E{ (167 +4x3x 225)

&
=633 or—1172...

T=0 » T =63903:f)

i

© Pearson Education Ltd 2C
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Further dynamics
Exercise A, Question 9

Question:

A particle of mass 0.6 kg moves in a straight line through a fized point & At time
f seconds after passing through O the distance of F from ' 13 x metres and the

) | _
acceleration of F 18 gu 2 +2xms?

a Write down, in terts of x, an expression for the force acting on F.
b Calculate the wotl done by the force in moving P from x=01to x=4.

Solution:
1
—— _(x*+2xim s>
0.6 kg
0 xm P
a F=ma — TTze 7 =pum.

F=06x %(xﬂ +2x)

F=012(x"+2x)
4
b Workdone=JA Fdx o :

'f" worl done = j Fdx
:I 0.12(x% + 2x)dx 1

1]

3 4
=U.]2{x—+x2:|

3 0
- U.lE[%H:S—U}

=448

The wotl done 13 4.48 I

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 1

Question:

Ahowe the Earth’s surface, the magnitude of the force on a particle due to the Earth’s
gravitational force 15 inversely proportional to the square of the distance of the particle
from the centre of the Earth. The acceleration due to gravity on the surface of the
Earth 13 g and the Earth can be modelled as a sphere of radius & A particle 7 of mass
meis a distance (x— &) (where x> R) above the surface of the Earth. Prove that the

. . . . mgR’
magnitude of the grawvitational force acting on P 15 mgz .
x
Solution:
i :
=d—2 whete & =distance from centre
distance (x—R) abowve surface
= distance x fom centre
i
R = -
x
On surface F=mgr=K < The magnitude of the gravitational
K force on a particle on the surface of
e = R the garth 1z the magnitude of the
k = mgh’ weight of the particle.
2

v Magnitude of the gravitational force iz

2
X

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 2

Question:

The Earth can be modelled as a sphere of radius R At a distance x (where x> &) from
the centre ofthe Earth the magnitude of the acceleration due to the Earth's
gravitational force 15 A Onthe surface of the Earth, the magnitude of the acceleration

- _ R
due to the Earth's gravitational force 13 g Prove that 4= g_z
x

Solution:

For a particle of masz e, distance x from the centre of the earth:

Fo=ma
R med :
2 * TTze the inverse square law.

CUn the surface of the earth, x=% A=g

; k&
k = mgR*
mg R
SomA =
%
g’
4 =5
2

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 3

Question:

A spacecraft & iz fired vertically upwards from the surface of the Earth When itis ata
height &, where & is the radius of the Earth, above the surface of the Earth its speed 13
yJgR . Modelthe spacecraft as a particle and the Earth as a sphere of radius & and

find, in terms of g and &, the speed with which 5 was fired. (Y ou may assume that air

resistance can be ignored and that the rocket’s engine 1z turned off immediately after
the rocket fired.)

Solution:
F =
2
g F - . .
gz = —mx * 18 moewing away from the earth, so the
- acceleration 15 in the direction of decreasing x

where x 15 the distance of 5 from the centre of the Earth.

dv _ R " dv
va - g? Tze E=va as the acceleration 1z a function
1
jv dv=-g 5 — dx of x.
x
]v:“' = : +7
2 = x
x=2R v=.fgR
2
2 28
o=
3
1a_g’"
2 x
3
2 Iy
v =2g R
v = . J2gR

~ was fired with speed fagh

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 4

Question:

& rocket of mass s 13 fired vertically upwards from the surface of the Earth with
initial speed IF The Earth is modelled as a sphere of radius & and the rocket as a
patticle. Find an expression for the speed of the rocket when it has travelled a distance
K metres. (T ou may assume that air resistance can be ighored and that the rocket’s
enginie iz turned off immediately after the rocket iz fired.)

Solution:

F=ma

mg R

A

5 L
X

where x 15 the distance of the rocket from the centre of the Earth

The acceleration 1z in the direction of

decreasing x.

- dv o
TTse x=v— asthe acceleration 1s a

function of x.

2 "
&gk -
dx %
Ivdv=—gjo%dx
]
1a_8% -
2 x
% = R +
Tod, i
=g —+C
g Sap
C—%Uz—gﬂ
a={(X+H “

On the Earth's swface.

2
Lodos BR cpolpfl

> (X+R) 2
228 R+UHX+R-2g RIX+R

(X +R)

. \/[UQX+UQR—25 RX}

(X +A)

WWhen it has travelled X metres, the speed of the rocket iz \{I:

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 5

Question:

& particle is fired vertically upwards from the Earth's surface. The initial speed of the
particle is u where u° =3gR and R is the radius of the Earth. Find, in terms of g and

K, the speed of the particle when it is at a height 45 above the Earth’s surface. (Tou
may assutme that air resistance can be ignored.)

Solution:
-_ 8 R
e 7 - The acceleration 15 1in the direction of
dv g R decreasing x.
va o xz ‘\
1
jv dv——gjode " i _—
x Tse x=va as the acceleration iz a
2
lvg = g.,.,: function of x.
2 %
x=R v'=3gR
2
4 lx g K= £+C
2 £
1
R =R
5 g
2
FE ziR +gR
When r =358 “+ At a height 48 above the Earth's surface,
a r= 5R 2
= 2§§' +g &
vg s ?g R
5

Tg R
. The speed at a height 45 above the Earth's surface 1z ET .

© Pearson Education Ltd 2C
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Further dynamics
Exercise B, Question 6

Question:

A particle i3 moving in a straight line towards the centre of the Earth, which iz
assumed to be a sphere of radius & The particle starts from rest when its distance from
the centre ofthe Earth 15 38 Find the speed of the particle as it hits the surface of the
Earth. (You may assume that air resistance can be ignored.)

Solution:
2
e _M%R *— The acceleration is in the direction of
x decreasing x.
dv _ -gR*
oA T dv
i 1 Tse #=v— asthe acceleration 15 a
Iv dv=—-g R IT dx dx
x function of .
2
A B8 e
2 x
x=3K, w=0
_—gR'_-gR
iR 3
1p_g8 ek
2 x 3
2
=R l :ﬁ_ﬁ + x= & onthe surface of the
2 £ 3 Earth
1 2
=g R
2 3 g
4
V=_gQR
3 E
_ o [ER
3

il
The particle hitz the surface of the Earth with speed 2 g? :

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 1

Question:

A particle P 15 moving in a straight line with simple harmonic motion. The amplitude
of the oscillation 15 0.5 m and F passes through the centre of the oscillation O with
speed 2m s Calculate

a the pertod of the oscillation,
b the speed of F when OF =02m.

Solution:

a v =w'la® - 2%

a=0235 x=0 v=2

2= ' x 0.5

4
peﬁ0d=2_=2;”_£
w 4 2

The period 13 %s :

b x=02m + =4%05-02%
v=1833
When OP=0.2m the speed of Pis 1.83m s (3 s.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 2

Question:

A particle F 15 mowving in a straight line with simple harmonic motion. The period 15
Fid - : . . o e
§S and P’z mazimum speed is 6 m s, The centre of the oscillation is O, Calculate

a the amplitude of the motion,
b the speed of F 0.3z after passing through &

Solution:
a perod= 2i =T
w3
Lm=6
V= o (2= o
2 _ el
& =6 -0 . Mazimum speed occurs when
el x=10.
The amplitude 12 1 m.
b X = sin ced + The speed 0.3 s after passing O is
VYV = B oS el required.
t=03%3s v =1xfrozlbx U_;\
_ Differentiate the line abowe to
v=rfcosl.8 :
obtain 1.
v =-1363
When £=0.3, Phas speed 1.36m 57 (35.£) +— goecd is positive.

© Pearson Education Ltd 2C
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Further dynamics
Exercise C, Question 3

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Its maximum
speed is 10ms™ and its mazimum acceleration is 20m s™ . Calculate

a the amplitude of the motion,
b the period of the motion

Solution:

a v =t - x4

=0, v=10m s 10* =w'a’ 0 *—— Maximum speed occurs when

¥=—w'x x=0.

r=—a i=20ms>

20 = +afa @
100 _  ofa’
D+ @ R +— *— Mazimum acceleration occurs
i e when x=-a.
a =

The amplitude iz 5 m.

b Using @ 10 = aw
10 = Sep

w=72

. 2
period = — =g
o

The period 1z 5.
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Further dynamics
Exercise C, Question 4

Question:

A particle 15 moving in a straight line with simple harmonic motion The period of the

.. 3 . . .
motion i3 ?Hs and the amplitude iz 0.4 m. Calculate the maximum speed of the

patticle.
Solution:
perod = 2;:? = 3—??
o ]
10
w -
3
Vv = w4 - )
1
1 10 2 .
vo= = 04" -0 4— Mazimum speed occurs when
10 4 =Y
v=—n04==
3 3

The maximum speed 13 3 ms.
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Further dynamics
Exercise C, Question 5

Question:

A particle 15 mowing in a straight line with simple harmonic motion. Tts maximum
acceleration is 15m 5™ and its maximum speed is 18m s7'. Calculate the speed of the
patticle when it 15 2.5 m from the centre of the oscillation

Solution:

= —w'x

i=15ms> z=a
15 = wiar

W = wlia? - 2%

v=18mst x=0 18 = w'd’

182 _ et

15 ola

@+

=—=216

Tsing @ aw =18
18

= ——=0.8333__
216

vﬂ s w2(ﬂ2 _xﬂj

vh =833, (2162225

i
The speed is 17.9m s (3 s.£)
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Further dynamics
Exercise C, Question 6

Question:

A particle F iz moving in a straight line with simple harmonic motion. The centre of
the oscillation iz O and the period is %s  When OF=12m, Fhas speed 1.5ms™.

a Find the amplitude of the motion,

Attime 2 zeconds the displacement of P frotn & iz x metres. When £ =0, P iz passing
through O

b Find an expression for x in terms of £

Solution:
; 2r o _
a penod= P = 5 +—— Tlze the period to find .
=4

]

v o= wtlat - xh)
1

Then use v =’ (a” — x*) with

x=lim v=15ms s D i [ S aemetin

1.5 = 4@*-1.2H

1.5
a!z = 4—2'1'1.22
a=1257__
The amplitude 12 1.26 m (3 2.£).

b x=asinew 4+ Tze x=asined as x=0 when
x=126zin 4¢ £=0.
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Further dynamics
Exercise C, Question 7

Question:

A particle 15 mowing in a straight line with simple harmonic motion. The particle
performs & complete oscillations per second and passes through the centre of the

oscillation, O, with speed 5m s~ . When P passes through the point 4 the magnitude
of P % acceleration is 20 m s7'. Calculate

a the amplitude of the motion,
b the distance OA

Solution:
i 2m 1
& REDET w6 4—— The period is the time for one
. complete oscillation.

v o=t (o — 2)
2 =(12mi 2t -0

g

T

The amplitude 13 0.133 m (3 5.£)

b i=-w'x +— YTouare told the magnitude of
20 =|-12q° | x the acceleration at 4.
o 20
127°
x =001407..

04 =0.0141m (3s.£)

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttm3 3 c 7.h 3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 8

Question:

A particle P 15 moving on a straight line with simple harmonic motion between two
points A and B The mid-point of AF 12 & When OF =06 m , the speed of P iz
3m s and when OP=0.2m the speed of Pis 6 m s~ Find

a the distance A5,
b the period of the motion.

Solution:

a v =i (a® - 2%

x=06m,v=3ms"
F=wi@-067 @D
x=02m v=~6ms"
6 =wila®—0.2¢ @
@ D 68 _of(@®-02%
Fowtat - 06
(e -06%) =a2-0.22
Za® =4x 0.6° —0.2?
a2=4x0.62—0.22
3
a =0.6831._.

The distance A5 15 1.37 m (3 5.1} +—— AB is twice the amplitude.

b Using @ 9 = (0.6821° —0.6%

(0.6821° —0.6%
o =9.187
s i 9 ssgiaag
w918

The period iz 0.6.845 (saf)
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Further dynamics
Exercise C, Question 9

Question:

A particle i3 moving in a straight line with simple harmonic motion When the particle
iz 1 m from the centre of the oscillation, O, its speed is 0.1ms™ . The period of the

totion is 2m seconds. Caloulate
a the maximum speed of the particle,
b the speed of the particle when it 15 0.4 m from O,

Solution:
: 2
a per10d=; =Zir <+— Tirst find 0.
=1

[ 2]
]

v = (@ - x%) 3

3 | Nowuse v' =a (2° —2°) to
x=lm,v=01ms
find a.
07 =@ -1
a’ =01+1
a=1004__
vmux = e
=1x 1.004 +— Meazimum speed occurs when
x=10,
The mazimum speed is 1.00m s (3 5.£).

b v =101.004% - 0.4%)
v=09219_
The speed is 0.922ms™ (3 a.£)

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttm3_3 ¢ 9.h

Pagel of 1

3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 1

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 10

Question:

A piston of mass 1.2 kg 1s moving with simple harmonic motion inside a cylinder. The
distance between the end points of the motion 12 2 5 m and the piston 15 performing 30
complete oscillations per minute. Calculate the mazimum value of the kinetic energy
of the piston.

Solution:
a= E =125
2
; 2 60 — _
Pericd=— =—=2 +— 50 oscillations per minute =
b5) 30 o
25 for 1 oscillation
o=
Vg = D
=12

1
- - 2
maximum EE. = —mng

=%x1.2x1.252)<?r2

=82352..
The maximum E.E 13 2257 (3 s 1)
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Further dynamics
Exercise C, Question 11

Question:

A marker buoy 15 mowing in a vertical line with simple harmonic motion. The buoy
rises and falls through a distance of 0.5 m and takes 2 = for each complete oscillation.
Calculate

a the maximum speed of the buoy,
b the time taken for the buoy to fall a distance 0.6 m fom its highest point.

Solution:
a a=02+2=04m
: 2 \ ) :
period =— =2 The amplitude iz half the
o distance between the highest
=

and lowest points.

v = e (@ 2%

=0 v=rim
v=smxid
v=1256_.
The maximum speed is 1.26m 7' (3 2.£).

b 0.6 m from highest point
=x=-02m <

The buoy is now below the

X = @COS O centre.
—0z2=04 cos,‘-‘rﬁ\

Touwant the time from the

cosmé =—0.5 highest point.
i = l cos {(=0.5)
T
1 [ ??]
f=—x|m—-Z=
T 3
2
f =
3

The buoy takes %s to fall 0.6 m.
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Further dynamics
Exercise C, Question 12

Question:

Points &, A and & lie in that order in a straight line. A particle & is moving on the line
with simple harmonic motion. The motion has period 2 2 and amplitude 0.5 m The
point & 15 the centre of the oscillation, D4A=02m and OF =03m. Calculate the

time taken by P to move directly from A to 5

Solution:

0 02m A 0Ilm B

period=zj =2

43
Soen =0T
X =@sin et
x = 0550 + Tse x=asineé to find the
x=02m 02 =05sin e, time to go from & to A and
the time to go from & to B
.o 02 s wqfie
i =sn | — [=sn | =
(553

x=03 mi,= sin'l[g]
5

time A— & =£,-4

A2

= 007384
The time to move directly from A to & 13 0.0738 (3 =.£).
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Further dynamics
Exercise C, Question 13

Question:

A particle F iz moving along the x-axiz. At time £ seconds the displacement, x metres,
of P from the origin &' is given by x=4sin 28

a Prove that F 1z moving with simple harmonic motion

b Write down the amplitude and period of the motion

¢ Calculate the maximum speed of F.

d Calculate the least value of £i£ = 0) for which P's speed is 4m 5.
e Calculate the least value of 21 > 0) for which x=2.

Solution:
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a x=4sn 2

x=Hcos 2t +— Dufferentiate the given
S equation twice.
x=-4(dsin 2
r=-4x
B HM
b amplitude = 4m - Cotpare x=4sin 2¢ with
per‘iod=2£=?rs / x=asinet to obtaina and
2 Sy
c v =wilat — 2
x=0 V¥ =44'-0)
=2
The mazimum speed is Sm s~
d x=4anlt
F=08cosdt +— Froma

f=dms?! 4=C8cos

cosf =025
£=lcos'10.5
2
1 =
zz_x_
2 3

The least value of £ is E.

[ x=4dsin 2
x=2 2=4s5in2f
sin 2 =05
— Linos
1 &
P =—»—
2 6

The least value of £ i3 E.
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Further dynamics
Exercise C, Question 14

Question:

A particle F iz moving along the x-asis. At time £ seconds the displacement, x metres,
. o 1
of F from the origin & 15 givenby x= 35in[4£+§].

Prowe that P 1z mowing with simple harmonic motion

Write down the amplitude and pertiod of the motion

¢ Calculate the wvalue of x when ¢ =0,

d Calculate the value of £(¢ = 0) the first time F passes through &

(=1}

Solution:
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1
a x= 35in[4£+—]
2

= 12c05[4.ﬁ+l]
2
s ; 1
¥=—48aun| df+—
2
r=-16x
S HMM

b amplitude =3m

c =10 x=35in[l]
2

=1438..
When =0, x=144 (3:1£)

1
d =0 U=35in[4.ﬁ+§]

1
sin[4z+—]= 0
2

4.ﬁ+l= 0, ...
2

i = —%(not applicable)

321[;‘?—1]:0.6603...
4 2

The walue of £ 12 0.660 (3 5.7,

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttim3 3 ¢ 14.h

Compare with
x=asniwt+s) to obtain a
and ¢o .

Page2 of 2

3/4/201:



Heinemann Solutionbank: Mechanics 3

Solutionbank M3

Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise C, Question 15

Question:

O a certain day, low tide in a harbour 1z at 10 a m. and the depth of the water 1z 5 m.

High tide on the same day 15 at 4 .15 p.m. and the water 1z then 15 m deep. A& ship

which needs a depth of water of 7 m needs to enter the harbour. Assuming that the

water can be modelled as rising and falling with simple harmonic motion, calculate

a the earliest time, to the nearest minute, after 10 a.m. at which the ship can enter the
harbour,

b the titne by which the ship must leave.

Solution:
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- (15-35) . : o ©
a amplitude = T= Sm +— The difference between high and low tides is

perio = (105 5 415 BaTR 2 Gt

=625 2hr \ The time from low to high

=125hr \ tide iz half the period.

_ Dr Tou can work through this question using
period=—=12.5 hours as the unit for time.

b5
2
w: gl ot
12.5
X=acosar +—| Start at low tide.
x=2Scos 2_;??5
12.5
high tide iy
_ 1O Dir The diagram shows
#-‘f S 5'305[_5] that when the water is
5 - =
E low tide e ARG 53,
T o cos[—£]=0.6
Sm I 12.5
- = E|:-::-s'1[3l.6
2

f=1844  *— Time after 10 am.

The ship can enter the harbour at 11.51 am.
(nearest minute). +— Eemember to change the

decimal part of 1.844 into
minutes (0844 » &0)

b The water iz once more 7 m deep at (12.5-1 844 hours
+— TIze the symmetry of
after 10 am

— 10.656 hrs after 10 2 S HM to find the time

required.
=10hr 293 min.
" ship must leave by 8.3% pm (nearest minute).
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Further dynamics
Exercise C, Question 16

Question:

Points A, O and & lie in that order in a straight line. A particle & is moving on the line
with simple harmonic motion with centre & The period of the motion 15 4 5 and the
amplitude 12 0.75 m. The distance &A 13 04 mand A8 15 0.9 m. Calculate the time
taken by P to move directly from B to A,

Solution:
A 0.4 m (8] 0.5 m B
perod=— =4
T
':L:l et PR,
2
X =sin ok

+— Find the time taken from O to B
s spmmences il fusing x=05m) and from & to the
point where x=04m

x=05m 0.5=075sin %z
.t 045
a1

n—=—
2 075

0
x=04m ¢= Esin_l[ﬂ]

Fid 075
Time & — A
2| .o 05 +sin! 0.4 +— Adding these times will give
T 2 H 075 the time te go directly from &
—0.89%. ?I.:Iﬂﬁ;e to the symmetry of
Ftakes 08235 to travel directly from Sto d (351 S
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Further dynamics
Exercise D, Question 1

Question:

A particle P of mass 0.5 kg is attached to one end of a light elastic spring of natural
length 0.6 m and modulus of elasticity 60 M. The other end of the spring 1z fixed to a
point A on the smooth horizontal surface on which P rests. The particle 15 held at rest
with AF=079%9m and then released.

a Show that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.

¢ Calculate the mazximum speed of P,

Solution:
\ ‘P 05ke
gl e A=60H
0.6m Py =
a F=ma
-T=05%
Hooke's law: T = %
Tri= %=100x
0.6
—100x = 0.5% +—— The equation of motion must
100 reduce to the form ¥ =—ew'x.
r=——x
0.5
r=-200x

o= HM

b w® =200 w=+200=10+2
2 2 T

erigd = — = ——— = —
. w1042 10

. period iz %N‘ 2z (or 0.444s (2 2.£7)

amplitude =0.59-06=073 +— The amplitude iz the same as
voamplitude 1 0.3 m the initial extension,

¢ vV =oi(a?-xh

Vo = ca=10¥2x 0.3 «+— Tsze x=0 for the maximum

=342 speed
The maximum speedis 3V 2m s or 424 m ™ (32£)
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Further dynamics
Exercise D, Question 2

Question:

A particle P of mass 0.8 kg 15 attached to one end of a light elastic string of natural

length 1.6 m and modulus of elasticity 20 M. The other end of the string is fized to a

point O on the smooth horizental surface on which P rests. The patticle iz held at rest

with OF =26 m andthenreleased

a Show that, while the string 15 taut, © moves with simple harmonic motion.

b Calculate the time from the instant of release until F returns to its starting point for
the first titne.

Solution:

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttim3 3 d 2.h 3/4/201:



Heinemann Solutionbank: Mechanics 3

T P 08kg
0 - &
l.6m X —
a F=ma
-T=08%
Ax
Hoolee's Law: T = T
T=Ex
1.6
—Ex=0.8x
1.6
__ 20x _ 10x
16x08 08
= HM
1, 1o
0.8
2 08 lém

: T
Jopened = —=2Zgx—=_"_
B & Y10 V10
amplitude = 26-16=1m
vﬂ =w2|:a2_x2)

Vo =i =1x——
0.8

total distance at this speed = 4x 1.6

A=201H

The oscillation is split inte 2
patts which are twice the
natural length apart

=64dm
time = 6.4x o
10 +— Forthe middle section the
S e E +E =3908 patticle moves at a constant
{10 410 speed (= the maximum speed
the total time 18 3218 (3 a£) of the 3 H M)
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Further dynamics
Exercise D, Question 3

Question:

A particle F of mass 0.4 kg 1z attached to one end of a light elastic string of modulus

of elasticity 24 M and natural length 1.2 m. The other end of the string 15 fized to a

point A on the smooth horizontal table on which P rests. Initially F 1z at rest with

AF=1m. The particle receives an impulse of magnitude 1.8 17 ¢ in the direction AP,

a Show that, while the string 1z taut,  moves with simple harmonic motion

b Calculate the time that elapses between the moment P receives the impulse and the
next time the string becomes slack.

The particle comes to instantaneous rest for the first time at the point 5.
¢ Calculate the distance A5

Solution:
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A 1.2 m *

a F=ma
-T=04x
Ax
Hoolke's Law: T = T
_Ax
!
1.2
So—20x=04x
20
=——_x
04
r=-50x

R HM

b Forthe impact J = »oo— o

18 =104
0.4
2 2

perod = —=——

wS*JEv\

. time for half an oscillation =

time at constant speed

botal time = —F—-+-2 =0.4887 .

542
time 15 0.48% s (31

c Vi)

4 -1
Ve = 4.0mz

Sods5=aw
L= 4.5
42
AR = .2+—4'5 +—
S 2
=183

Distance AF 15 1.8 m (3£

© Pearson Education Ltd 2C
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+— This iz the speed of F while the string is

kil
542

slack. It iz also the mazimum speed for
the SHL

The required time includes half a period.

| Ftravels 0.2 m before the string becomes

taut.

e and the maxitmum speed are known 5o
the amplitude can be found.

AR 1z the natural length of the string plus
the amplitude of the 5 HMWL
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Further dynamics
Exercise D, Question 4

Question:

A particle F of maszs 0.8 kg iz attached to one end of a light elastic spring of natural
length 1.2 m and moedulus of elasticity 80 1. The other end of the spring is fizedto a
point & on the smooth horizontal surface on which P rests. The particle 1z held at rest
with OF=06m andthenreleased

a Show that F moves with simple harmenic motion

b Find the period and amplitude of the motion.

¢ Calculate the ma=zimum speed of P

Solution:
P
0 : . 0.8 kg
1.2m i x & A=80MH
a F=ma
-T=1028%
Hooke's Law: = %
_80x
1.2
0855=—@x
1.2
100
i=——x
1.2
. SHW
100 10
I_] et p e g R L S
PNz Tz
peﬁodzzﬁ:z—”ﬂz
w10
= 06882 .

pertod 12 0685 5 (3 5.£)
amphitude =1.2-06=06m

c v =t - x%)
Ve = 060
10
Tz
=5477
The max speed is 5.48m s (3 s.£)

D&
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Further dynamics
Exercise D, Question 5

Question:

& particle F of mass 0.6 kg is attached to one end of a light elastic spring of modulus
of elasticity 72 I and natural length 1.2 m. The other end ofthe spring is fized to a
point A on the smooth horizontal table on which P rests. Initially F iz at rest with
AF=12m The particle receives an impulse of magnitude 2 1 ¢ in the direction AF.
iven that £ seconds after the impulse the displacement of F from its initial position is
X metres

a find an equation for x in termes of ¢,

b calculate the maximum magnitude of the acceleration of 2.

Solution:
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T P 06ke
A ..

1.2m X o A=T2H

—=F= Y

a F=ma

i s Tse F =pma and Hooke's Law to obtain
the value of .
Hocke's Law: T = %
1:2
so—B0x =06x
60
=—-—x
0.6é
x=-100x

Lt =100, =10

For the impact: § = »no— o _
G +— Tl:e impulse = change of momentum to

3=06v-0 obtain the maximum speed.
3
y=—=3
0.6
. maximum speed is Sms”
Vo= (a® - 2" *+— Mow the amplitude can be obtained.
Vg = OO0
5 =10a
@ = 2 0.5
10
X = asin +— Fiz atthe centre ofthe oscillation when
vx =05:n10¢ £=0.
b #=-100x
| %] =100] x| +— The amplitude gives the mazimum value
| % e = 100x 0.5=150 of | x].

The mazimum magnitude of the acceleration is 50m s™.
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Further dynamics
Exercise D, Question 6

Question:

A particle of mass 0.9 kg rests on a smooth horizontal surface attached to one end of a
light elastic string of natural length 1.5 m and modulus of elasticity 24 W, The other
end of the string 1z attached to a point on the surface. The particle 15 pulled so that the
string measures 2 m and released from rest.

a State the amplitude of the resulting cscillation

b Calculate the speed of the particle when the string becomes slack,

EBefore the string becotes taut again the particle hitz a vertical surface which is at
right angles to the particle's direction of motion. The coefficient of restitution between

. . .3
the particle and the vertical surface 13 e

¢ Calculate 1 the period and i the amplitude of the oscillation which takes place when
the string becomes taut once more,

Solution:
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0 i T

1.5m : X

a amplitude=(2-15m=05m

b energy: K E gained = %mvn

2 2
EPE log; = A% o 24205
2! 2x1.5
]
Ly 0.0v* = 24 0.5
2 2x1.5
Sl Ty 2w () 59
0.9%2x1.5
v=2108. .,

The speed is 2.11m 57" (3 5.£).

¢ Impact with the wall:

Newten's law of impact: su=v

P 09kg

—— _:l_!

=Ex 1R —

A=241

Page2 of 2

b can be solved by using conservation of
energy of by 5 H.IM. methods, finding the
maximutn speed for the oscillation,

+— S HM methods essential
for this part.

Mow e iz known vou can

find the amplitude using

v =t (@ — x*) with the

maximum speed,

i v=Ex 2.108__.
5
=1.264..
. maximum speed for the new oscillation is 1.264m 7!
& = ma
=T=0%9x
Ax
Hoolke's Law: T=T
=Ex=16x
1.5
—-16x =0.9%
_1&
=——x
0.9
w =i
' 0.9
pEﬂ0d=2—H=2ﬂM=l.490...
e 4
The period 13 1.4%s (3 2.£)
V= ol (@? -2
Ve = O
4
1264 = a
NO.9
PP
a = 02597

The amplitude 15 0,200 m (3 5.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 7

Question:

A smooth cylinder 15 fixed with 1ts ams horizontal. A piston of mass 2.5 kg 15 inside
the cylinder, attached to one end of the cylinder by a spring of modulus of elasticity
400 I and natural length 50 cm. The piston 15 held at rest in the cylinder with the
spring cotmpressed to a length of 42 cm. The piston is then released. The spring canbe

modelled as a light elastic spring and the piston can be modelled as a particle.
a Find the period of the resulting oscillations.

b Find the maxzimum value of the kinetic energy of the piston

Solution:
T P 25k
0.5m ¥ i ¢ A=400H
a F=pma
-T=25%
; Ax
Hooke's Law: T = T
e 200 S
5
—B00x = 2.5%
200
=——=x
2.5
¥=-520x
cn = 4320
s Bl B ovgizsnn
P ® 4320

The period 13 0.351 2 (3 3£

b amplitude = (50— 42cm

=0.08m

v2 =Cﬂz(ﬂ2_x2)

Vg — ot

=+ 320% (.08

1
mazimum KE = 3% 2.5% (4 320% 0.08)°
=2.56

The maximum K E 1z 2.56 T

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 8

Question:

A particle F of mass 0.5 kg 1s attached to one end of a light elastic string of natural
length 0.4 m and modulus of elasticity 30 M. The other end of the string 15 attached to
a point on the stnooth horizontal surface on which P rests. The particle is pulled until
the string measures 0.6 tm and then released from rest.

a Calculate the speed of P when the string becomes slack for the first time.

When P haz travelled a distance 0.3 m from the point of release the surface becomes
rough The coefficient of friction between & and the surface 12 025 The particle
comes to rest T seconds after it was released.

b Find the walue of T

Solution:
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o P 05kg
0 Tal®
(0.4 m ;X 2
a F=ma +— acanbe done by
N 2 conservation of energy but
- the period of the
Hooke's Law: T = E oscillation i3 needed for b
{
T = Ex=7"5x
0.4
s 05x =-Tax
75
=-—x
0.5
¥=-1530x
Loen = Af150

amplitude =06-04=021m

vﬂ = mﬂ(aﬂ_xﬂj

Vo = G0
=./150x 0.2
= 2445 ..

When the string becomes slack P's speed is 245 m s (3 2.£)

; 2 2 i
= —_—
b period 5 150 The first part of the motion is i of
at oscillation
On the Srgol':’th floor: +— Forthe first 0.2 m the string is taut.
gy
2.449

Cn the rough floor:
a
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—F =05a

Find the acceleration

Tze v=p+a¢ with & =2449 and
a=-023¢g to find the time taken

to cotne to rest

F=uR=02x05g
S0 5 =025x0.5g
a=-025g
v =u-+ai
0 =2449-0.20g¢ “« —
= 2449
025 98
total time = —x s + o + b
474150 2449 025x 9.8
=1.168__.
LT =11703:1)

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 9

Question:

A particle F of mass 0.4 kg 1z attached to two 1dentical light elastic springs each of
natural length 1.2 m and modulus of elasticity 12 . The free ends of the strings are
attached to points 4 and B which are 4 m apart on a smooth horizontal surface. The
point & lies between 4 and Bwith AC=14m and TF =26 m. The particle 15 held at
C and released from rest.

a Show that P moves with sitmple harmonic motion.

b Calculate the mazimum value of the kinetic energy of P

Solution:
Ty '”2 “;4 kg
A T p—t : r— B 4—— The centre of the oscillation
“fl loawlxy 3 <8 12m 1=121 | is at the mid-point of A5
a F=pma : g
e 4—— The tensions in the two
Tp-T,=04% parts of the string are

Hooke's Law: T= % different.

AP extenzion = (0.8 +x)

T, =W=10(0_3+xj
BE: extensic;n =(08-x)
T, = w=m(g_g_x}
v 10(0.8— 2)— 10(0.8 +x) =0.4%
—-20x=04x
20

P=——x=-50x
0.4
Y FPmoves with 3 HM

b e =50

amplitude = 0.6 m
v2 = Cﬂ2 l:ﬂz e xz)
. R

= 50x 0.62

maximum K E. = %m v

= %x 0.4 50 0.6°

=36
The mazimum E.E 136 7.

© Pearson Education Ltd 2C
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Further dynamics
Exercise D, Question 10

Question:

A particle F of mass #2 15 attached to two identical light strings of natural length { and
modulus of elasticity 3mg. The free ends of the strings are attached to fized points A
and £ which are 5f apart on a smooth horizontal surface. The particle 15 held at the

point O, where AC =/ and 4, B and T lie on a straight line, and iz then released from
rest.

a =how that F moves with simple harmonic motion.
b Find the period of the motion.

¢ Write dewn the amplitude of the motion.

d Find the speed of P when AF=731

Solution:
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H . T-[ "p I‘IHI
A - - B #+— The centre of the oscillation
F S e afie 1 is at the mid-point of 45
: : ' A=3mg
—— |
a F=mna
Ty—Ty = mx

Hooke's Law: T= %

extension = 1.5 +x

AP Zmg(1 30+ %)
S
i
FHoextension =15/ -x
T, = %g(léﬁf—x}
. Smg(l.ol-x) 3mg(l.5i+x) _ -
a ] !
3 Eemgx o
i
_ fg
i
= HM
& )
i {
period = — = i
o bg

¢ Amplitude =15

d V= (gt - 2*)
AP =3l =:x el
2
&

FA

2

2 68 B
!4
V=208

When AP=731, F's speed iz ,,p'ing for 2403200

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Mechanics 3\mmt\sb\contenttim3 3 d 10.h 3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise D, Question 11

Question:

A light elastic string has natural length 2.5 m and modulus of elasticity 158 A
particle 2 of mass 0 5 kg 1z attached to the string at the point & where & divides the
unstretched string in the ratio 2 : 3. The ends of the string are then attached to the
points A and B which are 5 m apart on a smooth horizontal surface. The particle 1z
then pulled aside and held at rest in contact with the surface at the point O where
AT =3m and ATE 15 a straight line. The particle 15 then released from rest

a Show that P moves with simple harmonic motion of period %«J'E

b Find the amplitude of the motion

Solution:
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a When F 15 in equilibrium: PR

AP=§x5=2m

BF=3m
Matural lengths: AFP=1m
BF=15m

Im { Im | x ios-» L5m

R

Hoole's Law: T= %

AF: extension =1+ x
1501+ %)
1

BF: extension =1.5—x

T, = $: 10(1.5- )

T=

S 10015 -0 -15(1+x) =055

—25x =05z
x¥=-50x
= HM

w450 542 05

b Amplinde=(3-20m=1m.

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 1

Question:

A particle F of mass 075 kg 1z hanging in equilibrium attached to one end of a light
elastic spring of natural length 1.5 m and modulus of elasticity 80 1. The other end of
the spring is attached to a fized point A vertically abowe B

a Calculate the length of the spring.

The particle 1z pulled downwards and held at a point & which 15 vertically below A
The particle is then released from rest

b Shew that P mowves with sitnple harmonic motion,

¢ Calculate the period of the oscillations.
The particle passes through its equilibrium peosition with speed 2.5m s

d Calculate the amplitude of the ozcillations.

Solution:
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A a In equilibrium:
+
- 1=280N R(TjT =075g Resolvp and use Hpol;e's
Law with the equilibrium
extension (g).
+- ------- Hoolke's Law: T=E ©)
!
+ e AT
' opg p B
1 1.5
{]'._.I'ﬁj.,' N 0?55 e %
1.5
2= U.?ﬁXQ.SXE
80
=0.1378...
g+i =1637... 4 The total length of the spring iz
required.
The length of the spring i3 1.64 m (3 o.f)
X -
T y N F =
A=80 ..
075g-T=075x #+— xiz measured from the
1.5 m equilibrium lewvel, and x iz 1n

the direction of increasing x.

"""""" Hoolke's Law:
¢ t +— To avoid decimals use
"""""" T Bl(x+e (e+ x) for the extension
_rI L T 15 20
....... ]‘.“....... BUI:X+§':I WhErE _=D?5g
Pl n TSe =Rt g ass =
1.5 (from a)
0.75g N
X
froma 075g= %
155
0.?5‘:{_:_@"{ ¢ of the form #=—w'x
1.5
20
=—— 3
1.5 075
L SHM
4 20
c g —
1.5%0.75
Feriod = 2;;? =2 —1.5x O
3] 20

= 07450,

The period 12 07455 (3 5.£)
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d v =wila -9
o5t = Laﬂ
' 1.9% 074

. 25 x15x075
a e e Ly

sl
a = 02564,

The amplitude 1z 0.2%m (3 :1£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 2

Question:

A particle P of mass 0.5 kg 15 attached to the free end of a light elastic spring of
natural length 0.5 m and modulus of elasticity 50 M. The other end of the spring 1=
attached to a fized point A and F hangs in equilibrium vertically below A

a Calculate the extension of the spring.

The particle is now pulled vertically down a further 0.2 m and released from rest.
b Calculate the period of the resulting ozcillations.

¢ Calculate the maximum speed of the particle.

Solution:
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a A
) EMT=05g
c A=50N
0.5m A= Hooke's Law: T = E
{ i
................. 50
I:’, A _r T = _é‘
¥ p 0.5
"""""""" T =100¢
0.5¢ N s 1002 = 0.5g
ek R
The extenszion iz 0.049 m (or 4.9 cm)
h -
} , oo
0.5m A=50N i ) Tee X =pmx and Hooke's Law
; D5g-T=05% to find e
Et ------ P Hoolee's Law: =
l_: p T !
"""" r“' 7 S0+
* 0.5¢ N 0.5
i T =100{e +x)

S 0Sg=1000e+2) =05%
froma 100z = 0.5g

SLo=100x=05%
I==-200x
w' = 200 | Compare previous line with #=—ew’x.

; T 2 ar il
perigd=—=——=— =

w200 1042 10
The period iz %Nf 2z (or 0.444s (3 =.£0)

¢ amplitude =02m

V= @iia? - 2%

vmux = :
=+200x0.2
Spal

The mazimum speed is 24 2m s (or 2.83m s (3£

The maximum speed occurs at the
equilibrium lewvel {1 e when x=07

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 3

Question:

A particle F of mass 2 kg 15 hanging in equilibrium attached to the free end of a light
elastic spring of natural length 1.5 m and modulus of elasticity A, The other end of

the spring iz fixed to a point A vertically above F. The particle receives an impulse of
magnitude 3 Mz in the direction AP,

a Find the speed of P immediately after the impact.
b Shew that P mowves with sitnple harmonic motion,

The peried of the ozcillations is gs :

¢ Find the value of 1.
d Find the amplitude of the ozcillations.

Solution:
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a Forthe impact: [ = woo— s

3=2v
v=135
The speed immediately after the impactis 1.5m s™.
b 4
jigs In equilibrium
} RilE B=0
L T Hocke's Law: T = E
t {
e
} Pe - 1
2¢ N ; i
E
15 =2g 44— 1 isunknown so will remain in this
' EXprESS1ON.
g ea When oscillating:
+ F=ma
.................. .
* ¥ : ’ Ax
E‘* P Hooke's Law: T = T
2gN P Alet®)
550
Ale+x) .
2g — =2x
g 1.5
From abowe: E =2g
15
; ST 2x
1.5
.. A
I =——x
3
as A >0 thisis 5 HML
; g
¢ penod=—=—
: w2
=4
From ¥=-21x, & =£
3
3
A =43
d mazimum speed=15m s
V= wt(a? — 2
Yo T *+— Mammum speed occurs when x=10.
1.5 =4dg
1.5
a =—=0375
4

The amplitude iz 0375 m.
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Further dynamics
Exercise E, Question 4

Question:

A light elastic spring has one end A fized and hangs vertically with a particle P of
maszs 0.6 kg attached to its free end. Initially P iz hanging freely in equilibrium. The
particle 1z then pulled wertically downwards and released from rest.

a Show that P moves with simple harmonic motion.

. .o : _ :
The peried of the motion is ES and the mazimum and minimum distances of F below

Aare 1.2 m and 0.8 m respectively. Calculate

b the amplitude of the oscillation,

¢ the maximum speed of P,

d the mazimum magnitude of the acceleration of F.

Solution:
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a A In equilibriugm:
EMT=0¢g
! Hooke's Law: T = E
* il
.................. T Ae
4.747.. 2
I TE =06z
0.6g N
For the cacillation:
t
." F o= pa
i D6g-T=06%
"""""""" Hooke's Law:. T = A5
4*# !
AT rodiers
X
: Ale+x) _ s
0.6¢ N CDEg - 7 =06%
Ae
from abowe o =0bg
A
L 06i=-22
{ +— The equation of motion must reduce to
s Ax the form #=-w’x but «° can be
0.6{ expressed algebraically.
Lziand A are both positive this 12 5 H ML

b amplitude = %(1.2—0.8)

=02
The amplitude 12 0.2 m.

2

. Frd
c penod—;—g
Loem =10
Vo=t (a® - 2%
Vg = G
=10x02=2

The mazimum speed is 2m 7.

.4 —

The difference between the maximum
and minimum distances below A 1=
twice the amplitude £,

d i=-w'x
3 iy,

Tale maximum value of x.

. maximum magnitude of the acceleration =100%0.2 m 57

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 5

Question:

A piston of mass 2 kg moves inside a smooth cylinder which 15 fized with its axis
vertical The piston 1z attached to the base of the cylinder by a spring of natural length
12 cm oand modulus of elasticity 300 . The piston iz released from rest at a point
where the spring is compressed to a length of B cm. Assuming that the spring can be
modelled as a light elastic spring and the piston as a particle, calculate

a the period of the resulting oscillations,

b the maximum speed of the piston

Solution:
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a It‘ In equilibrium:
............. It¢ RMT=2g
0.12 m ¢ [\-i Hooke's Law: T = %
x
= S00e
A=5001 ‘
_ 500e
T 012 ¥ | Changecmtom
For the oscillations:
F =
2g-T=2x
, Ax
Hooke's Law T = -
5000z + x)
01z
ot S00{e +x) —oi
0.1z
From above: 2008 =2
" S00x _oy
0.12
250
=———x
0.1z
5 230 . .
= ——— 4+— Compare line above with
01z ~_ .3
I=—wx.
I::-neric:-d:z—}T = —0'12
o 250
=0.1376 ..
The peried 12 0138 s (3 a1
K G 2gx 012
500
amplitude = 0.04 —g
¢# _________________ _ ol wz(az - xz)
_____________________ Ve = CHCE PN

Wlazimum speed occurs

0.12 m 250 when x=10.
. = ||—x 0.04—¢
008 m 0-12 ( )
_ {250x[0_04_2gx0.1z]
01z 500
= 16105

The mazimum speed is 1.61ms™ (3 s.£).
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Further dynamics
Exercise E, Question 6

Question:

A light elastic string of natural length 40 cm has one end A attached to a fized point. A
patticle P of mass 0.4 kg is attached to the free end of the string and hangs freely in
equilibrium vertically below A The distance AP 1245 cm.

a Find the modulus of elasticity of the string.

The particle 15 now pulled vertically downwards until AP measures 52 cim and then
released from rest.

b Shew that, while the string 15 taut, P mowves with simple harmonic motion

¢ Find the period and amplitude of the motion.

d Find the greatest speed of P during the motion.

e Find the time taken by Pto rise 11 om from the point of release.

Solution:
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a A In equilibrinm:
EMT=04g
, P .1
0.40 m Hooke's Law: T =—
7o A0.05
(L.05 m T
: lx@=0.4g
0.4
04
O4g N 0.05 =

A=32g=3136

The moduluz of elasticity 18 314 W (3 2.1

b A For cscillations:
+ F=ma
Ddg-T=04x
0.40m Hocoke's Law: T = E
l 7= 31.360x+ 0059
................. 04
0.05my | 0.4g - 31.36(x+0.05) _ Qietes
¥ # T 0.4
e 2 31.36
= 7 x
¥ 0.4
04e N LS HM
X
¢ From —Bl'iﬁx
0.4
Af31.36
m pu
0.4

pnarir::-::i=2—ﬁ'r =Zm¥ i

= 04487 ...
3] +31.36

The period 12 0,449,
amplitude = 52— 45="T(cm)
The amplitude 15 0.07 m.

d v=w'a’ -2
Vo =0d

3136

x 0,07
=098

The mazimum speed is 0.98m 57"
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e 11 cm from the lowest point
= AF =41lcm.

Cx=—dcm=-004m

X =acosmi +— Fstarts from an end point

—0.04 =007 cos cef

af 004 =
cef = cos —— |=LCoE ==
0.07
1 _1[ 4] 0.4 _1[ 4]
f=—roz | —= |= cos | —=
0 70 3136 7

Ftakes 01565 to rise 11 cm (3 2.£)

-1 =
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Further dynamics
Exercise E, Question 7

Question:

A particle P of mass 0.4 kg 15 attached to one end of a light elastic string of natural

length 0.5 m and modulus of elasticity 10 1. The other end of the string is attached to

afized point 4 and P i1z initially hanging freely in equilibrium vertically below 4. The

particle 1z then pulled vertically downwards a further 0.2 m and releazed from rest.

a Calculate the titne from release until the string becomes slack for the first time.

b Calculate the time between the string first becoming slack and the next time it
becomes taut

Solution:
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a A
i In equilibrinm:
0.5m a=10N X(MT=04g
+ Hooke's Law: T = %
N AT
I £ p " e~ & =20a
................... 05
Co2le=04g
O4g N
+ For the oscillations:
0.5 m A=10N g
* Ddg-T=04%
i ---------------------- Hoole's Law: = %
e
s o o 106+
........ }-' o I ——— 05
0.4g N
From abowve 04z = %
0.5
_lU_x =04x
0.5
x= 2 -o0x
0.4
L SHM with w® =50
ammplitude = 0.2 m
X=@cosc
x=02cos Jﬁz
string becomes slack when x=—¢
S
20
cosrls0p=—28 =€ _gag
20 10

A 508 = cos™ (—0.98)

l £
f=——rcos (—0.93
{50 ( )
i =0415%

The string becomes slack after 0416: (3 1)
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b v =wfla’ -2

Find the speed when the string
kecomes slack

The particle mowes freely under
gravity while the string 15 slack.

_ __r;:u.4g :
20
04 Y
2 2 C
=50 0.2°-| ==
v = 100792
V=i tal
J0.0792 = —.f0.0792 +9.8¢
¢ =2—‘0;;92=0_05?43___

The string 13 slan:llr_ for 00574 s (5 2.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 8

Question:

A particle F of mass 1.5 kg 1s hanging freely attached to one end of a light elastic
string of natural length 1 m and modulus of elasticity 40 I, The other end ofthe string
15 attached to a fixed point A on a ceiling. The particle 15 pulled vertically downwards
until AF iz 1.8 m and released from rest. When F has risen a distance 0.4 m the string
1z cut.

a Calculate the greatest height P reaches abowe itz equilibrium position,

b Calculate the time taken frotm release to reach that greatest height

Solution:
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a 1
In equilibrinm:
T 1=40N R(MT=15zg +— acanbe done by using
I m o . nm conservation of energy
Hooke's Law: T==" | put b needs SHM. So
T A0 S HI has been used
oy Searl i g = for both parts.
I‘t P 1
.......... L TP 15
, e=-"8—03675m
40
1.5g N
For the oscillation:
15g-T=15%
Hooke's Law: T = %
_ 40(x+e)
: & 1
¥ L lhg—40ix+e)=150%
From above 1.5g = 40e
Lo 15F =-40x
. i
¥=—-—=x
3
80
m = —
3
amplitude = 0.5-03675=04525m
v =t (o — 2)
When the string 1z cut: x=04325-04
= 00325
and v = @(0.43252 - 0.0325% 4——— Find the speed when the string is
3 cut.
=494

motion under gravity:

v =ui4+2as <

0=496-2x3 8

g = ik =0.2530...

2x 9.8
height abowe equilibrium position

=0.2530-0.0325=0.2205
Height 15 0.221 m.

TTze motion under gravity.
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b For2HM

X=qCosouf 49—

x =04325¢ces %z

x=00325 00325=04325cos %ﬁ
] 0.0325
cos  |—F =
3 04325

2 (00325
I = _|l—nrtos e s
50 0.4325

Particle starts from an end-point.

= 28584

Meotion under grawvity:
v o=+ al
O = fd.56 -9 5

4 96
f e

9.8
total time = 0.2895...+—”j§6 =0.5163...

The time taken to reach the highest point 1s 0.517s (3 a1

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 9

Question:

A particle P of mass 1.5 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 15 M. The ends of the string are fized to
the points A and & where 4 1z vertically above B and A8 =28m.

a Oiven that P ig in equilibrium calculate the length AF.

The particle 18 now pulled downwards a distance 015 m from its equilibrium position
and released from rest

b Prowe that F mowes with simple harmonic motion

T seconds after being released P15 0.1 m abowe itz equilibrium position.
¢ Find the value of T

Solution:
a
A In equilibrium
. ... RMT,=15%+T,
0.6 ml A=I5N : :
Hoolke's Law:
............... P
vt A Ty Ti= T
------ }0 15 Tou must consider Pto
l6—e |.5g N T = G =25 be attached to two
--------- 1 'l, : strings. The tenzions in
0.6 mI 1 L= M =40 =292 the two parts will be
0.6 different.
co2he =15 +40- 2%
e 502 =15g +40
1
g=—Ii(l5g+40) =104
50( g +40)
In equilibrivm, AP =162m (31
b A For the oscillations:
T = 15(e+2x)
0.6 m A=15N & 06
S — T3215(1_6—(e+x))
0é
e F=ma
___________ = 1.5g+15(1.6—(e+x)}_15(e+x} _155
p * 0.6 0.6
....... i L 15g +40— 250 +x)—-25(eg+x)=15%
L6 =g+ 1)
""""" ’1‘5::]\.’ 15g+40-50e-50x=15%
06m 7Ty froma 502 =15g+40
15 E=-50x
2 a0 100
— —_x: ——
1.5 3

S F mowves with 3 H. W

file://C:\Users\Buba\Desktop\further\Mechanics 3lmmt\sb\contenttim3 3 e 9.h 3/4/201:



Heinemann Solutionbank: Mechanics 3

¢ amplitude =0 15m

x=gcosewi=015cos E
{3

TWhen x=-0.1 .

The equilibrium position iz the centre
of the oscillation.

—0.1=015 EOS[ET]
{3

10 0.1
iliaterr sl Pl
EOS[«JB ] olgH1
T_E.: 4f 01
10 0.15
=0.3984

L T=0398 (3:f)

© Pearson Education Ltd 2C
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Further dynamics
Exercise E, Question 10

Question:

A rock climber of mass 70 kg 1z attached to one end of a rope. He falls from a ledge
which 15 8 m vertically below the point to which the other end of the rope 1z fized. The
climb er falls vertically without hitting the rock face. Assuming that the climber can be

modelled as a particle and the rope as a light elastic string of natural length 16 m and
modulus of elasticity 40 000 M, calculate

a the climbet's speed at the instant when the rope becomes taut,
b the mazimum distance of the climber below the ledge,
¢ the time from falling from the ledge to reaching his lowest point.

Solution:
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a Until rope 15 taut: -

v =u?+2as

v =0+2x98x8
w=12352..

Climber falling freely under
arawity

When the rope becomes taut the climber's speed is 12.5m 7' (3 5.£)

b At the equilibrium level:
T Hooke's Law: T=E 4— b can ke solved by using
! conservation of energy.
T = 40 000e Howewver ¢ wnvolves time, so
"""""""" 16 o HM methods are needed.
N ROT =70g It is more efficient to use
" AT 40 0002 = HM for both parts,
PI 16
i l6xT0g g
e =t el iy
70g ¥ 40000 250
For the oscillation:
F=ma
Mg-T="70x
Hooke's Law: T = W
16
Froma: T0g = ==
40010 250
= o =< fLomiiage
16x7 7
5 250
m gk i
o
V= (ag - xzjl * TTse the result from patt a, 12 the
2 (g
156.8=@ sy g speed when x—a[—ﬁ}
s 250
2 1568x7 (g Y
250 250
o =44656.

a=2113..

Total distance =2.113+s+ 8

=1038...

2 The amplitude 15 the greatest
=2113+-5 +38 distance below the equilibrium
250 lewvel,

The total distance fallen is 104 m (3 2.1
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€ X=@cosok

x=2115cos 1,@:

When x =

T8 susggan 1890
250 e

7 _1[ 7%9.8
i = —Dc:os

25

2 7
period = A Py

2 250

Time while the rope 15 taut:

el

= 02846

While moving under gravity:

1 2
s =ul+—af
2

—lx9 8¢
2
. 16

S8

total tme = i+ 02846

9.8
=13562. .
The total time iz 1.562 (3 2.£)

© Pearson Education Ltd 2C
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250% 2,113

)

Tx 08
250 2,113

EBecause of the symmetry of
2 HM there are several methods
available for c.

This method assumes the
oscillation 15 complete and finds
the time from the highest point
{x=a) tothe equilibrium lewvel
{x=g). Thiz time will be
subtracted from half the period.
So it does not matter that this part
of the oscillation does not exist.

J.——

Time from highest point to lowest
point of a complete czcillation 1s
half the period. Subtract the time
for the mizssing part (before the
rope 15 taut) to obtain the time
while the rope is taut,

The time before the rope becomes
taut 15 also needed.

Page3 of 3

3/4/201:



Heinemann Solutionbank: Mechanics 3 Pagel of 2

Solutionbank M3
Edexcel AS and A Level Modular Mathematics

Further dynamics
Exercise F, Question 1

Question:

A particle F iz moving with simple harmonic motion between two points 4 and &
which are 0.4 m apatrt on a horizontal line. The mid-point of A5 15 O At time ¢=0_ F
passes through O, moving towards 4, with speed uwm s The next time P passes
through O is when =253,

a Find the value of .
b Find the speed of Pwhen £ =35,
¢ Find the distance of F from A when i =33

Solution:
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T 1
A 02m O 02m B

a amplitude=04+2=02m :7 Find & and o from the given

period = 2x 2.5="5z information.
o 2
A — = w:_
]
Yo g
voe (ag %) * Now use v* = e’ (& —x°) to find .
2
u? = [?”] (0.2% - 0

®o= 2—??)(0.2 =4j (or 025130
3 a0

4
i 5—"; (or 0.251(3 5 £))

’ Foasn +— FPiz atthe centre of oscillation
x =0.25in[2iz] when i =10,
5
x= zix 0.2 cos[ziz] ] Differ_entiate x with respect to £ to
3 find x.
p=3 #=22" cos%r=—0.2033

When £=3 P'sspeedis 0.203m™ (3s.£). +— Speed is positive.

C X = sin o

x= D.ESin[zi.ﬁJ
5

t=3 x= U.25in[6%]=—0_11?5__

\ Distance from.d iz 02+01175. . +—m— |

Fiz mowing towards A when
=0318m {31

£ =10 sox 15 negative hetween

and 5.

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 2

Question:

A particle P of mass 1.2 kg moves along the x-axis. Attime £ =0, F passes through
the origin &, moving in the positive x-direction. At time £ seconds, the velocity of F 1z

vm s} and OF = x metres. The resultant force acting on 2 has magnitude
6(2.5—x N and acts in the positive x-direction. The mazimum speed of Pis Sm s,
a Write down the value of x when the speed of Pis Sm s~

b Find an expression for v° in terms of x.

Solution:
Po1.2ke
! . = (2.5-x)N
5 r — W ¥) N
a x=25 #— The acceleration (and therefore
the resultant force) are zero when
b F = the speed is maximutn.
E25—x) =12a
B v _ i
6(2.5=x):= ]-zva *— "When the force 12 a function of x
e use a —vdv
v— =5(2.5-x) '
dx
jv dv = J.5(2.5—X)dx *+— Zeparate the variables.
1, %
Ev = alZdon= 53 +C +— Integrate Don't forget the
constant!
x=235v=8 +— a gives the initial conditions.

1 2 5
SRl —Sron, s S LT
. 2

2
- =32—5x%=16.3?5

2
X

¥ :10{2_5;:—?}2)(16_375
v = 0252522 +32.75

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 3

Question:

A particle F of mass 0.6 kg moves along the positive x-axis under the action of a

single force which iz directed towards the origin & and has magnitude

(x+2f o
where OF=x metres and & is a constant. Initially P is moving away from O At x=2
the speed of Pis 8m s~ and at x=10 the speed of Pis 2m s~
a Find the value of k.

The particle first comes to instantaneous rest at the point &
b Find the distance OF.

Solution:
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a F=ma
'
———— =06z
(x+2)
U.6vE=— i =
dx (x+2)
'
U.6Ivdv=—j 2c:ix
(x+2)
e o
(x+2)

x=2v=2 0.3x32:5+c

x=10v=2 03x2* =£+C
12

Subtract: 0.3(8° —2%) = L.
4 12

0.3x 60 = £

6

E=03x60x6=105

b Fromabowe 0.3xd = £+c

sy BB g
i
L 03t= 198 _
(x+2)
Sy Pt e
r+2
7.8(x+2) =108
w508 pmvsooy
78

The distance OB 1211 E8mE3at)

© Pearson Education Ltd 2C
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The force 12 a function of x so use

= A=

+—— Zeparate the variables and

integrate.

TTze the given information to
obtain a pair of simultanecus
equations in & and ¢

+— Solve to find &

]

Find ¢ to complete the expression
for v*.

]
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Further dynamics
Exercise F, Question 4

Question:

& particle F moves along the x-a1s 1n such a way that at timme £ seconds its distance
—_— R .| Al
x metres from the origin & 15 given by x= 35111(1].

a Prove that F movwes with simple harmonic motion.
b “Write down the amplitude and the pertod of the motion.
¢ Find the mammum speed of F.

The points A and B are on the same side of & with Q4=12m and J8=21m.
d Find the time taken by P to travel directly from A4 to 5.

Solution:
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a x= 35in[£ﬁ]
4

. A [?r ]
X = —uros| —1i
4 4

; Differentiate = 33in[%i ] twice.

Aol

. i 4+— Obtain an equation of the form
AT i d F=-wx.
w 2HM

b amplitude = 3

peﬁod=2i=2ﬂxi=83
] Fid

T [HJ
¢ Froma x="rcos| —¢
4 4

— Cruse v, =daw.

: 3?'{ =
= 11 ST SpEEdz Tﬂl H

for 236ms™ (35.£))

d 9 12m A 08mB

= BSiH[Eﬁ]
4

A x=1212= zsm[%zﬂ]

At B, x=2 ¢ =—sin_1[§]

T

TimEfEl—>B=i sin"l[g]—sin‘l[g] e
Fid 3 3

= 04051
The time to go directly from A to 515 04052 {3 5.4

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 5

Question:

A particle P of mass 0.5 kg 15 attached to one end of a light elastic string of natural
length 1.2 m and modulus of elasticity A, The other end of the string 15 attached to a
fized point A. The particle 1z hanging in equilibrium at the point &, which iz 1.4 m
vertically below A,

a Find the value of 4.

The particle iz now displaced to apoint B, 1.75 m vertically below A, and released
from rest.

b Prowve that while the string is taut 2 mowves with simple harmonic motion

¢ Find the period of the simple harmonic motion

d Calculate the speed of F at the first instant when the string becomes slack.

e Find the greatest height reached by P abowe O

Solution:
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In equilibrium:
” RMT=05g
P Hoolke's Law: T = %
Ax 0.2
05¢ 0.5g = 15
1.2
A=05gx —
5 0.2
LA =3g (or 294
b
For oscillations;
1.2m F =
0og-T=05Xx
'j nnnnnnnnnnn ?:anna I : _ Ax
02m_ af Hooke's Law: T = o
X P
................ s 39(0.2+ %)
0.5 1.2
0,5g_w Zigss
1.2
=28y 5gx ] Ofform i=w’
05% 1.2 orm X=w'x.
VS HM
c w® = 5g
5 5 | From ¥=-5gx.
T T
period = — =——==08%75__

w g

The period 12 0,828 (5 6.f0).

d String becomes slack when x=-02m

amplitude =0.35m

W = et (2% - 2)

v =5g(0.35 -0.2%
v =2.010...

- - |

Use the exact value for @,

The speed is 2.01m s™ (3 s.£).

e v =y +2a5
0=2010°=-2x9.85

2
&= I e 0.2061..

Once the string is slack the
particle moves freely under

aravity.

2xn 38

Distance above O =02+02061. oo

= 0,406 m (35.£)

The particle is 0.2 m above &
when the string becomes slack.

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 6

Question:

& spacecraft 5 of mass #2 12 movwing in a straight line towards the centre of the Earth.
When the distance of 5 from the centre of the Earth iz x metres, the force exerted by

) k : o
the Earth on & has magnitude — , where £ 1z a constant, and 1s directed towards the
x

centre of the Earth

a By modelling the Erth as a sphere of radius & and 5 as a particle, show that
k=mgR*.
The spacecraft starts from rest when x= 5K,

b Assuming that air resistance can be ignored find the speed of 5 as 1t crashes onto
the Earth’s surface.

Solution:
k
a F=—2
x
when x = R, F =mg *+— When x= X, 515 onthe surface
L —mg, k=mg R? of the Earth and the force exerted
B by the Earth on 5 15 meg.
2
b Force= — g;? . : .
x 4— The force 15 in the direction of
F=ma decreasing x.
mg R* dv
= = i mvﬁ 4+— The force iz a function of x 30 use
RE I =vd_v
—ng dx = |vdv dr
%
2
lv2 = gk +c
2 x
_ggﬂ
x=5Rv=0 =
oR
5 R* 2g R*
V=g —-—
% IR

The speed of the spacecraft is
2R
_g] SE 09 %]
3 2

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 7

Question:

A particle P of mass #2 15 attached to the mid-point of a light elastic string of natural
length 4 and modulus of elasticity Smg. One end of the string 15 attached to a fixed
point A and the other end to a fized point &, where 4 and B lie on a smooth horizontal
surface and A& = &7 . The particle 15 held at the point © where 4, C and & are collinear

and AT =% , and released from rest.

a Prove that F moves with simple harmonic motion
Find, in terms of g and /,

b the period of the motion,

¢ the maximum speed of F.

Solution:
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P
T"‘E i iTg Smg
A "L E B
I g ————
a Hooke's Law: T=%
T, = Smg(l—x)
iy
T, = Smgli+x)
i}
Fo=pua
T -Ty=mx
Smgil—x) Smg(l+zx) —
24 2
_ Dmgx -
{
yo O8%
/

oS HM

b ot =5_g pmod=2_ﬂ=2;r i
{ e g
g i
The period 1z 27 —]
'l,I[ 5g

¢ amplitude = %

v =wlla® -2

The maximum speed 13 E«ﬁgf ;

© Pearson Education Ltd 2C
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+— Maximum speed when x =0

A=0mg

Consider the patticle to be
attached to two strings, AF and
FE both with natural length 27

atid moduluz 3 meg.

+— Find the amplitude from the given

information.
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Further dynamics
Exercise F, Question 8

Question:

A particle P of mass 0.5 kg 15 moving along the x-axis, in the positive x-direction. At
time ¢ seconds (where £ > (0 the resultant force acting on & has magnitude

5

J3E+4)

with speed 12ms™.

I and iz directed towards the origin & When =0, Fis moving through O

a Find an expression for the velocity of F at time £ seconds.
b Find the distance of F from & when F i3 instantaneously at rest.

Solution:
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s

2N

L
o

0

F =ma
5
- =05%
4(3£+4]|

1
i=—-10(3+4) 2

10 &
F=—— G+ 4o
1
—x 3
2

£=0 =12 12=—2—;N'4+c

c=12+2-0
ER

1
: i=—§(33+4)5 L 28
3 3

20 i —

b z=- 3

(+D2+—t+A
3)(5)(3 3

3
27 21

20
3

2
[E] =3 +4
20

4T

£ =343

T6
Fat rest = = =

Integrate line abowe,

1
(% +4)2 +— sing result from a.

2
When £ =248 ‘;/_’H.— 3;+4=[%] , 50 use the exact

3
=—ﬂ E +Ex3_48+@
274 20 3 27
x=1872

Fis 187 m from & (3 s.£)

© Pearson Education Ltd 2C
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Further dynamics
Exercise F, Question 9

Question:

A particle & of maszs 0.6 kg 15 attached to one end of a light elastic spring of natural
length 2.5 m and modulus of elasticity 25 . The other end of the spring iz attached to
afized point A on the smooth horizontal table on which F lies. The particle 15 held at

the point & where 48 =4 m and released from rest.
a Prove that P moves with simple harmonic motion.

b Find the period and amplitude of the motion.
¢ Find the time taken for P to move 2 m from 5.

Solution:
P T P o6k
25m 5 x i A=25N
a F=pua
-T=06%
, Ax
Hooke's Law: T=T
T = EXZIO.X
2.5
D6Ex=-10x
_ 10
0.6
SHM
b 2 =E
6

period = 2—” =2 f% =1:539...
o 10

period =1.54 s (31
amplitude = (4-25m=15m

€ X=acosol *+— Fiz an end-point.

x=15cos E.ﬁ
Y06

x=-05m -05=15cos sz LD iz on the other side of the
0.6 centre from O so x 15 negative.

i= Ecos'l s =0.4680 .
V1o 15

Ftakes 0 468z to mowe 2 m from 8 (3s.£).
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Further dynamics
Exercise F, Question 10

Question:

A particle F of mass 0.4 kg 15 attached to the mid-point of a light elastic string of
natural length 1.2 m and modulus of elasticity 2.5 1. The ends of the string are
attached to pointz A and & on a smooth horizontal table where A8 =2m . The particle
F iz released from rest at the point O on the table, where A, O and 5 lie in a straight
line and AC =0"7m.

a  Show that © moves with simple harmonic motion

b Find the period of the motion.

The point 2 lies between A and B and AD=085m .

¢ Find the time taken by Pto reach D for the first time.

Solution:
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fl
A : ';‘ ”24 k— e B

06m i04mi y i i 06m A=25N

—_— _'..-'
a F=ma
T,-T,=04%
Hoolke's Law: 7 = %
T, = 2.5(04+x
0.6
2.5(04-
Ty = % Consider P to be attached to twe
' /_/ strings, each of natural length
25(04-x) 2504+x) =043 0.6 m and modulus 2.5 17

0é 0&
—2m

25X _ 045

_2x25
0.6x 0.4

X

=
o HM

2_ 2x25 _ 5
0.6x04 024

2 0.24
period =" = ox 50 1376
o 5

The period 12 1 38s (2 2.

= [ 34
g it Lci C;s: 1-0.85=0.15 +— Fortime ffom & {an end-point)

0,15 =03cos iﬁ
|| 3 18 == D and O are on1_:he sarne side of
0.24 the centre, so x 15 positive.

0.24

i= ——cos 0.5

£ =022%9
Ftakes 0229z (3 5.£) to reach I
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