Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise A, Question 1

Question:

Integrate the following with respect to x.
a sinhx+3coshz

b Ssech ’x
. 1
sinh” x

1

d coshx— =
cosh® x

sinh x

bl
cosh® x

2

sinh x tanh x
sech x(sech x +tanh x)

L]

h {sechx +cosechx)(sech x—cosechx)

Solution:

a |isinh x+3cosh x) dx =cosh x4+ 3sinh x +

-

b |S5sech® xdr=Stanh x+

F 1
C — dx=Jcosech2xdx=—com x+C
J sinh® x
* 1 i a
d cosh x— 3 |dx=J(coshx—sen:h Xdr =sinh x —tanh x +C
Ji cosh® x |
[ sinh 1 inh
e an gx dx = i dx = |eechxtanh x dx = —cechx+C
J cosh® x coshx coshx
[ 2
f — dx= BJcosechx coth x dr =—3cosechx+C
J sinh xtanh x

-

sechx(sechx +tanh x)dx = | (s ech®x +sechxtanh x)dx =tanh x —sechx+C

1E]

-

h (sechzx—cosechzx}dx=tanhx+cothx+c

»
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I ntegration
Exercise A, Question 2

Question:
Find
a sinh 2x dx
* i A
b cosh| x ‘dx
¢ |sech®*(2x—1dx

d |cosech® 5x dx

e |cosechZ2xcoth 2x dx

{ sech | % :]tanh | % |dx

.|r Ssinh 5x —dcoshdx + Isech? | %‘ | dx

L]

Solution:

-

a sinh2xdx=%cosh 2+

—_

b cosh| |dx——smh| |+C 331nh| |+C

5]
i 1
¢ sechz(2x—1)dx=§tanh(2x—1)+c

1
d |cosech?Sxdx= —gcoth Sx+C

-

e |cosechZxcoth 2xdx=—%cosech2x+6"

f .sech|\f._|tanh‘\!_|dx— | ‘sech‘\!_|+tf \-"—sech| |+C’

32
= .SSinth—4cosh4x+35ech2‘E‘dx:ﬁ-lu:oshix—dl s ]tanh| \ s
= L2 5 4 (2}

=cosh5x—sinh 4x+6tanh‘l % I|+C"
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Integration
Exercise A, Question 3

Question:

Write down the results of the following. (This 1z a recognition exercise and also

inwvolve some integrals from 24

[ 1

dx
1+x°
1

—dx
J J1+ 2

a

d

s

h 5
J 1+

Solution:

a arctanx+C
b arsinhx+C
c In|l+x|+C

d Infl+x5+C

e arcsin x+C

f arcoshz+O

I P L

1]

3
(1+ %)

h -
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Integration
Exercise A, Question 4

Question:

Find

a

Solution:

2% +1 _J 2% J 1
a | = | | ———x
J.,/(]—xzj J =% J(l—xf*)
=2Jx(1—x2)%dx+J L&

V=2

=-2{1-x) +arsinx +C

1+x K 1 i ¥
b dr = dx + dx
J,/(f—l} J A fix -1 2 J(xﬂ—lj
- - 1
= L2 x(x*=1) T dx
» (xz—] »

= arcoshx +-/(x° =11+
x—3 " x " 3
dx = dx— dx
‘ J‘ﬁ/(nx?) J Ja+xH J .J(l+x2)
3
(1+x4)

= J(+x*) = 3arsinhx + C

© Pearson Education Ltd 2C
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Integration
Exercise A, Question 5

Question:

x 1

a Show that =1-

1+ x° 1+
2
b Henceﬂndj i gdx
1+ x
Solution:
0 1+x -1 142 1 1

- =1

1+x2_ 1+ % 1+x _l+x2

S I PR O —
b dex_,[‘ll 1+x2['3br

Tzing a.

= x—arctan x+C
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Integration
Exercise B, Question 1

Question:

Find

i g
a sinh”™ xcosh x dx

»
-

b tanh 4x dx

C tanh” xsech” x dx

-

d |cosech’ xcoth x dx

[ ~joosh 2x sinh 2x dx

f sech!”3xtanh 3x dx

Ly

Solution:
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-

1
a sinhgxcoshde::J(sinh x)3 cosh x dx=zsinh4x+f_'f

b tanh4xdx=J e

coshdx

dx=%1n coshdx+C

-

1
c tanhjxsechgxdx='[(tmh x}ssechzxdx=gtanhﬁx+c

d Jcosech’ xcoth xdx = c-:)sechﬁx(cosechx coth x)dx

= —J(cosech}ﬁ( —cosechacoth x)dx

=— l cosech’x 4+
=

L]

1
J‘u'cosh 2x sinh 2x dx = %J(cosh 2x)%(2sinh 2x)dx

3
| (cosh 2x J2 Lo
2 (3
NER
5

(cosh 2x)2 +C

1

| =

1
f JsechMthanh ixdx= —§Jsec b’ Zx(—3gech3xtanh 3x)dx

J SEC hw3x} Lo

—s 1
2|10
= —Lsech103x+c
30
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Integration
Exercise B, Question 2

Question:

Find

sinh x

J 2+3coshx
[ 1+ tanh x

a

J cosh® x
[ Scoshx+ 2sinh %

8 cosh x

Solution:

A sinh x F 1 Zsinh x &
2+3coshx 32 24 3cosh x

= %1n(2+3coshxj +C

-
b Jﬂ dx = J(Htanh x)sech®x dx

cosh? x

= J(sec h*x +tanh xsechzx]ldx

= tanhx+%tanh2 x+C or tanh x—%sech2x+c

Jﬁcoshx+25inh x
c

cosh x

dx = J(S +2tanh x)dx
=5x+2lncoshx+C
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Integration
Exercise B, Question 3

Question:

a Show that Jcothx dr=Ilnsinhx+C .

2 I "
b Show that J coth2x dx=1n 82+L2|.
1 e” |

Solution:

a Jcothxdx=JCOth dr=lnsinhx+T

sinh x

b Jcoth 2x dx=%1n sinh 2x+C

¥

2
2o J coth 2x={%1nsinh Zx} =
1

1

: (ln sinh 4 —1n sinh 2)

sl

1 {sinhd’
2 n| SinbD |
1
g

[ 4 4
E —E |

1n|
| e —¢™

= _lnfe +e7)

oo —

with @ =, b=¢

1 Using a* - =(a+b)(a—1b)

2
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Integration
Exercise B, Question 4

Question:

TTze integration by parts to find
a Jx sinh 3x dx

b stechgx dx .

Solution:

dv

I -— du
@ i Tt = s i 1
a stmh 3xdx xocosh3x J3cosh 3xdx TUsing J —dx=uv—JV—dx with

1 .,
xcoshEx—551nh3x+C P |kl O 1 o8

wl'—‘l.._.\_'l —

b J‘xsnachgxdx=xtanhx—'[tanhxdx *— TTaing integration by parts with

chy 2
= xtanh x—Incosh x+ u=x and EZSECh x
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Integration
Exercise B, Question 5

Question:

Find
a |e"cosh xdx

b e #sinh 3xdx

c cosh xcosh 3x dx.

Solution:
(e +e™
x _ x
a JE cosh xdx = JE ‘dx 4+— Youcannot use integration by
3 parts.
= Ej{eh+1]dx

= legx+lx+6’
4 2

3% 3%

. E —E . .

b Je ¥ sinh 3x dx = Je A —5 |dx +— Youcould use integration by
parts twice.

c Jcosh xcosh Zx dx = J| EK—ZE i | = —;E i ‘I|dx

of write as ]5{ coshdx +oosh 2x)
J{e4x+e et e dx

ie-h:_ie-h:_'_l

Eh—le T S lsinh4x+lsinh2x+c
14 14 2 2 2 4
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Integration
Exercise B, Question 6

Question:

By writing cosh®x in exponential form, find Jcoshg 3x dr and show that it iz

equivalent to the result found in Example 5h

Solution:

Jcoshz Axdx = %J(eh +e 3?{)2 dx

=%J(eﬁ”+2+e "y dx

1 1 1
=—"—— e x4+
24 24 2

= i sinh 6x+% x+C which was resultin Example 3b
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Integration
Exercise B, Question 7

Question:
' 1

Evaluate | ————— dx, giving your answer in terms of e,
g sinh x+coshx

Solution:

¥ ¥

sinhx+coshx=1§{e*—e x]+%|_rex+e

1 1 ~I_1x__x__
5o ,|‘.;.|._.sinh;lr+|:-::ushx__,|dx_'|‘c,E dx—[ g ]u_] E

© Pearson Education Ltd 2C
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Integration
Exercise B, Question 8

Question:

TTze appropriate identities to find
-

;g
a sinh * x dx

-

b |isech x—tanh x}zdx

" cosh® 3x

3
J sinh” 3x
:

d sinh® xcosh” x dx

-

[ cosh? xdx
f | tanh®2x dx.
Solution:
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1)

1 1 1
J.sinhzxdx=§I(cosh2x—]}dx=Zsinh 2x—§x+C’

J(sec hx—tanh sz dr = |z ech®x— 2sechx tanh x+tanh® xhdx

-

(=

= | (sech®x — 2sechxtanh x+1—sech®x)dx

= | (1—2sechxtanh x)dx

= x+ Zsechx+C
hi3
J-M dx = Jcoth:*Bxdx
sinh” 3x

= J.(] +cosech®3x)dx

= x—%coth 2x+T

2

J‘sinh:" xcosh?xdx = J-|r lzsinh 2x | dx

-
—

= _Jsinhf* 2xdx

T —

W

_ 1 [ coshdx-1) s
= e

Tsing cosh2u =1+ 2asinh®u

=—lx+Lsinh4x+C
g 32

[ Icoshj xdx = Jcoslf‘ xcosh x dx

= | (1+sinh? x)* cosh x dx

= | (1+2sinh® x +sinh* x) cosh xdx

= | (cosh x+ 2sinh? x cosh x +sinh* xcosh x)dx

= sinh x+§sinh3 x+lsinh3 r+C

f Jtanh3 2x dx = _[mh’ 2xtanh 2x dx
= j(l —sech? 2x) tanh 2x dx
= j{tanh 2x —tanh 2xsech® 2x)dx
| 1 :
=_lncoshZx ——tanh* 2x+C
2 4
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Integration
Exercise B, Question 9

Question:

i

Show that J

coshﬂ[ - '|dx:1(3+1n16).
0 \ 2 ) 8

Solution:

e {x) ™1 +cosh x )
J cos’( 1 Jo =J [

1] 1]

= % [x +sinh x Fz

i o (b2 _ -2
= +| 5 | Wl _ g oo

Il
o

bal —

B | =

Cal— o= 3] —

2
{1n2+é}
4

[3+41n 2]

(3+In16)
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Integration
Exercise B, Question 10

Question:

The region bounded by the curve y=sinh x| the line x =1 and the positive x-axis iz

rotated threugh 260° about the x-axiz. Show that the volume of the solid of rewvolution

formed is lﬂ (e* —de’ 1),
ge”
Solution:

=1 e 1
Wolume =n sinhzxdx=éj {cosh 2x—1)x
0

Wi

1 1
—sinh 2x— x}
2 o

[1
—sinh 2—1i|
2
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Integration
Exercise B, Question 11

Question:

TTzing the result for Jseu:h x dx given in Example 7, find
E 2

J coshx

b |sech 2xdx

o

Solution:

TTzing Jsech xdx=2arctan{e” )+

2
a J dx='|‘256chxdx=4arctan(ex}+tff

cosh x

b Tsing the substitution @ = 2x,

i 1 hl
| or usingjf (ax +B)dx = — flax +5) +C'6x |

3

1 ; ;
Jsech?xdx = 3 sec hu du = arctan {_e” |+ = aru:tan{_egx |+
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Integration
Exercise B, Question 12

Question:

Tzing the substitution & = %% or otherwise, find

a Jx coshg(xgjdx

x
b | ————dx
J‘n:-::-sh2 (%)

Solution:

TTzing the substitution & = 2 du = 2xdx,

- 1
a So J‘xc:-::-sh2 {_x:" Jdx = EJ‘coshg udz

= %J{cosh 2 +1)du

sinh?u+§+|::’

2
sinh (222 )+ 2 +¢
- 4

ool — | —

b 3o J‘;dx= xsech® (x° )dx

cosh® (%)

= ljsechgudu

= —tanhu+C

t:anh{;r2 J+C

[ I O T B o
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Integration
Exercise C, Question 1

Question:

TTze the substitution x=atan @ to show that J -

@+ X o [

Solution:

Using x=atan®, dr=asec* 6 d6

1 1
S0 3 7 dx= WQSECEHdH
a“+x a’ +a tan” B

2
&
:Jasec 46

atsecto

=ljdH
&

=lH+C
s

dx=lar|:tan|{ 2 \|+C.

1 [ x) -—
= —arn:tan‘ . |+C
a e

r’x'\
x=cxtanH:~H=arctan‘ — |
| @
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Integration
Exercise C, Question 2

Question:

TTze the substitution x =cosf to show that J =
1-x

Solution:
TTaing x=cosf dx=—an G4

1 1
—dx= N ——-
= J‘m.l'l—x2 J«fl—cosgﬁ

=‘J‘”‘

=—0+C

= —arccosx+

{—sind )de

© Pearson Education Ltd 2C
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Integration
Exercise C, Question 3

Question:

TTze suitable substitutions to find
-
3

d | ————dx.

J fdxt 425

Solution:
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a Let x=2szn8 5o dr=2cosd d0

2 2
A P
J‘«\M—xﬂ sz4—4sin2H

ZrosH dd

=J6cosH 46
ZcosH

=30

=30+
= 3arn:sin|r§ \I|+C

b Let x=3coshu, so dxr=3snhwudu

1
—dx: T Y
Jxﬂxg—g o ~..|'9|:osh2u—9

L 3sinh wdu

= ;ESinhu i

J Gfeoshiu—1

_ Zsinh & S

3sinh u

= |1du
=u+C

= arn:osh|r % \I|+C

¢ Let x=£tanH,so dx=—\.',f_nsec:2HdH

J

4

S+

4
dx = 5sec’ 0.do
,[5+5tan2H Ve

2
:J4£SEC HdH

Ssec” @

5+5tan” @ =5(1+tan” 6 )= 3sec’ 8

— g+

45
5

= % arctan | % |+ &
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d Touneed 42° =25znh®n , or 2x=5sinhu , then dx=§coshudu

J dx = J | —c:oshu |d.u
x}4x Eo5 -.l"2551nh2u+2

coshu i

J Safsinh®z +1

-
coshu
s

E ]

J coshu

1

L

w+l

arsinh | % ~I|+ Z
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Integration
Exercise C, Question 4

Question:

TWrite down the results for the following:
[ 1
a | —dx

d

»

dx
16+ %

Solution:

a

L b * / \
g temmesal3 e Using. [ iy di = arcsinf = Je
oot —x

)

(=2

dx:Barsinh[ g '|+r:: — -
\ 3 ) Tsing

2 2
o I+

Eor

.'|+r:’.

dx =arsinh |

B

-

1 ( A P P
J‘ﬁ de=arcodh ‘ % J+C TTzing dx =arcosh ‘ 2 I|+Iif3F

le=

2 1
d - dx =2 - dx
16+ x 16+ x

l 1 { x \'l e F %
o= Uiig [ s de= acn( ] )-

—

= —arctan | i \I|+C
2 4 )
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Integration
Exercise C, Question 5

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

Find
[ 1

a

d

J Ji-dxt

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 4 c 5.F 3/18/201.
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N et

_1 1
2 {;lr2 3)

= larn:oshr i I+C
2 |._, 3 ,.|

- J;‘“:J—
Joxt 116 .

¢ [ J\[f
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Integration
Exercise C, Question 6

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numeric al answers to 3 significant figures, unless otherwise stated.

Evaluate

T o
)
.l 3
Nl+dz?

1
2
1
1

a

»

dx
dx .

J21-34

Solution:

3 o
a J dx=2[arctanx|f
1

1+

= Z{arctan 3 —arctan 1)

= 0927 (3sf)

4+— Eemember that you need to be in
radian mode.

w3 1

g arsinh Tx
(3)

[arsinh{Zx]]?

[ IRV O I Y]
T

[arsinhd— arsinh 2]

(]

977 (3sf)

. J‘Q;dxzir;dx
121322 N B

© Pearson Education Ltd 2C
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E

0718 (GsE)

l
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Integration
Exercise C, Question 7

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 2 significant figures, unless otherwise stated.

Evaluate, giving your answers in terms of o or as a single natural logarithm,
whichever 15 appropriate.
=4

1

—dx
J0 x,'xz +16

=15

1
b ——dx
Ji +fxf —144

E

a

da

w2 4_:&'2

Solution:
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Eeminder: The logarithmic form of an inverse hyperbolic function i in the Edexcel

formulae boolklet.
4

4 £,
1 sl X
a dx =| arsinh| =
Jln Jxt 416 { | 4 ﬂn
= arsinhl— arsinh 0

=1n {1+u’§} Tsing arsinhxr=1n {x+~..,l'x:" +]}

15 1 £ 15
: JB Jxi-144 S {MWSh |E ,.-|:|13

(5 13
= arcosh | r J—arn:oshl 12 | A Using arcoshx =1n {x +M}

] |
_ln.l;\/%i}_ml% g_l}

=1n2—1n| s |
=1n|% | e Tsing 1na—1nb=1n‘i%j|
X} PN TE
c J : - dx={arcsin| 2 @
S ad—x L 2) g
= arcsin| — |— arcsin| —
7 el 7|
=137
=)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 8

Question:

TTnless a substitution is given or asked for, uge the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwisze stated.

2
The curve C has equation ¥ = ——=_ The region & iz bounded by O, the

N2t 49

coordinate axes and the ines x=-1 and x=3.
a Find the area of A

The region & iz rotated through 3607 about the x-amis.
b Find the volume of the solid generated.

Solution:
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3 3 5
a AreaofR=J ydx=J dx
1 1

oo

3
= J # dx +— Curve is always above x-axis
L {x2 +E }
r =
= 2| arsinh - g
5]
_ J -
= 2| arsinh E ]
L \ .
=7 arsinhﬁ—arsinh —% ‘]
=227 (3f)
3 3 4
b TurﬁlumE:.."TJ‘ ygdxz,.-,r —_—
1 12:{ +49
S
= 2,¢J —dx
=
L2 )
-3
=2m | - 3 arctan%
= B
y W . B
I 2\5* I ( ».JIIE;J; )
=‘ arn:tan‘ —_—
|3 =i
:‘ 2\;53? arctat 1“,,‘5}— arc:tan‘ —g ‘]

1327 (35£)=4.13(3s£)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 9

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

A circle © has centre the origin and radius »

a Show that the area of & can be written as 4J gt —xtdx
]

b Hence show that the area of O is wr®.

Solution:

a Cattesian equation of circle 13 x° +3° =#7

Area of O can be written as 4J ¥ dx=4j NP —x dx
0

0
b Tze substitution x=rant, so dor=rcosd 48,

4J -“'rj —x dx =4J2q;r2—r2 sin®@ roos@ do
] o

3
=4rt| “costt do
Jo

- —

z
=2r"| " (1 +cos 26 je
Wi

=20+

sin EHT

I

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 10
Question:
o % 5
a Uze the substitution x=—tan @ to find .
3 8x° +4

dx.

b Tse the substitution x=sinh’« to find J %dx x=0,
¥ x

Solution:

a “With x=%tanH and dx=%secszH,

f4 b
9x2+4=9| §ta.n2H ‘+4=4tan2H+4=4{tan2H+1]=4sec2H

4 2
e zatan b _ tan® 0
9x* +4  dsec’ B Ysect O
2 2
x tan“ & 2
20 > dr = —2-—secszH
9x* +4 Szecfd 3

27
2 2

= |(sec’6-1)de
2700

=2i{tanH—H']+C

and

b With x=sinh®s and dx=2sinh ucoshy du,

x _ sinh*u _ sinh*u

and =— = -
x+1 snh m+1 cosh'u

.- - h
de= i 2sinhu coshu du
x+1 J coshw

= | 2sinh®u du
= | (cosh 2u—1)du
_ smh2u_u+c

= sinh 1 cosh w —arsinh hEHC

= w";-‘.'1+ x —arsinh 1\1'; }+C

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 11

Question:
TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

By splitting up each integral inte two separate integrals, or otherwise, find
-
=2

a

1+3°

L

Solution:

el byl i
= -4 —2arcosh|l_.§;|+c

2x1

=22 —x —aru:s1n| |+C
243 2 3
T dx= S |
1+3x 1+ 3x 1+3x°

ZEJ‘-;-.dx"'lJ‘igdx
3 11+x2j 2J 1+3x

1
i —arn:tan
a

B
Il

&

_1n{1+3x J+C

—z—farctanhrx

|+C

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 12

Question:

Tnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated

2
TTze the method of partial fractions to find J‘x-1-34—x+10dxx =0

¥ +5x

Solution:

f+4x+1o=£+w
x{x2+5] x 45
=x +4x+10= A(x* +5)+ Bx+O)x

=0 =10=54 = A=2
Coeffictentef x = 4=0C

Coefficient of * = 1= A4+B = B=-1

=etting up the model

. J‘x +4x+l|:ldx J‘ x+4
° x4+ 5x | x° +5
JI— m‘axugl
—21nx+iarctan| | —ln x +5] +i

NG

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 13

Question:

Tnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

1
2
Show that J

,—.dx=l{¢r+21n2'J.
o (x+1)(2* +1) 4

Solution:

2 A4 Bx+C
i % e
(x+1)(x*+1) =+1 x"+1

=etting up the model

= 2=A(x" +1)+(Bx+C)(x+1)
r=—1=2=24=4=1
Coefficient of x° = 0= A+B = B=-1
Coefficient of x = 0=8+C =C=1

1 1 1
Soj‘;gdx='|‘ ! dx+J1;—xdx
o (x+1)(x* +1) o (x+1) o (x* +1)

1 1 1
=J L.dX+J‘ : dx—J * dx
o (x+1) o (22 +1) o (2 +1)

1
= [ln {1+x]]; +[arctanx|; —[%ln (1+ £ ]}

0

=In 2+arn:tan1—%1n2

| =

LA
2

Sl il 8

(7 +21n2)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 14

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 3 significant figures, unless otherwise stated.

*oox

By using the substitution z = x° evaluate J
1 x =1

Solution:

With = x° and du=2x dx,

=l

= |ar coshu Ii
=grcosh¥—coshd
=084 (3]

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 15

Question:

. . 1 .
Ew using the substitution x = —sin 9, show that 2 — 3«;';_ :
¥ using - J «,-"— ( 3)

Solution:

“With x=lsinH,dx=lcosH 4
2 2
¢ sin® @

,h_4x3  dcosH

1-4x22 =1-5in°0 =cos’ O and so

=1Jﬁs1n ?de
J {1-cos26)d

i sin 26 |8
=—lo-
15{ 2 1:

_1fx_ B
16| & 4
1 \
= |27 =303
192" \Ir}

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 16

Question:
TTnless a substitution is given or asked for, use the standard results 7 to 14, Give
numerical answers to 2 significant figures, unless otherwize stated.

a Use the substitution x=Zcoshu to show that

Jﬂﬂxz—4dx=%xvxz—4—2:arcosh‘lr%\|+c'.

2
b Find the area enclozed between the hyperbola with equation %—% =1 and the
line x=4.
Solution:
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a Teing x=Zcoshe , dv=2ainh u du

vaz—él dx = JE cosh®a—1% 2sinh u du
=4Jsinh2udu

= EJ{cosh du—1)du

_ o)sinhZu |

=2 —up+
1 “

= Zasnhucoshu— 23+

| - h i |—2aru:osh| |+c

= |+r::

=—ijx — Earcosh‘ |+C

4
b Area=2j ydx

2

2 2
Eearranging %—% =1 gives 9x* —4y* =36
4y* = 9x® - 36

=9(x*-4) -

c:oshuc=E and
2

sinhu = xfcoshj w—1

3 , : :
=0 y= Ex,'xz — 4, taking the +wve walue, representing the part of curve in first

euadrant

4 ¢ AT
Area= BJ Mt -4 dx = {%:W'xz—-’-l —6arn:osh| % ﬂ
2 L2 s

TTeing result from a

= [6«_."'1_2— Garcosh 2]— [0- 6arcoshl]

=129 (3af)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 17

Question:

TTnless a substitution is given or asked for, use the standard results 7 to 14, Give

numerical answers to 2 significant figures, unless otherwize stated

a Show that J

Zcoshx—sinh x

b Hence, by using the substitution u =¢", find J

Solution:

dx can be written as J

2e”

e +3
1

dx.

2cosh x—sinh x

a Z2coshx—sinhx= 2|

1 oy
So | ———  dx= | ——— dx
2eoshx—sinh x g + 3"

=J22:;E a5
g +3

b T:zing the substitution =%, du =" dx and

¥
EL"IZE ;ii
e’ +3 u“+3
2

\E arctan|r% ‘I‘+C

2 Z

= % arn:tan[ ET; ‘-Hf

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 18

Question:

1
h
TTzing the substitution & = Esinh x, evaluate J $dx
3 0 ~/4sinh® x+9

Solution:

Wih w= %sinh x,du= %cosh xdx or cosh xdx=§du

2, W
4sinh2x+9:4| 3%“ | +9 =0 +9=9(e* +1)

1 2ekhl
v cosh x g J3 1 /E a5
0 3 2

dsinh? x+ 9 41

0
%arsinh {t+) between the given limits
= larsinh ‘ Esinhl |

2 %
= 03603 1)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 19

Question:

: dx .
a Find Jag =| x|=a, by using

1 partial fractions,
1 the substitution x=atanh @ .

i B
b Deduce the loganthmic form of artanh| 2 |
L@ )

Solution:

111
al—zx' Zala-x cz+x[

dx 171 1]
So |——=—"1]1

a-x Zalla-=x a+x[

a 1 Tlzsing partial fractions

dx

! |:—1n|a—x|+ln|a+x|:|+if

g+ x

+

In

2a
1
ot

@—x
ii Using the substitution x =atanh @, dx =@ sech’d d6
dx asech’6
Tz |z 746
@ —x @ sech™d

=lH+D
o

T | 4 ~'|+ D
] \ @ )

1

; : {x a+x
b TTzing the result in a artanh| — ‘=§1n
\ @ )

+ constant
a—x

i x‘u
At x=0,0=0+constant,= constant =0 and so artanh| =
@ )

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 20

Question:

TTzing the substitution x =gecd, find

iy -
st

il W
X

Solution:

With x=3zecd,

1 J 1
a dr=| — ——secttan d df
Jxﬁéxz—l sectfsecio—1
. JldH
=64+
= arcsecx+C
\ixg—l sect @ —1
b J‘ dax J sec B tan @ d6
x sec i

=tanf -G+
= JeecB-1-6+C

= fx*—1—-arcsecx+ 7

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 1

Question:

Find the following

1

a ——dx
o {5—4x—x:"

[ 1

b —dx
J 5 —dx—12

[ 1

c —_—dx

J A2+ Ex+10

¥ 1

—  dx

o Sxir=2)

F 1
2xt+dx+7

3 1

f | ———dx
v S

[ 1
JoAf1d—12x—25°
3 1

h | ——dx

J Jox? _8x+1

Solution:

d

w

dx

L]
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a S—4r-r*==(# +4x-5)=-{(x+2) -9} =9-(x+2f

1 1
2o J—dx=J—dx
J5—4x-x* fo—(x+2)
Let u=(x+2), 50 du=4dx.

1 1
Th _— i = | ———du
o Jx.l'ﬁ—dlx—xj Jwég—uj

e
=arcs1n| g ‘+C

x4+
= aru:s1n|
L3

b x2—4x—1é={{x—2jg—]6}

Soj ; dx=J : dx
¥x?-4x-12 Jx-2) 16

Let u={x—2), 50 du=dx.

1 1
Then J—dx= J—dx
Mrt—dx—12 At 16

= arcosh |I‘§~I|+C

: "|+C*

= arcosh |%2 ‘I‘+C

¢ ©+6x+10={(x+3) +1]

1 1
Soj dx=J dx
S +6x+10 Ja+3f +1

Let u={x+3), 50 du=dx.

1 1
Then J—dx= J—dﬂ
S +6x+10 NS
= arsinh (u )+ T
= arsinh (x+3)+C

file://C:\Users\Buba\kaz\ouba\fp3 4 d 1.f 3/18/201.
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d x{x—2]=x2—2x={{x—]f—]}

o J‘;dx='|‘;dx
Jr(x-2) J(x=1) -1

Let u={x—1), 50 duu=4dx.

1 1
Then J—,dx=J—du
.‘||'x{x—2) Jiit =1
= arcosh (z )+ C
= arcosh (x—1)+C
i '_llu'"\ 5
e 2x’ +4x+7=2| 4 roxto |=2J|(x+1f +§l

Let u=(x+1), 50 du=dx.

1 1 1
Then | ——dx=- | ——— du
sz +4x+7 2J X

2[5
L +‘[EI
1[J_ar|:an .J_u l +C
2|5 ‘ [
- I{El |-c
p V2 2
f —4x3—12x:—4(x3+3x]:—4-||x+3|—El:4-|5—|x+§|l
L T B )
OJ 1 dx:lJ‘ : dx
"I—-4x2—12x o \ﬁ,BT | +3\||2
f— —_— x —
V24 \ 24

Letu—| +—| so du=dx.

Then J 1 J; i
x||'—4x —12x 3
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iF
=

14-12x-2x = -2(x* +6x-7)

=-2((x+3) -16)

=2(16—(x+3)")

1 1 1
So J— dr= —J— dx
Jia—12z-22  2J @ (xi3)

Letu=x+3, 50 du=dx

1 1 1
Then J— s _J— ey
Ja-12x— 24 N2 J

= Laru:sin| o ‘I|+C
2 \4 )
=Larcs1n| +3\I| (e
2
h 9x2—8x+1=9‘rx2—§x+l‘l‘=9c||rx—iT_ll
S REY B | S A1
S J‘; :l 1 dx
Jort —gx+1 3 \/| 4\]2 p _ﬁ@
|5 ] ‘\, EN

Let u=|fx—%\|,so du=dx.

Then J‘;dx= lj—
u'9x2—8x+1 2 f i

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 2

Question:

Find
J‘ 1
e e =
NAxt—12x+10
1
b j—dx.
A2 =127 +4

Solution:

dx

. 4x2—12x+10=4‘{x2—3x+i‘l‘=4<||rx—g‘r+l
2) U7 2) T4

dx:l

Jax2r —122+10 2

Il 3‘-
Letu=| xs s ‘,so du=dx.

Then J; dx =
Jaxz2 — 122410 2

arsinh (2u )+ C

arsinh (2x-3)+C

1

so [ te= 2
Ja4xt —12x+4 2 \/‘..x_}. _|r\5‘.‘

b 4;:2—12x+4=4(x3—3x+1)=4]l‘rx—g | —3}
X
2

i 3\
Letz.;=| x—E ‘,so du=dx.

Then J; dx =
Jaxt—12z+4 2

© Pearson Education Ltd 2C
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Integration
Exercise D, Question 3

Question:

Evaluate the following, giving answers to 3 significant figures.

=3
1
a ——dx

J1 A2+ 25 45
a3 1
L x4+l
=1
1
c —dx

40 *-.,|'2+3x—2:x2

Solution:

»
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a x*+2x+5=(x+1) +4

! 1 ! 1
o —— X = e —
0 Nx? +2x+5 Uqlll{xlljzl-4
Let u=1{zx+1), so du=dx.

Then‘[mdx _l‘.\,l"_
o]

= arsinh'l—arsinh(l ‘
Y 2 A

= 0.400 (35.£)

3 3
b J%dx: %dx

Let u=|:'.x—%.'| cs0 du=dx.
1 E

b

1 L
1 I
ThEﬂ J —dxz_J
0 af24+3x—2x% N2 ; f{zf .2
g

1
au \F
= arCSln —_—
Zl==(%]]
l[mm| |arcsm\ |J
-1 I eain( =3
=0587(3:1)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 4

Question:

Evaluate

3

1
5 S S
Jl Nrt—2x+2
b r—l
1 x,'1+6x—3x2

Solution:

dx, giving wvour answer az a single natural logarithm,

dx, giving your answer in the form .

a ©-2x+2=(x-1)+1

3 3
1 1
2o J 7dx='|‘ S —F
152 =25+ 0 1 1||{Jr—1:]2+1

= [arsinh{x—]j]f

= arsinh 2 \

1 s 2 .
=1n{2+£} arsnh x =ln w+~/z"+1j

b 1+6x—3x =3 (- 2x—1)=—3{x-1] -2 }=3] - - 1) |

\ 3

. 1 1 (* 1
= —dr= = dx
° Jl f1+6x—3x2 ‘UEL ;o ¢ o
5 | —(x-1)
]| YO
—Ear1351nt-?:l‘
:3\@

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 5

Question:
s 1 1 N
whow that J ——dx=—1In{Z +f3).
1 A3 —6x+ T \E
Solution:

i ’_liu"‘u 4
3%~ 6x+7=3 x2—2x+§ |=3J|{x—l_]2+§

[ S|

1 1 1

3 —dx=—J dx

’ Jnf3x2—6x+? 3 EE:
(x—1) +| 7

Let u={x—1), 50 du=dx. o

Then '[3; =L'|‘2;du

1 A3x —6x47 ‘\E 0 / i
=L arsinh —BH‘

3 2 i
=%arsinhu@
=%1n{~.f§+w‘3+l} arsinhx=ln{x+ x2+1}
=%1n{2+~.}'§}

© Pearson Education Ltd 2C
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Integration
Exercise D, Question 6

Question:

TTzing a suitable hyperbolic or trigonometric sub stitution find
1
o [
NI +dx+5
1
b J—dx.
=2 +4x+5

Solution:

a rf+dx+5=(x+2) +1

Solet (x+2)=sinhu, then dx=coshu du and [x+2_]2+1=sinh2u+1=cosh2u

Then'[;dx='|‘ : cosh o du
Vxt +dx+5 coshu
=J]du
=u+
= arsinh (x+2 )+

b - +dx+5=—( - 4x-5)=-{(x-2)' -9} =9-(a-2)
Solet (x—2)=3s1n0, then dxr=3cesBd0
and 9—(x-2)" =9(1-sin0)=9cos?f
1

Then J;M=J 3c0s0 40
M- +4x+5 3cos®
1o
.

. X
= EL'[’CSIH|

"|+ 85

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 7

Question:

g 1

: - 1 :
Tlaing the substitution x=—{43tand — 17, obtain S
- 5(J ) ,[0325x:"+][]x+4

giving ¥our answer in terms of .
Solution:
: o 1y Y 3
Teing the substitution x= s {\Etan 0-1)dx= %s&c2 & 46 and

252% +10x+4 = (3tan? 0 — 2B tan 0 +1)+ 2(~Fran6-1)+4
= 3tan® 0 +3

= 3{1:51112 B+1)= Zeect @

0 E
Then —_— ! cix=£ ’ 5 sec? B d6
,:,_225?: +10x+4 5 i} ESE.'C &
_ V3 (%140
15 J,
N
an

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 8

Question:

dx, giving your answer inthe form In(a +E:-—\."'E) . where a,

4
1

Eval —_—

vauateL E

b and ¢ are integers to be found.

Solution:

(x—2)(x+4)=x"+2x-8=(x+1)" -9

4 1 + 1
o || m—tr= | s
3 flx—2)(xt4) 3 H_x+1f—37‘

Let u={x+1), 50 du=dx.
Th J4 : dx Jj ! e
e | —m—0meda= | —
3 JG—2)(x+4) S
P
= arn:osh| = |
Rk

= arcosh| —‘I‘—arcosh| - |
=1n{|§|+ fz—;—l}'—lﬂhgﬁ ?‘1}' arcoshx=1n{z+ﬁ}
PO |5 ]
[ 3]
- (g N
e n|._.4+-\|ﬁ__.‘ lna—lnfnzlnLEJ
= 1nl 91'4_ﬁ'} ‘ Eationalising the denominator
9
=1n{4-~7) |

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 9

Question:

Tzing the substitution x =14sinh &, show that

J x dx = x=1
P =
(x2—2x+2}3 r—2x+2

Solution:

TTzing the substitution x=1+anh@, dx=cosh & 46 and
x2—2x+2={sinh2H+ESinhH+1]—2{sinhH+1_]+2=sinh2H+1=cosh2H

Soj{x —2x+2p T '[

= Jsec hio do

cosh 240

=tanh B+ e R

x—1

T o O | coO=iesinh®0 =22+

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 10

Question:

TTze the substitution x=2sn #—1 to find J‘; dx.
43— 2x—xt

Solution:

Tsing the substitution x=2sn -1, dx=2cosd 46
and 3-2x— =3—2{25inH—1J—{4sin2H—4sinH+1J
=4—4sin* 6
=4cost @
2ein -1

“ [
B_Dx—x ECOSH

=J{25inH—]]dH

-Z2cost dO

=—Z2cosH—0+C

x+1
ated sin @ =—=

cosfB =~f1—sin" @

=—f3-2x—-2 —arn:sin| Tl \I|+C

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 1

Question:

a Show that Jarsinhx dx = xarsinhx —1+ x° +C.

1

b Evaluate J arsinhx dx |, giving yvour answer to 2 significant figures,
0

¢ [Tsing the substitutionz = 2x+1 and the result in a, or otherwise,

find Jarsinh (2x+1) dx.

Solution:

a f =Jl-arsinhx dx
dv

Let w=arsinhy —=1

du 1

So —=

dr 7 +1

2o f= xarsinhx—J

V=X

I_gx Tzing integration by parts

Jrt

= rarsinhx —~/x* +14+C +— Using
1
Jf” (x)f'(x)dx=—f”'l(x)+if,n z-1
mn+1

1
b J arsinhx = [Jrarsinhx—ﬂ,.'.ﬂt2 +]}

1
a 0

= [arsinhl—ﬁ]—[—1|
=0467(3:1)
¢ Letu—=2x+1s0du=dx

Then J‘ar sinh(2x +1dx = %J‘ar sinhsedx

1
= Ear sinhz — 145" +C using &

= %(2x+1} sinh(2x +1) —+fdx% +dx+2 +C

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 2

Question:

i
=how that Jarn:tan 3xdx = xarctan 3x—gln(1+9x2)+c.

Solution:

Let w=arctan 3x _v=1
dx

=0 E= :

dx  1+(3x)

w==x

Then Jarctan 3xdx = rarctan BI—J
1,[

= xarctan 3x——

&

= xarctaan—éln[1+9x2]+C

© Pearson Education Ltd 2C
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3x

1+97*

o du
TTaing —
8 dx

and £=

2

X

&8
&8

, Where & = arctan

18x
1+9x°
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 3

Question:

a Show that Jarcoshx dx = xarcoshx —Nx° =1+

2
b Hence show that J arn:oshx=1n(?+4«,."§)—\."§.

1

Solution:

a Let & =arcoshx E=]
dx

i 1
B —= v=x
dx St |
S0 Jaru:oshxdx = xaru:oshx—'[Jj_ dx
-1

= xarcoshx — foj -1+

b Tlsing limits

2
J arcoshx=[2;arcosh2—af§]—[aru:oshl|=|:2ar|:osh2—~.ﬁ] as arcoshl=10
1

Az arcoshr=1n -[x N 1}
2
hr=|2ln {2 +43]-~53
jar (210 fo 45} 5]
=|:1ﬂ{2+£}2—\|'{§:|
=In(7+43)-V3
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise E, Question 4

Question:

1
a Show that Jarctanxdx=xarctanx—§1n{l+x2f]+if.

& (44F-3) 1
b Hence show that J arctan x dsz
1

The curve O has equation ¥ = Zarctan x . The region & is enclosed by O, the y-axis, the

line y=m and the line x=3.

¢ Find the area of &, giving vour answer to 3 significant figures.

Solution:

a I=J1/aru:tanxdx

WM
Let u=arctanzx — =1
dx

du 1

——ln
2

S0 —= v=x

dr 1+x° o BT

Tsing integration by parts

x
so = tanx— | —— dx
o xarctan x Jl—i—xﬁ

Tsin
:xarctanx—%ln{1+x2]+c g,[

E12) emtnf (r)+C

£ix)

N 1 &
b J arctan x = [xaru:tan x—Eln[1+xz ]}

1 1

- |:-J§arctanwr—%ln4:|—|:— arctan{—lj—%lnz}

fir
3

—1n2+|"—%"‘+%1n2

(43-3)r
-2

12

3

¢ Areaof B=areacf rectangle—J Zarctan x dx
D

=3r- E[Jcaru:tanx—%ln {’1+x2 \)T

0
=3r—barctan 3 +1n 10

=423(35f)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise E, Question 5

Question:

Evaluate
N

T :
a '[ arcsin xdx
0

1
b J xarctan x dx giving vour answets in tertns of .
0

Solution:
a Let u=arcsin x E=1
So E= i v=x
dx At

v

-2
Thenj arcsinxdx=[xarcsinx|£—'|‘?;dx
0 i 01—
A
:[XEICSinX‘l"-.]'Il—XzF

=[§§+\E]_[+1|

=£,¢—1+£=0.262 (2af)
2 2
b Let w=arctanzx —=x
due 1 x
O PSR e ot 2 g
dr 1+4x 2
1 a 1 1 1 xg
Then J xarctan x dx = | —arctan x ——J 5
i N 2 ] ]‘l'x

Gk 1, \
== —1J|1— 12|dx
L2 ] 2Jgh 1+x* )
=_%_—%|x—arctanxt
_[z _1[1_:}
18] 2 4

_m-2
4
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 6

Question:

TTzing the result that if y = arcsecx, then g

Jarn:sen:xdx = xa:rn:snan:x—ln{x+wjx2 -1 +C.

Solution:

Let w=arcsecx E=1
dx

chus 1

Bo —= v=1x
dr  xafxt—1
and Jarn:s ecx dx = xarn:seu:x—J il
x -1

= yarcsecx—arcoshx+ O

= xarcsecx —ln {x+ - —1}+C

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 7

Question:

2
a =how that [arsinh(2x+])dx= Xarsinh(2x+1)—".7xjdx
JU22+10 41
2
b Find J.—xdx uzsing the substitution 2x4+1=sin He , and hence find

J2x+1) 41

Iarcsin (Z2x+1idx

Solution:

a Let w=arainhi 2x+1) d_v=1
dx

So e 2 v=x
dr o fiox+17 41
Then Imsinh-2x+1-dx=xarsinh-2x+1-—"'igdx
Jizx+17 +1

b Let 2x+1=sinhu then 2 dr=coshu du

isinhu—1]

1[
J.J- 2x+1)° +1 coshu
1 :
= —U-smhu du—u:|
2

=%[coshu—u]+l§*

:%:,/l+.2x+1-2 _ arsinh | 2x+]|:+C

cosho du

Pagel of 1

J.arsinhl 2x+11dx = zarsinh ( 2x+1 I+%arsinhl 2x+1.—%Jl+. 2x+17 +¢ | Usingaand b.

] 1]
—(2x+1) h(2x+1) = = ofl+( 22 +1) +C
x arsinh ( 2x 5 x

[\J
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 1

Question:

Given that /, =Jx”e§dx ;
a show that [, = 2xel — 2nl L mz1

x

b Hence find Jx3n3§dx.

Solution:
. . u dw %
a Integrating by parts with = x" and i =g
2
50 — =t p=2e"

So I =2x"e? —JEnx” e dx

x r
i »
=2x"e? —EHJx” e dx
L
=2x"e? =2l
x

g 3_
b I =2xe?-61, Substituting » = 3,2 and 1

s zxzeg _6|" zxzeg s 4}1‘ respectively in #

H H i 5 hl H H
= 2x%e7 —12x%7 +24‘ oxe? —21, | where I, = Jﬁ dr=2ef +C

w w I
= 2x'e? —12x%? +48xe? — 481,

¥ &

2o Jx3e§ dr=2x%2 —12x%% + 48z — 96e? + (7

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 2

Question:

L]

Given that /, =J xlnxdx ne NV,
1
et a
a showthat [, =———7 ,, mes /.
2 2

M

ed -3

b Hence show that J xlnx)tdxr=
1

Solution:

i {In :Jr:]?é ; x
b y=

a Lnatz.e:={1n;lr]M and ﬁ=:Jr,so -y ;
! dax x 2

Integration by parts:
1

: o [xg (Inx) ]e *ux (lnz)
Jx{lnx] dr=| —— —J‘idx
1 2 o 2x

2

Sg §, =y
3

b J x(nx) dx=1,
1

substituting #=494,3 2 and 1 respectively in the reduction formula =

2
gt 4
h=g73"
2 f
=6__2|B__§;2|
5 "5 B
2 i o2 Y
=e——eg+3| E——Efl ‘
2 \ 2 )
2 2 @ 4 5
=e——E2+3i—3‘E— lfc,|varh|3rn3f,:,— xdr=| 1 =t~ ML
2 2 . _ 1 2. 2 2
& 2 . 2 ;oA \
- 3¢’ 3% 3(e® 1)
So | xlln xf dx = E——eg+i_i+_| L.
! 2 o 2 2la 2
_62_3_32—3
4 4 4

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 3

Question:

1
In Example 21, you saw that, if 7, =Jx”«,,l'i—xdx, then 7, = 22?33
0 M+

1
TTze this reduction formula to evaluate J (x+10x+ 21— xdx
0

Solution:

a

J1[1x+1]{x+2]ﬁ]dx=Jl[{xz +3x+2)yT-x | dx

_ Ll[fm]m Ll[zxm]m Ll[zm]dx

Iu=zl

=L, +35+2]
1 2L PR
Mow ID=J 1—xdx={—g{1—xﬁ} =0—‘ —3|=E
o 3 o . 3] 3
fo= Efu = | 2 ” 2 \I|= = +— Tlzing the given formula with 2 =1
3 L5 3 15
4. (4 4] 16 : : :
i Efl _| 7 " G 105 44— TIsing the given formula with #=2

: : . 16 (4 (20
So L [{x+1j{x+2hﬁ_x]dx 105+3|2 = |+2| : |
_16+12(7)+4(35)
B 105
24016

ms 7

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 4

Question:

Given that T =Jx”e Y dx, where # iz a positive integer,

a showthat [, = —x"e ™ +al, ,n=21

b Find Jx3e " dx

¢ Ewvaluate J

1

a

Solution:

. : . o
a Using integration by parts with & = x" and i =e

5C

oy
—=ax*land v=—re"
dx

¥_-x L »-l_-x
Jxe dr=-x"e —J—nx e dx,so [, =-x"

b Eepeatedly using the reduction formula to find &

Iy

=-xe " +3],

=-xe ”+3[—xze "+24))
=-xe -3 e T +6]

=—xe" -3 +6(-xe +1,)

But ID=JE Tdx=—e"+C

So L=-xe" -3 —6xe -6+ KX

c I

=-x*e" +4/,

=-—x'e x+4{—x3& T dxte T fxe T — e SO

1
S0 J e dx=[—x4e T dxte T —12x% T — 2dxe
0
=[-65¢" |- [-24]
— 50 SREET sop SERED

=

© Pearson Education Ltd 2C
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x'e"dx, giving your answer in terms of e.

x

¥
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TTzing the result from b
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 5

Question:
L= J‘tanh?d xdx,
a By writing tanh™ x=tanh™ * xtanh® x , show that for » 22,
L2 E—Ltanh” &
n-1

b Find Jtanhs xdx

s 84
¢ Show that tanh* x dx=ln2 -
125

1]

Solution:
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a [, = Jtanh” xdr= Jtanh” ? xtanh® x dx
Tsing 1-tanh*x = sech’x

=Jtanh“ EX{I—SEEhszdx
=J‘tanh:'é 2J{—J‘tanhM Ysechix dx
1

So I =1 ,—— tanh™'x, n#l
n—1

1
b Jtanhsxdx=fj=f3—ztmh4x
=|I Il—ltanh:"x I—ltanh4x
Z !4
1 g 1 4
= tanhxdx—atanh x—Ztanh x

=1Incosh x—ltanhz Jr—%tanh4 x+Z

1
c Abg J‘tanh?d xdr= J‘tanh?d ? xdx— —tanh® lx,it follows that

o
Iz h2 1 2
J tanh”xdx=J tanh“gxdx—[—tanh’“x}
0 ] n—=1 i
1
ph? _ 2 2_5 3 Reminder; e 22 =gb =4
MNow tanh(ln 2} = = . i
g teE spl 2
2 3
3 v2 1 (37| Using = with n=4 and tanh (In2) =2
Soj tanh"xdx=J tanhzxdx——-|—| 5
0 a 3 3,
2 o
= J tanhnxdx—lf‘ E | —l/E
0 15| 3 125
5000 5 Y 3
5 125 Using * with #=2 and tanh (In 2) =2
24 -
=ln2-——0
125

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 6

Question:

1
Given that Jtan” rdrs ———ofan” lx—'[tan” xdx {derived in Example 23)

S
a find Jtaﬂ‘ xdx.

b Evaluate J4tmj xdx.
0

¢ Zhow that J3tmﬁxdx=¥

T
o 3

Solution:
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Heinemann Solutionbank: Further Pure MathematieB?:

1
a Jtm4xdx=§tm3x—Jtm2xdx
= %tan3x—|l tan x—Jtanu xdx |
- . )
=§tan x—tanx+ | 1dx
T
=§tan x—tanx+x+C
I ] ] -1 E T x-2 1 E »-2
b tan® x dx=| —tan™ x| — tan® “xdr=——-— tan® * xdx
0 =l o 0 el 0
i . 1
Let [ = | tan"xdx, then f,=——-1 ,
] C
fj=l—f3=l—|ll—fl |=l—l+ 4tanxdx=———+[1nsecx|%
4 4 12 4 0 L

. S
=—Z+1_1n-qf;l_’—1n1_}

oty J‘l‘tanjxdx:ln«f_—i
0

_ 3
¢ Defining J, =J tan® x dx,
0

Tole- : =1
PR R \ CH
(+3) (+3) ‘wﬁ_} (3] (3] (5
So J, = i - S LN ‘_—
5 5 3 5 3 | 1
_A_S JD=J31dx:i,JEtmﬁxdxzﬁ—B_ﬁ+,\B—£=E—i
0 3 5 3 3 5 3
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Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 7

Question:

Given that [, =J (ln x)* dx, where @ =1 is a constant,
1
a showthat, for #2217 =allna)" —»l, .

2
b Find the exact value of J {ln x}3dx.
1
¢ Show that J (n 21" dx =5(53e—144).
1

Solution:
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Heinemann Solutionbank: Further Pure MathematieB?:

a fx=‘[ (Inxj’e dx=I l(lnxjn dx
1 1

n-1
" 1
Let u=(lnx> and d—v=1, 50 %=nﬂ,v=x
dx dax x
Integration by patts:

Ilﬂ(ln xJ dx=[x(nx} ] - f@x dx
_ [a(lna)’“ - 0]—;@‘[1&(111;;)"‘1 dx

So I,=a(ln c;tjé —uk,

2
b Putting a =2,1, =I (InxY dx=2(1n2Y —nl,,
1

A :r(lnxf dx=2(1n2¥ - 31,
= 2(1n2Y - 3{2(ln 2Y' - 21,
= 2(ln2Y - 6(1n 2 +6{2(In 2)- 1, }
= 2(In2¥ - 6(1n 2 +12(1n 2)- 6,

2
As ID=I ldx =[] =1,
1
b
I (Inx) dr=2(In 2¥ - 6(In 2Y +12(1n2)~6
1
¢ Puiting a=e, ], =I (ln xjﬁ dr=ellne) —nl,  =e—nl,
1

i :J (Inx) dx =e— 61,
1
=e-6{e—5{7
=e—6e+30(e—4L)
=e—-6e+30e—-120(e—-3L,)
=e—fe+30e-120e+ 360 e— 21,
=e—b6e+30e—120e+360e-720(e— 1, )

1

A ID=I 1(:1:J'.'=[J'::|e =e-1,
1

I I:In xjﬁ dr=e—-6e+30e—120e+260e—T720e+720(e—1)
1

= 265 —720
= 5(53e—144)

© Pearson Education Ltd 2C
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Heinemann Solutionbank: Further Pure Mathematie®: Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

I ntegration
Exercise F, Question 8

Question:

Tzing the results given in Example 22, evaluate

-
-—

2
a sin’ xdx
Wi

-
-—

b sin? xcost x dx

i

|

c 2afl—xdx, using the substitution x=szinf
L D

L
-—

a6, . . . .
d sin® 3 de using a suitable substitution.

.D
Solution:
& 4 2 16
a ;=—x—-x-xl=—
3 3 25
h ‘[gsinzxcos‘* xdx='[zsin2-’-’[1—sin2 legci;'.’=Izlisinzx—2sin4x+sin‘S x}:ix
1} 0 a
=1,-2i,+i;
2 2 4 4 16 6t 32
s zsmg xcost xdx—i—gi-g-ﬁi_i
0 4 B 32 32

1 T
¢ sing x=sin E,I 2ol dx=‘[jsin55' cos8(cosd d&)
0

1]

= ,[2 sinjxlzl— sin® x:ldx = Ij - ET
0

0 15 35 105 105
5 8 7oa (1, )1
d Tsing =3 sin“ 3 di= | sin’x| —dx |==/,
o ] 3 3
1 7 5 3 1 & 357
= MM oMK —H—=——
28 6 4 2 2 768
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Integration
Exercise F, Question 9

Question:

g A
. sin™ x
Grvern that 7, = dx,
Cosx
sin®*thx
a write down a similar expression for £ and hence show that [ -7, = T
x+

Lk

b Find J“““ % dx and hence show that J A gy =1n {1+-,E_}—%.

COSX g COSX

Solution:
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B+l

T 2
sin x
a f =I dx

Cosx
L o Ined
sin“t x—sin x
S0 Ix _f?h-l = dx
o Cosx
s sin® x[l— sin? x:l
i cosx
[ c o Im 1_ L L a
= | sin* xcos xdx as sn’ x=cos* x
w
s du+l
sin
S0 Ix _f?h-l =
2n+1
sin " x [+ not necessary at this stage]
o j:'41-1 = f:u = b2
2n+1
.4
; sin’ X
b i dpe=
Cosx

3
g ar : : Sl &
substituting #=11n % gives [, =1 -

= [Iu—mllx ]— s1n3 £ using = 0in =

1
IE,:I dx=Isecxdx=ln|(secx+tanx}|+C

cosx

o | P
fn” x : gin” x
o dr=In|{secx+tan x)|—sinx— +i
COSX 3

Applying the given limits gives

T T
T it o s I
1 . +
I 22 xdx=|:1n|(secx+tanx)|—s1nx— 51n3 :|

0
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 10

Question:

1

a Given that [, = J (1= Y dx , show that I, = "
I In+2

fyr.n21. | Hint: After integrating

: by parts, write x* as
b Use your reduction formula to evaluate /7, . o3

Fl )
Solution:
- 2
a Let u=|:1—x3)x and i%’:x,so %=n|:1—x3:| 1[—3x2:|,v=%
Integration by parts gives
1 2 1 1 2
R _ X 30 2 501 X
Lx[l—x:l dx—|:?|:1—x ;l i|u—‘[]—3nx [l—le ?dx
g ! n-1
:[D—U]+E‘[ x"[l—zj} dx providing # =0
0
1
Writing ' = x2° = x{1-(1- )} and J, :I x(1-#) dx
0
30 [ #-1
we have fx=? Dx[l—[l—xzjl}[l—f:l dx
1 1
=% x(l—x3:|m_1 dx—% x[:l—?{E;lx dx
2 Jy 2 Ja
Z% x—l_g_ﬂfx
2 2
= (Gn+2), =3l _ .50 fm=3?g+2fm_1,?321
1
PRSI NN PR PRI P
14 14 11 14 11 & 14 11 8 45 14 11 8 35),

12 % & 3 1 243
= —x—X—-X—X—=—
14 11 5 5 2 1340

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 11

Question:

a

Given that J, = J (a® — x*)" dx, where a is a positive constant,
0
2na’

a showthat for > 0,7, =——1 .
antl

b Tse the reduction formula to evaluate
sl
i (1—x") dx

v

3

i | 9-x" dx
ol

w2

i | 4-xtdr.
Jo
¢ Check your answer to part b il by using ancther method.

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 4 f 11.h 3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:
a Integrating by parts with u =|:a:" —x2>| and d_v =1
dx

e O
So Lﬂ[aﬂ —xY dx = |:x|:az —fﬂ: - Lﬂx{—znx[aﬂ —xﬂj"l} d
=[0-0]+ 2nr

1]

x I:c;tj = xgjlm_l dx= 2?2‘[1:{2[:@2 —xgjlx_l dx(if =0

0
Writing x° as [cxg —[a2 —xgjl} and defining [, =I [42 —x? jlx dx,
0

we have

i = 2?3‘[: {ag (cz:" - xz)m_l —(cz:" - Jrg)?d }dx

= 2na*l_ - 2nl

So (2n+1), =2na’l, |

1

b i Witha=1,fm=‘[{1—x2}xdxand b
0 2."3"‘1
So dy ——f —Exﬁf =§xéxif =Exéxixle 128 I,
92 9 7% 9t 7 5t g 775 3 315
3
i Witha=3,fx=‘[ (9-2*Y dx and 4, = M e
0 ?3+1

54 54 34 54 36 18 54 36 18 24 592

SO f3=?f2.=7x?f1=?x?ngu=?x?xgx3 35

Ha

2n+1

Fo5

iii Witha=2,fx—‘[ (4-2 dr and I, =

wo iy = 91_2‘[ —2|:ar|:sm[x]:[=23rc:sin1=2x£=;r
7 AJ4- i 2

¢ Taing the substitution x=2sn8,

‘[2[4—;;2)% dx = I%(zcosa)(zcosa 487

=2r(1+msza):15
i}
=[29+5in 26 =

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 12

Question:

4
Given that [, =J xtafd—xdx,
0

a establish the reduction formula I, = B—HIH =

2n+3

4
b Ewvaluate J x4 — x| giving vour answer correct to 3 significant figures.
0

Solution:

a Integrating by parts with = x" and % =aJd-x
e

E_H ———(4 x}l

o L K4 x dx= |:——x (4- xji }4—ID4—§mx“-l(4—x)§ dx

Il
L]
l
L)
[ -}
+

1

Pagel of 1

5 Ty 3
I i (4—x)2 dx (a2 =10)
3 do

at

3
You need to write (4— x}i

as (4— xjm

=§n e {(4—){)«.'!'4— x}dx
2 ‘.4 2 4
= E?@ 2404 - x dx+§m‘[ -t {—xw..'4—x}dx
J 0
a 5
" x”_lu'd‘r—xdx—gn‘[ x4 —x dx
Wi i]
So l, = Enfm_l = Em’m
3 3
= (2n+3)l, =8nl, <1, = B8 5 sy
2n+3

4
I A xdr=1 —EI —zh Efl 24x16x8I e
1}

99? 9 75" 105

As fu=‘r—\.mii1x=|:—§(4—x)§:|:=|: [i (4)§]=?6

I I __102; 1—;—520(35f)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 13

Question:

Given that 7, = J cos” x dx,

1

a establish, for » 22, the reduction formula »f, = cos" ™ xsin x+{(n—- 101, ..

ir
Defining J, =J cost xdx,

0
b write down areduction formularelating J, and J, 5 for w22,

¢ Hence evaluate
i,
i Jy.

d Show that if # iz odd, J, 15 always equal to zero.
Solution:

) x-1
a IH=J.|:os xdx=J.|:os xcosxdx

-1 dv
x and —=cosx

X

Integrating by parts with « = cos”
du

Z=(r-1ces"  x(—sinx), v=sinx
o L, = ‘I.c-::-s’d xdx=cos"  xsnx —J. —-(m-1 cos™™ xsin® xdx
=cos" xsin x+(n— 1)I cos™ x(l—cos® x)dx

= cos* xsin x+(n— I)I cos™™ xdxr—(n— 1)'[&05’d xdx

Giving I, = cos™ xsin x+(n— DI, —(a-11

So nl, =cos™ xsin x+(n-11,_,
2

h It follows that P@I

T ar
dr
1 -2
costxdx = [l:os’é xsin x]o +(?2—1)I cos” “xdx
0 0

Seal,=x-1)J,,, as [cos”_l xEin :J:]Ecr =0

Ar 2r
c i J4=I cos"xdx=é.f2=§xliu=§‘[ 1ci:1r=§)<2;'r=3ir
n 4 4 2 2Ja 3 4

7, 7.5, .35, _3 3n_37 [ engei

Ar
i J, = coftxdr=—J. =—x=J, =2J, =""x
: L g ° Yoagt 4T 4 64

d Ifxizodd J, always reduces to a multiple of J,,
Ar
but J :,[ cosxde[sin x]ﬁw =0,
0

(Toucould also consider the graphical representation. )

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 14

Question:

1
Given J, = J xx.\f(]—xgjldx,?ﬂ =0, Hint: Write x"\1— 2" as
0

a showthat (n+2)[, = (n—1)1,_,n= 2. x"‘l{x\h—T} before
b Hence evaluate Jlx? [1— % Jdx inlegraling by pasts.
0
Solution:
a Integrating by parte with z = 2™ ' and % = x—\h——x2 Using the hint.
du | 2

—=(r—- 2 v=—— —Xz 2
T (=", 3(1 )
1 R = 3
So I, =j P el 2 }’dx:{—%x” 1(1—x2)§} +szx’d =xidr
0 0
=MJ' "2':1 x:l:“'dx ” |:—lx’“(1 3;)3:|1_
3 0 3 o
Mo j R e
0

= (ﬂ_l) J‘E{x" -5 = f1- A }’dx

- (n PR
= P}, = (-1),
= 0, = (=1)i, ,

b ek ety i;3=§ Ll 8 Fodimm
T T RO T
3 1
B[ 1y
315| 3 u
=ﬁ[l}=£
315|3] 315

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 15

Question:

Given £, = Jx” cosh x dx
a show that for » 22,7 = x"sinh x—»ux™ cosh x +a(n— 1)1,

b Find 7, =Jx4 cosh x dx.

1
¢ Ewaluate | x° cosh x, giving your answer in terms of e
o

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 4 f 15.h

Pagel of 2

3/18/201.



Heinemann Solutionbank: Further Pure Mathematie®: Page2 of 2

i : o
a Integrating by parts with = x" and é =coshx

i )
Z—nx"! v=sinhx

S0 Jx” coshxdr = x"sinh x — me” Yainh xdx

Integrating by parts again with z = 2" ' and %=sinhx
%Z(?ﬂ—l_]x” * wv=rcoshx
Soid =" sinhx—nc: ' cosh Jr—J{M—l_]:f’é gcoshxdx}'

n-1

= x"sinh x —nx |:c:-s}:1;':+n{;rz—1]f;,é . HZ2

b I, =x*sinhx—4x cosh x+124,, Substituting # =4 in =
= x* sinh x— 42" cosh X+]2{X2 sinh x—2xcoshx +24; ¢

= xtsinhx— 4% cosh x+12 {xz sinh x—2xcosh x}»|~ 24| cosh xdx

= x'sinh x— 4% cosh X+]2{X2 sinh x—2x cosh x}|~ 24sinh x+C

= (z* +12x% + 24 pinh x— (42° +24x Jeosh x +C

1 1
4 '[ x° cosh xdx = [?:3 sinh x—3x* cosh XI + 6J xcosh xdx Using a

1} 1]

1
[sinhl—Bcoshl}+6{[xsinhx|;—J ]sinhxdxll Integrating by parts
0

[sinh 1—3cosh 1} + 6 {sink 1— [cosh 1- 1]}
=7sinhl-%cosh1+6

R N i1 1%
=?|E! = |_9|E!+E! |+6
N, 2 ! A, 2 !

be—e’—8

1
=6t—eg—8e or
£

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 16

Question:

sin ux
dx sn=0,

Hnx

Given that [, = J

a write down a simnilar expression for 7, 5, and hence show that
_ Zanip-1=x

f:u_fxﬂ |

b Find
in4

i J‘Slfl xdx
S ox

1 the exact value of J

Solution:
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sin{n—2)x
a I;uﬂ: —dx

sin X

Fsinmx—sin(x—2)x

sorboslaes :
, sin X
peosd 2t (=2)] L [r=(2=2)]
. COS]T[XSIH]T[" Using Edexcel formula booklet
= dx
. sin x
[ 2 —1)xst
” cos{n. stmxdx
. sin X
= |2cos(n—1)x dx
281 -1
=M,m322 It is not necessary to have +C.
i
in 4
b i J“_n Tdx=1,
SN X
Using a with m=4:f4=f2+25m3x*_nt 7 e szxdx: ESinxcosxdx
_3 G sin x sin x
=J2c05xdx+2sm3x
=25inx+2sm3x+c
2ain 4x

i Usingawith w=>5: I, =15+

N Zs5in 2xl Zsindx
=15+ +
IR

=J1dx+sin2x+sm4x

sindx

x+sn2x+

It follows that J_E sin 35x dr = {x+5in B 51n24x }3

ot o I
3 2 4 65 2 4
B

& 2

_ ,-'!'—3\5

&

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 17

Question:

Givern that 7, = J‘sinh?4 xdrne N,

a derive the reduction formula »7, =sinh™ xcoshx— (2101, 222

b Hence

7K
: s
1 evaluatej sinh™ x dx,
0

arsivhl
1 showthatj

1]

sinh“xdx=%{31n{1+ﬁ}—,j§}_

Solution:
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a I, = Jsinh” xdx= Jsinh” ' xsinh xdx
. . . -1 dv .
Integrating by patrts with & =sinh™ x and o =znhx

dlas

— =(r-Dsinh®*xcosh x, v=rcoshx

So l, = Jsinh” xdx =sinh™ ' xcosh x—J(n —Dsink” ? xcosh® xdx
= sinh™ xcosh x— [H—I]Jsinh“ : Jr:{_l—l—sinh2 x )dx

= sinh™ xcosh x—[;rz—l]'[sinh?d . xdx—{n—l]Jsinh” xdx

Giving [, = sinh™ xcosh x—(2—1)1, , —(n—1),

o ?zf,d:sinh“xc:oshx—{n—ljf, nza *

i

b i I =Zsinh* xcosh x—?% + using = with # =5

sinh* :Jru:-::ushx—illsinh2 xcosh x—Efl
5|3 34

[ e O B L. T IS o e

4 3
sinh? x cosh x — Esinh2 xcosh x+ﬁjsinh xddx

sinh? x cosh x— %sinh2 xcosh x+% cosh x+C

hi B S

- gHEgeacha 34

TWhen Jr=1113,sinhx=E 5 = =— coshx= =

| =

When x=0, sinhx=0,coshx=1
Applying the limits 0 and In 3 to the resultin b

.[m o 1(4)"(5)_4 "4"2"5"+ 32| {DJF[HB}
., CiBheadiEs 5,__3_] |,__§__,| E._E_J |..3_..| 5-.3..] 15
7

= 7% _0619(3sf)
1215

| Lk

1 3 : :
1n Jsinh4xdx=f4 =Zsinh3xcoshx—zfz a+ TTzing = with =4

sinh® xcosh x— E llsinh xcosh x—lfu
4|2 Al

R I N B o

3 3
sinh® xcosh x— Esinh xcosh x+§J] dx

sinh® xcosh x—gsinh xcosh x+§x+c
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When x=arsinh] sinh x=1,cosh x=1+sinh’®x = \E
When x=0 snha=0 coshz=1
Applying the limits 0 and arsinh 1 gives

J sinh*xdx:E(lf(ﬁ)—_(l)(ﬁngmmhl
1}

=£ £+ In 11+'\f{12_J

4 8
*’{_ 31 (1+42)
%[mm( -2}

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 1

Question:

. . . 12 .
Find the length of the arc of the curve with equation y= Ex:* , from the origin to the

point with x-coordinate 12

Solution:

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 2

Question:

The curve C' has equation ¥ =In cos x - Find the length ofthe arc of O between the

: : : T
points with x-coordinates 0 and —.

Solution:

=—tan x

d —sin X
v=Ilncosx, s0 gl

Arclength = J3xf1+tm2 xdx= JB secx dx
0 0

Cos X

= [1n{secx+tanx]:|§

=1n(2+V3)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 3

Question:

i )
Find the length of the arc on the catenary, with equation y=2 cosh‘ % | between the

points with x-coordinates U and ln 4.

Solution:

y=2cosh|{§\|, 4] %=sinh‘{§\|

arc length = J

1]

;T
= 2sinh|f|
L2,
It ha
7 _ . 2
— B e :
2 "_”_,,—/—"" Az lnd=In2"=2In2
— 2 _ -l
=2_%=§ "—AS Ehk._jcelnk.zé‘hk. =k1

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 4

Question:

: : : 4 ¢ 3
Find the length of the arc of the curve with equation y* = 5 x, from the origin to the

point (3,2+/3)

Solution:

2 2
yzzgxz’so 2y@=ixzz"’.d_y=2i:ix_=+\f’;

dx 3 dx 3y

3
arc length =J S+ xdx
0

3 3

3 i
=3[3_1|=4E
3 3

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 5

Question:

The curve C has equation ¥y = %sinh2 2x . Find the length of the arc on O from the

origin to the point whose x-coordinate 1s 1, giving yvour answer to 3 significant figures.

Solution:

y=lsinh2 2x, 80 di: 2einh 2xcosh 2x=sinhdx
2 dx
1
=0 arc length = J 14 sinh® 4xdx
0
1
=J cosh 4 xdx
0
1
= — [sinh 4x E

sinh4=682 (3af)

= s

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 6

Question:

The curve C' has equation ¥ =%(2xz —Iln %), x> 0. The pointz A and & on T hawve
x-coordinates 1 and 2 respectively. Show that the length of the arc from A to B s

1
~(6+1n2).
T )

Solution:

y=i{2xg—ln x), 50 %=x—4i
x
3
i i b
1+ d_y|_1 x—l+ . :x2+l+ ! :|x+i|

2 16x° 2 stk 4x |

=o arc length =J | J'r+i ‘dx
1
[eeo]
=
2
{2+—1n2} [ }

(6+1n2)

iy
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 7

Question:

i W
Find the length of the arc on the curve 3= 23rn:osh| % | from the point at which the

: : : : 5 .
curve crosses the x-amis to the point with x-coordinate = Compate your answer with

that in Example 25 and explain the relationship.

Solution:

5 (] il L . 2
J’—Zarn:oshl.EJ,so 3—2 = — _sz_dl
\/l.a |
2 2
1+‘F%\ :1+xg4—4:x;{—4

The curve crosses the x-ams at x =2,
5

2 1
=0 Mclength=J2x(x2—4)§ dx

2

25
(7=
2
=135
Elitninating £ from the two equations in Example 23, wvou find that the Cartesian
i i) i i
eeuation is g=cosh| % | For i 21, the crve s y= 2arn:osh| % | The litnits in both
gquestions cotrespond, and so they are ezsentially the same question.

i k!
[For 0=z =1, the reflection of y= Earcosh| % | in the x-amis iz generated.]
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 8

Question:

The line y=4 intersects the parabela with equation y= x* at the points 4 and B Find

the length of the arc of the parabola from A to B

Solution:

The line y=4 intersects the parabola with equation y=x" where x=-2 and

=42,

v
4

1

b

TTasing symmetry arc length = EJ
0

L]

Tzing the substitution 2x =sinhu, 2o that 2dx = coshueda |

-‘.ﬂl+sinh2 1 coshadu

& awehhd

atc length
vi

& wsih g

= cosh®n du

Wi

» s 4
1+ cosh 2u
(I+cos )du
0 2

[

arsitdid

| |

1
i +§sinh 22;}

0

+anh s coshu | bt

=

2
= 2J i+ 422 dr \
1]

0

]

_ 1 \
hd + —(41+16 ) 4+—
R 2(\ ) Taing coshw =x|'1+sinh2u and sinhu =4

arsinhd + 217

e A i e e o

b S

In (4 +17 }+2u‘fﬁ Using arsinhx =In [x+ {1+Jr2 )

]
J

29(3sf)
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 9

Question:

The circle O has parametric equations x=rcosf, y=rsin 8 Tze the formula for arc
length onpage 79 for to show that the length of the circumference 13 2w

Solution:

; dx : d
As x=rcos, y=rsin0,—=—rsin6, > =rcos 0
d dé

7 1
W )
| i M) | =r{cos? B +sine)=#*

( dx
o) |ds)

So‘d—

The circumference of the circle = 4J i »de
]

TTzing symmetry.

=4r [H |05

=2rr
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Integration
Exercise G, Question 10

Question:

The diagratn shows the astroid, with parametric equations
=2 cos3£,y= Pasin®t, 0<f < 2.

Find the length of the arc of the curve A5, and hence find the
total length of the curve.

Solution:

: dx o4 ;
x=2acos f,v =24 sn®t, s0 E =—fa cosgfsmr,ay =fasin’ f cost,

p 2
| . +| Ey | =36 (ot foin®t+sint teoss )= 262 sin® cos £ lcos £ 4ain’ )

= 36a’sintcosis

T

Atd i=0, a8, z:'E

2

i
so arc length A% = J fex siné cost di
0

:mjﬁmz¢
1]

a|-cos 2 |Di

| e IS I e Y

a|1-(-1)]

I
g’

Total length of curve =4% 32 =12a (symmetry)
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Integration
Exercise G, Question 11

Question:

Calculate the length of the arc on the curve with parametric equations x = tanhu |

y=zech i, between the points with parameters u=0 and x =1,

Solution:

x=tanhu,y=zechu, so % =zech’y, d_y = —gechutanhw ,
i dx \2 |" 2
| | Al | = sech*u + sech®u tanh® & = sech fsech 1 +tanh® o |= sech’u
1
So arc length = J sechu du . wee Example 7.
0
1
='[ o 2 o du
pe te
(E ) +1
1
= E[arctan (e }]ﬂ

= Darctan {e)—% or 0866 (35£)
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 12

Question:

The cycloid has parametric equations x=a(f +aind), ¥y =a(l—cos ). Find the length

of the arc from =0 to 8 =7

Solution:

A x=a{H+sinH],y=a{]—cosH],E=a{1+cosH],d—y=asinH
! S de T de

p 2 2
|E | + o | =z’ (1+2cosH+cong+sin2H]
\de | | d8 ) -
=a2[2+2cosH]
Yy o = _ (8 )
:4azcosn| — ‘ Tzing cos 24="2c0:" A—1 with A=| = |

I / H 1
Soarc length = EQJ cos| — ‘dH
N

=da sin|r E | E
L2

=dn
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Integration
Exercise G, Question 13

Question:

=how that the length of the arc, between the points with parameters ¢ =0 and ¢ =g

oft the curve defined by the equations x=¢+siné, y=1-cost, 15 2.

Solution:

x=t¢+sng, y=1-cost

d .
—=1+|:os£,—y=smr.

So | = | +|lr b T . [(1+ 2cost+cos® 1)+ (sin® i)}

2:"3 A
=2{l+cest)=4cos | 5 |

4 [ sin | % ﬂ?
V=

=2
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Integration
Exercise G, Question 14

Question:

Find the length of the arc of the curve given by the equations x=¢' coss, y=¢'sing,

: : T
ketween the points with parameters =0 and f=—.

Solution:

¥ o
X=g cost,y=¢esini

dax ; ) ;
E=e’{cosr—smr_],—y=e’{sm£+|:os£_]

p
y
So|— | +| | = ] rfn:os t—2sintcost+sins)+(sin® £+ 2sins cost +roos? ﬁ]-l

= 2[&:I ]2 {sin2é+cosz.ﬁ]

2

=2[e

_(J

-l T
=ﬁlef—1]or1_69 (3s£)
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Integration
Exercise G, Question 15

Question:

a Denoting the length of one complete wawe of the sine curve with equation

y=n3sn x by L, show that L=4J2«f1+3cosz xdx
0

b The ellipse has parametric equations x =cosé, ¥ = 2sing . Show that the length of
its circumference 1z equal to that of the wave in a.

Solution:

: d
a y=~/3snzx,so £=\f§cosx

Tzing the symmetry of the sine curve 5 = 4J
0

b x=rcoss y=2sn¢
E=—sinr.,d—y=2c:-::usr.
i -::Lf
f dx B 7
|—| |—|—s1n t+dcos’s
i) i -

=1-rcos?i+dcos?s
=1+3c0ss
From the diagram, at 4, :=0,

T

at B, t=—

sousing the symmetry of the ellipse, the length of the circumference is

i | |
4J J1+3cos®s df, equal to that of the sine curve in a
D
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 1

Question:

: : 3 : : : i
a The zection of the line y=Ex between points with x-coordinates 4 and 2 1z rotated

completely about the x-axis. Tee integration to find the area of the surface
generated.

b The same section of line is rotated completely about the y-axis. Show that the area
of the surface generated 1z &0

Solution:
i "|2
a y=—x=>d£=5=;~1+| i | )
4 dx Ve [ 1
8 3 vs
Sutface area =J am| = x | = |dx N _ ¥ ( dy 2
s 4 4 Tsing J 2my 1+| — | dx
15 2 x) -__dx J
=—HJ xdx
8 Js

2
=E,-'r | =45z
8 2],

Pagel of 1

b Eotating about the y-axis:

ET 7,016 5
dv |

Az integration 15 w.rt ¥, the integrand must be in terms of ¥
The limits for y are 3 {when x=4) and & (when x=8),

5 fa NS
2m | E ¥ " E | dy |

Although it 15 quicker to use
& )
J. omx, |1+ _y| dx,
| dx )
s / 2
f dx i
here J‘ 2mx 1+| . | dy
i \ dv )

13 used to give an example of its
use.

From the wotlt in a 1+|

so area of surface 1s J
3

:ﬂ.’r "y_gﬁ
9| 2

3
A0 27
Q2

T=60m
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Integration
Exercise H, Question 2

Question:

The arc of the curve y=x", between the origin and the point (1, 1), is rotated through

4 right-angles about the x-axis. Find the area of the surface generated.

Solution:

Tsing Jx 2y 1+| | dx,
"

the area of the surface 13 J a1+ 9xt dx

1]

on [
= —6J 61+ 95" dx

3 1
=2—{ (1+9x* P }
36 :

l?[mﬂ 1] 356,3sf)
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 3

Question:

1 i ; .
The arc of the curve ¥ = Exz . between the origin and the point (2, 2), 13 rotated

through 4 right-angles about the y-axis. Find the area of the surface generated.

Solution:

Usi J e I dx
sing TX gl ]
R
wd

the area of the surface 13 erxdl+ 2 dx

w2
=] exf1+x%dx

wi

r %(1+x2 }gl
- 2[5
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 4

Question:

The points 4 and B, in the first quadrant, on the curve y* =16x have x-coordinates 5

and 12 respectively. Find, in terms | the area of the surface generated when the arc
AR 1z rotated completely about the x-axis.

Solution:
¥ =16z so 2;p'd—‘y=16=t~d—y=E
dx drx
{ \2
1+|d—y| =1 il
| dx x

TTzing J am
il
12

the area of the surface 15 '[ 2.-'.'4«,.’; i dx

5 X
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Integration
Exercise H, Question 5

Question:

The curve C has equation ¥ =cosh x. The arc £ on O, has end points (0, 1) and

(1, cosh 1)

a Find the area of the surface generated when ¢ iz rotated completely about the x-amis,
b Show that the area of the surface generated when & is rotated completely about the

e—11

i
Y-axis 15 241-| —
L e

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 4 h 5. 3/18/201.
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d :
y=coshx, 50 P = sinhx

f \2
1+| ii—d}; | =1+sinh® x=cosh?®x

a zing Jﬂ 2my 1+"d_y | dx
by |.__ dx ,_.| ’

1

the area of the surface 15 '[ 2 cosh? x dx
]

1
= .TJ‘ {cosh 2x+1)dx
i

{sinh 2x T
= +x
2 o

=n [sinhxcosh x+x|;
7 [sinh lcosh1+1]
8.84 (3s.f)

3

¢ dy V2
b Usingj onx 1+|_3’| dx |
. Y

1
the area of the surface 15 J 2rxcosh x dx

1}

T [
I ][“mhx b _L s dx[ Using integration by parts

=21 {sinh 1- [cosh x |;}

=2 [sinhl—cosh1+1}

3 w[1 1 1
=’ 1‘.._“?&‘;.1“}
i ]‘.
=1
=on| — |
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 6

Question:

3
X

The curve C' has equation ¥ = —+—.
2x 6

P d ] _l i 1 -.I
a  Show that 1+‘ =4 | =—‘ Jr2+—2 |
Vdx | 24
The arc of the curve between points with x-coordinates 1 and 2 is rotated completely

about the x-amis.
b Find the area of the surface generated

Solution:

1+|i%j|2=1+%|iX4_2+x_ =)

R s B

i 1 1 ]
— |
X

3y By o T
the area of the surface 1s "J | —+— || 4= |dx
w2z 6l A

s ox 21 ‘Idx
=z Enaarrd

3

i 1
=r| =+ -
30036 4x7 )

= 23%; =726 (3sf)
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 7

Question:

Vb

The diagram shows part of the curve with equation .
12 i

x* +3F =4 Find the area of the surface generated when this
arc is rotated completely about the y-axis.

Ed

Solution:

:%:241(351“.)
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 8

Question:

a The arc of the circle with equation x° +y* = E*, between the points (— &, 0) and

(&, 0, 15 rotated through 2+ radians about the x-axiz. Tse integration to find the
surface area of the sphere & formed.

b The axis of a cylinder O of radius & 15 the x-axis. Show that the areas of the surface
of & and O, contained between plane s with equations x=a and x=24& , where
a < b< B, are equal

Solution:

= 4HJ‘ Rdx +—— Using the symmetry
0

— 2
—4,-.R[x|n
=4 R*

& [ R -

b The required area is 2,T'[ y| = |dx  * | see diagram
a ¥V
2
=
=2,¢J R dx ¥

This 15 the same area as that of a cylinder of
radiuz R and height (A—a ).

=2,¢Rﬂ[b—aj ﬂ m
R I_
U\
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Integration
Exercise H, Question 9

Question:

Pagel of 1

The finite arc of the parabola with parametric equations x=aé®, y = 2a¢, where @ is a

positive constant, cut off by the line x =4a, is rotated through 1807 about the x-amis.

=howr that the area of the surface generated iz gﬂag (5\5— 1.

Solution:

x=a32,y=2aﬁ,so E=2c3:.ﬁ,d—‘y=2|:1c
di di

Sof—\2+{E\2=4a2£2+4a2=4a21‘1+4‘,2]
2] %] (1+4)

x=4a Wheﬁ § =12 (See diagram.)
A rotation of m radians gives a surface which
would be found by rotating the section y 20, 1e
i=10 to i=2 through 27 radians.
t oD ppad
. (dx Y [ dv)
u 2 — |+ =]
g L ¥ | y | | & | .

2
the area of the surface 13 2IJ daiaf1+ £ ds
0

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp3 4 h 9.f

0

4a X

3/18/201.



Heinemann Solutionbank: Further Pure Mathematie®: Pagel of 1

Solutionbank FP3
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Integration
Exercise H, Question 10

Question:

The arc, in the first quadrant, of the curve with parametric equations
x=zsech ¢,y =tanh{ , between the points where i =0 and :=1n?2 15 rotated

: .2
completely about the x-axis. Show that the atea of the surface generated iz i

Solution:

x=zgecht, y=tanh ¢, so E = —gechs tanhr,d—y =zech’s
df df

'rdxm'z 'rd}“"'2 2 2 4 2 2 2 2
|E +|E| =gech*ftanh f.+seu:h£=sen:hf.(tanh z+sech£)=sech.ﬁ

b
Tsing J
y

h2
the area of the surface 13 2:'.'J tanhfsechs d¢

1]

=21 |-seche Eﬂ

- 5 b
=2m|——5——
e +e |
3L25
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Integration
Exercise H, Question 11

Question:

The arc of the curve given by x=3%", y=2¢ from =0 and £ =2, is completely
rotated about the y-axis.

2
a Show that the area of the surface generated can be expressed as 361‘1"[ Eql+e2de.

0
b Using integration by parts, find the exact value of this area

Solution:

a x=3£2,y=2£3,so E=E§.ﬁ,d—‘y=6¢‘.2
i i

f '\2 i ‘uz
(S 2] =362 (2 +1)
de ]\ de ) '

2
the area of the surface 1s E,TJ 3w b1+ £ de
]

2
=36,¢J 142 &
0o

b Let u =E,%=m’1+zg

3

So %=25,v=1{]+52 |2
dt 3
36*'[252(ﬁm)dz—%*-[[lzz(lﬂgﬁr Jzzz(lﬂz??di‘
N e }5 L di3 [
=12,¢_53(1+53)%—§(1+53}§]
=12r :4 (55 )—% (2516}%}

=12r 10@%}
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Integration
Exercise H, Question 12

Question:

: : : 1 .
The arc of the curve with parametric equations x=¢,y=¢ —553, between the points

where ¢ =0 and £ =1, iz rotated through 360" about the x-axiz Calculate the area of
the surface generated.

Solution:

2

x=rg,y=£—%r3,so %=23,d—y=1—

i
h @
| Fley
. H s o by
7 2 — |+ =
fite L 2EE

e | =4 12 it = (1442 )

1, ;
the area of the surface 1= 2;TJ | a‘.—%f ‘{1+52 ]dé
1 LY )

= J ‘ t+= z ——t |dz

a 6 Tt
— o i+i_i
2 & 1B .

117

g
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 13

Question:

The astroid ' has parametric equations x =acos’ f,y =asin’ {, where 2 i3 a positive
T T _
constant. The arc of O, between = E and = E 15 rotated through 2o radians about

the x-zoiz. Find the area of the surface of revelution formed.

Solution:

. dx : d ]
x=.:z|:os3r.,y=asm3f.,so —=—3acoszzsm.ﬁ, £=3cxsm2£cosz
’ 2 W2
f dx ¥ i d ¥ _ )

‘— | +| i | =9a2{cos4zsm2£+sm4.ﬁcosza‘.]
Lde ) | a ) -

=9a”sin’ tcos® £ (cos® £ +sin’ ¢ )

2.2 2
=89a sin" fcos i

. I .
the area of the surface 1s 2,?!"[ asin’t(3asincoss )de

]

7
= 6,-'T.:12J sinttooss de

fi
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Integration
Exercise H, Question 14

Question:

The part of the curve y=e", between (0, 13 and (In 2,2) , is rotated completely about

the  x-ams.  Shoew  that the area of the surface  generated s

miarsinh 2 — arsinh1 +2+/5 —~/2) .

Solution:

Usi J ony | & | dx
sing Ty — )
Com (2]

i

the area of the surface 1z 27 e fl+e dx
0

Make the substitution " =sinhu, 5o e"dr = coshudu
Limits: when x=In 2,u =arsinhe™ = arsinh 2

when x=0x =arsinhe =arsinhl

ekl
Then the area of the surface 13 27 cosh?u du
arsirhil
arsirh
=,-'.'J {1+cosh 2u ) du
areiil
{ sinh 2 }mg
=Tlu+
2 areivh 1 cosh o =~.|'1+sinh2u

ars ki 2
arskil

r [arsinhz +2+/5 —(asinh 1+ (1) {JEH

= 1 |u + sinhu cosh u |

arciih
arskihl

7 (arsinh 2 —arsinh1+ 24/5 - 2 )
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Integration
Exercisel, Question 1

Question:

=how that the volume of the solid generated when the finite region enclosed by the
curve with equation y=tanh x, the line x=1 and the x-axis is rotated through 24

: .2
radians about the x-ais iz ﬂg ; [E]
1+e
Solution:
1 1
Wolume = "J yidr=nm| tanh®x dx
0 0

1
= *J (1-sech®x dx
0

=,-'r[x—tanhpf|; tanhlze—ellzez—l
=m(l-tanhl) gte g +1
= .'r‘rl_ﬁ‘l

et
_im
1+’
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Integration
Exercisel, Question 2

Question:

42 4+dn+17 =(ax+2F 4,2 > 0.

a Find the values of @, & and .
15
1

b Find the exact value of J —
asdx® +4x+17

Solution:

4x2+4x+175{ax+b_]2+c, a=0
a 4x2+4x+1?5[2x+£:]2+c g=2

=4x° +4bx +2% +¢

Comparing coefficient of 0 =1

Comparing constant term: 17 =14+c=c=16

b Usinga,J 5 ! dx=J ]2, dx
4x" +4x+17 (2x+1) +16

Tet 2x+1=4dtan @  then 2dx=4dsec’do

2
H
andj 12 dx=J 25&213
(2x+1) +16 16tan“ 6 +16

2
ZJ dsec 2H 46
16zec” H
:lH+C
2
1 2x+1
=—arc:tan|
8 4
L3 1 1
Soj zidx=—[arctan]—arctan0|
0_54}{ +4x+17" 8
&
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Integration
Exercisel, Question 3

Question:

Find the following
a sinhdxcoshéx dx

[ sech xtanh x
J 1+ 2zech x

-

¢ |efsinhzxdx

L

Solution:

a TTaing the definitions of sinhdx and coshéx

'[ 4r oy o

|dx Tou could use hyperbolic
] identities to split up into a

_ EJ{EIDX"' 2 _ 5 ]dx difference of two sinhs.
:ll plox 2 10w I_Hj
4110 2 10[
zl.lelﬂx-l_e 2xl+c
41 1010 2 [ £ gt
1 1 as coshax=
. —cosh]Ux—Zcosh 2+ 2

20

1
ciai— - dr=——ln(1+2sechx 4T
14+ 2zechx 2 2

sechx tanh x s 1 [ —Zsechxtanh x
1+ 2zechx
¢ Tourcannot use by parts for Jex sinh xdx

TTzing the definition of sinhx

Jﬁ sinh xdx = J

'e—e”
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 4

Question:

The diagram shows the cross-zsection & of an artificial ski slope. The slope 15 modelled
by the curve with equation

10
y=——0<x<35.
(4% +9)

Criven that 1 unit on each axis represents 10 metres, use integration to calculate the
area B Show your method clearly and give your answer to 2 significant figures.  [E]

Solution:

3
Areaunder curve= J ydx=
0

5
J‘ 0 .
Dx{4xg+9

5
s
E',|'Jr2+3

= 5|:ar51nh |.2_; I|:|) Tzing Jﬁ dx= arﬂnhig ,|

= Darsinh ‘ g | (s units)

. C(10)
‘Real’ area =Sar51nh| < ‘ 100 m* =960 (2 5.5)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 5

Question:

142
a Findj ~dx
1+4x

b Find the exact value of
s "
s 1+4x°

Solution:

142 1 2
a J—ﬂdpj dx+J T dx
1+4x 4 1+4x

4 J

%arn:tan 2x+%1n(1+4x2)+6"

05
b [ 227 g = Laroran 14 Lino
b AR D 4

© Pearson Education Ltd 2C
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1+4x°

:J#dﬂ_lj‘ BX 4
(lﬂz 4J) 1+4x°
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 6

Question:

A rope iz hung fom points two points on the same horizontal level. The curve formed
by the rope 1z modelled by the equation

y= 4cosh| - | —20<x<20,

Find the length of the rope, giving vour answer to 3 zsignificant figures.

Solution:

y= 4COSh| —‘ g0 d———51nh| ;. |—s1nh| —‘

arc length = J 11+‘ dy
I" x

Tzing the symmetry of the catenary

=danh 5
=59 (Zaf)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 7

Question:

1
“how that JEManhx dx = %ln{ % | where @ and & are positive integers to be found.
0

Solution:

1-x

1
3 . 3

Then j artanh xdx =[x artanh x]g—j T dr
0 1}

1-x

L. o
=[x artanh x]3 +%j ng dx
0

1 . |2
=| x attanh x+§1n(l—x h
o

-gn(3 Jryo( 3
_%{%m §}+%ln|§| Using artanhx=%1ni1i—i:
=%1n3+11n|r§ \
:%{1n3+21ﬂ |§|2}
=H1n3+1n| %\}
1

- 2
:—1n| =l | soq =27 andb =16
4116
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 8

Question:

L4

Given that J, =J2x” cos x dx,
0
a find the values of

i I, and

i J,

et d
b show, by using integration by parts twice, that J =| g | —un=DL. 22

¢ Hence show that J 2?.‘3 cosx dx= é (m® — 24w+ 48y
0

b2 A

4 : :
x cosxdx, leaving your answer in terms of .

d Ewaluate J

1}

Solution:
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5
. 2 : n
ai fﬂ:,[ c:osxdx=[smx|§=1
0

N 2 e K ¥
1 Il:J- xcosxdx=[xsmx|§—j sin x dxe Using integration by parts
0 0
m z
=§+[cosx|§
ki T
=_+[0-1=Z-1
2 2
. : » dv
b Integrating by parts with & = 2™ and d—=cosx
X
die —
—=nx", v=singx
dx

3 cocnh PR
So i, =-[ " cosxdx=[x” sin ng n-l- A sinx dx
0 0

x z
(7 e

—‘ al 2 ainxdx
\2} a

Integrating by parts on J et
0

d

1 : 1 ;
sin x dx with =2 and a=smx

de
Z=(n-1)x"" v=—cosx

L g L
F x F
- e 1 2
gives J‘ z smxdx=l_—-x” cos xJuﬂ +(n—1}j " cosxdx
0 0

=(n-1},, as [—x” Leos xE =0

Substituting in =
\H

—u(n—=1)I .

!
"

I =
| 2

= iy
¢ Jifcosxdx=f3=[i | -3,
2 =

3

:|%J _6|'?%_1~] Tsing a 1
= T—3—3" +&

a
& %{;—:3 —24m +48)

£ PR
d J.zx“cosxdx:fﬁ =[ = | -4,
: [

T |

=[5J —12{L%J —2(1);0}

el ot n as [y =1 ffomai
1

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 9

Question:

dx
a Find J—
S or LD

o
BEEE
= Jf—2x+10

1 i \
: : : i ‘,4'”_?”@}
¢ By using the substitution x = sinfd , show that = :

0 \’{1— % ] 64

[E]

Solution:
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a 2 -2x+10=(x-1) +9

J dx ) dx

=0 =

v -2z+10 J f(x-1) +9
Let x—1=3snhu, then dr=3coshudu

soj dx _ [ 3coshu
Jxi—2x+10  J 3coshu
=u+

= arzinh | %_1 | +

dx _ dx
b I - 3
X —2x+10 (x=1) +9

Let x—1=3tan @, then dx= 3sec’ @ d6

dx 3sec’ O
50 7 = 5 46
x=2x+10 Stan @ +9

2
:J‘BSECQH 40
Bgec” B

¢ Using the substitution x=szin 0 | s0 dr=rcosH 46

1 n
J‘i = dx _J‘Esin“HcostH
0 .J[l—xgj 0 cost

T 4
= sin A dA
0

s IS[1—2::032H+c:oszEHJdH
40 "

1

=—Jﬁ|l 1-Z2coz 260+
4do |

sl 3—H—sin2H+
41 2

n ﬁ_'_ﬁ

44 2 16
(47 -743)

&

sin4Hr
0

L

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 10

Question:

1 1
Given that [, = J 1-x3dxnz0,

1]

a showthat 7, = i f.nzl
3n 44
: =
b Hence find the exact value of J. (x+10(1—x)%. [E]
0

Solution:

1
a Using integration by parts on [, , with &= 2" and %= (1-xF
4
50 2= ux* and v=—§(1—x}§
r 4 2 4
fmz—i it (1—xFT+3_”J fH(1-xF dx
k| o 4 Jo
25 ] 4
== | @' (-xFdx
4 Jo
a3 1
5 -z )1-xF dx
4 Jo
? Los ST L
=6nJ‘ A1(1-xF dx——J (1-xF dx
0 4 Jo
3 24
AL =6nl —o ) = =
4 I +4

1 4 1 1
b J (14+x)(1-z)° dx=J (1+ 21— 2% de =1, - I,
1]

1]

. PR
E,J:J (14 x)? dx={——(1—x)3} =
0 4 0 4
| 3303 Y 27)
Usinga f,==—0I==2|=1 | =—
S 5|.__? : ” 140 |
3 2778 _39

1 4
Soj QExil=a)® d=o s =
o 4 140 140 70

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

I ntegration
Exercisel, Question 11

Question:

Ik

-

a)

The curve O has parametric equations
xr=i—Ini,

y=dafE 12t <4,

a Show that the length of C'1s 3+1n 4.

The curve 1s rotated through 2w radians about the x-axis.
b Find the exact area of the curved surface generated. [E]

Solution:

1

r=i—lInf, o E=1——
ds

the area of the surface i3 EIJ‘

1
i Y
i 1 !
=81 \f'z-+—
-1|l_ '\{EJdJ
[z 1 Tt
=8n Ezi+2£5}
3 1

_sa|[ 244 )( 242 ”
_ 1607
T 3

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 12

Question:

=¥

0 3

Above iz a sketeh of part of the curve with equation

2 {
»=x"arsinhx .

The region A, shown shaded, 1z bounded by the curve, the x-axis and the line x =3
Show that the area of & 13

91n(3+-.‘ﬁ)—%(2+?¢'1_0). [E]

Solution:
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3 3
Area =J ydx= J x*arsinhx dx
0 0

o : : : v
Using integration by parts on 7, . with u = arsinhx and = =l

du 1 %
0 — = and v=—
dx 1+ x°

a . ]. 3 ¢ ]J x3
xarsinhx dx = —x arsinhx —— | — dx
J 3 3 A1 2

]

Page2 of 2

LE: x=sinhz so dx=coshudu - You could use integration by
& ArE " 3 B
J * arsinhx dx = 9;3.1’sinh3—l it coshudu PRt
0 ER cosh u=xgand%= T
kit dr  fl+2?
= QarsinhE—% sinh’u du
wil
1 & ek
= QarsinhE—g sintbw [coshgu—lj
Yo
: i e frtic
= Yarsinh3— § gcosh u—coshu
o
When x=3sinhu=3 so coshu =~f1+sinh’y =\-'{1E arsinhx =1n-[x+ 1+ ]

o JEanrsinhxdx =91ln {3+J1_0}—1{EJ1_0—\!1_0—|F1—1 ”
0 33 3
= 91n {3+m}—é[?ﬂ+ 2]

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 13

Question:

1
X

a Tse the substitution & = x° to find J. T dx
o 1+ x
b Find
[ 1
1 dx
J Jdx—
[ 42
i T dx.
J fdx -zt

Hence, or otherwise, evaluate

[t 5_2x
il dx.
V3 w.;'4x—x2
Solution:
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a Using x* =u ‘2x dx’ becomes * du’

Son LSNP
.;,1+x4 2 01+H2

= ! |a.r|:ta.nu |1
5 i

N

8
b i dx-—zxt =—(x:“'—4x}:—|:{x_2f_4]

=4-(x-2Y)
B e

[ x— g
x-z =ar|:s1n‘ — ‘+C
&

\ : 1

i J 4-2x dx
Az Motice that i{-4;r—xnj=4—2x
=2{4x—x3]%+r:f o
Yosoox : 1 Yol
ELWW E{Jalx—x”«ﬁx—xz}dx
o e b oy 2
1

= a.rcsinr Ee \I+2 4x—x°
s 22 e 2(snr)

bal =

} Using i and ii
“(ZHE 28528

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 14

Question:

The curve O shown in the diagram has equation ¥ =4x,0< x=1.

The part of the curve in the first quadrant 1s rotated through 2 radians about the x-

1
a =how that the surface area of the solid generated 1z given by 4*rrJ SO+ 2
0

b Find the exact wvalue of this surface area.
¢ Show also that the length of the curve &, between the points (1,-2) and {1, 2), 15

1 .
given by EJ x_+1 |dx.
T L

d Tse the substitution x = sinh® 6 to show that the exact value of this length is

2[+f2 +In(1+42)]. [E]

Solution:
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y= E\E represents the section of curve for x2 0,020 50

. ¥ F d_:l-" ‘.2
a Tzing EHJ‘ ¥ 1+| E‘ dx

sl
area of surface = 27 2\."'; 1+ldx
i X
w1
—an | Jr
i X
ol
=41 | Jfl+xdx
0
1 5 -
b 4JT,|‘ SJl+xdr=4n §{1+xﬁ}
0

0
== (2v2-1)

¢ Tsing the symmetry of the parabola, arc length 1z 2 the length of arc from origin

to (1, 2)

1+|'%’r r dx

u

so arc length = EJ

P a1
-2f =

d Using x=sinh® @, dx = 2sinh fcosh A6

sinh®B +1
sinh?@

=4 | cosh®6de

-

=2 | {l+coshif )d#

sinh 26 )
2 o
=2(B+sinhBcosh B )+

= 2{arsinhfx + 247 p+C

(24 '|dx = 2(arsinh1+~/2 )

x|

=2‘I’H+ i

1
=0 arc length = EJ
0

|2 sinh @ cosh 646

&<

-

=2[Va+in(1+V2)]

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

I ntegration
Exercisel, Question 15

Question:

1 1
a Show that Ixaru:oshx dx = 0 (2.7:2 —liarcoshx— Zx«.n'xg -1+

b Hence, using the substitution x=u" find Jarcosh(ﬁ)dx.

Solution:

2o : ; v
a Using integration by parts with u = arcoshx and —=x,

e 1 b
E=T aﬂd Y=—
Kl 2 : Toucould use integration by
S0 Jxarcoshxdx=—arcoshx—J i dr = parts with 1 = x and
2 244x% -1 d__ oz

2 dx N

cubstitute x = coshu in JJZ_ dx gives x -1
-1

2 2
J il dxzjc?Sh”sinhudu
a2 g sinh u
=J.c:osh2udu
1 ;
=§J{l+cosh2rxjdu

= %[u +sinhucoshy [+

= %[aru:oshx+xu‘xg —1]+C

2
=0 Jxarcoshxdx = %arcoshx— %[arcoshx +xafx? — l]+ ' from =
= i{&xg —1]arcc:ush.?r—%;nc-\.'x2 1+

b Let x=u°, s0 dx=2udu,
then Jarcosh‘j-q")_r de = 2Jumcoshu du

1
{2&2—1]31'C05hﬁ—§ﬂ"-|'u2—1+c TUsing a

{2x—1jarcoshx!7_r—%ﬁm'x—l +

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 16

Question:

, sin(2u+1)x
Given that /, = | ———
fnx
sin Znx
a showthat /, -7, ,= :
#

b Hence find 7.

o %sin 2u+x
¢ Show that, for all positive integers #, g
a sin X

which should be found.

Solution:

sin{2un+1)x—sin{2n-1)x
. fx—f,”=J[ (22+1) (2n-1)z]

dx always has the same wvalue,

gin X
_JEcos 2mxsinxdx
-\ (A+BY . [A-8)
s sinﬁ—sin3=2cos| i |sin |
L2 2
=J2c052nxdx
_ sin2ax
P
B Wi s1n10x,f4_i,3= smBJrJE_Jrg » s1n6x,fj_£,1= andx
L=i,=snZx
St sin 10x 5 51n8x+ sin 6x i gt 4x+sin B
5 4 3 2
where ID=J]dx=x+C
sinllx  sin8x sinéx sindx .
= S +an2x+x+C
5 4 3
. '|‘:§'sin{2.n+]]xdx_'[:_ﬁsin{?n—l]xdxz{sin 2nxi|% _ sin (%7 )
o SN x o 5 X n N »n
3 sin (2141 Fsin (21
=0, 1f # iz any a positive integer JEMM—J Ede =0
0 sin x Q sin x
:J‘Esin{;ml_]xdx:J‘%sin{;n—l_]x =m='|‘%s%nx _n
0 sifnx 0 sin X p Sinx 2

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 17

Question:

The diagram shows part of the graph ofthe curve with equation y* = % xx-1%.

a Show that the length of the loop 13 g 4

The arc CA {in boys) is rotated completely about the x-amis.
b Find the area of the surface generated.

Solution:
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a The point A onthe curve has coordinates (1, 00,

1

Taing symmetry, the length of the loop is EJ
0

As y2=%x{x—l]2=%(_x3—2x2+x]

2}:@ =1{3x2—4x+1]=1§{3x—1]{x—1_]

1 ) \ .
Sodizgﬁx_l}{x_l]:_'_ 1 (3x-1)

J_rz\E{x—lJ 23 x

—6x+1= 9x* +6x+1 ={3Jr+1]2
12x kax ldx

and 1+| |—]

Therefore, arc length =2

b Using E,TJ ¥ 1+‘ — | dx for area of surface generated about the x-axis
' 3x+1
Area of surface = 2-TJ %ﬁ{l—x]{j_’]dx
f i 12z Mote: yis +we for O4, so you need to
=Z| (1-x)(3x+1) e e yo VEG1)_x(-x)
2 e x= =
NE 3

1
=_J (1+2x-3x" )dx
i

|:I+X - X :|;

W= owl =

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 18

Question:

a Find J‘; dx
sinh x+2cosh x

4
3x—1
b Show that 7dx=9(\5—1)+23rsinhl. [E]
1 \;'xg —2x+10
Solution:

a Using the exponential forms

[ e[
sinh x+ 2cosh x Jlef=eT Y [ef+e)
| "4 =% |
k 2 2
e [ 2
J 3ef+e®
_ " 2e"
J 2t 41

. - g
Tsing the substitution u =¢", then - =¢" 0 e" dx’ can be replaced by “du’,

1 2
o J . dX:J 3 die
sinh x+ 2cosh x 3ut +1
2 1
S
3
= %1\5 }arctan H@u }+C'

= i arctan 1'\|'§E:x }+ -

e

b oA -2x+10=(x-1) +9
Solet x—1=3anhu, then dx=3coshu du
2x-1 dx = Yainhu+2
2 —2x+10 J9sinh?u +9

= JM3COS}1H iz

3coshu

and Zcoshu du

=9%coshu+2u+C
PR 1)
=9 1+‘x—‘ + 2arsinh| x—|+c
3 N
So FL = [9JE+ 2arsmh1]—[9]
1 5 —2x+10
= 9(v2 ~1 )+ 2arsinh 1

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

I ntegration
Exercisel, Question 19

Question:

Given that [, = Jsec“ xdx;

a by writing sec® x =sec® xzec? x, show that, for 2 22,
(n—1)1, =sec *xtanx+(n—2)J,,.
b Find I,.

¢ Hence show that J4secj x dx=é{7\5+3ln(l+ﬁ)}

]

Solution:

® n-a 2
a Jsec xdx=Jsec xzec xdx

I dv !
Let w=sec*™ x and a=sec x

i

E={n—2_}sec”3x{secxtanx_]={n—2]seu:”gxta.nx and v=tanx

Integrating by parts
sec” xdr =1, =sec”  xtanx—(n—2) | sec® * xtan® x dx

=sec”? xtan x—(n—2) | sec” 2x{sec:zx—l]-::ix

=sec”  xtanx—(n—2) | sec” ;rd;vc+{n—2:|'|‘sec?é Yxdr

L

I =sed *xtanx—(n—-2)I +(n-2)I_,

So (n—1)1, =sec” * xtan x+{n-2)1 ,.nz2,

1 : - :
b Jsecs xdr=1, =Zsec3xtanx+zf3 4+— | Substituting # =35 in =

31 1)
sec’ xta.nx+z‘ Esecxtanx+5f1 +—— Sybstituting # =3 in =

] o=

But [, = Jsec xdr=lIn|secx+tan x|+C +—— On Edexcel formula sheet

1 3 3
S0 Jsecjxdx=fj=gsec3xtan x+§secxtanx+§1n |secx+tan x|+
c J4secjxdx=lh.'§}+§1-\,E}+§1n|~,f§+1}
: ga¥e) Tolkve ot J
- %[?JE +3ln {JEH}}
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Integration
Exercisel, Question 20

Question:

a Show by using a suitable substitution for x, that
b ¢ \
Jqﬂ'ﬂj -xdx= %arn:sin| a |+§»ch2 - +C
| @
b Hence show that the area of the region enclosed by the ellipse with equation

2
i+“;—2=1 15 kb .

Solution:

: dx
a Let x=as=znd , then — =acosd
da
S0 ijag—xz dr= |a®cos® 0 do
2

J{1+cos 26 )do

sin 260 )
+ |+r:*

b Areaenclosed by the ellipse =4 area enclosed by arc in first quadrant and the
positive coordinate axes (syminetry)

P T b -
i +Jf_= 1= y=+2 7 _ 2 +ve square root required
a’ b ]
b 2 I.- \I i
a w fexel ax
So oarea =4= —arn:s1n| — |+—~.4'ch . from a
al 2 Va2 5
= Zabarcsin ]
= mTab
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 21

Question:

a Show by using a suitable substitution for x, that

2
J. .:1::‘—J;‘ﬁ'::br=c%arn:sin[i]+§~.,fc;t2—Jr:4 +

3

b Hence show that the area of the region enclosed by the ellipse with equation
2t
_2+E:'_2 =115 mwab.

Solution:

. dx
a Let xr=agsind, then — =agcosd

S0 J. at— dx=".cz2cos:"5'd5'
2

=S J.-l+|:os 28148

B
2 N
=a;[5l+s1n25'J+c
2
2

]

2

b Areaenclosed by the ellipse =4 area enclozed by arc in first quadrant
(zyminetry)

+o =1 y=1"4ja? -4 :: +ve square root required;:

So area = 4E iarcsin[£}+£ Gt from a
2 i 2

= Zabarcsin ]

= Mah
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