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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

Find, in the form y = f(x), the general solution of the differential equation

ir
E.j+4

y=6x—35 x=10.
dy: X

Solution:

If the differential equation has the form
dy

The integrating factor is _ ; i i P
‘ G __5 e e i — 3+ P¥ = Q the integrating factor is effdx,
{._!":Ltl"_zzﬂsu _ Qlu.r' = xts
Multiply the equation throughout by x* 1 For any function f(x), e = f(x).
dy o ' '
xt— + dx'y = 6x° — 5x*
dx 4
d 4 - a5 £ nidd
—— (X)) = 67 — 2%
dx Y
: o It is important that you remember
xly = [(6a% — Sat)dx =26 - x5 + C o _ » to add the constant of integration.
~_—= When you divide by x", the constant
y=xl—x+ f_4 e becomes a function of x and its
X omission would be a significant error.
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Exercise A, Question 2

Question:

Solve the differential equation
dy ¥ "
— ——=x5 x>0,

de x

giving your answer for v in terms of x.

Solution:

The interating factor is

Pagel of 1

A_|r- I,:.1|.'l' gy -l Jll,il. = I " _
£ =ik Rl Forall m, nlnx = Inx’, so for n= =1,
. —Inx =Inx~"' = In ;i
Multiply the equation throughout by 2 ’
law ¥ T The product rule for differentiating, in this case
W & — d | | _dy 1 I
1 () e el AL o< Ll 4 B enables
jx {-._| =2 — dx \ x) dx «x x-
yvou to write the differential equation as an
Y _ 2 +C exact equation, where one side is the exact
xr 2 ‘ derivative of a product and the other side can
, be integrated with respect to x.
X
pe= T 4 =
y 5 Cx
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Exercise A, Question 3

Question:

Find the general solution of the differential equation
dy I

—+2y=— x>0,

de 7 x

giving your answer in the form y = f{x).

{x + 1)

Solution:

d 1
tx+]}—y+2y=—»_ﬁ__ v
dx x ——— atiEn e D e T
S If the equation is in the form R — + Sy = T, you
dy 2 . 1 e dx

— must begin by dividing throughout by R, in this

Al + J.' = = —
dr 2+17 xx+1) case (x + 1), before finding the integrating factor.

The integrating factor is
o5 |‘h e E.Tlm.t S I R ) "

o e H = {x + 1y

Multiply throughout by (x + 1)?

] =
t:nchll-ZLI—:’+21.1f+11jf='1L e Sole

dx X

g . z 3 + -
[o integrate , Write t—l - %

x+ 1P y= [fl +1]—1.]t1x =x+Inx+C

T

\\\\ You divide throughout by (x + 1) to obtain
the equation in the form y = f(x). This is
required by the wording of the question.

=X ting+C
e (x + 1)

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

Obtain the solution of

dvy s b
- 4 y te =¥ cosx, 0=x<Z,
prio ytanx =eTFcosx, 0=x 7

for which y = 2 at x = 0, giving your answer in the form y = f(x).

Solution:
The integrating factor is /"™ In C4 you learnt that
9 . L
ltanxdx = (SN 4y — _jncosx = In —r- = In secx EEJLH = Inf(x). As —sinx
| COsX CosXx ‘ fix) S
Hence ' is the derivative of cosx,
pltan¥dr = piNSeC¥ = gocy f—_smxiir = Incosx.
COSX

Multiply the differential equation throughout by secx

dy :
secx —— + ysecxtanx = ¢*secxcosx = ¢
dx —

Xcosx =1

- o e ]
4 SeCX COsY = fosT

d | 2
— (ysecx) =e
dx -
: 2x g A
ysecx = [edy ==+ C
ysecr = [ =2
Multiply throughout by cosx

(,?..r '-|
+ | cosx
2 /

=) . o
'- I'he condition y = 2 at x = 0 enables you
e e to evaluate the constant of integration
y=2atx =0 — 3 : .
— and find the particular solution of the
S differential equation for these values.

2=

..+.
B
(@]
(]
I | s
1

y =1 + 3)cosx
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Exercise A, Question 5

Question:

Find the general solution of the differential equation

1
& I B

dx 2
giving your answer in the form y = f{x).

+ 2y cot 2x = sin x,

Solution:

(2 cot 2z dx

The integrating factor is ¢’

[2cot 22 dx = 2“}"2-% In sin 2x
sin 2x
Hence
u_.'.'l.‘)[:\'l.l.i.’ s L,Ilnm x sin 2y

Multiply the differential equation throughout by sin 2x

Using the identity sin 2x = 2sinxcosx.

: dy R e

sin 2x i_ + 2y cos 2x = sinxsin 2x « —
45 f_;___-f

d {ysin2x) = 2sinxcosx &
dx

. 2sin‘x , -
ysin2x = %‘ P — —~

: T
S 1) i I
dsin2x  sinZy

Asf (sin‘x) = 3sin®xcosx, then
j‘:ll] “XCOsX Lh “%- X [t saves time to

find integrals of this type by inspection.
However, you can use the substitution
sinx = s if you find inspection difficult.

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

Solve the differential equation
dy
(1 +x)==——2xy=2x""
dx b
given thaty=1atx = (.

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a_ 6.} 3/10/201:
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dy
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(1+x)-=>—xy=2xe"*
dr ¥ If the equation is in the form R‘% + 8 =T,
% 3 i‘_yx = fi_; @ vou must begin by dividing throughout

Y ¥ 1 f"]'f mLld
The integrating factor is e *

x _1+x-1_,__1

1+x 1+x 1+x

Hence

x =
f] +x-:bc—:c—lntl + %)

and the integrating factor is

E—r +In(l +x) _ E—_r E||'|l1 L o [ E—r {1 3 .'!.'}

h

Multiplving @ throughout by (1 + x)e”

L dy 3

- S LS X e L o
(14 x)e dx xety=uxe
d

i A= - -2
dx{}{l +x)e™) = xe

T,

by R, in this case (1 + x) before finding the
integrating factor.

To integrate an expression in which the
degree of the numerator is greater or equal
to the degree of the denominator, you
must transform the expression into one
with a proper fraction. This can be done
using partial fractions, long division or, as
here, using decomposition.

¥l +xje™ = .ﬁte'hdx .

You integrate x e using integration by parts.

_ *F_E;+f‘?.;‘“‘al_ e 24_1"+{;
IEI-EA' e—lh - l;:ir uy E—:.x—l—n . E—_J.r—: = @a7¥
Y= 21 +xe* 41 +xe” +11 + x)e”*
- 4 Ce'
201 +x) 4(1+x) (1+x)
y=latx=0

= =1 gy =
1 =10 3"'{_.- ‘J‘(.—_{

o REr xe " e

This expression could be put over a
common denominator but, other than

Y= ii+2) 21+x 41+x

© Pearson Education Ltd 2C
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requiring that y is expressed in terms
of x, the question asks for no particular
form and this is an acceptable answer.
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Exercise A, Question 7

Question:

a By using the substitution y = %{u — x), or otherwise, find the general solution of the

ditferential equation
dy
=%+ ?1.'
dx
Given thaty = 2 atx = 0,

b express y in terms of x.
Solution:

ay=iu—3x

Ditferentiate throughout with respect to x.

ldu 1

d.x 2dx 2
dy

di=x+2y

transforms to //!
1du 1

zd.l E=I+H—X=H

du
—1=2
i n

du BESSSS S

=2u+ 10—

/‘2:.* +

—clu— Idx .

%]n{Eu +1)=x+A—m

Init + 1) =2x + Bv—"

In2u+ 1) — 2x+B

A 0 E.'-'.'l

d-/-"—rf’j

Y= i{” —)

S2y=u—x

Pagel of 1

This is a separable equation. You learnt

how to solve separable equations in C4.

Separating the variables.

Twice one arbitrary constant A is
another arbitrary constant, B = 2A.

e to an arbitrary constant is another
arbitrary constant. Here C = e,

This is the general solution of
the original differential equation.

e =« = B-E e
2’f+1=4y+2r+1=L'gl‘
J:trezli_zx_l‘
) i
by=2atx=0
_-f:_l--' = — =, =
2= —538=C-1%C=9
1J=9i—ih_2x_l=
® 4

© Pearson Education Ltd 2C
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This is the particular solution of the original
differential equation for whichy = 2 atx = 0.
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Exercise A, Question 8

Question:

a Find the general solution of the differential equation
f%'— v=t t>0
and hence show that the solution can be written in the form v = tIn t + ¢), where ¢ is an
arbitrary constant.
b This differential equation is used to model the motion of a particle which has speed vms='at
time t seconds. When t = 2 the speed of the particle is 3ms~', Find, to 3 significant figures, the
speed of the particle when [ = 4.

Solution:
dv _ .. _
a Fd? v=1t
Divide throughout by ¢
dv _ v
dt t ! ®

The integrating factor is

| 1
| =dt = Ira
et = g Int =g [ = %

. 1
) L4
NMultipiy @ throughout by t The product rule for differentiating, in this

1dv _ v _ 1

FaE ¢ O e case % (v Xt = t% Xt ' +vx (-1t

d |'L"J T L 1 enables vou to write the differential equation
de t as an exact equation, where one side is the

, 1 exact derivative of a product and the other
= jdt=Int+c ey : e
[ side can be integrated with respect to L.

|

v=t(Int + ¢), as required
bv=3whent=2
3=2(In2+¢)=2In2+2c=c=15-1In2
v=t(nt+15—-1In2)
Whent =4
v=4(ln4+ 1.5 - In2) » 1 Use your calculator to evaluate this expression.
= 8.77

The speed of the particle when t = 4 is 8.77ms ™' (3s.f.).

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

a Use the substitution y = vx to transform the equation

— x>0 @

dx X
into the equation

AV _ 042 @

x
dx

b Solve the differential equation @ to find v in terms of x.
¢ Hence show that
X

Yy = —=2x — : , where ¢ is an
: Inx + ¢

arbitrary constant, is a general solution of differential equation @.

Solution:
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ay=w
dy _ _ dv
= =x e + Ve
. : ‘j}’ dy .
= | - = =— 4 v
Substituting ¥y = wx and - Yax vinto

equation @ in the question

dv _ (4x + vx)(x + wx)

Differentiating vx as a product,

i — E Ji = E '

cix“m dxx+~.dxixl Xty
- d _

as o (x)=1.

This is a separable equation and the first step
in its solution is to separate the variables, by
collecting together the terms in v and dv on
one side of the equation and the terms in x

and dx on the other side of the equation.

: 2. (24077 I
j12+ﬂ dv = i

IE'FV— pr
24+ v)(1 +v
. ;H] ”={4+'.*]H+1*J=4+5v+1*3
dv _ . L 2 :
IE =4 + 4v + v = (2 + v)4, as required.
PR .-
bf 1 ,dv=fldx»-———
(2 + v)* X
= A = .
2+1"‘—lﬂ-x—+_t____
—_
2+v=—7i
Inx + ¢
R |
" 2 Inx+«¢

= ¥
cy=w=v=g

Substituting v = J_X into the answer to part b

i

9 _ 1
2 nx+c"7mmm—

S
[}

Inx +¢

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_rev2 _a_ 9.

as require:l."/

Multiply throughout by x to
obtain the printed answer.
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Exercise A, Question 10

Question:

a Using the substitution t = x?, or otherwise, find
I_‘c‘: e dx.

b Find the general solution of the differential equation
dy
e

dx

T

+ 3y = xe

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a_ 10.
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dt
dx

at=x=

Pudff=

dt

Page2 of 2

fx-‘ e de = fxze""' |x 3‘?)& .

|
|
|
o
+
Nl u.
it B
—

',. C—J‘ D—J .
===+
2 2 ¢
Returning to the original variable
fx{ E—,‘r: {_Lr g - xz EI.J: I {__\'-\': + (-:
2 2

The integrating factor is
("ﬁjm = E_l Inz _ EIru" = yi
Multiply @ throughout by x*

xt S—i + 3ty =23 g

The first part of this question

is integration by substitution

and could have been set on a

4 paper. Its purpose here is to
help you with part b. Realising
this helps you to check your
work. When you come to the
integration in part b, it should
turn out to be the integration you
have already carried out in part a.
If it was not, you would need to
check vour work carefully.

Divide throughout by x.

d% (yxd) =ade™

yxt = f.‘(-" e dx »

o Iz {__,,_1.'. s E—I:

= 3 5 il

o BT e €
VST T T

© Pearson Education Ltd 2C
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This is an exact equation, where
one side is the exact derivative
of a product and the other side is
the expression you have already
integrated in part a.

3/10/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 11

Question:

a Find the general solution of the differential equation
dy : .
cosx as + (SIN X)y = CO5" X,
b Show that, for 0 = x = 27, there are two points on the x-axis through which all the solution
curves for this differential equation pass.
¢ Sketch the graph, 0 = x = 2, of the particular solution for which y = O atx = 0.

Solution:
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a Dividing throughout by cosx .
In C4 you learnt that
dy _ sinx 2, f’
----- =y = COS @ / Fex) . S
dx COSX" . — ftx}'d = Inf(x). As —sinx
sinx —sinx = I is the derivative of cosx,
f:.mx dx = = [-sea=dr = —Incosx = In gz = In secx ‘
— [ 30X 4y = —Incosx.
. : g . so plnsecx " CosXx
Hence the integrating factor is e = SeCX
Multiply @ by secx
g Aslnl =0,
LY e SIAX 2 i e e — _ _ 1
secx o + SECX hok ¥ = CosPxsecx Incosx =In1 = Incosx = In 5=,
dy using the log law Ina — Inb = In a
secx ax + (secxtanx) y = Cosx b

d

dx

ysecx = [cosxd.r =sinx + C

(ysecx) = cosx

Multiplying throughout by cosx

Yy =sinxcosx + Ccosx

In general, for a given value
of x, different values of ¢ give

b Wherecosx =0and0=x =27«

T 3T
23

The points [{;r 0) and (—;F [}) lie on all of the

x:

solution curves of the differential equation.

€ y =sinxcosx + Ccosx
Atx=0,y=0
0=04+C=2C=0

different values of y. However,
if cosa = 0, the ¢ will have no
effect and y will be zero for any
value of c.

¥

s X TSR R
¥ =sinxcosx = E:\m?x
J".Il.

—

© Pearson Education Ltd 2C
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Using the identity sin2x = 2sinx cosx.
sin 2x is a function with period .
So the curve makes two complete

oscillations in the interval 0 = x = 2«
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Exercise A, Question 12

Question:

a Find the general solution of the differential equation

dy 5
i Ty

Giventhaty = latx =0,
b find the exact values of the coordinates of the minimum point of the particular solution curve,

¢ draw a sketch of the particular solution curve.

Solution:
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a The integrating factor is

E‘Irl de _ e.?.r

Page2 of 2

Multiplying the differential equation throughout by e*

2 dy

dx+2rel‘y=xe2f

S

d g a2ny e a2
dx{}re J=xe

Integrate by parts.

ye¥ = fxez"dx /

This is the particular solution of the
differential equation fory = 1 atx = 0.
You are asked to sketch this in part c.

- dy
For a minimum G 0
i

—— zlt.:
> D=5e 1

At the minimum, the differential equation reduces to
2y=x

The differential equation is
dy

dx
dy

+ 2y = x. At the minimum,

0 and so 2y = x. If you did

Hence
y = %I - }r]nﬁ
dy
o
This confirms the point is a minimum.

“% = () for any real x

The coordinates of the minimum are (In5, 1In5] .

Vi

© Pearson Education Ltd 2C
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not see this you could, of course,
substitute x = %ln 5 into the
particular solution and find y.

This would take longer but
would gain full marks.

As x increases, e 2 — 0 and so

¥ 1 Sad o focn

= -2+ P = - =,

R i A I'his means
thaty = % = % is an asymptote of

the curve. This has been drawn on
the graph. It is not essential to do
this, but if you recognise that this
line is an asymptote, it helps you to
draw the correct shape of the curve.
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Exercise A, Question 13

Question:

During an industrial process, the mass of salt, S kg, dissolved in a liquid t minutes after the
process begins is modelled by the differential equation
ds 25 _ 1
dt 120—-t 4’
Given that S = 6 when t = (),

O=1t<120.

a find S in terms of f,

b calculate the maximum mass of salt that the model predicts will be dissolved in the liguid at
any one time during the process.

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a 13.1 3/10/201:
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2 2 1
a f—dr= -2In(120-H=In(120 - 2 =In — =
120 — ¢ — (120 — 17

Hence the integrating factor is T ———__| Usingthelog law

nloga = loga", withn = -2,

- In L 1
oI =1 = 201 =
(120 = t)?
! i 5 B T __]- ) )
Multiply the equation throughout I}F{IED ey ,;?} (5(120 — £)2)
| ds 2 . 1 _ 48 R Y — p=3
L § = ; ===(120-1) S (=120 = 1)
(120 -2 dt (120 —1)*°  4(120 — 1)? dt
e RS S - . S
d | S '):1“2{}_”..3 (120 — 0 dt (120 — 1)°
dt ({ 1206 4 This product enables you to write the
2 , : ) differential equation as a complete
Integrating both sides with respect to f equation.
s 1 [, -2 1 120-07'
— 1Y — [Pk —_ - N AR
T = Ja20 - p2ar= -1 S22 c
S 1 o . } :
- + C» Multiply this equation by (120 — t)-.
(120 = 1) 4(120 — 1) ¢ WRPI TS SHaton DY ¢ }
§=120—t, 120 - 2. Remember to multiply the C by
4 (120 — H2 It is a common error
S=6whent=0 to obtain € instead of C(120 — )2
at this stage.
= - = 2 ]
6=30+Cx 1200 C =~ =—z

g=120-¢t_ (120 -t
4 600

b For a maximum value

ds_ 1, 2(120 - 1) _

a2 0 VY
?l;; = -ﬁ < (0 = maximum

Maximum value is given by

g=120-45_ (120457 75 _75_75_ o3
) 4 600 4 8 ] 8

The maximum mass of salt predicted is ‘.Jﬁ kg.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

A fertilized egg initially contains an embryo of mass my,, together with a mass 100, of nutrient,
all of which is available as food for the embryo. At time t the embryvo has mass m and the mass of
nutrient which has been consumed is 5(m — ;).

a Show that, when three-quarters of the nutrient has been consumed, m = 16m,,.

The rate of increase of the mass of the embryo is a constant w multiplied by the product of the
mass of the embryo and the mass of the remaining nutrient.

b Show that %{? = S um (21my — m).
The egg hatches at time T, when three-quarters of the nutrient has been consumed.

¢ Show that 105 wm,T = In 64.

Solution:
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a Three quarters of the nutrient isf * 100my, = 75my
At time ¢, the nutrient consumed is 5(m — my)
Hence

S(m = mg) = 75my
Sm — Smy = 75my = 5m = 80m,

Page2 of 3

The nutrient remaining is
the nutrient consumed,

S(m — my), subtracted from
the original nutrient 100m,,

80m
m= T = 16my, as required
b Rate of increase of mass = p X mass X nutrient remaining
_\_\_\_\_\_\_\_\_‘_‘_‘_‘—u
%’;’ X m X [100m, — 5(m — my))
fﬁf = pm (100my — Sm + Smy)
= uth (105mg — Sm)
= 5pm (21my — m), as required
c "3;” 5um (21my — m) »

This is a separable equation.

-1
fﬁ'”"dr fm{Zlmn - m}dm .

Separating the variables.

1 _A B

I'Etmfz'lmn -m) m  2lmg—m

To integrate the right hand side of this

Multiplying throughout by m(21mg — m)
1 =A(21my — m) + Bm
Lletm=0

1
1=AX2lmy=A~= 21my,
letm = 21??!._.
_ s — ]
1=8xX2lm,=B 21my

Hence

1
m

St

_ 1 [
21my

2] 1
sumgt = (L +—1
A f [.m 21,

- m)
When t =0, m=m,

21myg — m_) e

O=Inmy—In20m, + C
C=1In20m, - Inmy=In 23:”" In 20
105pmgt = Inm = In(21my — m) + In20 = In

1y — m
From part a, when t =T, m = 16n, \

20 =% 1om,

= In 64, as required

32[1!?1“

In
SmU

105w, T =

2, o) = "

© Pearson Education Ltd 2C
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1

dm=Inm-—1In2lmy; —m) + C

g M

2

equation, vou must break the expression
up into partial fractions using one of the
methods you learnt in C4.

Initially, the mass of

the embryo is my. This
enables you to find
the particular solution
of the differential
equation. The initial
conditions are often
known in scientific
applications of
mathematics.

20m

|

Combining the logarithms at
this stage simplifies the next
stage of the calculation. The
form of the simplification is

Ing—Inb+Inc=In%

b

3/10/201:
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Exercise A, Question 15

Question:

a Show that the substitution y = wx transtorms the differential equation

dy 3x-—4dy

dx ~4x + 3y =
into the differential equation
dv_ _3v+8v—3 @

e 3+ 4
b By solving differential equation @, find the general solution of differential equation @.
¢ Given that y = 7 at x = 1, show that the particular solution of differential equation @ can be
written as

{3y —x) (¥ + 3x) = 200,

Solution:
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Differentiating vx as a product,
i{vx‘,ll E.1c+v£I[J.J-.-Jc'd—“Jrv
dy - dx dx dx

_d _
as A {x)=1.

ays=s
dy
e Tax
: dy dv
Suk py = =x- 4
Substitute y = vx and —= A ra vV into
equation @ in the question
dv 3x — 4 _ X3 —4v)
xa+v_4x+3m x4 + 3v)

Qv _3-dv_. _3-—dv—4v-3 3-8v-—-3#
de 4+ 3v 4 + 3v 4+ 3v
dv _ _3v*+8v -3

e T Sy e D required.

_\_‘_-—‘\_‘_‘_‘_‘_‘_'_‘—\—-__

This is a separable equation and

in part b you solve it by collecting
together the terms in v and dv on
one side of the equation and the
terms in x and dx on the other side.

v+ 4 ,__ by + 8 b= 1
bf1w+8v— @ 3v~3+3v—3d f
lln(3¥ +8r—3)=-Inx + A
& .—____‘____
— |
In(3v+8v—3)=-2Inx+ B
=!n%+inﬂ=ln%

T =

formula you should know. As 6v + 8
is the derivative of 31* + 8v — 3,

ov + 8 =
[5|~+Sv— 3d1

In f(x) is a standard

In(3v2 + 8v — 3).

Hence

x\

32 +8v—3=%
X

An arbitrary constant
B can be written as the
logarithm of another
arbitrary constant In C.

o
cCy=xv=v=%

Substituting into the answer to part b

¥, Y
x? X

_g=L

i=

3+ 8yx — 32 =Co

Multiply each term in
the equation by x°.

y=7atx=1
3IX49+56-3=C=C=200

Factorising the left hand side of the equation
(3y —x) (y + 3x) = 200, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 16

Question:

a Use the substitution v = y~* to transform the differential equation
¥ ®

dy
dx

I.'.

+ 2y = xe”

into the differential equation

du

- 4xn = —2xe ™, @
dx

b Find the general solution of differential equation @.

¢ Hence obtain the solution of differential equation @ for whichy = 1 atx = (.

Solution:
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au=y

Differentiate both sides
implicitly with respect to x.

du 3 dy
B =K W ax b
2Ky 1

Hence

dy _ _Ji du dy
d 2 dx | == the subject of the formula as you

dx
Suhsl::cutmp, in equation @ in the question riger to s bt itte Fop dy in @.
Y du

dx
2 dx
Divide by y*

You transform this equation, making

+ 20y =xe™

Multiply by (—2)

@ S, = e O z
iz dxu 2x ¢, as required
b The integrating factor of @ is
EI drde _ -2
Multiplying @ throughout by e~
e g—; —dyne = 2xeFxXe W= pe ™

d e ) =2y

This integration can be

dx carried out by inspection, As
Ayl -3 3 ) . d Nt S N -3z?
“-,E-.""x =—2f3.'l."udx=l*'.‘\tr +{_: E{L J—_bI'E' Jthfﬂ
com 2 “3! o = 1 430
Multiplying throughout by e* f-‘-‘ e = —ge™,
u=1ie™ +Ce™
S |
Cc Asn=—=
2
lj=]@ = 4 Ce™
i
y=latx=20
l=i+C=C=1 , : —
As no form of the answer has been specified
L} =1y 220, 1 in the question, this is an acceptable
y o3 3 answer for the particular solution of @.

© Pearson Education Ltd 2C
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Exercise A, Question 17

Question:

Given that 6 satishes the differential equation
40, 499 . 590
dr- dt

dé

and that, when t =0, 8 = 3 and
dt

= —6, express #in terms of 1.

Solution:

The auxiliary equation is

e+ 4dm+5=10

m*+4m+ 4= -1
(m+ 22 = -1
m=—-2=xij
The general solution is If the solutions to the auxiliary equation

are e = i, you may quote the result that
the general solution of the differential
t=0,0=3 equation is e (A cos Bt + Bsin Bt).

0=¢e " (Acost + Bsint) »

Using sin0 = 0 and cos0 = 1.

tii?z —2e¢ 2 (Acost + Bsint) + e 2 (—Asint + Beost)
t=0,99-
dt
—-6=-=2A+B
B=2A—-6=0» i AsA =3

The particular solution is
f=3e “cost

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:

Given that 3x sin 2x is a particular integral of the differential equation

where k is a constant,

a calculate the value of k,

Pagel of 2

b find the particular solution of the differential equation for which atx = 0, y = 2, and for

thic : A — ':,IT J = ?!—
which at x Jr,,u >

Solution:
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ay=3xsin2x_»%=3sit12x+ﬁxms?.xh :
dx Use the product rule
d for differentiating.
5 = 6cos2x + 6cos 2x — 12xsin 2x

= 12cos2x — 12xsin 2x

w

oy

Substituting into the differential equation
12 cos 2x — 12%stm2% + 12%5im2% = Kcos2x
Hence
k=12
b The auxiliary equation is

m+4=0

m=*3j

The complementary function is given by : ; o :
If the solutions to the auxiliary equation are
{ m = *ai, you may quote the result that the

complementary function is A cos ax + Bsin ax.

y=Acos2x + Bsin2x»

From a, the general solution is

y = Acos2x + Bsin2x + 3xsin 2x

{ Part a of the question gives you that

o 3xsin 2x is a particular integral of the

x=0y=2 . Loy ] L
$ differential equation and general solution =

| complementary function + particular integral.

2=4
323'==-’I.-:05"'§T+ Bsingq-.'-}xgsing
%T=H+34—W_:~B=—%T= .'.USE‘CUSTET=GHI‘IGS'[I'1~%T=1.

The particular solution is

y = 2c0s2x — "fsin;’x + 3xsin 2x

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a 18.1 3/10/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 19

Question:

Given that @ + bx is a particular integral of the differential equation
dy  dy :
—= — 4= + 4y = 16 + 4x,

clx e :

a find the values of the constants a and b.

Pagel of 2

. : : i R : o 2 dy
b Find the particular solution of this differential equation for which ¥ = 8 and ii.l_x =9 atx =0

Solution:
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dy

=i T =

dx dx?
Substituting into the differential equation

= hand ={)

ay=a+lbx

0—4b+ 4a + 4hx = 16 + 4x
Equating the coefficients of x
4dh=4=h=1

Equating the constant coefficients

Page2 of 2

Use b =1.

—4b + 4q = 16
—-4+4a=16=a=>5»
a=5b=1

b The auxiliary equation is
nt—dm+4 =0
(m=2¢=0
m = 2, repeated

The complementary function is given by

y=e"(A+Bx) »

If the auxiliary equation has a repeated
root a, then the complementary function
is €™ (A + Bx). You can quote this result.

The general solution is

y=eT(A+Bx)+5+x+—'

general solution = complementary
function + particular integral.

y=58zx=0
=A+5=A=3
E=2J.-*3"|[a11+1’3.:r:-+ﬁlc*l"+!
e :
g=9,x=ﬂ

G=2A+B+1=B=8-24=2+V—

Used =23

The particular solution is
y=e¥B+20)+5+x

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

dey dy . SE0

— + 4 =+ 5y =655n2x, x>0
dx- dx *

a lind the general solution of the differential equation.

b Show that for large values of x this general solution may be approximated by a sine function
and find this sine function.

Solution:
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a The auxiliary equation is
m+4m+5 =0
m?+ 4m+ 4 = -1
(m+2)F=-1
m=-—-2=j
The complementary function is given by
y=e"™ (Acosx + Bsinx)
For a particular integral, let y = pcos 2x + gsin 2x

{% = —2psin2x + 2gcos 2x
dy diri
7= —4pcos 2x — 44 sin 2x

Substituting into the differential equation

’_H_‘—R“‘-'—-—_.

Page2 of 2

If the right hand side of the
second order differential equation
is a sine or cosine function, then
vou should try a particular integral
of the form pcos ex + gsin ax,
with an appropriate w. Here @ = 2,

—4pcos2x — 4gsin2x — 8psin 2x + 8qcos2x + Spcos2x + Sgsin2x = 65sin 2x

(=4p + 8q + Sp)cos2x + (—4q — 8p + 5q)sin2x = 655in 2x

Equating the coefficients of cos 2x and sin 2x
cos 2x: -4p+8qg+35p=0=p+85=0
sin 2x:
8p + 644 =0

55q=55uq=1-h_\\[

Substitute ¢ = 1 into @
p+8=0=p=-8§
A particular integral is —8cos 2x + sin 2x
The general solution is
y=e H (Acosx + Bsinx) + sin 2x — 8cos 2x

X

b Asx — o, e — 0 and, hence,

4 —=8p+3g=065=—8Bp+qg==65

The coefficients of cos 2x
and sin 2x can be equated
@ separately. The coefficient
@ of cos 2x on the right hand
@

side of this equation is zero.

Multiply @ by 8 and add the result to @.

VA

Yy —sin2x — 8cos2x »
Let
sin2x — 8cos2x = Rsin(2x — a)
= Rsin 2x cos @ — Rcos 2xsin «
Equating the coefficients of cos 2x and sin 2x
1 =Rcosax ... @
8=Rsina ... ®

R*= 65 = R = /65

0 X

The graph of ¢
against x has this shape.
As x becomes larger ¢ ™
is El:}se to zero, SO

e ™ (Acosx + Bsinx) is
also small,

Add @ squared to ® squared and use
the identity cos® a + sin® a = 1.

R"m‘x-:ﬁz:a tan e = 8 +
Reosee !

| Divide ® by @. |

Hence, for large x, y can be approximated by the sine function v65 sin (2x — a), where

tan a = 8 (a = 8§2.9°)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 21

Question:

a Find the general solution of the differential equation

diy dy
—2 + 22 + 2y = 2e7,
qrz Teqr T T

. B . —— . dy
b Find the particular solution of this differential equation for which y = 1 and

Solution:

a The auxiliary equation is
m+2m+2=0
m+2m+1=-1

(m+ 12 =-1

m=-1=i
The complementary function is

y=¢ "(Acost + Bsint)

—=]att=1{.
dt o

| equation is A ¢” 7", where A is any

Try a particular integraly = ke™' +
]

dy__ - dy _ -
ar - ke gE T ke

Substituting into the differential equation
ke —2ke™"+2ke"=2e",

If the right hand side of the differential

constant, then a possible form of the
particular integral is k " *".

k-2k+2k=2=k=12
A particular integral is 2 ¢ '
The general solution is

y=¢ " (Acost + Bsint) + 2 ¢

by=1t=0 s
l=A+2h==] e—
j‘f = —¢ ' (Acost + Bsint) + e (=Asint + Bcost) — 2 e~
dy B i
A I,t=0
l=-A+B-2=B=3+4=2+——

The particular solution is

y=e"(2sint - cost) + 2™

© Pearson Education Ltd 2C
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Divide throughout by e ™.

7 solution gives you an equation for

Substitute the boundary condition
y =1, t = 0into the general

one arbitrary constant.

!

Use the product rule for differentiating.

AsA=-—1.
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Exercise A, Question 22

Question:

a Find the general solution of the differential equation

dx | Hdy

t + 56 =0
dfe di

b Given thatx = 1 and L{i% = 1 at t = 0, find the particular solution of the ditferential equation,
L
giving vour answer in the form x = f(f).

¢ Sketch the curve with equation x = {(f), 0 = t = =, showing the coordinates, as multiples of
of the points where the curve cuts the t-axis.

Solution:
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a The auxiliary equation is You may use any appropriate method

M 2m 4+ 5=0 to solve the {_]Lliidrat:lt‘,. Completing
the square works efficiently when
the coefficient of m is even.

nm+2m+1=-4
(m+ 172 =—4
m=-=1=72i

The general solution is

x=e¢ "(Acos2t + Bsin2h

1=4 / Use the product rule for differentiation.

=—¢"{Acos2t + Bsin2f) + 2 e (—Asin 2t + Beos2t)

gE =l&

Lt=0

l=—A+2B=2B=A+1=2=8B=1

The particular solution is

x=-e "(cos2t +sin2f) » Both A and B are 1.

¢ The curve crosses the t-axis where

e (cos2t +sin2H =0 » e ' can never be zero.

cos2t +sin2t=0

sin2t = —cos 2t

> . Divide both sides by cos 2t and
tan2t = —1 i
use the identity tan g = 319
o= 37 I cos @
4' 4
=37 7%
8'8
X4 v
The boundary conditions give you that at t = 0,
A x = 1 and the curve has a positive gradient. The
14 * curve must then turn down and cross the axis at
the two points where t = '%Tand %‘;r_r

=|3
~‘F<="

© Pearson Education Ltd 2C
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Exercise A, Question 23

Question:

a Find the general solution of the differential equation

2y _dy )
28 4 2% 43y — 32 4 11
dr? dt

b Find the particular solution of this differential equation for which ¥ = 1 and I‘I = 1 when
L
t=10.

¢ For this particular solution, calculate the value of y when t = 1.

Solution:
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a The auxiliary equation is
2mE+Tm+3=0
(Zm+ 1jim+3)=0

m= —%, -3

Page2 of 2

The complementary function is given by

y=Ae ¥ +Be M

If the auxiliary equation has two real
solutions e and 3, the complementary

For a particular integral, try y = at® + bt + ¢

function is y = A ™ + B e, You can
quote this result.

Substitute into the differential equation

4a + 1dat + 7b + 3at? + 3bt + 3¢ = 32 + 11t
3at + (14a+ 3Dt + 4a+ 7b + 3c= 36 + 11t

If the right hand side of the differential
equation is a polynomial of degree n,
then you can try a particular integral
of the same degree. Here the right
hand side is a quadratic, so you try the

general quadratic at® + bt + ¢.

Equating the coefficients of t*
Ja=3=a=1
Equating the coefficients of t

R

da+3b=11=3b=11—-1d4a=-3=b=-1

Usea=1.

Equating the constant coefficients

Usea=1land b= -1.

da+7b+3c=0=3=-4da-7b=3=c=1

A particular integral is ¢ — t + 1.

L,

1.

Differentiate the general solution

in part a with respect to L.

The general solutionisy =Ae¢ "+ Be " + 2 -t +
by=11t=0
1=A+B+1=A+B=0 @
dy 1 oz -3
e D = 4 + = -
ai Rl 3B ¢ 2 ]
dy _
= lt=l
l=—3A-3B-1=;A+3B=-2 @
A+6B=-4 @\
SB=-4=3B=-3

Multiply @ by 2 and
then subtract @ from &,

Substituting B = —1 into ®

4 _ —i, —
.l“l _,'-1 = n = -‘In — _ﬁ
":r_ 5 jf} +f3_

The particular solution isy = 2 (e — ¢

e

¢ Whent=1,y= :ﬂ;[e'!'—c‘” +1=1.45(3s.f)

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

a Find the value of A for which Axcos 3x is a particular integral of the differential equation
;: + 9y = —125in 3x

b Hence find the general solution of this differential equation.

The particular solution of the differential equation for which ¥ = 1 and :E

=2atx=10,is
Y = glx).

¢ Find g(x).

d Sketch the graphofy = gix), 0 =sx = m.

Solution:
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et z ~ Avcos iy | Use the product rule for differentiation
W = = A (s =& Gy d
i}. Acos3x — 3Axsin3x. | G (xsin 3x) i tx}'sm3x+xdx{sm3x_]
Sx{ = —3Asin 3x — 3Asin 3x — 9Ax cos 3x - =5in3x + Jecos 3

= —6Asin 3x — 9Ax cos 3x

Substituting into the differential equation

—6Asin 3x — 2Aee0s3X + 9Axeos 3T = —12sin3x
Hence

A=2

b The auxiliary equation is
m+9=0=m=-9
m= t3j

The complementary function is given by

¥ =Acos3x + Bsin 3x

The general solution is o ) )
Part a shows that 2x cos 3x is a particular integral
of the differential equation and general solution
= complementary function + particular integral

y =Acos3x + Bsin3x + 2xcos3x

cy=1x=0
1=4
E = —3Asin3x + 3Bcos 3x + 2co0s 3x — 6xsin 3x — Differentiate the general solution
dx in part b with respect to x.
_ 2,x=0
dx:
2=38+2=B=0

The particular solution is
¥y =cos3x + 2xcos3x = (1 + 2x)cos 3x

d Forx = 0, the curve crosses the y-axis at cos3x =0

=1Tj11'5_1r__ .11'11'11_1'
WP g gD

o e M
2 The boundary conditions give you that

atx =0,y =1 and the curve has a
positive gradient. The curve must then
turn down and cross the axis at the
437 :.mr

three points where x = Z, T an
¥ 6' 2
The (1 + 2x) factor in the general
solution means that the size of the
oscillations increases as x increases.

=Y

o]
]

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:
d*y dy =
—t — h—= + 9y =deM 1 =0
dt? dt :

a Show that Kt?e* is a particular integral of the differential equation, where K is a constant to be
found.

b Find the general solution of the differential equation.

Given that a particular solution satisfies

1v
y = 3 and 2 1 when t = 0,
’ dt

¢ find this solution.
Another particular solution which satisfies

: dy ; .
y = 3 and -i‘I' = 1 when t = 0, has equationy = (1 = 3t + 2t¥)eM
: : ) J

d For this particular solution, draw a sketch graph of y against , showing where the graph
crosses the t-axis. Determine also the coordinates of the minimum point on the sketch graph.

Solution:
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a lfy= Kt e

d
& akte + 3K ¥
dt
.IT :
—3 = 2Ke™ + 6Kt e + 6Kt e + 9KE "
2 M o
— g i 2 3t e” cannot be zero,
= 2K e + 12Kt e” + 9Kt¢ e SO YOu can divide
Substituting into the differential equation ,/ throughout by e,
2K e’ + 12KtE" + 9Rr+e) — 12Kte" — 18K e + OKre! = 4 ¥
Hence
2K=4=K=2

2t% ¢ is a particular integral of the differential equation.

b The auxiliary equation is
m*—=6m+9=10
(m—=32=0
m = 3, repeated
The complementary function is given by
y=e"(A+Bh«
The general solution is

y=¢"(A+Bn+ 2 ¥ = (A + Bt + 2%) "

If the auxiliary equation has a repeated
root a, then the complementary function
is e (A + Bt). You can quote this result.

e y=3t=0
3=4
3—{ = (B + 4t) e* + 3(A + Bt + 21%) e
d_y=|JI=g 1 AsA=3.
dt g

1=B+3A=8B=1-34=8=-8
The particular solution is
y=(3—8t+ 22"
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d This particular solution crosses the t-axis where
1 =3+ 28=1-2001-9=0

, 1

b=

i

¥4

. ¥
For a minimum EJT =1

Page3 of 3

e” cannot be zero, so you
can divide throughout by e,

(=3+4n e’ + (1 =3t+293e" =0 »

-3+ 4t+3-9t+6F=0

682 —5t=1t(6t—5=0=>1t=0,2
From the digram t = fgives the minimum

At =2

(5]

y = Ill — 3R r-% + 2 ¥ f%}‘.]t-_‘ix--= —& e
The coordinates of the minumum point are
5 1

|:;r _ﬁ{-';]-

© Pearson Education Ltd 2C
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t= é and t = 1. You do not have
to consider the second derivative
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Exercise A, Question 26

Question:

a Find the general solution of the differential equation

3§f£+qﬁ.ifr+_?_x=3E+cj

dt? T dt
b Find the particular solution of this differential equation for which x = 3 and %:f = -1 when
t=0.

The particular solution in part b is used to model the motion of the particle P on the x-axis.
At time t seconds (t = 0), £ is x metres from the origin O.

¢ Show that the minimum distance between O and Pis 5(5 + In 2)m and justify that the
distance is a minimum.

Solution:

a The auxiliary equation is

2mE+Sm+2=0

2m+1)(m+2)=0
m=-1 -2 ___ If the auxiliary equation has
“ e S CEN two real solutions « and S,
The complementary function is given by - —— the complementary function

- isx =Ae™+ BeP. Youcan
quote this result.

_I —
x=Ae 4+ Be Y —

For a particular integral, tryx = pt + g

dx dZx If the right hand side of

—=p=-5=0 the differential equation is
dt dt ; :
a polynomial of degree n,
Substituting into the differential equation then you can try a particular
integral of the same degree.
0+5p+2pt+2g=2t+9 Here the right hand side is

linear, so you try the general

Equating the coefficients of ¢ . .
HdlE linear function pt + q.

2p=2=p=1
Equating the constant coefficients
9 - 5p
Sp+2g=9=¢q= _Z_I =2
A particular integral is t + 2
The general solution is

x=Ae#+Bed+t+2
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bx=31t=0
3=A+B+2=A+B=1 ®
d_'t = -1 ‘.._[; - 2t 4 » S
ar sAe 2B e 1
de _ 4 4=
5=k =0
-1=-3A-2B+1=3A+2B=2 @

A+4B=4
3B=3=B=1
Substituting B = 1 into @
A+l=1=A4=0
The particular solution is

x=e%4t+2

¢ For a minimum

S

Page2 of 2

Differentiating the general
solution in part a.

Multiplying @ by 2 and
subtracting @ from ®.

dt
et =1 You take logarithms of both sides of
. this equation and use "™ = f(x).
~2t=hng=-nZ._
__\_‘_\_‘_‘R_\_\_‘_‘—~—._
t=3In2 Inj=In1-In2=-In2,asln1=0.
2
[dlrf = 4 ¢ 2> 0, for any real ¢
Hence the stationary value is a minimum value
. =1 =In2: _ winl=In2 _iang _ 1
Whent=3In2 B - B I B
x=e"+lIn2+2=1+3In2+2=3+7In2
The minimum distance is % (5 + In2) m, as required.
© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

Given that x = At e ' satisfies the differential equation

G, gl
dt? cli

a find the value of A.

Pagel of 2

b Hence find the solution of the differential equation for whichx = 1 and dr _ g att =0,

¢ Use your solution to prove that for t =0, x = 1.

Solution:
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alfx=Ae™

0% _sAte™t — AR e
dt

=2Ae"" - 2Ate™ - 24Ate7" + AP e

=2Ae  —4Ate™ + AR e

Substituting into the ditferential equation

Page2 of 2

¢~ cannot be zero, so you
can divide throughout by ¢ ",

24 €7 — 4AbET + AReT + 4Are - IAfeT + Atel = ¢

Hence

ZA=1=A=

Pd] =

b The auxiliary equation is

m+2m+1=(m+12=0

m = —1, repeated

The complementary function is given by

x=e¢"(A+B »
The general solution is

x=e A+ B+ it2e " = (A + Bt + Lthe™!

x=1t=0 T Tl
1=A4A
%=:B+r}e"’—[f-1+Br+:ir-’ae"

E: =

a=0f=0

0=B—-A=B=4=1
The particular solution is

x=(1+t+1t)e™

dx _ i 1p2)g-t
cG=(+ne (1+1t+3t)e

=12 e < (), for all real t.

When t = 0, x = 1 and x has a negative gradient
for all positive t, x is a decreasing function »—

of t. Hence, for t = 0, x = 1, as required.

© Pearson Education Ltd 2C

file://IC:\Users\Buba\kaz\ouba\fp2_rev2 a 27.|

If the auxiliary equation has

a repeated root a, then the
complementary function is

e™ (A + Bt). You can quote this result.

From parta, 3t° e 'is a
particular integral of the
differential equation.

xXa

~_

=

The graph of x against f, shows
the curve crossing the x-axis at
x = 1 and then decreasing. For
all positive t, x is less than 1.
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Exercise A, Question 28

Question:

Given that y = kx is a particular solution of the differential equation
d’y .
—= + ¥y = 3x,
des '

a find the value of the constant k.

b Find the most general solution of this differential equation for whichy = O atx = 0.

¢ Prove that all curves given by this solution pass through the point (#, 37) and that they all

m

have equal gradients when x = 5

d Find the particular solution of the differential equation for whichy =0atx =0 and atx = g

¢ Show that a minimum value of the solution in part d is
/ [ 2 A Fa w
3 arccos (2] - 3(w2 — 4)
\qT 2
Solution:
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o )
Substituting into d:v_c}; +y=3x

0+ kx =3x
k=23
b The auxiliary equation is

m+1=0=m= =i

The complementary function is given by
y = Asinx + Bcosx

and the general solution is
y = Asinx + Bcosx + 3x

g () =) In part b, only one condition is given,
: ' so only one of the arbitrary constants
0=B+0=B=0 can be found. The solution is a family
The most general solution is of functions, some of which are
e i ——— | illustrated in the diagram below.
y=Asinx + 3x — a8

c Atx=nw
y=Asinw+ 37 =37
This is independent of the value of A.
Hence, all curves given by the solution in
part a pass through (m, 3m).

dy _

— = Acosx + 3

Aty =1

At x 7
Y o AcosT+3=3
e ACosSz+ 3=

This is independent of the value of A.
Hence, all curves given by the solution in As is illustrated by this diagram, the family of

e - _ @ | curves y = Asinx + 3x all go through (0, 0)
parta have:ad cqual gradient of 3 at.x 2" | and (@, 37). The tangent to the curves at

=T

X = 5 are all parallel to each other.

dy=)x=

ST
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Substituting into y = Asinx + 3x

3Inm 3w 3
0=AsinT+2T = +2T_, A =_27
2 2 B 7} 2
The particular solution is
: 37 .,
=3x —==sinx
2
e For a minimum
dy _, 3=«
=cosx =10
de 2
C0S X = 2 = X = arccos (EJ
o™ m!
d__ = j_ﬂ-q“nx .
dyz 2 H““‘“-nu__‘ Ccosx == has an infinite number of
_\_\_\_\—__\_\_-‘——_h
=S .
. — sol tln.lhl.h)\-‘vh hat the solution
In the interval 0 = x < T, SAIOTIS, TOIS S0Ws. | S SR
2 in the first quadrant gives a minimum
2y as sinx is positive in that quadrant.
—= > = minimum
dx?
) y
sinfx=1-coslx=1-2 =m"—4
?Tz wme
m
In theinterval 0 =x = 5
f 2 15 -
sinx = +| T 24]'—”1- 4
1 o | w
2\ _3n, Vwl—4
= 2T ¥T_— 2
y %arcco*;{ | 5 -

3 ar(:cus{%r} - %x":ﬂ-2 — 4, as required.

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

a Show that the transformation y = xv transforms the equation

d’y dy
X2 —= — 262 + (2 + )y = 8
dx” dx Y= ©
into the equation
d-v
+ 9v =32,
da? @

b Solve the differential equation @ to find v as a function of x.

¢ Hence state the general solution of the differential equation @).

Solution:
a y=xv Use the product rule for differentiation
dy il e =] %[m] = %Lx} Xv+xX % =1Xv+ ‘c[‘l—‘
dx ' dx LY X LY
d _dv, dv, .d¥ dv div
- = +trxr—=2—+x—
dx  dx  dx dx” dx dx-
R I Py
Substituting for EL?E and ;in into @
x-’-{xiﬂﬁ Zir] - Zx\v +xd—‘| + (2 4 9x2)vx = x°
- dxs dx |

= x*, as required
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b The auxiliary equation is

m+9=0=m*=-9

m= *3i
The complementary function is given by

v=Acos3x + Bsin 3x

dv _

dx

Substituting into @

2px + q, % = 2p

2p + 9px? + 9qx + 9r = x?

Equating coefficients of x?
_ _ 1
=1=p=3

Equating coefficients of x
9=0=q=0

Equating constant coefficients

l-'—""'—'d__'-
2p+9r=0=9r=-2p= -

Page2 of 2

For a particular integral, try v = px? + gx + r

If the right hand side of the differential
equation is a polynomial of degree n,
then you can try a particular integral
of the same degree. Here the right

hand side is a quadratic 2%, so you try a
general quadratic px® + gx + 1.

|
g AsSp = 3.
2 L 2
SR )
. Tan seilmms 2
A particular integral is gx° — & "
A general solution of () is y=v=v=sx
v=Acos3x + Bsin3x + ja% — %
e : The question does not ask for a particular
C Y = Acos3x + Bsin3x + ;x? - R'ET . form of the answer in part ¢, so this would
) o ; 5 be an acceptable answer.
¥y =Axcos3x + Bxsin3x + gx* — =x
© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

Given thatx = Il, x>0, =0, and that v is a function of x,

. dy dy
a find o in terms of == and ¢.
dx dt

2 2

v dy
Y Y
t zdr’

dy
Assuming that — T2 4t

b show that the substitution x = t-, transforms the differential equation

dy 1 )dv 5 i
=4 |6x — = |25 — 16xYy = 4x?e™
dx? l: T ¥ dx B e 0
into the differential equation
dy _dy ;
— 4 3= — = pi
az " g VT

¢ Hence find the general solution of @) giving ¥ in terms of x.

Pagel of 2

Solution:
a x=f= d 2.r =
dt 1
i :
ﬁ__l_zzr.' _'_'__,__—o—'—'_" Lk’Ld—.l- E
T T it
| p— ey 1
2¢2°
dy _dy  dt _ dy dy
X 211 =22 )
dr  df Cdv dl d W sing

the chain rule.

You obtain an expression for

da

b Hul:-ﬁtitutingx = t-, the result of part a and the

2t

== 1P — 2

t:

dly dy
give d. ar + Zd into ) | | . |
i |'m- - l]zr: =6t ¥ 22 —
-Hd Y g d.‘-‘.’ + {h; 1 12: - — 16ty = 4te™ l =
dr? £ dt >
dy = 2
4o+ zﬁry— Lt—- - ?{[Z- 16ty = 4te”
“f.j__-_"_’ + 12;_"__!:'{' — 16ty = 4te? ———— Divide throughout by 41.
de dt ki
@y , .y 2
T + jm 4y = e, as required
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¢ The auxiliary equation is
m+3m—4=m-1m+4) =0
m=1, -4

The complementary function is

y=Ae' + Be™*
If the right hand side of the equation

For a particular integral trv, vy = ke 0« — )
; 8 7, is e*, you can try ke* as a particular

dy = 2k et d_z_}' — 4k e integral. Tl_ais will work unless a is a
dt L de solution of the auxiliary equation.
e d? dy o
Substituting into a2 + 3Hf —4y=e
e + Gk ol — 4he?T = ol | As e*' cannot be Zero, you can divide
throughout by e,
6k=1=k=¢

A particular integral is ! e*
3}

The general solution of the differential equation
inyandtis

— - 1,2
y=Ae + Be* + ¥
x=t=t=x?
The general solution of Q) is
= A oF —4x? 4 1.2
y=Ae +Be™™ + ze”

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

A scientist is modelling the amount of a chemical in the human bloodstream. The amount x of
the chemical, measured in mgl~', at time f hours satisfies the differential equation

tt,ln |dx

=x2-3x* x>0,
L“." dt |

a Show that the substitution y = 1 transforms this differential equation into
x

diy
P L
dez ¢ @

b Find the general solution of differential equation Q).

Given that at timef=0,x = laml L:'} 0,

¢ find an expression for x in terms of {,

d write down the maximum value of x as { varies.

Solution:
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a y=x"2
Differentiating implicitly with respect to

dy _ __.,d.r/
=2

dt

Differentiating again implicitly with respect to .
_d%x

1

dy  dy _ dx
e o e

L o

&y _de)?

@G =g @
Dividing the differential equation given in the
question by —x*, it becomes

-3 % afdxeVe _
—2x {HFJFGI*[HE. =—x*+3

Using equation @ andy = x~*

Yy ,
= 4
g Yt
2
37:; + y = 3, as required

b The auxiliary equation is
m +1=0=m= =i
The complementary function is given by
¥y = Acost + Bsint

7T

dr?

replaced by

Page2 of 3

This expression is closely related

to the left hand side of the original
differential equation in the question.
This suggests to you that if you
divide the original equation by —x*,
then the left hand side can just be

de .
de?

2

{_I..}!

As

By inspection, a particular integral of @ is 3 »
The general solution of @) is
y=Acost+ Bsinft+ 3

¢ The general solution of the differential equation
inxandtis

%=.-‘lmst+ Bsint+3 @

Whem‘={},x=%
4d=A+3=A=1

Differentiating @ implicitly with respect to t

de

working.

(3) = 0, y = 3 satisfies

+ ¥ = 3, by inspection and

you need not write down any

2 dx ; :
T S0
Tl Asint + Beost
Whent=0x= %and ddx_r ={)

0=8

file://IC:\Users\Buba\kaz\ouba\fp2_rev2 a 31.|

Use the chain rule

d d dx
dt dx dt

=l == (x ) X O

3/10/201:



Heinemann Solutionbank: Further Pure 2

The particular solution is

iz =cost+ 3

Asx=>0,1t=0

1

x-'fms t+ 3)

d The maximum value of x is

© Pearson Education Ltd 2C

Page3 of 3

As x and t are both positive, the negative
square root need not be considered.

The maximum value of this fraction is when
the denominator has its least value, The
smallest possible value of costis —1. 5o you
can write down the maximum value without
using calculus.
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Exercise A, Question 32

Question:

Given that x = Int, t > 0, and that v is a function of x,
ooy, dy
a hnd == in terms of = and ¢,
dx dt
2y dy
Lok, e i
de? o dt

d2y
b show that —
T dx
¢ Show that the substitution x = Inf transforms the differential equation
diy

ce?
into the differential equation

dy .
(1 - {w-‘}tﬂ + 10y e = 5¢* sin 2¢* D)

d*y dy
— 4+ H— +

= S c¢in ?
ar? ar 10y = 5sin 2t @

d Hence find the general solution of @), giving your answer in the form y = f(x).

Solution:
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. de _ 1 dt _ a1

a x = Inrva[-—? -*-E—f- | dx %

dy _dy | dr _dy

ar T ar X ar

:JE-}' = ;3_-": It is a common error to proceed from {T:: - iE:J:

d-_'y' dy d-}'
" fi =_( y] _ar ﬂd_EJ | to o2 dr + ra . This is incorrect because the
de? dxide/  de o deide left hand side has been differentiated with

respect to x and the right hand side with respect
”(E to t. The version of the chain rule given here
¢ must be used.

1)

dt  dP
,d% dy 2
=fe_= L f_ i &
t T l‘d[, as required
dy _  dy
¢ Substituting x = Int, b and
dy _ :
dx? dt | elnt = " = 2 using the log rule
& d d | | | nlna = Inaq" and e = f(f),
| _}’ = _,}’ 2= 2eain

t* aee Thar (1= 6ht g + 10yt = St=sin 2t

[ : e |
2 “J’ : 3 242 e | After cancelling, divide
t /{IZ XJZ+ 662 g + 10yt% = 5t%sin 2t +———— throughout by t2.

d’y
de? d

= 5sin 2¢, as required
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d The auxiliary equation of (1) is
m* + 6m+ 10 =0
e+ 6m+9=-1
(m+ 3)* = -1
m+ 3= =i
m=-=3=xi

The complementary function is given by

y=e ¥ (Acost + Bsint)

; : s e If the right hand side of the
For a particular integral try y = psin 2t + gcos 2t ot madee difterential

dy _ 2pcos 2t — 2qsin 2t k\ equation is a ksinnt or kcosnt

dt function, then you should try a
2y particular integral of the form
d_tvz = —4psin 2t — 4qcos 2t peosnt + gsinnt.

Substituting into (@)

—4psin 2t — 4gcos2t + 12pcos2t — 12gsin 2t + 10psin 2t + 10gcos 2t = Ssin 2t
(—4p — 12 + 10p)sin 2t + (—4qg + 12p + 10g)cos 2t = 5sin 2t

(6p — 12g)sin 2t + (12p + 64)cos 2t = Ssin 2t

Equating the coefficients of sin 2t

6p —12g =35 @ You can solve the simultaneous
12p + 6g =0 @ equations by any appropriate method.

From@ p= —1r—.‘_,qr = —%q

Substitute into @

-3g-12q=-15g=5=q = —%

i PR B s ey ey |
Hence p=—-sq=—sX—z=2
The general solution of () is

y=¢e M (Acost + Bsint) + Lsin 2t — %cﬂszr

E.
x=Int=t=e*
The general solution of (@) is

y= e % (A cos(e*) + Bsin(e*)) + -r-lj-sinllZ et) — _%L‘DS[ZE"’}

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 33

Question:

Given that x is so small that terms in x* and higher powers of x may be neglected, show that

11sinx — 6¢cosx + 5= A + Bx + Cx?,

stating the values of the constants A, B and C.

Solution:
i %= e
acosx=1- 51 + 0 ’ —_—
=1- ";_ neglecting terms in x* and higher powers
SN ¥ % BT e
'_'IH'I:.T—J._? ?_ —

= x, neglecting terms in x* and higher powers

— proof, unless the question

The series of cosx and
— sinx are both given in
the formulae book and
may be quoted without

specifically asks for a proof.

l1sinx — 6cosx + 5 =11x - 6{ 1 - ';:l +.5

—_—

=llx—-6+3x2+5

You substitute the abbreviated series
into the expression and collect
together terms.

-1+ 11x + 322

A=-1,B=11,C=3

© Pearson Education Ltd 2C
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Exercise A, Question 34

Question:

Show that forx > 1,

Pagel of 1

ematics

—T1yn=1
+ —[ 1,} +
nx-"

You collect together the three terms of the
left hand side (LHS) of the expression into
a single logarithm using all three log rules;

logx + log y = logxy
: pih o T e |
logx — logy = h}H._?_.:"

and nlogx = logx”.

2 _ _ 1 1
Infx*—x+ 1)+ Inx + 1) — 3Inx e T T
Solution:
alHS=Inx*-x+ 1) +Inx+1)-3Inx
=In[x?—x+ 1}x + 1)] — Inx®
ol PP i\ I 1
=In[2 ) =1+ L)o—
\ x| \ x*
_RE“H-H_%
—— 1
—— {x__

—x+lix+l)=x+xt-x—-x+x+1
=x*+1

Suhﬁtituting% for x and n for rin the series

; — 13t 1 ger . z ; f .
n(d+x)=x-4+%4 41 ) TR e This series is given in the formulae
23 r booklet. 1t is valid for =1 <x = 1
1y and, if x > 1, then 0<l<iso
v ] 1 ( ) ; s s xd
Ly = <~ —— + ..., @8 required o ) ; .
x 2 nx the series is valid for this question.

© Pearson Education Ltd 2C
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(=1t =(=1)""LIf nis odd,
both sides are 1. If i is even,
both sides are —1.
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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 35

Question:

Given that x is so small that terms in x* and higher powers of x may be neglected, find the values

of the constants A, B, C and D for which

e ¥ eosSx=A + Bx + Cx2 + Dx3,

Solution:
Substituting —Zx for x in the formula
- —2ye | =2y )
& 6% ] 42K 4! 31 + 37 ) Hoam e=1+x+2 3 'i[ + ... and ignoring
4 terms in x* and higher powers.
= | _2.1'+2..'C_}_§I'1+
= (5x)° ‘ : ituting i =1 -2
cosSx=1- i Fones® Substituting 5x for x in the formula cosx = 1 — % + .
' and ignoring terms in x* and higher powers.
2 25,
=1 - TI s
2 = | 9 ' 1/ 2 2 | . iy
e*cosSx=|1—2x + 2x* — %x +a || 1= “?sx- + i | When multiplying out the

brackets, you discard terms

in x* and higher powers. For

2 3

_5

1 - h+(— +2lx fizs—%uu

| —

x4+ L.

4
e
|

=1-2x—- %X

2

=]

A=LB=-2, =~

[d
to| i
[
Mt
Il

w|

© Pearson Education Ltd 2C
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25‘ 2 . e - 4 — 1
1= Soa = 20+ 250% + 20% — qai + . example, multiplying

1us.t ignore his term.

2x% by

x? gives —25x* and you
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Exercise A, Question 36

Question:

a Find the first four terms of the expansion, in ascending powers of x, of
(2x +3)7", |x| <3

b Hence, or otherwise, find the first four non-zero terms of the expansion, in ascending powers
of x, of

Part a is a binomial series
2x I with a rational index. This is
5] | in the C3 specification. The
| FP2 specification prerequisites
[ - ET:L f—”'[—?:}{ Zj.r] L ED(=2)(=3) [%ﬂll‘ + | | states ‘A knowledge of

1
= + e
3 2.1 I 7 ! | the specifications for C1,
1 5 4 8 . C2, C3, C4 and FP1, their
= i[ L =g aat= ﬁ‘“l i prerequisites, preambles
o ’ ' and associated formulae is
S S 4 .2 8 .3 - assumed and may be tested.’
=3 9% L 7% 817 e - In part b, this series is
ff”“’ combined with a series in the
sin 9 et FP2 specification.
i+“,§- =sin2x(3 + 2x)° ! +
" (2x)* f1_2,, 4. 8
=20 ———+ ..l Sx+=xt—=x*+ ...
2= 3= 5%+ 57 ~gr* |
- (25— - ]tl B gr . —H-x“ e :I When multiplying out the
3 3 9 27 81 brackets, you discard terms
in x* and higher powers.
=2y 4424 83 1644 4,34 8.0, For example, multiplving.,
3 B 27 81 9 27 4 4 16
- 2x* by ——x? gives — 210 !
- zx o %1‘3 + 8 . |'l.'{ +{ lfl'lx_; 3 27 81°
3 9 \27 9 \ 27 81/ and you ignore this term.
% g A o By
=&x — 2x? — x4 2xt +
i e
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Question:

a By using the power series expansion for cos x and the power series expansion for In(1 + x),
find the series expansion for In(cos x) in ascending powers of x up to and including the term
in x*,

b Hence, or otherwise, obtain the first two non-zero terms in the series expansion for In(sec x) in
ascending powers of x.

Solution:
a cosx =1 —£+'ﬁ—
B 2l 4l
-t+(-5+5) @ ,
U i { z .
e —— The expression — ‘;—1 + E; is used to

3 et o = . rin Al A 3
neglecting terms above x replace the x in the standard series

for In(1 + x).

In(1 +x) =x — % + ...

2

Using the expansion (@)

. g £
In(cosx) = In{ 1+ [-% + £
n{cosx) nl:l |I 5 24.] 1 =
i 1f x=, %3\* G O v x*®
_ [t 28N 1) xR 2PY ~Fl ) e
_[_§+_4 ?( 2+ﬂ||n__+___ 2 2 24 8 48 1152
& g y | but, as the expansion is only required
= —J-.;— + ;'4 - ; + i up to the term in x*, you only need
o the first of the three terms.
. x* xt
2 12
Ty U O o ;
= —Jricosx —— log| I‘r: | = loga — log b and the fact
Using the result to part a thatIn1 = 0.
i 2 i .2 4
lifseeR) == = - )= 4L 4,
(sec x) | 7 13 | =5%3
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Exercise A, Question 38

Question:

a Find the Taylor expansion of cos 2x in ascending powers of (x — “?;“ up to and including the
s

z)

b Use your answer to part a to obtain an estimate of cos 2, giving your answer to 6 decimal

places.

termin (x —

Solution:
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a Let f(x) = cos 2x f{?, =cos;—r=0
f'ix) = —2sin2x f[lf) =2 5in§= =2
f(x) = —4cos 2x f”[%r] = —4 cnsg =
f'(x) = 8sin 2x rh"] = Bsin;— 8

f¥)x) = 16cos 2x

Page2 of 2

Taylor's and Maclaurin’s series
need repeated differentiation
and substitution. You need to
display these in a systematic
form, both to help vou
substitute correctly and to show
your working clearly so that the
examiner can award you marks.

f™({x) and f¥%x) are symbols

[

which can be used for the

Vi{p) = —2%¢i T = — 3T =
) 52sin 2% f { 4 } 32sin 2 32 fourth and fifth derivatives of
fix) respectively.
— 2 — 3 — | — b
fx) = f(a) + (x — a)f'(a) + ( 2!‘” ) + & 3]‘” £ (a) + %f‘“"m; i 51[” fi¥)a) + ...
. m_); form of Taylor's series
: . x—2] &= for this question. It is
_ T : l: 4 }' L -4 9
cos2x = [I_I] X(=2)+ 6 X8 +W>{{_32} ot given in the formula
\ booklet.
— S QS U O
=-2s—g) +3lr—g) ~mslr—g) -
All of the even derivatives are
b letx =1, thenx — :1"—’: 0.2146 ... 7ero at x = g

Substituting into the result of part a

cos2 = —2(0.2146..) + 3(0.2146..0 — 2 (02146 ..)° + ...

3 15
= —0.416147 (6 d.p.)

Work out x — gon your

calculator and then
use the ANS button to
complete the calculation.

This is a very accurate estimate and
is correct to 6 decimal places.
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Exercise A, Question 39

Question:
a Find the Taylor expansion of In{sin x} in ascending powers of ['.r = f—:) up to and including the
g i | == _7_]-"‘
term in (x 6} :
b Use your answer to part a to obtain an estimate of In(sin 0.5), giving your answer to 6 decimal
places.
Solution:
= In(si —Inl=-
a Let f(x) = In(sinx) ffﬁj n3 In2
) = £93X _ M = cotT =3
f'(x) e cotx fLﬁJ cot V3 T : _
COsec g —1f = T = 2
1 TR " i A - sin-—- 2
f'(x) = —cosec’x f[_ﬁ.] 4 — 6 9
f'(x) = 2cosec’xcotx " WJ =2xX22x V3 =873
\ Using the chain rule,
\-\\ -'Fi--lr—L'O‘_-'.UL‘zI} = =2 L'{)St"ﬂ.‘c-s-i--ECUSCCI]
dx dx

=2 cosecx X —cosecxcolx

o s i
flx) = fla) + (x — f'(a) + %[ (a) + wf”’l 1)+ .

This is the appropriate form of Taylor's
series for this question. It is given in the
formula booklet.

Substituting f(x) = In(sinx) and a = Eﬂ-
R (g — T4 Ly - T : (x — T3 +
In(sinx) = =In2 + (x 6)><x.§+2(tx 3 X~ 5] X 83

= = _ emfae T2 4y
= 1112+»i[1 2lx ﬁ] +

6) \

4
t and then use the ANS button to

b Letx = 0.5, thenx — F = —0.0235987 ...
complete the calculation.

m
Work out x — — on your calculator

Substituting into the result of part a

In(sin0.5) = —=In 2 + v3(—0.023598 ...) — 2(—-0.023598 ...)* + 'hT;[ —0,023598 ...)% +

= —0.735166 (6 d.p.)
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Exercise A, Question 40

Question:

Given thaty = tan x,
. dy dy diy

a hnd —, — anc s
dx’ da? dx

b Find the Taylor series expansion of tan x in ascending powers of (x — 1) upto and including

the term in (x — &) :.
(*—7)
¢ Hence show that
3w LA, T s
A7) == == 4 4
an 7o =1+ 16 * 200 T 3000
Solution:
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ay=tlanx .. Using the chain rule for

d | differentiation.
E‘y = seC’x l
dZ
L—{ = 25@cx£{ﬁucx} = 2secx ¥ secxtanx

= 2secxtanx

Using the product rule for
d’y d d d i dv
— = tanx-—(2sectx) + 2secx —(tanx i iation % (uv) = 44 4, GV
e o (2secx) dx{ nx) «—— differentiation dx“"':' Ve T e
. = 2 o
= 4sec?xtan’x + 2sectx with u = 2sec?x and v = tanx.

b lLety = f(x) = tanx
Yy W
I{I] = tan 1 =1
Using the results in part a

{ J = sec2 X T = (V22 =2

Wine) = 9 capld T - 72 s - — 17 =
"(x) 2:,u4tan4 2 W2)Ex1=4 SI:‘L4 V2 a ndla:4 1

of WY e Aman w2 T T 4 T
f [:}-] = 4 5e¢ &-tan :1~+2.sec 3

=4(V2P X 12+ 2(/2)*=8+8=16

This is the first four
x = } "a) + [x; )’ f"(a) + T terms of Taylor’s
series.

flx) = fla) + (x — a)f'(a) +

Substituting f(x) = tanxandx =T «— )
4 - ————— | Youare expanding

T 1 w2 1 — tan x about the
X2 +5(x—F) X4+g(x—F) X16+...

l;mx=1+[x—1 5

point x = "f, using

Taylor's series.

:1+2{x—"1"']+2["r—’1"]"+

) _E=3_?T_
then x 1

37
10'

i 8

20

c letx=

TN

Substituting into the result in part b

T By a3
255) *3l39) *

ol g Mg 0 AP
~1+96 * 300 T 3000

tan = -I+2|[ ----- )

as required

© Pearson Education Ltd 2C
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Exercise A, Question 41
Question:

d?y _dy

{] _Il-a{i‘[‘—j xiﬁ

+2y=20

']

d
Atx=0,y=2and Y = -1.
¥ dx

2 . d.i ]
a Find the value of ——'-}; atx = 0.
da

b Express v as a series in ascending powers of x, up to and including the term in x*.

Solution:
L ddy  dy | 1163 -
a (1-3¥—>S-x—+2y=0 @ Using the product rule for
dx= v differentiation
Differentiate @) throughout with respect to x______ imw = r@ + ”E itk
e dx dx dx
d2y Ldy dy dy | dy : dy
N, T AR O o (| S A n=1-x*andv=—_-5,
da? 1 Jtlx-{ dx dx? dx @ dx?
o | , d (1 - 4292
Substitutingx = 0, y = 2 and :T‘:]; = —1linto @ ﬁ'.“ c jE_
) 7
d'LJ" =E-l‘__'}"i ] — x2 +"f_-‘-—',ildi
0+ 3 +1-0-2=0 rdr ) =%) %\ a2
dy .y X —2x + ) &Y
L o= — = T s ]. e x‘] T
Aatx=0, =1 a2 ( o’

b Lety = f(x)
From the data in the question

f0) =2, f(0) = -1
Atx = 0, @ above becomes
Oy +2%x2=0=f(0) =—4

And the result to part a becomes The formiila for Maclaurin’s series is
f(0) = 1 _| given in the formulae booklet. For
| this question, you need the terms up
! _ 2 . Fi : R FSHE G Bt
Hl] = “[}]‘ + xf'(0) +-£’! I.'M{D' +§1 HOY + .. to and ”H.ludlng the term in x*.
- x!

=2 X (D + XX+ %1+ ...
¥ { ) 3 (—4) 3
=2 -x-22+4 Lad 4.

6

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a 41.| 3/10/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 42

Question:

ly .
{1+ 2x) o' =x + 4y°.
dx

a Show that
d’y dy

=1+2(4y—1)= ®

(1+ 2Zx) —

dx? dx

b Differentiate equation (1) with respect to x to obtain an equation involving
dly d°y dy
dx?’ dx®' dx’

Given that y = _—i_ulﬂ: = (),

x and y.

Pagel of 2

¢ find a series solution for y, in ascending powers of x, up to and including the term in x°.

Solution:
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a (1+ 23:]19‘—}r =x+4y* * You need to differentiate 4y*
dx ¥ implicitly with respect to x.

Differentiate * throughout with respect to x %H}fz} = _?— % %[ 2) = 8_}'
dy vy _ dy
ZEE+:1+2;L; 1+3yd1:

d? d 1 =
(1+ 2.1:} "“}' =1+ 8y L: = 2:"1‘;’ When using the product rule for
differentiation
=1+ 2(4y - I}i: (@ as required. a'[m} = vg—: + ng—; with

dy
=24y —1ljandv=—,
b Differentiate @ throughout with respect to x Wy =1 do

ZdEﬂ* + 01+ Ex}i:f _ [d:.' + 2(4y - “ﬁ}j . ® 2(4y — 1) must be differentiated

dx? implicitly with respect to x. So
d . ay
c Lety = f(x) ﬁ[ZH ”dx)
From the data in the question P 4 i i
y ., dy ’ .}')
+ — L B
[{[}}:% Ed.x dx Ay -1 dx(dx
= dy) d?y
Atx=0,y= 1 * becomes _H(E + 24y - ”dx’

L_;J

mm=4x%f:

1 dy

Atx =0,y ==, == =1, () becomes
At x ¥E g @ become

] o] .
ff{};s=i+2,[l4><§—1_]><t=3

.-’1|.tx={},y—l g—l, dY

> dx d.'r-- 3, @ becomes

a i P 2 | ] im ) -
2X3+1"0)=8x1%+ 2(_4 X 2 ! } .3 The formula for Maclaurin’s

series is given in the formulae

6+ 1) =8+6=1"0)=8 booklet. For this question
- s 4 -
» i e you need the terms up to and
fix) = f(0) + xf'(0) + ‘%f"mj + %f”’nﬂ} F s including the term in x*.
=i} x}: x.I
y——i x><]+§x3+ﬁxﬁ+...
=1 324 4,3
IR E C Al S

© Pearson Education Ltd 2C

file://IC:\Users\Buba\kaz\ouba\fp2_rev2 a 42.| 3/10/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 43

Question:

ay

— =y 4xy+x,y=latx=0
dx

a Use the Taylor series method to find y as a series in ascending powers of x, up to and including
the term in x*,

b Use your series to find y at x = 0.1, giving your answer to 2 decimal places.

Solution:
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a lety=fix)
From the data in the question
f(0) =
dy
i A At ®
¥* has to be differentiated implicitly
Atx =0,y =1, @ becomes by x. So
" dv . d dy
F0)=12+0+0=1 4 =D d o
) f.i.l'{'}r] dx dyiy} dx:(;'y
Differentiate ) throughout by x
d’y dy dy Using the pmduct rule for
Sha i
% zydx o *I " . = differentiation —{mri =y, Qv
y \ dx de Uy
Atx = {}'J.r =1, Ey =-F, @ becomes withnu=xandyv= A
d de , dy dy
f0)=2Xx1%X1+1+0+1=4 4 O =Y g PG = YN TR

Differentiate (@) throughout by x

13 dy\* d d2y
:—‘_}: = Z(G—‘i) + 2y dx?ry+ - +d_x,}' +xd£_; @ | Using the product rule for differentiation
IR R d LAl N o e
o ) - N | 4W dx{m} Vi udxmth u=2yand
B }r dx d? - *J::_::;'
ffO)=2X124+2X1X4+14+1+0=12 p "
d [, dy| _dyd d(u’)
Sl (P 2] ==
flx) = f(0) + xf'(0) + -_r"m] + ;1 f(0) + . dx{ ' ttr-) drde T P dx\de
dy _ _dy d? Y th) d’y
- & ol
y=1+xx]+-’%—x4+%x12+... uxxz ¥ gz 2( T g
=14+x+ 27+ 22 +
b At 0.1,

y=1+40.1+2(0.1)2 + 2(0.1)" + .
~1+0.1+0.02+0.002=1.122
y=112(2d.p)
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Exercise A, Question 44

Question:

dy  ++
V L " = 3'
* dx ¥+ |

Giventhaty = 1.5atx =10,

a Use the Taylor series method to iind the series solution for y, in ascending powers of x, up to
and including the term in x*,

b Use your result to a to estimate, to 3 decimal places, the value of y atx = 0.1.

Solution:
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a Rearranging the differential equation in the question

Page2 of 2

The right hand side of the

dy equation in the question
¥+ ﬁ =x+3 @+ would be hard to repeatedly
differentiate as a quotient, so
Let y = fix) multiply both sides by y + 1.
From the data in the question
fl0)=1.5
Atx =0,y = 1.5, @ becomes
(L824 15)£1(0) =0+ 3= 1'(0) = 3= 08
Differentiate () throughout by x
dy ) N L
{ZyHJ(dI P )5 =1 @
dy
Atx=0,y= 15, < (1.8, @ becomes
4 X 0.8 + (1.5 + 1.5) f(0) = 1 Differentiating (%) by x, using the chain rule
" -4 x0.8° '
0 == -0.416 .
%75 d [Qi)] 2y d (W) Ty &
.
Differentiate (@ throughout by x dr \dx dv  dv \de dr * da?
dy )-‘ dy _ d% dy _ d?y dly
= - Wi Wit = =4+ (y? + ;
z(dx +(2y+1)2 e S {2y+13dxxdx P+ 55=0
dy y dy _
z[d_x) + 3(2y +”Eﬁ_’+“z y}chj— @
Atx =0,y = 1.5, :j (.8, :3 = —0.416, @ becomes

2X08+3x4x08x-0416+(1.52+1.5f"0)=0

1.204 — 3.9936 + 3.751f"(0) =0

f m“r” 3 - q

+ —° F0) + £ r'";n} +

flx) = £(0) +2£'(0) + 5; 3

¥ 6
1.5 + 0.8x — 0.208x2 + 0.131982x + .

b At0.1,

This is a recurring decimal. There

7424

is an exact traction 9375

2 3
1.5 +x X 08+ % X —0.416 + £ % 0.791893 + .

The fourth term is small
and this justifies you using

y = 1.5+ 0.08 — 0.00208 + 0.00013198 ... »
~1.578 (3d.p.)

© Pearson Education Ltd 2C
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Exercise A, Question 45

Question:

dy  (dy\’
e

el g B

ddy

da?

a Find an expression for
- dy
Given thaty = 1 and T latx =0,

b find the series solution for y, in ascending powers of x, up to and including the term in x*,

¢ Comment on whether it would be sensible to use your series solution to give estimates for y at
x = 0.2 and at x = 50.

Solution:
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d*y
Y &
Differentiate () throughout with respect to x

+(r.i_}=) e ®

Page2 of 2

dy &y dy  _dy  d¥y LW

2yt 43 Yo
de  dx? ’1.1" dy dx® dx
dly dyd dy dy[,dYy |
-—=—F;;——=ﬁ—3~+ﬂ
Yx? de dy?  dx dxe | dx? |

diy 1 dy ([, dy )
S s Ml g +ﬂ
dx? y de |7 da? @
b Lety = fix)
From the data in the question
f(0) =1, f(0) = 1
dy

Using the product rule for differentiation

d dit dy
d—xtm} = va + MLE
. d*y
with u = ndv=—,
ithn =y and O
d (@ _dy dy d [d%
E{'YLLIEJ dx? X[i1+y><d—¥l
Yy, dy 4y
Tax tae Yo

The wording of the question
3
\ requires you to make 27“}: the

subject of the formula. There are
many possible alternative forms
for the answer.

Atx =0,y =1,-—= 1, @ becomes

"dx

IXf0)+12+1=0=f"(0)=-2

&y . oy
Atx=0,v=1, = 1,— = =2 (2) becomes
y=Lige=d=3 @
f(0) = ~]1>< 13X -2+ 1)=-1(-6+1)=5
The formula for Maclaurin's
f(x) = f(0) + x f'(0) + % - t”q{]: + r"‘u}; + . series is given in the formulae
2 booklet, For this question,
=14+xx1 +—)< 94 x B o you need the terms up to and
Y 2 6 including the term in x*.
5

=1l+x—-x2+=x*+..
8]

¢ The series expansion up to and including the term in

xt can be used to estimate y if x is small. So it would
be sensible to use it at x = (.2 but not at x = 50.

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:
d*y dy : dy :
— —4 =+ 3y*=6,withy=1and —-=0atx=0.
dx® dx - : clx

a Use the Tayvlor series method to obtain v as a series of ascending powers of x, up to and
including the term in x*.

b Hence find the approximate value for y when x = 0.2.

Solution:
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d’y  dy 2
-4~ 4
dx? 4(11: % '————_______ o
Let y = f(x) e

Page2 of 2

From the data in the question
f(0)=1,f0) =0

Atx=0,y=1, % = 0, @ becomes

f0) —4X0+3X12=6=f"0) =3

Differentiate () throughout with respect to x
dty  d%y dy T il
—% 4 p ey =0
& a? Y dx @

dy d?y

Atx=0,y=1,—=0,

‘ Y dx?

4X3+6X1%X0=0=("0)=12

= 3, @ becomes

I’”FI:_U]' o

Differentiate @ thmug,hout with respect to x

3y* has to be differentiated
implicitly with respect to x. So

d
dx

(3% ===

_ dy

d.}* d

dty  dy dy! d?y

N b S J Jifpat==1)

de' [dx Y ®
dy _  d% d’y

=0, =3

gl ot Sl

Atx=0,y=1,

(@ becomes

Y0y —4x12+6xX0P+6x1x3=0
f(0) = 48 — 18 = 30

2 3
flx) = f{G] + If’{[]} + :ET f"{(},'l 4+ v'\:r f”J{GJ

4
+ {’i, fV(0) + ...

Using the product rule for
dirferentiatmn
du ,  dv

—{HPJ = p== - =

iz T with

dy
= 6yandv ==
u= 6y and 1 '

d [, d_**’]
dx(b-"m-

_Ll (Lh-'
~ dx dy @)+ dx]

= 6(%) + 6y 3:{

_ X+ x? x?
¥ 1+x><£}+2x3+{ x12+24x3ﬂ+

- éz 3 E-i_l_
1+2.;\:-I-_?.x+4x

b Atx=0.2
y=1+0.06 + 0.016 + 0.002 + ... =
y= 108 (2d.p.)

1.078
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Exercise A, Question 47

Question:

Given that

m
L

fix)=In(l +cos2x), D=x<
Show that
af'lx)=—-2tanx
b "(x) = —[f"(x) f'(x) + (f"(x))?].
¢ Use Maclaurin’s theorem to find the expansion of fix}, in ascending powers of x, up to and

including the term in x*

Solution:
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a letu=1+ cos2x, then f(x) = Inu

i~ —25in2x
o = §' d_“ = l @ = ] . H
I[x}—fm]dx i 1+msh>{ 2sin2x
g . Using the identities
= ;22:5;}}” sin 2x = 2sinxcosx and
o cos2x = 2cos’x — 1.
= Ac%):I::rE: —2tanx, as required
b {"(x) = -2sec’x f""(x) is a symbol used for the
friitey = —fsectxtan | fourth derivative of fix) with
e ——— | respect to x. The symbol f")(x) is
f""(x) = —8secx.secxtanx . tanx — 4sec?x . seclx also used for the fourth derivative.
o 2 2t - 4
RS R You use the product rule for
= —[-4sec?xtanx X —2tanx + (-2sec?x)?] d{ifferentiat(jun .
N o= 1Sl av s
= —[f"@) ') + (£"(x))?], as required Qi) = v g with
u=—4sec’x and v = tanx.
¢ f{0O)=In(1+cos0)=1In2 You also use the chain rule
U . et E ypo = el i Tal
f'i0)=-2tan0 =0 e (sectx) chxdx (secx)
f(0) = —2sec’(t = =2 = 2secx X secxtanx.
£"(0) = —4sec*0tan () = 0
£(0) = —[£"(0) £0) + (£"(0))] » ]l Using the result for part b.
=-[0x0+ (=22 =-4
fix) = f(0 £10) + X £70) + £ 70 + £ v :
(x) = HO0) + 2 110) + 21 ) + 30 ) + 3 W+ ... The formula for Maclaurin's
" ; i series is given in the formulae
=In2+2X0+Ex -2+ x0+L x-44+... booklet. For this question,
2 6 24 you need the terms up to and
i ey including the term in x*,
&

© Pearson Education Ltd 2C
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Exercise A, Question 48

Question:

a Use the Tavlor series method to obtain a solution in a series of ascending powers of x, up to
and including the term in x4, of the differential equation

d2y dy ”
"_I - 42l 4 z‘ﬁr' = L‘-"' }
dx? dx .

dy
iventhaty=land-==1latx = 0.
grve h ;}" 0 e F,
b Working to a least 4 decimal places, use the series obtained in part a to obtain the value of y at

i x=01iix=02

i _— : . ; : ) . dy dy
¢ By differentiating the series obtained for y, obtain estimates for h and L.r atx =0.1.
- dx -

Solution:
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d’y _dy 2
d? - 3@ + 2_}' = E'" '®
Let vy = f(x)

From the data in the question
flO)y=1,f"( =1
dy
" dx
f0)—-3X1+2x1=¢"=1
f'"y=143-2=2

Atx=0,y=1 = 1, @) becomes

Differentiate () throughout with respect to x _____‘{ % (e') = d%‘ (x2) X &' = 2xe*
4y 39 LY oy '_Efé)_—_
de?  Tdx? dx
dy _ d? Iy

Atx=0,y=1 = 2, @ becomes

rdx .II‘.P
f"0)—-3X2+2X1=0
f"0)=6-2=4

Differentiate (@ throughout with respect to x

dly d*y d’y d ;
o "3t 253 =2e" + 4x2e" @._d—x(zxcf}=e*dx2x)+2x ()
d%y:
Atx =0,y = dx & 2,@—4,
(3@ becomes

i) —3X4+2%X2=2+0 >f1h-JLﬂ}=10

2 :
flx) = £(0) + x£(0) + 5 £(0) + I—: £(0) + x—f FO0) + ...

]

y 1+xxl+3x2+gx4+ﬂx1(}+

=l+x+x2+23 4+ 3x0 +
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bi Atx=0.1

¥y=1+0.1+0.01+ 0.000666 ... + 0.000041 ...

]

Page3 of 3

1.110708 = 1.1107 (4 d.p.) »

il Atx =0.2

Y

i

1 + 0.2 + 0.04 + 0.005333 ... + 0.000666 ...

1.2460 (4d.p.) »

{:y=]+x+x~’+%x‘+%x“+...

Differentiating term by term

dy , s
erele ] +2.x+2x~+§x*+...
Atx =0.1
dy _ _
e 14+0.2+0.02+ 0.001666 ...
= 1.222 (3d.p.)
d’y
—L =24+ 5+
dx_’
Atx=0.1
d’y
=2+04+005+...
dx?

= 2.45(2d.p.)

© Pearson Education Ltd 2C
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As x gets larger, the

approximation gets less
accurate, so the answer
be less accurate than th
to i. In this case the val
is accurate to 4 decimal

The approximation at 0.2 is a
very good one but the accurate

answer, 1.246064..., is
to 4 decimal places.

to it will
e answer
ue at 0.1
paces.

1.2641
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Question:

0
The figure shows a sketch of the curve C with polar equation

PF=gsin200=0=

[\.3! |

where a is a constant.

Find the area of the shaded region enclosed by €.

Solution:
You need to know the formula for
W
A=11%pRdag o — the area of polar curves A = %Jl',d de.
7 Js —— |
oo Ll In this question, the diagram shows
Lfrdg="1 [a*sin26d6 _ o
N B that the limits are 0 and 5"
_ a’[_cos26
Z 1 2
2 [ i) 72 f T :
A =E —L-mgﬁ]- = & [1=(=1)] s cos (2 X 5 | = o= ] and cos0 = 1.
4 | 0 4 \ 2
_ 12
=3 e

© Pearson Education Ltd 2C
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Question:

Relative to the origin O as pole and initial line @ = (), find an equation in polar coordinate
form for

a a circle, centre O and radius 2,

b a line perpendicular to the initial line and passing through the point with polar

coordinates (3, 0).
7|

¢ a straight line through the points with polar coordinates (4, 0) and | 4, 3

Solution:
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e R You can just write the answer to part a down. The equation r = k
is the equation of a circle centre O and radius k, for any positive k.
b r
P
r
initial line
00 N :
o 3 o {.31 n}

For any point P on the line

If the point (3, 0) is labelled N, trigonometry
on the right-angled triangle ONP gives the
polar equation of the line.

In this diagram, the point (4, 0) is

labelled A, the point (4, %T ) is labelled B and

= | the foot of the perpendicular from O to AB
is labelled N. The triangle OAB is equilateral

and ZAON = 3 X 60° = 30° = Z radians.

In the triangle ONA

ON ON'_ oi T V3
04~ 4 Mg~
ON =2/3
In the triangle ONP,
ON _ ™
i ) T
2/3 g S This relation is true for any point P
== = cos (H - %T] 1 on the line and, as OP = r this gives
sl you the polar equation of the line.
_,—'—'—'_'_'-'_

r=2v"§sec(ﬁ ﬁ)rﬂ“’

© Pearson Education Ltd 2C
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Question:

m

initial line

0

Pagel of 1

The figure shows a curve C with polar equation r = 4acos 26, 0 = 8 = %T and a line mn with polar

equation @ = 7. The shaded region, shown in the figure, is bounded by € and n. Use calculus to

8
show that the area of the shaded region is %e:'-’[':r = 2);:

Solution:
» The lower limit, &, is given by the
A= _;f,r‘ rrdg o« polar equation of m. The upper
" limit, %’_ can be identified from the
1[.2 | 2 i ; i R 4
g‘.J[’“ de =5 [16a%cos?20d6 domain of definition, 0 = § < ggwen
= BHJICOS: 20d6 .'m the question and the diagram.
= 8a” [(3 + § cos46) do Using cos 24 = 2cos’A — 1 with A = 26.
= 4q° [ﬁl + 5“149]
i w
A = dq? [+ Sin40)4
4 )3
=42 [(T =T\ 4 [0 - 1)]
=4a*|(7 8] =0 Fi_}J
3 _\______\__‘__‘ i ( EI = g = i | E = i iT:
= 42 %T_%J sin Hx.;;' sin = 0 and sin |-4XHJI' sin 5 1.
= 30° (7= 2)

© Pearson Education Ltd 2C
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Exercise A, Question 52

Question:

—(0.5a

The curve shown in the figure has polar equation
=a(l+1icosh), a>0 0<O=2m
Determine the area enclosed by the curve, giving vour answer in terms of a and .

Solution:

= |
A=2x% f rPdf —— | The method used here is to find

0 | twice the area above the initial line.

Paf—

j a? (1 + %ms 1‘»‘_}2 de

m
a J: (1+ cos@+ ;cos’6)de 1 Usecos26 = 2cos* 6 — 1.

L —_—
= :a-’-f (14 cos@+3cos20+ 1)de
o & 8

m
u:f (3 +cos@+ j; cos28)|de
o L Assin m=sin 2w =0andsin0 =0,
sin 2617 all of the terms are zero at both the
16 lo" | lower and the upper limit except for

EH. which has a non-zero value at .

;FH 0+ sin @ +

2 4] g 2
=@ X g = gma

© Pearson Education Ltd 2C
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Exercise A, Question 53

Question:

a Sketch the curve with polar equation

r=cos28, —?{5 ﬂsi’f

At the distinct points A and B on this curve, the tangents to the curve are parallel to the initial

line, & = (.

b Determine the polar coordinates of A and B, giving your answers to 3 significant figures.

Solution:

T T,
1 initial line

b y=rsin@ = cos2fsin

i.
:T‘\;= —2sin26sin 8 + cos2fcos =10

—~4sin @cos Bsin 0 + (1 — 2sin® #) cosf = 0

cos B (—4sin@+ 1 - 2sin’@ =0
AtAand B, cos8+# 0

hsin?f =1

sing = :—]
Vb
= +(.420534 ...
r=cos28=1-2sin*@¢=1 "izf

To 3 significant figures, the polar coordinates

of A and B are

(0,667, 0.421) and (0.667, —0.421).

e

© Pearson Education Ltd 2C
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At P = —f, r= 0. As fincreases, r

increases until 8 = 0, For 8 =0, cos 26
has its greatest value of 1. After that, as

@ increases, r decreases to 0 at 8 = 117

g

r ¥

i3

Where the tangent at a point is

parallel to the initial line, the distance
y from the point to the initial line has
a stationary value. The diagram above
shows that ¥ = rsin 8. You find the
polar coordinates 8 of the points by
finding the values of # for which rsin #
has a maximum or minimum value.

r has an exact value but the question
specifically asks for 3 significant
figures. Unless the questions specifies
otherwise, in polar coordinates, you
should always give the value of the
angle in radians.
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Exercise A, Question 54

Question:
a Sketch the curve with polar equation

r=sin2#, f}ﬂﬁ“:g

At the point A, where A is distinct from O, on this curve, the tangent to the curve is parallel to

_ T
=5

b Determine the polar coordinates of the point A, giving your answer to 3 significant figures.

Solution:

a =

initial line

b x=rcosfl=sin20cosd

dx _ 2cos28cos 8 — sin28sin @

de

2(2cos?0 — 1)cosf — 2sin Bcos Bsin @

(Zcos?f — 1)cos @ — 2sinZéfcos @

2
4cos*® - 2cos @ — 2(1 — cos” ) cos B
Geos'f—dcosh =0

2cos@(3cos*f—2)=0
AtA, cosB#0

cos*fl = %

cosf= (3 for0=g8=7
f=0.615479...

By calculator

r=sin26 = 0.942809 ...
To 3 significant figures, the coordinates of A are

(0.943, 0.615)

© Pearson Education Ltd 2C
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At 60 =10, r=10. As # increases,
rincreases until 6 = %" For @ = "f
sin 26 has its greatest value of 1.
After that, as 8 increases, r decreases
m

to 5111(2)( "'27:| =sinwr=0atf= 5

Where the tangent at a point is
parallel to 8 = rjE"":whifh is the

same as being perpendicular to the
initial line), the distance x from

the half line 8 = %‘_ has a stationary

value. The diagram above shows
that x = rcos 6. You find the polar
coordinates @ of such points by
finding the values of @ for which
rcos @ has a maximum or minimum
value.
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Question:

a Sketch the curve with polar equation
=acosds, 0=60<27w

b Find the area enclosed by one loop of this curve.

Solution:

== At= - h , F= 0. As §increases, rincreases

until # = 0. For § = 0, acos 66 has its
greatest value of a. Then, as # increases,

- r decreases to 0 at 0 = Z, Between # = 7 and
initial line 6 6
6= 2 cos 6bf is negative and, as r = 0, the

e curve does not exist. The pattern repeats itself
g ==1 in the other intervals where the curve exists.

__4 Using cos 24 = 2cos’A — 1 with A = 36. |

%Ju cos” i[idfl—i ]c,mhﬂ— ;jdﬂ
sinfé6xX Sl =sinaT=10
__[m‘_l 68 H.| ,F-"‘"{ |6 4 T T
-|- 5 ,---""'-f
e
[sin 66 1711 W T T
i L = - = =y IR | L
A= 4 s ﬁf] h.ﬁm OFZ=(—% .r]
r.l'" T
= W=
S e

© Pearson Education Ltd 2C
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Exercise A, Question 56

Question:

The curve € has polar equation

o R T
r==6cos4, EEH{?,"

and the line IJ has polar equation
r=3sec| ?{T— 6, FTcp<2?

a Find a Cartesian equation of C and a Cartesian equation of D.

b Sketch on the same diagram the graphs of C and D, indicating where each cuts the initial line.
The graphs of C and D intersect at the points P and .

¢ Find the polar coordinates of I and Q.

Solution:
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C

r=~6cose

Multiplying the equation by r
= 6reosd
XX +y =6xe
x—6x+9+y:=9
@—-32+y2=9

Page2 of 2

This diagram illustrates the relations
between polar and Cartesian
coordinates. The relations you need
to solve the question are

x =rcosfandy = rsin 6.

This is an acceptable answer but
putting the equation into a form
which shows that the curve is a
circle, centre (3, 0) and radius 3,
helps you to draw the sketch in
part b.

r=35ec{%"—ﬂ'}

o [ - _.11_-_‘ i -E' =

3»-:*m:=.[i E) rc053L059+r5u135|nB
1 V3
Eru}sﬂ+ 5 rsin g

_ '3 V3
.x+11 f
g==1"

The initial line is the positive x-axis
7.

zlsthe
positive y-axis. Atx =0,

and the half-line 4 =

XxX+V3y= ﬁhwm_}'*-% = 2V3.

__escaih

By inspection, the polar coordinates of () are (6, 0)

The question does not say which
point is P and which is Q. You can
choose which is which.

Z0PQ = 90—

In the triangle OAQ &—\\\\—

The angle in a semi-circle is a
right angle.

0L 23

tan AQO = ZAQO = 30°

In the triangle OPQ
0P = 0Qsin PQO = 65in 30° = 3

ZPOQ = 180° = 90° = 30° = 6(0° = =

Hence the polar coordinates of P are

(0P, ZPOQ) = {'3 14

,3}

© Pearson Education Ltd 2C
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Exercise A, Question 57

Question:

”:-:

= sin 26

0 f=0
The figure show the half lines 8 =0, 6 = g and the curves with polar equations
1 _ "
r= ok D=f= 5
r=sin26, ()= 9‘5271;

a Find the exact values of # at the two points where the curves cross.

Pagel of 2

b Find by integration the area of the shaded region, shown in the figure, which is bounded by

both curves.

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a 57.1
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a The curves intersect at

|
E—amZ{i
=E;-1T
28 5 6
— 7 5w
ﬂ‘12'1

The shaded area can be broken up into three parts.
You can find the small areas labelled @) and @),
which are equal in area, by integration. The larger
area is a sector of a circle and vou find this using

A= %rl 8, where #1is in radians.

The area of the sector 3 is given by , ]
The radius of the sector is 5 and the angle is
1., {1V, m_ = =
-‘1.a=—’<[— Ke=p5s T_T_T
2 2) 3 24 13-

The area of (1) is given by

|

.-‘1.] - E .r dﬂ
¥ Using cos 24 = 1 — 2sin®A with A = 26,
zlfsinZZEi'dﬂ‘ f -t —ws4ﬂ d6
_1 sin 44
4['9 3
p—— 51n4.95' i T = g '-’_Tzﬁ_
Ay =zl0-%3 = ol / 5Iﬂ(4)< 3] =sing =

-Alg-o-44-0)
1= _V3
11278

enen - B g8

© Pearson Education Ltd 2C
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Exercise A, Question 58

Question:

P

.
initial ling

Q
The curve C, shown in the hgure, has polar equation
r=a3+V5cos ), —m<sf<mw
a Find the polar coordinates of the points P and Q where the tangents to C are parallel to the
initial line.
The curve C represents the perimeter of the surface of a swimming pool. The direct distance from
PtoQQis 20m.
b Calculate the value of a.

¢ Find the area of the surface of the pool.

Solution:
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Where the tangent at a point is
alety=rsings parallel to the initial line, the distance
Sl & e N y from the point to the initial line has
Y= a5+ V€05 0} Sin. a stationary value. You find the polar

."l H H 4- H
= 3asin @ + /Sacos #sin # = 3asin § + -'f'-éfsin 20 coordinate § of the point by finding

2 the value of 8 for which y = rsin @ has
dy _ a stationary value.
—— =3acos@+ /S5acos28=0
df
3cos B+ V5(2cos’f— 1) =10
2V5¢cos? 8+ 3cosB—v5 =0
9 + ; 115 160 ) < e i[] [ =,
cosf=—3 + '-{4 ;;U} As |cos 8] = 1, you reject the value e 1.118.
¥ owd
==3+7_1
4\"'-5' v g

By calculator
= *=1.107 (3 d.p.)

Atcosf = "

Vo

r=a(3+vScosd) = H[l 3+V5x L] =4q

V5
The polar coordinates are Vs )
P(4a, 1.107), Q:(4a, —1.107) il
|
b PQ=2y=2rsind / As 12 + 22 = (V5)?, the diagram
=2 % 4a % i_ 16, _ 20m, given illustrates that if cos 8 = l_
\.'.5 \'-5 2 v
T T then sin # = =,
a=205m0 =354, VS
16 4
- R 1 The method used here is to find twice the
hicarly s A area above the initial line.

f.:r?-[.'% + VS cos 6)2de = [aX(9 + 6/5cos @ + 5cos? @) da

xrzf(g + 6v5 cos 8+ 2cos 28 + é)dfi‘ 1 Using cos 28 = 2cos’ 8 — 1.

2 2
= azﬂ%- + 6V5cosf + gcos ZB] de
= |20+ 6/5sin 0+ 3sin 20|
_ 2[23 T ok 5. T_23m o You use the value of a you
A=g IZ 6+ 6v3sind + 4511'123 Rl a found in part b.
= zg_m-'s;ﬁ]zmz = 283:;5“m2 ~ 282 m?

© Pearson Education Ltd 2C
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Exercise A, Question 59

Question:

a Sketch the curve with polar equation

=2 —?IE ":E
r=3cos 28 1 f i

b Find the area of the smaller finite region enclosed between the curve and the half-line # = g
¢ Find the exact distance between the two tangents which are parallel to the initial line.

Solution:
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>R

me=—§,r=n+ﬁsa

increases, rincreases until
8=0,Fore=10, 3cos28
has its greatest value of 3.
After that, as @ increases,

r decreases to 0 at 8 = %"

=4

r2de

bA=

[ =

YL
j.‘."
f

Lldg=1 2
Zfrdﬂ ngcos 2600

e

Using cos2A = 2cos”A — 1
with A = 24.

T\ _ gin 2w = V3
4><—}—51n3 5

=§fl':t:(:-;4ﬂ+ %J 46 = gf“?“"“”* 1)de
= 9[sinde, 4]
A= g[smT'wui- ﬁ]:i sinf4 X &
-$[3lo-5)+ -2
N3, 37_ 3 .33

=g e e

Where the tangent at a point is parallel
to the initial line, the distance v from the

Lety = rsin @ = 3 cos 20sin 0+
dy _
de

2sin28sin 8 = cos 28cos d

—6s5in20sin @+ 3cosZ28cos =0

point to the initial line has a stationary
value. You find the polar coordinate 8 of
such a point by finding the value of # for
which y = rsin # has a stationary value.

sin28sin @ _ _ ik
E‘L}S'EE-(T(:)_‘;TE‘ = tan 2ftan ¢ 5
2tan’ _ 1, Using tan 20 = _2tant
1 —tan?e 2 2 1 —tan’¢ |
4tan’f=1— tan’@
S5tan?é=1 One value of tan @ is
1 sufficient to complete the
tan 6 = 73 question. r is not needed.

file://IC:\Users\Buba\kaz\ouba\fp2_rev2 a 59.1
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The distance between the two tangents is given by =
2y = 2rsin f = 6cos20sin§ = 6(2cos’ @ — 1)siné ¥
=fmx[2x3—l]><é=fixgxl_ T
\ &} VG 36 o
*u
_ 26 \ This sketch shows you that
3 \ the distance between the two
\ tangents parallel to the initial
\ line is given by 2y = 2rsin 4.
% 1
[ [
V5

As (V5)* + 12 = (V6)?, if
tan g = Ig then sin @ = ]_

¥ v 6

|

¥

| [4

and cos 8 =

|

© Pearson Education Ltd 2C
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-
_4

? I

Question:

A

=
initial line

ey

The figure shows a sketch of the cardioid C with equation r =a(l +cos ), —w< b=
Also shown are the tangents to C that are parallel and perpendicular to the initial line.
These tangents form a rectangle WXYZ.

a Find the area of the finite region, shaded in the figure, bounded by the curve C.

b Find the polar coordinates of the points A and B where WZ touches the curve C.

¢ Hence find the length of WX.

?-\ Jni
2

d find the area of the rectangle WXY.Z.

Giiven that the length of WZ is

A heart-shape is modelled by the cardioid C, where a = 10c¢m. The heart shape is cut from the
rectangular card WXYZ, shown the igure.

e Find a numerical value for the area of card wasted in making this heart shape.

Solution:
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LT The total area is twice
aA=2x -,‘;f r2df the area above the initial

line.
frldt?

I

faz(l + cos 82de = |a*(1 + 2cos8 + cos2 o) de

u?f(l + 2cosf + 511:{:-525+ %]dﬁ

HEH% + 2cos 8 + zlcos 2&}(]9

i

e [E* 0+ 25in+ 1 sin 2&} As sin o = sin 27 = 0 and sin0 = 0, all
of the terms are zero at both the lower

I 3

@ and the upper limit except for = 8,
liﬂ+ 2sin @+ lsinZﬂ] S - PE P 2
4 o 2 which has a non-zero value at .

b lLetx =rcosf» When the tangent at a point is
perpendicular to the initial line, you
find the polar coordinates 6 of the
B ridvid = Dl Gt =10 points by finding any values of 6 for
d which rcos 8 has a stationary value.

=g(1 + cos@)cosB=acosb+ acos’e

sin#(Zcosf@+ 1) =0

'———1__—*_‘——l sin @ = 0 corresponds to the point where

cosd= -3 XY cuts the curve € and can be rejected as a
solution to part b.
Blsscok 27
3
At Aand B
w X
= a(l +cosf) =al1 -, ]=~a Al s
R o\
2\ pfl, _ 2u Q' Za N
A 30, 5F) B30 -
z Y
c WX = A0cosT + ON This sketch illustrates the geometry
3 which is used to solve parts ¢ and d.
=%:1X51+2H=gti
d Area of rectangle WXYZ is given by
WX x Wz =2ax 334 =218
4 2 8 .
The area wasted is
¢ The area wasted is given by » the answer to part a
S9/T " 273 3l 273 3 subtracted from the
o 3 _ T - ' w A x - CAATEY
H* ac — Em_;i = 85 - T}g- = [ f; - T] 102 em?2 answer to part d.

= 113em? (3 s.f.)
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Exercise A, Question 61

Question:

a Sketch, on the same diagram, the curves defined by the polar equations r = a and
r=ail + cos #), where a is a positive constant and —w < 8= .
b By considering the stationary values of rsin @, or otherwise, find equations of the tangents to the
curve r = a(1 + cos #) which are parallel to the initial line.
¢ Show that the area of the region for which
a<r<a(l+ cos#)is = : H-m-'),

Solution:
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r=al(l + cos#) is a cardioid and
r = d is a circle centre O, radius a.

Where the tangent at a point is

b Lety = rsinf = a(l + cosf)sin  » parallel to the initial line, the distance
) ' ) e y from the point to the initial line has
=asinf +acosfsinf = asinf + 3sin20 |  stationary value. You find the polar
coordinates 6 of such points by finding
dy _ acosh+ acos20=10 the values of ¢ for which y = rsin @ has
d stationary values.

cos28 +cosf=2cos?0@— 1 +cosd=0
2costf+ cosfl— 1 =(2cos@— 1(cosf+ 1)=10

o | -
cnsﬂ—z,casﬁ 1

o= = ~3“3 =1
| 5
Ato= 3
r-a(l - c053] a(l + 2) 54
3 3 33 You find the distance (labelled PN in the
Andy = ,-sm.;l' =5aX E'i- = -E-_n +———— diagram above) from the point where the
tangent meets the curve to the initial line.
The polar equation of the tangent is given by
= = .
rsing = 3:53 a-e i The polar equation is found by trigonometry in the
triangle marked in red on the diagram above.
_ 3J3a '
r 3 Cosec t
Similarly at 6 = - %‘_, the equation of the
tangent is r = — H?QCGSEC .
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At 0 = 7, the equation of the tangent is

=

Page3 of 3

It is easy to overlook this case. The half-
line # = s does touch the cardioid at the
pole.

: The circle and the cardioid meet when
a=a(l +cost)=cosf=1¢0

ﬂ: +1_T

—2
To find the area of the cardioid between
m

syrnaacitl -
f= zandf? 3

A=2x1[?pde.

[ The total area is twice the

ztl

frzclﬂ = fuz{l + cos 0)>de = |a*(1 + 2cos# + cos? 6)da

= azf(l + 2cosf + %cns.?,& . %)dﬁf

= azf(% + 2cos B+ %coszﬂ)dﬂ

:az[%ﬁ+ 2sinf + 41511123[

™
_ ar . | ]-
A u[sz 251[145i+45|1126!ﬁ

o+

The required area is A less half of the circle

3n 2 1 _2_1_.2 2
(4 -I-Z)ri zfm 4'.=m + 2a

—

| area above the initial line.

initial
line

= (’”; B}uz. as required

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a 61.1

The area you are asked to

find is inside the cardioid and
outside the circle. You find

it by subtracting the shaded
semi-circle from the area of the
cardioid bounded by the half-

: — S
lines @ 3 and ¢ 7
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Question:

initial line

The figure is a sketch of two curves €, and C, with polar equations
Ci:r=3a(l — cos 8), —gT=0<7
and Cair=a(l + cos ), -m=0<7
The curves meet at the pole O and at the points A and B.

a Find, in terms of a, the polar coordinates of the points 4 and B.

b Show that the length of the line AB is 3‘2%:1

The region inside €, and outside €, is shaded in the figure.

¢ Find, in terms of a, the area of this region.

A badge is designed which has the shape of the shaded region.

Given that the length of the line AB is 4.5¢cm,

d calculate the area of this badge, giving vour answer to 3 significant figures.

Solution:
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a O, and , intersect where
34(1 — cos ) = A(1 + cos 6)
3—3cos@=1+cosd

4 B W ot
deops=2 = cost 5

f==

wig

Where cos i =

)| —

= . i 1y.=3
r=a(l +cos#) = :r|:1 - 2] = EH

A:(%H, —%T), B:[.%ri, 1{]

. Referring to the diagram,
3 V3
= L e .
b AB=2X: :um 3 = 3a 3 {i caaT o= -‘f’-usinﬁ
B 3a 3 2 3
= 33 . T ire )
==5-a,as required AR

¢ The area A, enclosed by OB and C,
is given by
: P
.‘1.1 = 3 I‘-{Jﬂ'

i Y]

fr-’f de = f":hrz[l — cos ) da = f&hﬁll — 2cos0+ cost 6 de

=*~Ju3fl] —2cnsﬁ+%c052ﬁ?+-%)dﬂ C

= ‘Jﬁzﬂ% —2cos @+ %msZH)dﬂ

= 9a*[20 - 2sin 0+ Lsin 20)

"
Av=1x9a[30- 2sing + ;}sinw]*

>

_ 9 ol 3 V3 _"} _
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The area A, enclosed by the initial line, C;
and OB is given by

TS 2
.-'f!l—ij‘“ r-da

Page3 of 3

frzdﬂ= fuztl + cos )2 de = u’-’f{l + 2cos 0 + cos’ @) do
= u-’f 1+ 2cos8 + %caszﬂ+ é—}dﬂ

= alﬂ% + 2cos8 + %msZﬂ)dﬂ

= nz[ 3 s 120l

= [25+_.:.|n9+4sm2{i2
!1.?:lXl!z[éﬂ‘{‘zﬁllﬂ‘l‘—l-ﬁiﬂzﬂlg
g 2 2 4 [1}

_@lw, g, V3| _ @ 5
- '""F['j +V3+ 33| = & (4 4 9.3)

The required area R is given by
R = 2(1‘!3 - .*'!.1}

- 2[%{41? +9/3) - ?‘g'mw - 743)

_ 2a?
16

[47+ 9V3 - (367 — 63/3)]
= %1723 - 32 = (9/3 — 4ma?

d 3 3

initial
line

2 a=4.5¢em You use the result from part b to find a
9 _ i and substitute the value of a into the result
a= W (m =yicm | of part c.
YL

The area of the badge is

(93 — 4ma? = (W3 - 4m) X 3em?
= 9.07cm? (3 5.f.)
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Question:

-

8] B A initial line

A logo is designed which consists of two overlapping closed curves.
The polar equations of these curves are
r=al3+ 2cosf) and
= a5 — 2cos 0) O0=0<2w
The figure is a sketch (not to scale) of these two curves.
a Write down the polar coordinates of the points A and B where the curves meet the initial line.
b Find the polar coordinates of the points C and D where the two curves meet.

¢ Show that the area of the overlapping region, which is shaded in the figure, is

T (497 — 483)

Solution:
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Ford,at8=0r=a(3 + 2cos0) =a(3 + 2) = 5a.
a A:(5a,0), B:(3a, 0) + | ForB,at@=0,r=a(5 — 2cos0) = a(5 — 2) = 3a.

b The curves intersect where
A3+ 2cos0) = d(5 — 2cos8)
1

45053:2:-L‘USB=E

Ln

= %T 3—“' . In this question 0 = # < 2.
Where cosf = %
r=a3+2cos) = a[3 + 2% 3| = 4a
S o ool G
(_.,{41:, —] .‘l[4m E]
¢ The area A, enclosed by r = a(3 + 2cos#) and p==
n F A
the half-lines 8 = %Tand f= %’Iis given by
1" 2
Hyp = X = =
4 =2% 5 f__,; rde
fzdﬂ=fn3[3+2.;ugﬂ}3{[ﬂ r=al(d + 2.cos ) r=al5 — cost)
=ci9fi9 + 12cos 8 + 4 cos” @)de \

/ 0=
4
= uifw + 12cos 8 + 20520 + 2)do

The shaded area in the question is the
= ﬁzf“ 1 + 12cos @ + 2cos28)de sum of the two areas A, and A, shown

in the diagram above. It is important
that you carefully distinguish which
=a*[116 + 12sin @ + sin 24| curve is which.

w

A= :13[113+ 12sinf + sin 2&]3
3

]
£
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The area A, enclosed by r = a(5 — 2cos 8) and

w

the half-lines 8 = é??zmd g = 3

: is given by

1 3-:’ 3
4, =2 %L 2
As * ZJ‘,, r-de
fr—'dﬂ= f{12f5 — 2cos @) de = ujffZS — 20cos @ + 4cos? ) de

= cizf{ZS — 20cos 0 + 2cos20 + 2)de

The double angle formulae, here

=a’ [{2?' — 20cos 8 + 2cos26)de
' cos26 = 2cos? @ — 1, are used in
: ) ) all questions involving the areas
=g [2?& —_ 2{}5'” B + 5]“2&] nf C&I‘diﬂidﬁ.
¥

A, = a?[276 — 20sin 6 + sin 26]

|5

f

|

(3]

_ Ilr T _ V3
_”'-.Z?Ki 2{}X?+
o[ 27w _ £J~_?'|

L 3 2 |

The area of the overlapping region is given by

=q

A+ Ay = 271303 27w 1903

- (427 163)

3
= ‘.:-_-{49'# — 48y3), as required

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_rev2 a_ 63.1 3/10/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 64

Question:

The curve C has polar equation r = 3a cos 6, —%Ts; # < . The curve D has polar equation

ray

r=a(l +cos@), —m= @< . Given that a is positive,

a sketch, on the same diagram, the graphs of C and D, indicating where each curve cuts the
initial line.

The graphs of C and D intersect at the pole O and at the points P and ().

b Find the polar coordinates of I’ and Q.

¢ Use integration to find the exact value of the area enclosed by the curve D and the lines 8 = 0

and § = 7;

The region R contains all points which lie outside D and inside C.

Given that the value of the smaller area enclosed by the curve C and the line # = T is

5

34 > —3/3
6 (27— 3v3),

d show that the area of R is ma™

Solution:

The curve C is a circle of diameter 3a and
P e N the curve [} is a cardioid.

: The points of intersection of € and D have
(—\ \* been marked on the diagram. The question
| ' does not specify which is P’ and which is

2a [3a initial line Q. They could be interchanged. This would
\ make no substantial difference to the
Q= solution of the question.

b The points of intersection of C and D are given by
dgcosf=g(l +cost)

2¢cos0 =1 .-,ms&l:é

g==T.

3

In this question —;ﬁ <

Iy

Where cos =

L‘-J|»—

5 o 5
= O = W L=
r= 34cos 3 3a 5 It

1_3
2

PI(%{!’, E;] Q:ﬂ%n, - j:l
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¢ The area between [, the initial line and OF is given by

A= 2 T 2de

fr*’fdﬂ = f:ﬁ'l + cos @) da = u3ftl + 2cos 0+ cos? @y de

= alﬂl + 2cos b + lc:1.~;29+ El}dﬂ'

2
= o
I

& “E[EH 2sing + y §in 28}

+ 2050+ 3C0s20|d

Pl

3
A= % [ B+2amﬂ+1€m2ﬂl
—-”””+ ?+‘§- 4+ 9/3 ' 5 f i i
=5l tvatg ] '[ m+ 93) By the symmetry of the figure, to find the
area inside C but outside D, yvou subtract
d Let the smaller area enclosed by C two areas A, and two areas A, from the
and the half-line 8 = %’be As. area inside C. C is a circle of radius 3‘-’
a2
= 11'[3'—2‘!) ~ Py — Tk
5 5 This is twice the area
= q‘:i LA %[-hr +9y3) = C;‘é (27— 33 )+ you are given in the
question,

_ 9w _ ma* _ NHE _ 3ma® | W3 S .
i 5 AN 1 o 8 mi-, as required
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