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Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

Find the set of values of x for which
16x = B8x® — x°,

Solution:

2 }
1ox = Bt = x You can usually start inequality questions,
x' = 8x*+ l6e =0+—— | if there are no modulus signs, by collecting
x(x? -8 +16) =0 __—| terms together on one side of the equation,
, - and factorising the resulting expression.
Xix—=4)p=0r J

Sketching y = x(x — 4)?

Yh

The cubic passes through the origin
and touches the x-axis at x = 4.

0 4
/ You can see from the sketch that

=y

¥y =2xx - 4\ is negative forx < (.

The soluti i = 8x? —x'i o :
Te solution of L= G =g iix I'his inequality includes the equality, so you

x=0,x =4 ——— must include the solutions of x(x — 4)* = 0,
which arex = O and x = 4.
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Exercise A, Question 2

Question:

Find the set of values of x for which

_ 2 1
x—=2 x+1
Solution:

2 1

x—-2 "x+1
2 |

- ) -

x—2 .1:+I{:‘” T

2+1)-1x—=2) 2x+2-x+2
x —2})x + 1)

_—'-"'_'(_H_FF'—(—

_‘\\\\_\_‘N\\_‘
qﬂH“
=2+ — |

You can start by collecting together
the terms on one side reducing the
expression to a single fraction. In this
case no further factorisation is possible,

You find the critical values by solving the

Considering f(x) = x+4 - numerator equal to zero and the denominator equal
(x = 2)(x + 1) to zero. In this case the numerator = 0, gives
_ ¥ = —4 and the denominator = 0 givesx = —1, 2.
the critical values arex = —4, -1, 2
r<—4 | -4d<x<-1|-1<x<2| 2<x
Sign of flx) = + - +
\ For example if x < —4, then
: . 1
‘he soluti = i — ) iv
I'he solution of e e is —_| ¥+ 4 negative

r<<—4 —1<x<2
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Exercise A, Question 3

Question:

Find the set of values of x for which

xe

=7 > 2%
Solution:
3
x2
-
r—2 -
X - 2x>0
F—2
You collect the terms together on
2 2x(x — 2) i . B BT
X — 2x(x — 2 =0 one side of the inequality, write the
x—2 expression as a single fraction and
factorise the result as far as possible.
o -2t
X— 2

x4 —x

¥ =) . .

x— & You find the critical values by solving

the numerator equal to zero and the
T —— x(4 — x) denominator equal to zero. In this case
Bl x=2" the numerator = 0, givesx = 0, 4 and

the denominator gives x = 2,

the critical values arex =0, 2and 4. »

x<0 O0<x <2 Z<x<4 4 <x

Sign of f(x) + - + -

x2

e > 2x is For example if 4 < x, then

The solution of

x(4 —x) _ positive X negative
x<0,2<x<4 x—-2 positive '

which is negative.
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Exercise A, Question 4

Question:

Find the set of values of x for which

2
X . 12 1.
Solution:
i
x > 12 -1
. . JE=12 _

Multiply both sides by x? X cannot be zero as = ¥ would be undefined,
212 50 x° is positive and you can multiply both
8 Xoad ext sides of an inequality by a positive number or

expression without changing the inequality.
x(x*—12)—-x2>0 You could mot multiply both sides of the
i inequality by x as x could be positive or negative.
xt— 125 x>0

x(x? —x—-12)=0

xix —4)x+3)=0

Sketching y = x(x — 4)(x + 3) —— D€ graphofy =x(x — 4)(x + 3)

crosses the y axis atx = =3, 0 and 4.
ya
/ | You can see from the sketch that
. the graph is above the x-axis for
# N / ~ -3 <x<0andx > 4. You can
/_.:, ON_/4 x then just write down this answer.

2 _ 12 If you preferred, you could solve
The solution of xT“ >1lis-3<x<0,x>4. this question using the method
illustrated in the solutions to
questions 2 and 3 above.
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Exercise A, Question 5

Question:

Find the set of values of x for which

3

E.

2x—-5>

Solution:

Bothy=2x — Sandy = f are straightforward

graphs to sketch and so this is a suitable
question for a graphical method. The gquestion,
however, specifies no method and so you can
use any method which gives an exact answer.

After sketching the two graphs, 2x — 5 };

is the set of values of x for which the line
is above the curve. These parts of the line
have been drawn thickly on the sketch.

2-5=3
X
x(2x—3)=3 : e
You need to find the x-coordinates of
22 -5x-3=0 the points where the line and curve
_ | meet to find two end points of the
2+ 1Hx —3) =0 H,f“' intervals. The other end point (x = 0)
=l g R can be seen by inspecting the sketch.
Zi

The solution to 2x — 5§ > % is —-.—', <y <0 x=3
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Exercise A, Question 6

Question:

Given that k is a constant and that k = 0, find, in terms of k, the set of values of x for

N o i T
whic =2,
hu.hx oy
Solution:
x+k Kk
k. L
x+4k x
x+k _k
SIS 0 WY
x+4k «x
(X + K)x — Kix + 4k)
>0
(x + 4K)x
Xz — 4K
. B <, |
(x + 4k)x
(x + 2Kk)(x — 2K) For example, when k is positive, in the
& + 4% =0 interval 0 < x < 2k,
(x + 2k)(x — 2k)  positive X negative
x4+ 20 — 2K (x + 4k)x  positive X positive '
Considering f(x) = (r"+ 4k};ru , which is negative.

the critical values are x = —4k, =2k, 0 and 2k, /
. T

2k <x ‘

-2k<x <0
+

x-::—«lk- —4!{{1‘-::*2# 0<x<2k

Sign of f(x)

x4+ k K

The solution of >2isx < -4k -2k<x<0 2k<=x.
x+ 4k x
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Exercise A, Question 7

Question:

a Sketch the graph ofy = x + 2|.
b Use algebra to solve the inequality 2x > |x + 2|.

Solution:

Inequalities which contain both an expression in x
with a modulus sign and an expression in x without a
modulus sign, are usually best answered by drawing a
sketch. In this case, vou have been instructed to draw
the sketch first. The continuous line is the graph of

y = |x + 2|. You should mark the coordinates of the
points where the graph cuts the axis.

-
You should now add the graph of ¥ = 2x to
vour sketch. This has been done with a dotted
line. You find the solution to the inequality by

. " identifying the values of x where the dotted

b The intersection occurs when x > —2. line is above the continuous line.

Whenx> -2, x+ 2| =x+2
2x=x+2 \ ' : s : '
X When f(x) is positive, [fix)| = f(x).
x=2

The solution of 2x > |x + 2| isx > 2.
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Exercise A, Question 8

Question:

a Sketch the graph of y = x — 2a|, given that a > 0.
b Solve [x — 2a| = 2x + a, where a > ().

Solution:

The dotted line is added to the sketch in
1 part a to help you to solve part b.

The dotted line is the graph of

y = 2x + a and the solution to the

inequality in part b is found by

identitying where the continuous line,

which corresponds to |x — 2aj, is above the

dotted line, which corresponds to 2x + a.

b The intersection occurs when x < 2a.

Whenx < 2q, |x — 2a|=2a — % » { If f(x) is negative, then [f(x)| = —f(x).
da—x=2+ana
-3x=-a=x=3d

The solution of [x — 2a| > 2x + aisx < La.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_revl a_ 8.} 3/10/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics
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Question:

a On the same axes, sketch the graphsof y =x and ¥

Pagel of 1

[2x —-1].

b Use algebra to find the coordinates of the points of intersection of the two graphs.

¢ Hence, or otherwise, find the set of values of x for which |2x = 1| > x.

Solution:

a y

Y
\,—f‘" "II - |2._1' 1 | % iy

Atx=0y%

-1 = 1.

b There are two points of intersection.
At the right hand point of intersection,

x>l 22 -1

2x—1=x==x

At the left hand point of intersection,

Lo 2% — 1
1-2x=x

e

b

b -I'

The points of intersection of the two graphs are

[_-'q, _Héll'ld (1, 1)=

2 — 1w

1 e

If f(x) > 0, then [f(x)| = f(x).
If fix) < 0, then |f(x)] = —f(x).

tu
3

You need to give both the
x-coordinates and the y-coordinates.

¢ Thesolutionof 2y — 1| >xisx < l{ x>,

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

a On the same axes, sketch the graphs of y = x — 5| and y = |3x — 2| distinguishing between
them clearly.

b Find the set of values of x for which [x — 5| < |3x — 2.

Solution:

You should mark the coordinates
of the points where the graphs
meet the axes.

b From the graph both intersections are in the [
region where x < 5 and x — 5 is negative.
Hence, |x = 5| =5—-x
- T g e
Forx = = 3x — 2| =3x—2

x—2=5-—-x

dx = ?‘—f:-:=%
Forx<% 3x-2/=2-3
Z2-3x=5—-x a
e
—-2x=3=x=—3

The solution of |x — 5/ < [3x — 2] is

3 x> 4 . You identify the regions in which the lines
B representing y = |x — §| are below the lines
representing y = |3x — 2.,

These are shown with heavy lines above.

X< —
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Exercise A, Question 11

Question:

Use algebra to find the set of real values of x for which |x — 3| > 2x + 1.

Solution:

e =3 =2k +1
As both [x — 3| and 2|x + 1| are positive you
(x — 3)° > 4x + 1)° = can square both sides of the inequality without
changing the direction of the inequality sign.
If @ and b are both positive, it is true that

0> 3%2+ 14x — § a > b = a* > b%. You cannot make this step if
either or both of a and b are negative.

X2-6x+9>4x+8x + 4

x+53x-1)<0

Considering f(x) = (x + 5)(3x — 1), ——

e J Alternatively vou can draw a sketch

the critical values are x = =5 and 1. of y = (x + 5)(3x — 1) and identify
the region where the curve is below
-8 il 1 1 the y-axis.
X < ) O X< 3 3 <X . |
Sign of f(x) + - +

The solution of |x — 3| > 2]x + 1] is

—:E-r:x-:l;.
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Exercise A, Question 12

Question:

Find the set of real values of x for which
Je+1_ |
x—23

3x + 1
2 —3

a

b

< 1.

Solution:
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a x—?:-{:l
3x+ 1

= 1<0

3x+1—1|;.r—3:{G
x—3

2(x + 2)

Considering f(x) = =3

' You should compare the solutions
to parts a and b. The questions look
the critical values are x = -2, 3. similar but the algebraic methods of

solution used here are quite different.

x<-2 | -2<x<3 I<x
Sign of f(x) + - +
The solution t;fg'j__"; <1i8-2<p<d
5 <
. As both ‘ixf,: and 1 are positive you can
(31‘ + 1 ) <1 : . | .
x—3) square both sides of the inequality without
(Gx + 1)2 < (x - 3) changing the direction of the inequality sign.

Ol 4+ 6x+1<x*—6x+9
Bxl+ 12x — B <0 »
2024+ 3x-2=(x+2)2x-1)<0

As 4 is a positive number, you can
divide throughout the inequality by 4.

Considering f(x) = (x + 2)(2x = 1),

the critical values are x = -2 andx = 1.

x<-=2 -2-::::-::%

Sign of fix) -+ - +

Erd| st

The solution of P‘J‘:t-]
o

L

‘-::Iis—z-t:x{
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Question:

Solve, for x, the inequality |Sx + a| = |2x|, where a > 0.

Solution:

|5x + a| = |2x . . <L
As a is positive, both 5x + a| and |2x

(5x + a)” = (2x)* » are positive and vou can square both
sides of the inequality.

2522 + 10ax + a* = 4x°

2122+ 10ax + a2 = 0

Bx+a)i7x+a)=0

The graph is a parabola intersecting

1

Sketchingy = (3x + a)(7x + d)» - ;
™ g8y =1 al q) the x-axis atx = — liﬂ andx = —2a.

¥4

Pagel of 1

A common error here is not to

=1 a\-/- la O x / way round.

The solution of |5x + a| < |2x| is - -%{i =x=- L:r.

© Pearson Education Ltd 2C
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Exercise A, Question 14

Question:

a Using the same axes, sketch the curve with equation y = [x* — éx + 8] and the line with
equation 2y = 3x — 9. State the coordinates of the points where the curve and the line meet
the x-axis.

b Use algebra to find the coordinates of the points where the curve and the line intersect and,
hence, solve the inequality 2|x* — 6x + 8 > 3x — 9.

Solution:
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a Va

y=?— 6 + 8

Page2 of 3

Asx?—6x+8=(x—2{x—4)
the curve meets the x-axis at

x = 2 and x = 4. The sketching
of the graphs of modulus
functions is in Chapter § of
book C3.

The curve meets the x-axis at (2, 0) and (4, 0).
The line meets the x-axis at (3, 0).

b To find the coordinates of A

The x-coordinate of A is in the interval 2 <x < 4
In this interval x> — 6x + 8 is negative and, hence,

x2—6x + 8| = —x*+ 6xr— 8 ——

3x—9
2

-2x*+ 12x - 16 =3x -9
22 -9+ 7 =0

-x*+6x—8=

If fx) < 0, then [f(x)| = —f(x).

fe ~7)— 1)=10 As the x-coordinate of A is in
=L X { the interval 2 <x < 4, the
; L solution x = 1 must be rejected.
L PN B
g

The coordinates of A are (5, 7).

file://C:\Users\Buba\kaz\ouba\fp2_revl a 14.|
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To find the coordinates of B
The x-coordinate of B is in the interval x = 4
In this interval x* — 6x + 8 is positive and, hence,

x*—6x+8 =x*-6x-8

If f(x) > 0, then |[f(x)| = f(x).

x3+6x+8=312_9

2x2 - 12x+16=3x -9
2x2-15x+25=0

x—35)2x—-35)=0 As the x-coordinate of B is in
x =35, 2/'?/ the interval x > 4, the solution
g o x = 21 must be rejected.
_3X5-9 _ 3 ¥
e T

The coordinates of B are (5, 3).

¢ The solutionof 2/x2 — 6x + 8| > 3x — 9 is

You solve the inequality by inspecting
the graphs. You look for the values of x
where the curve is above the line.

$ <3l x5,

© Pearson Education Ltd 2C
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Exercise A, Question 15

Question:

a Sketch, on the same axes, the graph of y = |(x — 2)(x — 4)|, and the line with equation
y =6 — 2,

b Find the exact values of x for which |{x — 2)(x — 4)| = 6 — 2x.
¢ Hence solve the inequality |(x — 2)ix — 4)| < 6 — 2x.

Solution:
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A4

0
of the points where the graphs

meet the axes.

b Let the points where the graphs intersect be

Aand B.
For A, (x = 2)(x — 4) is I“‘-‘Si“‘f‘:‘ The quadratic equations have been solved
(x— 21{1: —4)=6— by completing the square. You could use

the formula for solving a quadratic but the
~ 6o +8=06-2x conditions of the question require exact
xl-dx = solutions and you should not use decimals.
X —4x +4=
(x—2)p2=2

The quadratic equation has another
solution 2 + v2 but the diagram shows
that the x-coordinate of A is less than 2,
s0 this solution is rejected.

For B, (x — 2)(x — 4) is negative
- -2)x—=9=6-2%
-x2+6x—-8=6-2x
—8r=—14 The quadratic equation has another
* r 'r} v - 3 : .
8+ 16=2 solution 4 + 2 but the diagram shows

; that the x-coordinate of B is less than 4,
(x—4)y'=2 so this solution is rejected.
Xim= =y

The values of x for which |(x — 2)(x — 4)| = 6 — 2x
are 2 —y2and 4 — 2.

¢ Thesolutionof [(x — 2)x —4)| <6 - 2x

02 B cg e d D You look for the values of x where
S, 2 - VL.

the curve is below the line.

© Pearson Education Ltd 2C
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Exercise A, Question 16

Question:

The figure above shows a sketch of the curve with equation

o .
y =2 ! r#F -2

Y+ 2
The curve crosses the x-axis atx = 1 and x = —1 and the line x = -2 is an asymptote of the
curve.,

a Use algebra to solve the equation
3= ]

= 3(1 — x).
x + 2
b Hence, or otherwise, iind the set of values of x for which
2=
~ < 3(] —x).
x + 2| J
Solution:
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a forx > -2, x + 21is positive and the equation is
xt—-1 _ B
x+2 3l =%)

2-1=3(l-2)x+2)=-3x*-3x+6

dx?+3x—7=(dx+ Nx—=11=0
As both of these answers are

1+ ;
> greater than —2 both are valid.

e | g

xom= =

Forx < -2, x + 2 is negative and the equation is

x2—-1 _ B
= Rl

=1==-31-x)Nx+2)=3x*+3x-6

22+ 3x-S5=(2x+5)x-1) =0
As 1 is not less than —2 the answer

x=-3,4 1 should be ‘rejected’ here. However,
the earlier working has already shown
1 to be a correct solution.

oo

The solutions are —%, —_'11 and 1.

b . ya . . |
: o complete the question,

vou add the graph of

¥ = 3(1 — x) to the graph

which has already been

drawn for you. You know

the x-coordinates of the

points of intersection
/1 x

: \/ from part a.

The solution of <3l —x)is ]
+2 You look for the values of x on the graph
x<-5 -lax<l, where the curve is below the line.

7
3

x2-1
x

© Pearson Education Ltd 2C
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Exercise A, Question 17

Question:

a Express — in partial fractions.

(x + 1)(x + 2)

b Hence, or otherwise, show that
X 3 . n
(r+1)r+2) n+2
=1

Solution:
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1 A . B

X+ Dx+2) x+1 x+2

Multiply throughout by (x + 1){(x + 2)
l1=Alx+2)+Bx+ 1)
Substitute x = —1
1=A-1+2)+B(-1+1)=A=A=1
Substitutex = -2
—A(-2+2)+B(-2+1)=-B=B=-
Hence

1 - F = 1§
X+ Dx+2) x+1 x+2

b Substituting r for x and multiplying by 2

2 o 2 2

r+1)Nr+2) r+1 r+2

Hence

Page2 of 2

The methods used for partial
fractions are in Chapter 1 of
book C4, You may use any of
the methods which can be
used to split complex fractions
into partial fractions. Here the
substitution method is used.

: 7 ; |
The summation involves twice the

fraction vou worked on in part a ‘
with r substituted for x. So you begin
by making the substitution and
multiplying every term by 2. ‘

L{r+]}[r+2 z‘(r+] .r+ J

=Z-7.
-3

This is the first term of the summation, with
r =1, broken up using the partial fractions.
Here

2 o o
A+1¥1+2) 1+1 1

B3
L33

2
T2

+i—§hahimhm

This is the third term of the summation, with
r = 3, broken up using the partial fractions. Here

2 e &2

B+13+2)

3+1 3+2 4 5

- _2
b 2 a3
2 n+2 n+2

_n+2-2_ n
n+2 n+2

© Pearson Education Ltd 2C
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as required

You write out two or three terms
at the beginning and end of the
summation and show, by crossing
through the fractions, how the
fractions cancel each other out,

In this case all of the terms are
cancelled except the first and last
and these are the only two left.
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Exercise A, Question 18
Question:

. 2 Y « i
a Express = in partial fractions.
{r+ 1)}r+ 3)

b Hence prove that

= 2 o nSn + 13)
L (r+ 1)r+3) 6in+ 2)n+3)
=]

Solution:
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2 A R
e CFOCE3 F+1 7+3

Multiply throughout by (r + 1)(r + 3)
2=A(r+3)+ Bir+1)

Equating the coefficients of r The methods used for partial fractions

are in Chapter 1 of book C4. You may

0=A+B @ i
\ use any of the methods which can be
Equating the constant coefficients

used to split complex fractions into
2=34+B @-r~f*ﬂ“’F”

partial fractions. Here the method used
Subtracting @) from @ is equating coefficients and solving the
Gi= A o 4 =1 resulting simultaneous equations.

Substituting A = 1 into Q)
0=1+B=8=-]
Hence

2 1 _ 1 | You use the partial fractions in

(r+1)}r+3) r+1 r+3 h_'“k“*hh—»i part a to break up each term in

| the summation into two parts.
. 2 B 11
b;{r+]}{r+3} Z[r—l—l r+3J

in This is the first term of the summation, with
= % —,fv r =1, broken up using the partial fractions. Here
2 1 1 _1_1
ti—% A+1)(1+3) 1+1 1+3 2 4
0
You write out some terms at the beginning and
* g\ = “7& end of the summation and show, by crossing
through the fractions, how the fractions cancel
each other out. In this case two terms are left at
1 the start of the summation and two at the end.
U
This is the nth term of the summation, with
R s BV S r = n, broken up using the partial fractions.
»+1 n+3 Here
1.1 1 1 <-4 1,
=§+§-”+2-”+3 i+ Nn+3) n+1 n+3
=21 ___2 You compl esti
i e plete the question
by expressing your answer
- i” + ?H” +:3) — f’{” * “ — 6(n + 2} as a single fraction and
~ 601+ 2)(n + 3) simplifying it to the answer
_5n>+25n+30—6n— 18— 6n—12 exactly as it is printed on

6(n + 2)(n + 3) / the question paper.
5+ 13n  _  nSn + 13)

T 6+ 2 n+3) 6n+2)n+ 3) as required.

© Pearson Education Ltd 2C
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Exercise A, Question 19

Question:

a Show that

r+ 1 o 1 —
— FE L.
r+2 r+1 (r+lLir+2)

b Hence, or otherwise, ind

2 = 1--“] —=+ 8iving your answer as a single fraction in terms of n.
LT =+ &) :
|

Solution:
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To show that an algebraic identity is true,
you should start from one side of the
identity, here the left hand side (LHS),
and use algebra to show that it is equal
to the other side of the identity, here the
right hand side (RHS).

_(r+1-r(r+2
(r+ 1)+ 2)

_P4+2r+1=r=2r
(r+ 1¥r+ 2)

B 1
T+ DI+

= RHS, as required You use the identity that you proved

in part a to break up each term in the
] summation into two parts.

n

This is the LHS of the identity with r= 1.

This is the LHS of the identity with r = 2.

This is the LHS of the identity with r = 3.

This is the LHS of the identity withr =n — 1.
r+1l_ ¢ _n—1+%_ n-—1
AT _.n__n-1
n+1 i
I § 1 "
u n+2 pF \
This is the LHS of the identity with r = n.
Y ; s o e
n+z 2 ‘\] The only terms which have
not cancelled t:me another
2+ 1) — (n+ i m
it 2:.'1 = g; 2) _2n ;{ﬁ = ;} 2 out are the —Em the first
line of the summation and
S the 0 ; in the last line.
2+ 2) 1+

© Pearson Education Ltd 2C
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Exercise A, Question 20

Question:

flx) = 2
2 (x+ 1x+ 2ix + 3)

a Express f(x) in partial fractions.

b Hence find L f(r).

Solution:
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2 _ A B C
x+1x+2Mx+3 x+1 x+2 x+3

a Let

Multiplying throughout by (x + 1)(x + 2){x + 3)
Z2=Ax+2Mx+3)+Bx+1Nx+3N+Clx+ Dix+ 2)

Substitute x = —1 ~

2=AX1X2=A=1 | When —1 is substituted for x then both
Substitute x = -2 B(x + 1)(x + 3) and C(x + 1)(x + 2)
2=BX—-1X1=B= -2 | become zero.

Substitutex = -3
2=CHX=-2%-1=C=1
Hence

1

flx) = —T x
You use the partial fractions in
b Using the result in part a with x = r : ; i

part a to break up each term in the
£ | . | summation into three parts.

L fm;r-}- 1 _r+2 r+ i

r=1

I
b=
|
.+_
e

W l—
s
o

+[|y "%\ * ,{ Three terms at the beginning of the
. summation and three terms at the
end have not been cancelled out.

TR AT

__ 2~ 1
+\r]§ w+ 1 * n+ 2
e o & o R
+_“+1 rr+2+n+3
% e e | 1 . 7 1
SR (Ll Rl o e

1 1
Aoy T ‘\ This question asks for no particular form
of the answer. You should collect together

like terms but, otherwise, the expression
can be left as it is. You do not have to
express your answer as a single fraction
unless the question asks you to do this.

© Pearson Education Ltd 2C
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Exercise A, Question 21
Question:
a Express as a simplified single fraction T _I T ;I,
b Hence prove, by the method of differences, that
At r=(r—1)* 1=
Solution:
gt — 2
1 e lj = % — Methods for simplifying algebraic
E=H" =8 T fractions can be found in Chapter 1 |
2= =2r+1) of book C3.
= J
rHr—1)>
— M
ri(r— 1)
This summation starts from r = 2 and not
— 2r—-1 —~/ 1 1\ from the more common r = 1. It could not
b ¥ P . T
L ré(r — 1)~ L{.{r— 1)° :“l 1 ; ;
r=2 r=2 start from r= 1 as {r_-1_15 is not defined
o . y\ for that value.
1¢ 21
5
TR A
+ £ — % |
S [n this summation all of the terms cancel

——— out with one another except for one term
at the beginning and one term at the end.

© Pearson Education Ltd 2C
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Exercise A, Question 22

Question:

Find the sum of the series

2 3 n
Inl +In=+In> + ... + In :
- 3 4 n+ 1
Solution:
letS=Inl+mZ+m3+..+In"
2 3 4 n+1
The general term of this series is In— 4‘: T
Using a law of logarithms
E _ ‘ For logarithms to any base In? = Ina — Inb.
In ;_Tl' =Inr In{r + 1:' _--_-""-h____ 8 d e h -

i

= This law gives a difference and so you can
use the method of differences to sum the

..“..‘ . ”"h f
3,'1724111 z :—Z‘{Inr—lmr+1n"" -
r+1 series,
rE=]

=Inl - ln2
+ a2 - Ing

+In3 - lnd

+ Tit—=_1) — |af
+ I — In(n + 1)

A SR

=Ilnl —-Inn+1)=-In(n+ 1)

S —|Inl=ﬁ

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp2_revl a 22.| 3/10/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 23

Question:

a Express L__in partial fractions.
rir+ 2)
b Hence prove, by the method of differences, that
]

- 4 _  H3n+3)
L ir+2y (w+ Dn+2)

¢ Find the value of Z: 2 , to 4 decimal places.
rir+ 2)

F= 5

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_revl a 23.1

Pagel of 3

3/10/201:



Heinemann Solutionbank: Further Pure 2

Page2 of 3

L oAy B

Mr+2) 7 r+2'_\

Multiply throughout by r(r + 2)
1=A(r+ 2) + Br
Equating constant coefficients

a Let

You may use any appropriate method
to find the partial fractions. If you
know an abbreviated method, often
called the ‘cover up rule’, this is
accepted at this level.

1=2A=A=]
Equating coefficients of r
0=A+B=B=-A=—3

Hence
1 -1 _ 1
rir+2) 2r 2{r+>
4 P
b r+2) r r+2
i 4 _ I [g_ 2 )
rir + 2) r r+ 2

You need to multiply the result of
part a throughout by 4 to apply
the result to part b, Remember to
multiply every term by 4.

Each right hand term is cancelled
out by the left hand term two
rows below it.

- An+1)n+2)=2(n+2)—2n+1)

Four terms are left, Two from the
beginning of the summation and
two from the end.

You have to get your answer
exactly into the form printed
in the question. Put all three

(n+ 1)n+2)

_3mt+9m+6—-—2n—4-—-2n—2

terms over the common
denominator (1 + 1)(n + 2)

4+ L+ 2)
3nt + 5n

13 + 5)

and simplify the numerator.

T+ n+2) m+ D+t 2)

file://IC:\Users\Buba\kaz\ouba\fp2_revl a 23.|
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100 1061 29

= 4 :
s Z r+2) Z r+2) Z rr+ 2) i f(r) = i f(r) — i fir)

HE et ;_Ih““‘—-——-_‘_h_ r= 50 r=1 rel
— 100 X 305 _ 49 X 152 | You find the sum from the 50th to the 100th
101 X 102 50 X 51 term by subtracting the sum from the first to

the 49th term from the sum from the first to
the 100th term.

= 0.0398 (4 d.p.) It is a common error to subtract one term too
many, in this case the 50th term. The sum
you are finding starts with the 50th term.
You must not subtract it from the series — you
have to leave it in the series.

2.960590... — 2.920 784

© Pearson Education Ltd 2C
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Exercise A, Question 24

Question:

, N o .
a By u.\:pruwrtg‘; e i in partial fractions, or otherwise, prove that
t 2

— 3 e
L 4r2 — | 2n+1°
r=1

b Hence find the exact value of

\_"IIﬂ 2
Ladri =1

Solution:
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a4r-1=02r=1)2r+1)- . A .
Let This question gives vou the option
to choose your own method (the
2 - 2 el B questions has ‘or otherwise’) and, as
47 -1 (2r=1(2r+1) 2r—=1 2r+1 g :
you are given the answer, you could,
Multiply throughout by (2r — 1)(2r + 1) if you preferred, use the method of
2=A2r+ 1)+ B(2r-1) mathematical induction which you
Substitute r = 1 learnt in module FP1.
s If the method of differences is used,
2=24=A=1 : i 5 ;
. : you begin by factorising 4r* — 1, using
Substitute r = =3 the difference of two squares, and
2=-2B=B=-1 then express
Hence 2 ; : .
3 | X Zr=DEr + 1) in partial fractions.
42—-1 2r—-1 2r+1
n 9 B n 1 - 1 : -
4r2-1_2(2r—1 2r+ 1, Withr=1,
! - A S S T N |
_ 1 _ 2r=1 2r+1 2xX1-1 2ZX1+1 1 3
1
+X-% Withr=n- 1,
+4 - . (P 1 _ 1
%/g 2r—=1 2r+1 2Xn-1)—-1 2X{n-=-1)+1
./ - 1 ~ 1 _ 1 1
P S W 2n—-2-1 2n-2+1 2n-3 2n-1
2n =3 21-1
bl 1 . .
-1 2n+1 The only terms which are not cancelled out in
| the summation are the } at the beginning and
PO N -1 _
=1 TR as requ[red the 1+ 1 at the end.
20 20 10
b Z & _ Z S v You find the sum from the 11th to the
L dri—1 Ledrr-1 Ldrr-1 20th term by subtracting the sum from
_ the first to the 10th term from the sum
=(1- ﬁ -1+ %} from the first to the 20th term.
=] —.i. e .l —] _2’1 + ﬂ
41 21 41 x 21 The conditions of the question require an
20 exact answer, 50 you must not use decimals.
= 8ol

© Pearson Education Ltd 2C
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Exercise A, Question 25

Question:

Given that for all real values of r,
(2r+ 1) = (2r=1)*= Ar* + B,
where A and B are constants,
a find the value of A and the value of B.
b Hence show that
i 2 =lun+ 1)2n + 1)
r=1

4

¢ Calculate Z (3r — 1)
Solution:
a Using the binomial expansion

(2r+ 1P =87 +12r + 6r+ 1 @
2r=1P=88-12rt+6r-1 )

Subtracting the two expansions gives an
—— expression in r%. This enables you to sum

L

Subtracting@ from@® _— r using the method of differences.
2r+ 1P -2r=17-24r+2 @ '
A=24,B=2

b Using identity @) in part a

Z (24r: + 2) = Z ((2r+ 1P — (2r—1)%)

r=1 r=1

24Xri+x2=X[(2r+11-*-(2r-1;-‘} i2=2+2+2+...+2=2u

r=1 r=1 r=1

\ 1 times

”..‘ \ n
24L r+2n=3%-13%
r 1

It is a common error to write Z =2
+ 5 -2

r=1
+7 -5 This expression is (2r + 1)* — (2r — 1)}
: with n — 1 substituted for r.
o _ ] '__,_,-o-"‘"'_'-#_; :2«{”_1}"' 1}'1_12[”_11_]}'|‘
+ LZ_LL -I-T‘ -\-er'"'_--.j_l_\_ — IEH S I]{ i {2” = 3}‘
+(2n + 1)) = 2u—1P

r=1 e
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i ; Summing gives you an equation
24Z rr+2n=02n+1)"— 1+ in ¥ r%, which you solve. You then
=3 factorise the result to give the

" answer in the form required by

24) 2 =8w+ 120+ 6n+1-1-2n the question.

r=1

=8+ 121+ dn=4n2n* + 3n + 1)
=4nin+ 1)2n + 1)

]

: + 1)(2n +
Z 2o dn(n ;L{ n+1) _ ﬁn[ﬁ + 1)(2n + 1), as required.

r=]

c 3r=1P=9r-6r+1

Hence
‘4_[| :IH j1_u 40
T @Br=12=9Y P2-6% r+ Y1
rZ-T .ZT r>_-—[' 21 In the formula proved in part b,

vou replace the i by 40.
Using the result in part b.
40l

9% " rF=9X1X40x 41 X 81 = 199260

F=

. +1
Using the standard result Z f= ”{”2 ) This is a standard formula
r=1 from the FP1 specification.
40 The FP2 specification requires
Moo 40X 4T - ou to know the material in
=6 X 2230 = 4920 y
ﬁz__al reo 2 e the FI'1 specification.
I-Hr
y 1=40 —_ i
;:’1 e 2‘ I = 40 is 40 ones added together
r=1

Combining these results which is, of course, 40.

4
Z (3r = 1) = 199260 — 4920 + 40 = 194 380

r=1

© Pearson Education Ltd 2C
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Exercise A, Question 26
Question:
]

f{r) = -
rir+1

a Show that

. reZt

k
rir + 1)(r + 2)’
stating the value of k.

f{ry—=fr+ 1) =

b Hence show, by the method of differences, that

y ]

i’: 1 n2n + 3)
rr+ 1)r+2) 4n+ 1020+ 1)

Solution:
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1
rr—+1)

replaced by r + 1. This gives

with r

1 B ] . fir+ 1)isfir) =
rr+1) (r+ 1)r+ 2)

a firy —fir+ 1)

o = 2
rir+ 1Mr+2) rir+ 1)(r+ 2) 1 _ ]
(r+1Mr+1+1) (r+ 1)r+2)

which is the required result with k = 2.

b Using the result in part a | Ask =2, thisis twice the
'_______(—~—————_ summation you were asked to
2n n , work out. You must remember

2 =% 1 _ 1 o .
Z rir+ 1)(r + 2) ):1 (r{r+ 1) (r+1)}r+ 2]] to divide by 2 later.

Most summations in this
topic have an upper limit of

(2n _“[-?gq Zﬂzj,/_>- n but this question has an
upper limit of 2n. So the last
two pairs of terms are the

differences with r = 2n — 1

+
M +1) (@n+ 1]{2ri + 2) afd r = 2.

1 1
2 2n+1)(2n+2)

Hence

251

et 1 - Dividing throughout by 2.
~ r+ Dr+2 4 22n+ D2n+2) ividing throughout by

_1_ 1

4 4(2n+ Din+ 1)

n+12n+1)-1 You complete the question
T A+ D2n+ 1) by putting the fractions over

a common denominator
P4 3n+1 -1 and simplifying to the
T A+ D2+ 1) printed answer.
2n* + 3n

TIm+ D2n + 1)

_ n(Zn + 3)
4n+ D2n + 1)

, as required

© Pearson Education Ltd 2C
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Exercise A, Question 27

Question:

a Show that
f'l_f+.|:r_1+l_ ]
rir+ 1) ror+1
forr# 0, —1.

u
- - 4 " M " . ’ . " .
b l']!'lli.i E = l:" _._'r ]] ]'. L'?L]lrl.‘ﬁfa]ilg VOUTr ArlSWer 4s 4 hlllﬂlﬂ fraction in its ﬁi['['l}ﬂl.‘ht form.
Fir = | 2
Fou |

Solution:
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| To show that an algebraic identity

oo 1_ 1
a RHS =1 I+r el
r—1rir+1Y+{r+1)—r
rir+ 1)
_rrr—1)+1
rr+ 1)

_=rd]
r(r+ 1)

= LHS, as required

b Using the result in part a

e

is true, you should start from one
side of the identity, here the right
hand side (RHS), and use algebra
to show that it is equal to the
other side of the identity, here the
left hand side (LHS).

This summation is broken up
into 3 separate summations.

Only the third of these uses
the method of differences.

This is a standard formula from the

FP1 specification., The FI'2 specification
requires vou to know the material in
the FP1 specification.

In the summation, using the
method of ditferences, all of

the terms cancel out with one
another except for one term at the
beginning and one term at the end.

fr—r4+1_ _ i . S
Z rir+ 1) f s [r r+I)
r= r=1 r=1 r=1
—,__#n+1)

} -
r=1

Zl=u

r=]

m

1 1 o
z[.F—r'Jr]]h%"/%/
r=1 +£/_!{\

ik
+7Z_]+§k
1
““?x‘“rﬂ
=1+H+]
Combining the three summations
N PB—r+1_nn+1) 1
Z mr+1 2 B =

r=1

_n(n + 12 =2nn+ 1) +2n+1)-2

To complete the question,
you put the results of the
three summations over
a common denominator

P

2in+ 1)

_ W +2+n=-2n* - 2r

and simplify the resulting
expression as far as possible.

1T+ 2n+2-2

2in+ 1)

_ wt4n _nnt+1)
2in+1) 2n+1)

© Pearson Education Ltd 2C
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Exercise A, Question 28

Question:
a I".hg,lr'.‘htsrﬁ_l—-;_t-l—'ﬁl- in partial fractions.
' L B
b Hence find Z‘ 2r + 3 * _I-_
rir+1) 3
r=1
Solution:
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2r+3 _A, B

- Ltﬁtr{r-’r 1) T r+1

Multiply throughout by r(r + 1)

2r+3=A(r+ 1)+ Br The partial fractions in part

Substitute r = 0 a form only part of the
' , expression which you have

3=A

: to sum in part b; the L ,
Substitute r = —1 3!

T, omitted. Before part b can

L5 be done, further work has to

Hence be carried out on the general
term of the summation.

ardig 4 1
rir+1) r r+1

b Using the result in part a, the general term
of the summation can be written

loBel_ ke 1 - 1
O R e Tl T P Ve
[ T % = 3} 7 is an important

step here.

2r+ 3
rir+ 1)

i: 2r+3,,1_ 1 1~
Ar+1) 73 30x1 3%x2

r=1

|
I IR} This is = — gy With r = 1.
1 1
+ e =
32 X3 3
I‘_‘,-"'" \“‘x,\] . e 1 1 - o
MiET="rT 3Ty Thishs ooy =gy Mith P =R =L,

T3 Sw 3'n+ 1)

Bl mny u Clg 1 After summing, only the first and last terms
e rir+1) ¥ 3Mn + 1) are left. The first term _%“; 7= L.

© Pearson Education Ltd 2C
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Exercise A, Question 29

Question:

a Sketch, in an Argand diagram, the curve with equation |z — 2i| = 1.
Given that the point representing the complex number z lies on this curve,

b find the maximum value of |z.

Solution:
a VA
s You need to know that the locus of #z in the
Argand plane, when |z — a| = b, is a circle
centre a, radius b, 50 this is a circle with centre
0 (0, 2) on the complex axis and with radius 1.
0 X

12| is the distance of the point representing z
b The maximum value of |z is 3. from the origin. You can see from the diagram
that the point furthest from the origin on the
circle is the point representing 3i.

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

Solve the equation z° = i, giving your answers in the form cos @ + i sin 6.

Solution:
: TS| KR ) | by o i : i
ai=cosy+ising=e? S I'he modulus of the complex number i is 1
) | and its argument is Z. So i = le'2,
(T 3x 9w 13« 1w 2
fﬁzﬁ':,f‘:,{:‘;,f:,ez'\\
o Sw 9w (13w 17w \ Additional solutions are found by increasing the
Z =gl e N g e e arguments in steps of 2#. As the equation is of
i, degree 5, there are exactly 5 distinct answers.
Hence ey
_— T
Z=cosf + isin 8, where T~ |
1‘-\___\_] 2 p— Il:':r f -r'-J.T-I' ||!. I'j".':l'
g=_T 5_1_7{ = 7\ 9% 13w 177 | For example, if 22 =¢ 2 thenz=le2 ' =¢,
10104 2/710" 10" 10
© Pearson Education Ltd 2C
3/10/201:

file://C:\Users\Buba\kaz\ouba\fp2_revl a 30.



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 31

Question:

Show that
cos 2x + i sin 2x

cos 9x — isin 9x
can be expressed in the form cos nx + i sin nx, where n is an integer to be found.

Solution:

Using Fuler's solution €' = cos @ + isin #, ;
8 ) For any angle @, cos # = cos(—#) and
cos2x + isin2x = ' -

—_— —sin # = sin(—#0)
05 9% — iSin9% = cos(—9%) + isin(—9x) = gt~ ' S1F : F
cos 9x — isin9x = cos(—9x) + isin(—9x) = ¢ You will find these relations useful
Hence when finding the arguments of
o : complex numbers.
cosdx +isindx _ e _ iocdon — Lilix
R T P T IR T F T L ~ s T _I._ - '.." - L]
cos9x — isin9x gl —
i | Manipulating the arguments in |
= cos1lx + isin 11x AnIPL dting HIC 418 -
e'" you use the ordinary laws of
This is the required form with n = 11. indices.

© Pearson Education Ltd 2C
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Question:

The transformation T from the z-plane to the w-plane is given by
z+ 1
W="— z#£1,
=1
Find the image in the w-plane of the circle |z| = 1, z # 1 under the transformation.

Solution:

Z+ 1
z=1 The question gives information about |z and
you are trying to show something about w.

It is a good idea to change the subject of the

W=

wz—1l)=wz—w=2+1

w=gEwdloay=hEwtl formula to z. You can then put the modulus
Wi of the right hand side of the new formula,
w—1 which contains w, equal to 1.
U lw = Tle——0( .
T ¢ |
and ___——1 For any complex numbers a and b, |:’: = 7
- —'—"_'_'_'_'_—_'_'_'_'__'_ i
1""' + Ill'___

— =] =iw+1l=w-—=1|
w— 1| |

You need to know that the locus of z in
the Argand plane, when |z — a| = |z — b,
| is the line equidistant from the points
representing the complex numbers a and
b. That is the perpendicular bisector of
the line joining the points. In this case;

The locus of w is the line equidistant from the
points representing the real numbers —1 and 1.
This line is the imaginary axis. »
Hence, the image of |z) = 1 under T is the
imaginary axis.

AN

© Pearson Education Ltd 2C
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Question:

a Expressz=1+ iy Jintheformricos 8+ isin @), r>0 —w<@=<x
b Hence, or otherwise, show that the two solutions of
2= (1+iv3)P
are (2v2)i and (—2v2)i.
Solution:
az=1+iVI=r(cosf+isinf) =rcos@+irsin@
Lquating real parts
1 =rcosé 0]
Equating complex parts
VI=rsine @
Squaring both @) and @ and adding the results
reos?f+ rPsin@=r =12+ (V3)? =4

Unless the question clearly specifies

r=2 otherwise, in this topic you should
TR 1 give all arguments in radians and
Substituting into =3 & :
5 @ IR e exact answers should be given
| =2cosf=>cosf="L=g= 7;' wherever possible.
Hence 1 + iv3 = 2|'L0~:§ + I‘.Iﬂs)

b From part a

o - o You use part a to put the right hand side
I +iv3 =2{cos3 +ising)=2e’ of the equation into a form from which
i ' the square roots can be found.
(1+iv3)y = 2¢'3) = geir e

Hence the equation can be written Additional solutions are found by increasing the

w2 = §pim, Bpiiw arguments in steps of 2. As the equation is a
quadratic, there are just 2 distinct answers.

Iw

£ =
w=y8e? yBe

The two solutions are

w

w=y8e2=, H('cosif + nmg] = 2y 2i
v 2 ‘_:____ Using cusg = L()ST = (), sin %T= 1
and P i)
e R and amf— ~1.
W=\HL?- = H[cm—d I%l['l—l_f‘Z\Z]I

as required.

© Pearson Education Ltd 2C
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Question:

The transformation from the z-plane to the w-plane is given by

2z — 1
W= -Z = 2 A
Show that the circle |z) = 1 is mapped onto the circle |w| = 1.
Solution:
w=22=1 .\ ow=2s-1
Zo=2
You know that [zl = | and you are trying
wz—2z=2w—-1=22z2(w—-2)=2w-—1 to find out about w. 50 it is a good idea
_2w—1 to change the subject of the formula
T w—-2 f,,-f”- to z. You can then put the modulus of
2w+ 1 the right hand side of the new formula,
W — which contains w, equal to 1.
2w —1| = |w— 2|0
f b b e S ] It is not easy to inh_.'r]:_nrs_:t l_his !{}L‘l_ls
1 geometrically and so it is sensible to
20 +iv)— 1] = |u+iv—2| | transform the problem into algebra, using
the rule that if z = x + iy, then
(2u—1)+i2v| = |(u — 2) + iV 122 =22 + ¥4
2u—=1+i2v2=|(u—2)+iv?

Ru—-12+ 472 =(u-22++*
4 —du+1+42=u —4u+ 4+ v?
3 + 32 =3=2w+vi=1

This is a circle centre O, radius 1 and has the equation
lw) = 1in the Argand plane.

Hence, the circle [z = 1 is mapped onto the circle
|w| = 1, as required.

© Pearson Education Ltd 2C
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Question:

a Solve the equation
=4+ 4i
giving your answers in the form z = r ", where r is the modulus of z and k is a rational
number such that 0 = k = 2.

b Show on an Argand diagram the points representing vour solutions.

Solution:
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aletd+4di=r(cosf+isin) =rcosf + irsing

number is usually easier if you
obtain the number in the form re'.
As you will use Euler’s relation, the

Equating real parts
4 =rcosd @®
Equating imaginary parts
4 =rsinf @
Dividing @ by

Y T
tanf=1= ¢ 3

Substituting 8 = g into @

4 =rcosEsd=rX-—=>r=4/2

1

Page2 of 2

Finding the roots of a complex

first step towards this is to get the
complex number into the form
ricos 6 + isin #).

‘]- ] 5
To take the ffth root, write 4y2 = 22,
Hence
4 + 4i = 4/2(cos g + jsing)
5‘1?"
= 93a'%
£ : 1= ; ks ; j1im 3 25w 5 3w 5 9w
gimgre s, 2egt, 3te %, 2% 1,25 1 For example, if z* = 22¢ 4 then
L2 T
1 = [ 1 ;17= 1 257 1 33w 5 j4m\s Sy1 (97l I G
z=22¢2, 22¢20 2220 22 20 22¢ 20 g (21,—: S ML L L o SERE

This is the required form with r = /2 and

k=] 9 17 gi{.=%] 13

200 20 20" 70 i
b Vi
1 z.‘
z/\
po
I 1 -
(ol X

© Pearson Education Ltd 2C

The points representing the 5 roots are
the vertices of a regular pentagon.
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Question:

The point P represents the complex number z in an Argand diagram. Given that
[z =2 +i| =3,

a sketch the locus of P in an Argand diagram,

b find the exact values of the maximum and minimum of |z|.

Solution:

The locus of |z — a| = k, where a is

a complex number and K is a real
number, is a circle with radius k

and centre the point representing a.
Rewriting the relation in the question
as |z — (2 — i) = 3, this locus is a
circle of radius 3 with centre (2, —1).

bOC2=124+2=5=0C=4+5 \z| is the distance of the point
0Q=0C+CQ=/5+3 representing z from the origin. The

. - ) —— - point on the circle furthest from O is
Hence the maximum value of |z] is 3 + V5. : i

marked by () on the diagram and the
OP=CP-CO=3-15 point closest to O by P. The distances
Hence the minimum value of |2 is 3 — V5. of Q and P from O represent the
maximum and minimum values of |z
respectively.

© Pearson Education Ltd 2C
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Question:
The transformation T from the z-plane to the w-plane is given by
)= __I_.- 7 =
W T Z# 2,

wherez=x + iyand w=u + iv.
Show that under T the straight line with equation

2x+y=35
is transformed to a circle in the w-plane with centre { 1, —5 | and radius 5
Solution:
I
W=
Z—32
gres A ik Multiplying the numerator and
w denominator by the conjugate
. complex of the denominator.
X + 1 P e
% H+1v
%=2+iy= 1 yu—iv: w _ _iv

u+iv o u—iv @ +v: wr+ 2

Equating real parts

r— 2= i =2 i

. : + ;
e+ Ve u? + v*

Equating imaginary parts

y=——¥ _
u* 4+ v
Hence 2x+v=35 This is the equation of the curve in
' the w-plane. The rest of the solution is
- \ / showing that this is the equation of :
maps to 2(2 + 1.-; = 3!» T 5‘1(_ lh htt!_l t1.|LLl]_L:1{"Il|'.d
\ W+ Vi 4R circle, using the method of completing
the square.
. Voo

w4 v o+ R
2u—v=ut+?
W-2u+vi+v=_0
W =2u+1 +1-'2+1-'+41=';l

)

(1s)?

(= 1)+ [1-‘+-%}3

This is a circle in the w-plane with centre (1, —1)

and radius 1v'5, as required.

© Pearson Education Ltd 2C
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Question:

a Use de Moivre's theorem to show that cos 56 = 16 cos® 8 — 20 cos® 8 + 5 cos f.

b Hence find 3 distinct solutions of the equation 16x® — 20x* + 5x + 1 = 0, giving your answers
to 3 decimal places where appropriate.

Solution:

It is sensible to abbreviate cos @

a By de Moivre's theorem ~ {andsin@ascand s respectively

: S when you have as many powers
AR 5 o i 5 — fr T T P, : -
€os 50 + isin56 = (cos@ + isin6)” = (¢ + is)", say of cos 0.and sin @ to write out as
=3+ 5ctis + 10681257 + 1021 s + Scits? + 1050 you have in this question.

=3+ i8¢ — 10352 — 103 8% + Scst — 188,

1 Use the binomial expansion.

Equating real parts

cos 58 = ¢ — 10c* 5% + 5cst [

Usei*=—1,i*= =i, i*=1and
T, . d '
Using cos=8 + sin“8 =1 P=iXit=ixl=i

c0s 58 = ¢ — 106%(1 = ¢?) + S¢(1 — ¢?)?
=3 = 10¢¢ + 106 + 5¢ = 10¢* + 56
16¢® — 20¢* + Sc
16 cos® 6 — 20cos* @ + 5cos 6, as required

b Substitutex = cosfinto 162 = 20! + 5x + 1 =0

16cos® @ — 20cos* 6+ Scos@+ 1 =0
l6cos® @ — 20cos* @+ Scosd = —1
Using the result of part a
cos 58 = —1 Additional solutions are found by
58 = 7 3w Sw——— | increasing the angles in steps of 2.
. You are asked for 3 answers, so you
g=7T 3w Sw need 3 angles at this stage.
5" 57
x = cosf=cosZ, -;rt'.-s?’%r, cos
v 5 The two approximate answers are given to
= (.809, —0.309, —1 ~—— 3 decimal places, as the question specified;
the remaining answer — 1 is exact.

© Pearson Education Ltd 2C
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Question:

a Use de Moivre's theorem to show that sin® § = ﬁ{sin 58— 5sin 38+ 10 sin 8.

b Hence, or otherwise, show that

d r _\ - - R
‘; sin ﬂdﬂ—ﬁ,

Solution:
s el — =it -
asmbo=——-—— = i 7 = pifg TS : A
6T i Putting z = €' shortens the working,. _
Letz=e%e—"
- T T il
then g = 2i Use Pascal’s triangle to remember the coefficients in

(a + b)Y = a® + 5a'b + 1062 + 10a?b* + Sab* + b5

sin® g = (Z = ?:w

2i
B Pli]a{x" 50X 2"+ 1083 X2 =102 X 273+ Sz Xt = 727%)
= ﬁ-tz-i - §z% 4+ 102 = 10z 5272 =279 The general relation is
; F _ E.l..url' s L;.—ir.lf.l
- I[‘Z:‘\ — 73 B 5{‘-,_3 — 7 & 10{z — x—iJL\ sinnf = _—2|
16 Zi 2i _j___ gt =gz
1 G S 2i
= E[.'ihn 56 — 5sin 36 + 10sin 6), as required
‘_E““‘-m.,_ﬁ__
E\ Each term on the right hand
' isata— 1 2 en e ) _ side of the identity shown in
b L sin® 8df = T‘_’L (sin 58 — 5sin 36 + 10sin H‘idﬁ___x_“::b part a can be integrated using
e the formula
o
= 15| 308560 + cos 30 — 10cos )" f_gm”gdg = 2O,

(0 ~(=5+3-10))

=1l 128 8 :
= 7z X 5% = 75, @5 required

© Pearson Education Ltd 2C
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Question:

The transformation from the z-plane to the w-plane is given by

a Show that under this transformation the line Im z = ; is mapped to the circle with
equation |w| = L.

- J a -
H where a, b, c and d € C, the transformation
LA i

that maps the line Im z = ! to the circle, centre (3 — i) and radius 2.

b Hence, or otherwise, find, in the form w =

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_revl a 40.l 3/10/201:



Heinemann Solutionbank: Further Pure 2 Page2 of 2

- 1z
RT=LT \ The real part of a complex number on Imz = ! can
ez g have any real value, which you can represent by the
|

W==——=
E.

Z symbol x, but the imaginary part must be

w=zg—i=z—wr=i

[ pmn S

1—w
letw=u+iv

Y e ==
Multiplying the numerator and denominator Multiply the numerator and the
by 1—u+ive denominator of the right hand side
) _ by the conjugate complex of
g dje il —ut i) 1 —u—ivwhichis1 —u + iv.
27 (1 = u)® + v

—y + 1—u
(1—=uw2+v2 (1-—u>+v:

Equating imaginary parts
You are aiming at (w| = 1. If w=u + iv,
. 1 —u = o this is the equivalent to #? + v* = 1. So
2 wW-2ut 14w that is the expression vou are looking for.
w—=2u+14+v3=2-2u

wt+ vt =1
tt + v2 = 11is a circle centre O, radius 1.

Hence the line, Imz = 5 is mapped onto the
circle with equation (w| = 1.

' The first transformation is the

b The transformation w' = £ "maps the line Im z =
i transformation in part a.

Z
onto the circle with centre O and radius 1.

The transformation w" = 2w’ maps the circle with centre

; : : : The transformation z — kz
O and radius 1 onto the circle with centre O and radius 2. ~——

increases the radius of
The transformation w = w" + 3 — i maps the circle the circle by a factor of K.

with centre O and radius 2 onto the circle with This transtormation is an
ceritieé 3 — Vand radius 2. enlargement, factor k, centre

of enlargement 0.

Combining the transformations

The transformationz—z + a
maps a circle centre O to a circle
centre . This transformation is
a translation.

w=2-[x;i)+3—i

_2z—2i+3z—12
£

=2
- Z

© Pearson Education Ltd 2C
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Question:

a Solve the equation
z' =32 + 32/3i,
giving your answers in the form r ', where r> 0, — v < = m.
b Show that your solutions satisfy the equation
2=,

for an integer k, the value of which should be stated.

Solution:
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a let32+32/3i =r(cosB+isinf) =rcosf +irsinf
Equating real parts

32 =rcos @ ) Finding the roots of a complex number
o _ is usually easier if you obtain the
Equating imaginary parts | number in the form re', As you will use

32/3=rsing @ I:ullt{s r_c!zltmn, the first s:twp mwarlds
this is to get the complex number into
Dividing @ by () the form r(cos # + isin 8).
tanf=y3=0= %r
Substituting # = -Eintu 0
32=rcosg=>32=rX;=>r=064
Hence Additional solutions are found
. - - by increasing or decreasing the
32 + 3231 = 64 cos 3t isinq] —] arguments in steps of 2. You are
' ' asked for 3 answers, so you need 3
= 64e'3 arguments%Had you in;:;eased the
) argument ;f by 27 to +~;31: this

; i 7 77 L
7' =64e7, 6de 3, 64¢ ¢} +—————— would have given a correct solution
to the equation but it would lead to

ig A ~i2¥ 137 ; i
Zz=4e"% 4e ?, 4¢ 0= 5 which does not satisfy the

condition # = 7 in the question.
The solutions are re'® where r = 4 and So the third argument has to be
g=_S7 7 In found by subtracting 24 from %r

9'9" 9 '
= i _j—aw
b z=4e% 487, 4e ?
R [ Jw:li' 1 —ﬁ:'r}”
?“=[4e“),.4e 71, \d4e " ? ‘ e
er=cosw+isinr=-1+0=—-1.

= 49¢im 49piln 49gisu Similarly for the arguments 7@ and —5m.

The value of all three of these expressions is —47 = 218
Hence the solutions satisfy z* + 2% = 0, where k = 18.

© Pearson Education Ltd 2C
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Question:

a Use de Moivre's theorem to show that sin 58 =sin@{16 cos*8— 12 cos* 6 + 1).

b Hence, or otherwise, solve, for0 = # < 7,

sin 56 + cos Asin 260 = 0.

Solution:

file://C:\Users\Buba\kaz\ouba\fp2_revl a 42.| 3/10/201:



Heinemann Solutionbank: Further Pure 2 Page2 of 2

a By de Moivre's theorem
cos 5@ + isin 56 = (cos @ + isin@)° = (¢ + is)’, say
=+ 5ctis + 103252 + 10213 s + Scits? + i%§°
=5 + i5¢c% — 10382 — 110253 + 5¢5% — is8

Equating imaginary parts

: 5 ) Repeatedly using the identity

Y = §cty — BT o 7 4 . -

$in 58 = 5¢*s — 10c°s* + 5 4 cos’@+sin*@ = 1, which in
= S5 = 108262 €8y this contextis s2 =1 — ¢%

s(5¢* - 10(1 = &) + (1 - »?)

$5cr = 10c*+ 10¢* 4+ 1 = 28 +cY)

s(16¢* — 1262 + 1)

= sin @(16cos* @ — 12cos’ @ + 1), as required

b 5in50 + cos fsin26 =0 Using the identity proved
sin#(16cos' 8 — 12cos* 0 + 1) + 2sin fcos”# = 0 —— in part a and the identity

sin#(16cos* @ — 10cos? 8+ 1) =0 sinZy= 2sin 9005 0.
sin#(2cos? 8 — 1)(8cos’8— 1) =0

Hence sin@ =0, cos’f =3, cos’d =

sin@=0=08=10

cos’f =1 cosf=* lé
. v
: You must consider the
cosfi=—=40= 1—7 negative as well as the
V2 positive square roots.
cosf= L p=37
V2 4

cos’ f = é 5 o5 0= =1
V2

HoLY —. I = = ?
Cosi= %y 8=12093ap) The question has

' specified no accuracy and
= 6= 1.932 (3 d.p.) /——  any sensible accuracy

; would be accepted for the

approximate answers.

cosfl= —
2

The solutions of the equation are

0,7 37, 1.209 (3 d.p.) and 1.932 (3 d.p.).

© Pearson Education Ltd 2C
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Question:

a Given that z = cos 8 + i sin 6, show that 2" + z7" = 2 cos né.
b Express cos” 6in terms of cosines of multiples of 6.
¢ Hence show that

08t df = 2T,
.J” cos™ B D)

Solution:
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a Z=Ccosf+ising
Using de Moivre’s theorem
2"=(cos@+isin@)" = cosnd +isinnd Q@

From (1)
O 1 Multiply the numerator and
Z'  cosnf + isinng denominator by cos 16 — isin n#,
L - the conjugate complex number
= — 1 __ % £0S A0 = S0 NY / of cosnf + isinnd
cosnf + isinn@  cosnd — isinnd ; : ’

_ cosnf —isinné _ cos 1B — isinne @

cos’ nf + sinznﬁo——-_________________
Use cos®nf + sin“né = 1.

M= cosnf + isinng + cosnd — isinng

= 2cosné, as required.

gyl Bt
2 2

b cos@=

oseg=[2+ 2
cost @ ( 5 J

= ﬁ{z“ + 62527V + 152272+ 202323 + 1522274 + 62'275 + 279)

l ¢ +—+ ¢ l «— Pair the terms as shown.,

=22+ 620+ 1522+ 20 + 15272 + 627 + 279)

i {26 4276, 6(z + 279 15(22+27% , 30
=\~ 2 2 . Z I 24 2
You use e cosng
= 75(c0s 60 + 6cos 48 + 15c0s28 + 10) with n = 6, 4 and 2.

C j:z cos" fde = %fl (cos68 + brosdd + 15cos20 + 10)da
1 o 1]

= 55— [1sin 60 + $sin 46 + Fsin20 + 10 HEi

2

With the exception of 104
: e all of these terms have

_ 5w g
3 as required value 0 at both the upper
and the lower limit.

S |
—EXIUX

T

© Pearson Education Ltd 2C
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Question:

a Prove that
(z" = E,iﬂ][zrr = 9—1#] — z!u - 27 cos B+ 1.

b Hence, or otherwise, find the roots of the equation
=22 +1=0,

in the form cos a + i 5in o, where —v<a = m

Solution:

a .F.'” — {.u'.? .7,” — e—:ﬂ — Iz'_’r.' — ZH{;—IE — za.' [:,lll +- euﬁle—ﬂl o = ) s

l: H ) I'he ﬁp{_'(_'lhl_'ilti{_]ﬂ H'_‘ql.lll'L‘S you to
5 [ @il =il . e s

= gzl — 22”{ S ‘|:)L ] + 1 be familiar with

i

cosf = %{e““ + e ") and

= 7" — 22" cos 8 + 1, as required |
¥ R oY | e [
Sin @ = 5 (e = ¢7).

b Using the result of part a with n = 3 and 8 = :’:

. 2 2\
70 — 22.1“‘5%1'4_ | = [z_i _ ul_“'.[xj o ')
As {:nsg = i? 223 msg = g3 /D
) e V
3"’—2“.24“]=[z-*—e"‘.:'{£"—f': |,:|={}
i R Y Each of these two
' expressions give rise to
3 ¥ i _ % 3T -l 3 distinct expressions
S e Tk PEE RN RR when multiples of
. T f= 9= jx Tn 9w 2qarare added and
3 — & 4 v 4 B = @ ol p 2 ;
=g Lete ftaz=e Bele 'l subtracted from
. . . i the arguments. The
The solutions of 28 = z%2 + 1 =0 arecosa + isine, F 4k LR
original equation is
37 _ 77 _w w Im 37w, of degree 6 and there

where @ = i 12 1201201

I~

-+ will, ilﬁuall}-', be 6
distinct answers.
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Exercise A, Question 45

Question:

The transformation
RO 1 i
T
where z # i, w # i, maps the complex number z = x + iy onto the complex number w = u + iv.

W

a Show that, if the point representing w lies on the real axis, the point representing z lies on a
straight line.
b Show further that, if the point representing w lies on the imaginary axis, the point

representing z lies on the circle

z+ 1+l =%2,

Solution:
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If the point lies on the real axis in the w-plane,

On the real axis, w =1+ = ] ;
Saan the imaginary part of the associated complex

St S 2 number is zero. Sow = u + 0i = u.
z+i
Wzt ui=z+2=uz—2z=2— i :>z=%,:!fli
Hence
I=x + i_’}-’ — .L. - L.

un—1 u—1

Equating real and imaginary parts

a | i H = 1 " el = -.r
After equating real and imaginary parts, you

x=_2 D) : :
n-—1 obtain x and y in terms of the parameter u.
i Eliminating 1 gives the Cartesian equation

of the locus of the point in the z-plane.

From @) xu —x =2 @

Dividing @ by @
Y —%:.rr:-u=-E
X 2 x

Substituting for u in @)

2y
xx—T—J,—Z
-y —x=2=3x+2y+2=0

This is the equation of a straight line in the
z-plane, as required.

If the point lies on the imaginary axis
On the imaginary axis, w = iv » in the z-plane, then the real part of
' the associated complex number is

. Z+2 zero.Sow=0+iv=iw
w=iv= s
Z+1
; by v4 2
H"Z—1-'=Z+2=;-1',’Z—Z=1’+2=‘-2=—.
-1 +iv
gt v+ 2 -1 —=iv _ —{v + 2] - V(¥ + 2}1
s B e e #2 o]
. - v(v + 2)i
z=x+|y=—"+2—{ )

vi+ 1l v+ 1
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Equating real and imaginary parts

As in part a, after equating real and
%=

v+2 “uain ;
I SR 0 imaginary parts, you obtain x and y
(v + 2)i in terms of a parameter; in this case v.
"y E vy gl 5 A Nar it : el
y=- LS i) @ Eliminating v gives the Cartesian equation

vt of the locus of the point in the z-plane.

From Q@) xv? +x=—-v—2 @
Dividing @ by @
Y

- =¥V

Substituting for v in @)

2

¥
xx"—ﬁ+x=~£—2

x° x

Multiplying by x
y+at=-—y—-2x

XX+2&tyty=

i+ 4+ 14y +y+l=3 C{}mplu_ting squares gives you the centre
' S and radius of the circle,

@+ 124+ (y+1)=(4/5)

This is the Cartesian equation of a circle with The locus of [z — af = k,
where a is a complex
number and k is a real
i number, is a circle with
In the z-plane, 7 lies on the circle |z + 1 + Ji| = }/'5, radius k and centre the
as required. point representing a.
As you know the centre
and the radius, you can
write down the locus of z
without further working.

centre (—1, —1) and radius = §/5. »

3
)

© Pearson Education Ltd 2C
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Exercise A, Question 46

Question:

A complex number z is represented by the point P in the Argand diagram.
Given that

|z — 3i} = 3,
a sketch the locus of P.

b Find the complex number z which satisfies both |z — 3il = 3 and arg(z — 3i) = ‘iﬂ.

The transformation T from the z-plane to the w-plane is given by

2i
V=
wER
¢ Show that T maps |z — 3i| = 3 to a line in the w-plane, and give the Cartesian equation of this
line.
Solution:
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The locus of P is the circle with centre (0, 3)
and radius 3. The coordinates (0, 3)
represent the complex number 3i in the
Argand diagram.

The half-line representing arg(z — 3i) = STF

has been added to the diagram. This starts at

(0, 3) and makes an angle of %’”with the

positive x-direction. It is a common error to
turn this half into a full line, The half

line has a different equation,
. : : : 3
b From the diagram, z is the intersection

arg(z — 3i) = — T,
of the circle and the half line marked P 4
in the diagram.

x 3 The geometry of the point of
aE =l '(3 + _) . > intersection is shown here
V2 V) L : *
The coordinates of
3 3 P can then be just
¢ The circle |z — 3i] = 3 has Cartesian equation V2 written down.

! )
2+ (y—-3¢=9 3

xX+yl—-6y+9=9

ety =6y O
Ifz=x+1iy, >
7 Multiplying the numerator and

wedlo A . A g x—iy the denominator by the conjugate

Z x+iy x+iy x-—-iy complex of x + iy which isx — iy.

: x+iy)x —iy) =x*+y%
2y +i ( Rl ¥ ¥
x2 + 42
2

uU+tiv= 24 2%

+i
xz -+ J,E xz + J,.z
From (@) above, x* + ¥* = 6y

L2y 2k 1
HEI‘ICE‘H'i*H—@'I'IG——E 3y

Equating real parts A ‘simple’ equation like u = 1 is quite
difficult to recognise in this context. This
\\is the equation of the straight line parallel

-

=

to the v (imaginary) axis in the w-plane.

The circle maps to the straight line with

equation u = L in the w-plane.

© Pearson Education Ltd 2C

file://IC:\Users\Buba\kaz\ouba\fp2_revl a 46. 3/10/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 47

Question:

The point P on the Argand diagram represents the complex number 2.

a Given that |z| = 1, sketch the locus of P,
The point (} is the image of P under the transformation

]
W = .
z—1
b Given that z = ¢ 0 < # < 27, show that

w= —1—1jcotle.

¢ Make a separate sketch of the locus Q.

Solution:
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a va

1

o i *
J
=| 1
Using Euler’s relation €' = cos 8 + isin 6.

b Ifz=e" :

_ 1 _ 1

s T
- 1 1

cosfl+isind—1 cosfl—1+isind 2

Multiply the numerator and

= 1 w€os8—1—isin@ denominator by cos# — 1 — isin 6,
cos@—1+isin@ cosf—1-—isiné the conjugate complex of

cosf— 1+ isind.

cosf—1—isin#
(cos@— 1) + sin‘ @

_ cosfP—1~-isind
cos’f—2cosP+ 1+ sin?@

_cosf—1 _  ising Using sin @ = 2sin 3 0 cos 1 6.
2 —-2cosf 2 -—2cosh /
ol | 1 I
— _tosf—1 _izslxliﬂcosﬁﬂ { Using cosfl = 1 — 2sin?l6.
2(1 = cos6) 45i[12-_};ﬂ =
= b ¥t ] :
= —3 — zicot54, as required
C ; - R LR wBURN (P .
vk w=u+iv=—5—sicot;# Equating
real parts gives u = — 1, This is the equation
of a straight line parallel to the v (imaginary)
- axis.
-1l o u

© Pearson Education Ltd 2C
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Exercise A, Question 48

Question:

In an Argand diagram the point P represents the complex number z.

2 _m

Given that argl_i _ L

a sketch the locus of P,

b deduce the valueof |z + 1 —il.

lhe transformation T from the z-plane to the w-plane is defined by

21 +1)
= xa 2 2.

W

Pagel of 3

¢ Show that the locus of P in the z-plane is mapped to part of a straight line in the w-plane,

and show this in an Argand diagram.

Solution:
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a Vi [
arg[ S 2 J = arg(z — 2i) —arglz + 2) = 5
The angles which the vectors make with the positive
A s 2 | x-axis differ by a right angle. As drawn here, the
Az +2 | difference is 7 — g= g The locus of the points,

where the difference is a right angle, is a semi-circle,
. with the line joining —2 on the real axis to 2 on the
~2 0 * imaginary axis as diameter.
[t is a common error to complete the circle. The lower
right hand completion of the circle has equation

=21 kil
b i arg( 23 Z+2 5

F4 -
£7 2 The dotted line represents the complex number
) LT z+ 1 —i=2z—(—1+i). The length of this
F vector is the radius of the circle.
(-1, 1)
—2 0 ¥

The diameter of the circle is given by

d?=22+22=8
v =2\ . 'w
z+1—if = TE' =2 You find the transformation of ar;,[ = ] =
: under T by making z ‘the subject of the
c = 2(1 "'2” transformation’ and using this to substitute
Zie .
: z— 21
201 +10) ; for z in the expression T
W
2(1 + i) .
s-2i w27 20 +p-20+ 0w e
z+2 2{||{:~.)_2+2 21+

. : 5 D]
Hence the transformation of arg(f'? - ‘2—'] = ;—"

under Tis arg(l — w) = %r This is a half-line as shown in the following diagram,
Ya
1 i
@ 1—w :
“r
+3

© Pearson Education Ltd 2C
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Question:

The transformation T from the complex z-plane to the complex w-plane is given by

w=2t1 %4
Z+i
a Show that T maps points on the half-line arg z = if_in the z-plane into points on the circle

lw| = 1in the w-plane.
b Find the image under T in the w-plane of the circle |z = 1 in the z-plane.

¢ Sketch on separate diagrams the circle |z| = 1 in the z-plane and its image under T in the
w-plane.

d Mark on your sketches the point P, where z = i, and its image Q under T in the w-plane.

Solution:
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g = i : :E:,.:E:
alfz=x+iy thenargz il 1
Letx=y=A
_AtAdi+1_(A+ D)+ A :
el 7 = e st e For all complex numbers

| la|
A+ 1)+ Al [(A+ 1) + A / aandb, ;_: =;T;.j

MERF Dl TRE a0l
_ @A+ + AR As A = 0, the image would only be
(A2 + (A + 1)2): part of this circle but the wording of
_ i N the question does not require you
HEHCE tht:" ]JUIHIS on ﬂl‘g.r’ i 1 n-lal_.}, l.il}dEl' Ii,u “:l I'J‘E' more Spuciﬁcl Yl)u are L‘,nl};
— : — required to show that the image
onto points on the circle jw| = 1. points are points on the circle; not
b B — all of the points on the circle. (The
i i image is, in fact, just the lower right
wz—z=1-iw quadrant of the circle.)
i 2 =W
w—1 This is the image under T of |z] = 1
1 —iw but it is difficult to interpret and part
|Z] = =1 1 ¢ would be difficult without some
' further working.
Hence |1 —iwj=|w-1| -
1 =dw| = ={{w+ 1) = |=t|jw+ 1| =1 X jw+] = |w+i
The image of |z| = 1 in the z-plane is T ) -
I'his is the locus of points equidistant from the
w+il=|w—1|» points in the Argand plane representing —i
el and one. That is the perpendicular bisector of
int € w-p ane, [[],_l}ﬂﬂd{i,nL
cd v
_P
Q/t ' z=fpwmdplelddm g
z
[
. The perpendiclar bisector of (0, —1) and (1, 0)
is the line v = —u.
1 i
) [% __12} i
@
= 1_
w

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

a Find the roots z, and #, of the equation
22 =2iz—-2=0.
The transformation

w=21tb, . 4

z4+d’
where a, b and d are complex numbers, maps the complex number z onto the complex
number w. Given that z, and 2, are invariant under this transformation and that z = 0 maps

tow =i,
b find the values of g, b and d.

Using vour values of a, b and d,
i

¢ show that |z = 2

w
i

-
d Hence, or otherwise, find the radius and centre of the circle described by w when z moves on
the unit circle |z] = 1.

Solution:
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a 72— 2iz=2
2 =2iz+i2=2+1{

Page2 of 3

You can use any method to solve this

(z — i) = 1 ¥ quadratic. Completing the square is an

z2—1==+]

14+, —=1+i

Z
b For an invariant point w = z

az + b

efficient method in this case.

An invariant point is a point unchanged by the
mapping. So w and z are the same point and the

I

Z
zZ4+d

Z2+dz=az+ b

expression can be transformed into a quadratic.

(|

Z24+d—aiz—-b=0-»

This must be the same equation as
that in part a, which is

| The complex numbers 1 + iand —1 + i
must be the roots of both this quadratic
equation and the quadratic equation in
part a. S0, the two equations must be

| the same and equating the coefficients

2Z2=2iz—=2=0v
Hence, equating coefficients,
d—a=-2iand b =2

z2=0, w=i

=h
T d

sd=0=1b_ _jp
1 1

d==-2ianda=0
a=0b=2 d=-=2i

of x and the constant coefficients gives a
simple relation between a and d and the
value of b.
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2
C W= -
z—2
i P IR
zw — 2iw =2 .>z="+1—,',””"
_ 2i(w— 1)
L= W
L — 1)
Zl = -21:‘
2l = [2if
fw—1i ;
z| = 2l——|, as required
2 = 2%, as reg
i W — i
zZl=1=2——- =1
d ! W
2w —i| = |w
4w — i[> = |w
Letw=u+iv
4lu+ilv—=1)F=u+iv?
w2+ (v— 12 =ut+ 2
P+ 2 -Bv+4=ur+?
I+ 3-8+ 4=0
w+ v — v =—4
a & 6 _ _ 4 163
e+ FWhap Tt

(=3 =3 =

Page3 of 3

For all complex numbers a and b, lab| = |a||b].

As |2i] = 2.

Completing the square gives the
centre and radius of the circle.

The image is a circle, centre |:' 0, i ] radius ‘:
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