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Exercise A, Question 1

Question:

&
dx

Solution:

dy
A — l
dax _
Integrate and include the constant

o= [2xdy - | of integration. .
E . Let the constant take values 1, 2, 3,

0, =1, —2 and draw solution curves,

y =x%+ ¢ where ¢is constant

Vi
y=x"+ 3

y=x'+ 2

=x 4+ 1
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Exercise A, Question 2

Separate the variables and integrate.

Question:
dy v
de -
Solution:
dy "
dy
N T
Sy ay = | ¢ *
Iny = x + ¢ where ¢ is constant
Jr = ‘.'."I'. ki
= g X e
y = Ae* where A is constant (A = ')
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Je y =

)

3 i

=Y

y=-3e Y= <€
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Exercise A, Question 3

Question:
dy 2
dx
Solution:
dy _
dx
y= / x* dx
B - SRORN (S
y=3 + ¢ where ¢ is constant

Tl
tah
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Exercise A, Question 4

Question:

Solution:

dy 1

dyr «x

= /-1 dx
L -1-

= [nx + ¢
=|nx +InA

¥ =InAx
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Exercise A, Question 5

Question:
dy 2y
de X
Solution:

dy 2y

dx X

1 2 | ——

E : dy = 3Eq.hr . 1 Separate the variables and integrate.

Iny =2Inx + ¢ [ i .
Express the constant of integration

i as InA where A is constant and use
laws of logs to simplify your answer.

Iny = Inx*+ InA »

= InAx?

y = Ax?
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Exercise A, Question 6

Question:
dy »x
dx ¥y
Solution:
til'l.’ -
dey Y
[ ydy = / xdx
¥ x2
2 - j + ¢

o y* — x°=0is a pair of straight lines.
or y"—x*=2c¢ « 1 Thesearey =xandy = —x
il ) | "
| ¥ — x> = 2¢, ¢ # Ois a hyperbola.
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Exercise A, Question 7

Question:
dy .
- — Ll.'
dx
Solution:
di‘t == ,l;n_"
dx
. =dy= [1dx» { To integrate —, express it as e,
Lr.l b i I e
/v“ dy = /l dx
—er=x+c
..Ln_"' — i ¢

~y = In[-x — c]

y=-In[-x—c|]or lnt-_---i

X —)
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Exercise A, Question 8

Question:
dy ¥
T =_ x>0
de  xx + 1)
Solution:

dy _ ¥

dx x(x+ 1)

| | Separate the variables,

*; [1’ dy = [ﬂ dx » | then use partial fractions to

x+1) |

= 2 Y Vas '
in}—ﬁx qx+leL}"

integrate the function of x.

=nx—Inx+1)+c¢

b= Iy — /
Iny 1:1“_ T+ InA
_ Ax
B ]n:r-i-- 1
y =45 x>0

2x

x4+ 1
=t

x4 1
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Exercise A, Question 9
Question:
dy

Y o cosx
dx

Solution:

d}-‘

= COS X
dx

y=sinx+¢

© Pearson Education Ltd 2C
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Exercise A, Question 10
Question:
dy

— =ycotx, O<x<am
dx

Solution:
dy

<= =300tk O<x<n
dx

ilsdy = [SO5% gy ,
JY - [sinx ; _
Express the constant of

Inly| = Inisin x| + In|A]| | integration as In/4| and combine
logs to simplify your solution

= In/A sin x|

y=Asinx
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Exercise A, Question 11

Question:

dy 2f T p T

- —_— hL’L Y —_— . -

dx 2 2

Solution:
dx [ = e
— = 50C* | —=<t< =
di 2 2

x= f sec” tdt

je.x=tant + cfor

(TP
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Exercise A, Question 12

Question:

dy

==x(1-x), O<x<l
dx

Solution:

dy
Ly ] —
dx ! *)

[— ] -dx = /ILII
Jx(1l —x) !
_-_/i'l Pl e = [lu:
S T=% .

slnx—-In{l—x)=t+c¢

In—*— =t+¢
] —x

! 0 < x < 1 implies that A is
| a positive constant.

S
Il
i

o
|
=
=
o

=
+
Y
E
Il
._.
=
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Exercise A, Question 13

Question:

Given that a is an arbitrary constant, show that y° = 4ax is the general solution of the

” : oo I
differential equation I‘— =

e 2x°

a Sketch the members of the family of solution curves for which a = j'r 1 and 4.

b Find also the particular solution, which passes through the point (1, 3), and add this curve to
yvour diagram of solution curves.

Solution:

dy ¥

dv 2x

fro-1fta

Iny =1lnx +¢

or Iny=slnx+InA
Iny =InA /¥
ie. y=AJK or ¥=A% or y*=4ax

a Sketchy* =x,y* = dxand y* = 16x

Ya

=¥

b % = 4ax passes through (1, 3)
9 =4dq
ie. a=sandy’ =9
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Exercise A, Question 14

Question:

Given that k is an arbitrary positive constant, show that y* + kx* = 9k is the general solution

. , e Y =
of the differential equation - —
der 9 -—x?

a Find the particular solution, which passes through the point (2, 5).

x| = 3.

b Sketch the family of solution curves for k = ,',. 2 1 and include your particular solution in the
diagram.

Solution:
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dy_ —xy

dx 9 — x2

i 13 2323 X

...[Tti,}r fq_x_!dx
Iny = 1 In(9 —x% + InA

. 2Iny =1InA%(9 — x?)

Iny? =InA%(9 — x?)

The solution curves are all

}JE = {}“_1:.’ = .4: x'_'. -
Let r'1: = kK

Then ¥ + kx? = 9%

a If this curve passes through (2, 5) then

25 + 4k =9k
25=58k—k=5
i.e.y* + 5x% =45

b Wheny =0x = +3, whenx =0y = + 9k

ellipses, except when k = 1
when the curve is a circle.
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Exercise B, Question 1

Question:
dy
x +y=Cosx
dx
Solution:
dy
X-- +yY=COs%
dx )
S0 —L-i— (xv) = Ccos x
dx ™™

xy / cos x dx :
’ Remember to add the constant of
=s8inx +¢» i integration when vou integrate

- not at the end of the process.

1
A

=

: Z [
sinx + .i:
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Exercise B, Question 2

Question:

dy
L

g™ — g™* y = xe*
dx N

Solution:

kl.-.]_' _____ : = {." .'-'-|"| — .-1.';'1-

- (e™y) = xe*

@y = /,x't.'-‘ dy i Use integration by parts to integrate xe”,

= xe* — [L"' clx

=xer -+ ¢

y = xeX — e + ce*

Multiply integration by e*.
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Exercise B, Question 3
Question:
dy

sinx —+ycosx =3
dx -

Solution:

; dy .
sinxy —— +ycosx =23
dx -
d - -
----- (ysinx)=3
dx ™
ysinx = [.'-‘. dx
ysinx =3x + ¢
y = ix I

sinx  sinx

3x COseCx + ¢ COsSeC X
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Exercise B, Question 4

Question:
dy
1 Y 11 y = ¢
xdx gx2-
Solution:
1 dv
B L 1.| Y = l.”
rdx
'Ll | ] | Y
A | '||.'|=Ll
dx e/
-y = fefdx
X )
=ef+¢

y=xet+x
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Exercise B, Question 5

Question:
» .y Y ;
vle¥ = 4 2xel =x
dx
Solution:
dv This time the left hand side is
xte¥ — + 2xef =x o d o L BN
dx — (x= f(¥)) not just — (x-y).
dx - dx -
d 2.
— |x=¢') =X
dx
vleY = /..s: dx
x?
=5 + |
Ll" == 11 4 {-1.
s iy
or y = J|1|.-',- +-£]
) E™ X“)
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Exercise B, Question 6

Question:
L
Xy — + 2y = x¢
Y dx ¥
Solution:
dvi Again the left hand side of the
dxy ==+ 2y =x%» : . ; o
© dx ) equation can be written Lﬂ (2x f(y)).
1.1. ) R R
— (2xy%) = x
dx
2xy? f.r ? dx
P
= ;.\ (
i € | e N
3y i ¢ 7% | Divide both sides by 2x.
i . [
or y== /l-x*+
- V16 2x |
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Exercise B, Question 7

Question:

a Find the general solution of the differential equation

, dy _
2=+ 2xy=22x+ 1.
dx .
b Find the three particular solutions which pass through the points with coordinates
(—3, 0), (— L 3)and (-1, 19) respectively and sketch their solution curves for x < 0.
Solution:

=)
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Exercise B, Question 8

Question:

a Find the general solution of the differential equation

dy ¥ 1
nx-—+==- = - -
dr x (@+1)x+2)

b Find the specific solution which passes through the point (2, 2).
Solution:
i ]

a 1111:'"1‘}'+ =
Tdy x (x+1Dx+2)

d . 1
s==(nxXy) = ———u
dx s Dk 2)
yInx = f ]_ 5 dx s I You '_r*.'ll] need to use partiul.
(* + 1)ix + 2) | fractions to do the integration.

Inf(x+ 1)-Inx +2)+¢

]

_In(x+1)=In(x + 2) + InA

. Inx
In Ai_x _+ 1)
(x +2) i .
Y=— — s the general solution
Inx '
b Whenx =2,y =
= ln._—l.-'l
i
!n;ﬂl =21In2 = In4
"l — |h
. 3
I 16(x + 1)
. Ix+ 2)
S0 ¥ =
- Inx
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Exercise C, Question 1

Question:
dy

4+ 2y =g
dx )

Solution:
dy

= +. 2 f = {J"‘
dx )

Find the integral factor /™ and
The integrating factor is /2% = ¢* « multiply the differential equation
dv by it to give an exact equation.

. L}._'- Li; " Et;_'.'l. L-!.J — t-l,"._r

d

dx

(e*y) = e®

¥

]
3T

s

%

d
'-.
Lir

|
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Exercise C, Question 2
Question:
dy

+yvcotx =1
de -

Solution:
dy

= +ycotx =1
dy -

The integrating factor is e/P®* = gfeotx d

- L‘l'.u-.u.'r

= §in x »

Multiply differential equation by sin x.

. dy ,
L SiNX -4+ yeosx =sinx
-

d (ysinx) = sinx

dx
ysinx = j_\in x dx

—COSX + ¢

te
1]

© Pearson Education Ltd 2C
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Exercise C, Question 3
Question:
dy

=~ + ysinx = e ™*
dx

Solution:
dy

=+ ¥ 5in.x = e
dy -

The integrating factor is e/
5 5

dy

.. L". Cis X __'__- 4+ J. H.in xe 015 X

dx

d
dx

ye
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Exercise C, Question 4

Question:

dy

— ‘_L" — L.-‘-'l
de -

Solution:

dy
dx

o

- _"r' = p&

| Remember that P(x) = —1 and
the minus sign is important.

¥

The integrating factoris e/~1% = ¢~ »

dy il
A ....r S JI,-{_. . 'L...'I x L' L}

el
dx
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Exercise C, Question 5

Question:

dy
+ytanx =xcosx
dx

Solution:

dy

=+ ANy = X 005X

dr - :
Find the integrating factor

The integrating factor is e/™nrdr = plnsecx o 1 o ..U’.,I " 3 C
and simplify """ to give f(x).

= SeC X
cy

LseCx—— +tyseCxtanx = Xx
? dx J :

d (ysecx)=x

ysecx = /.r dx

¥

¥+

y=(zx%+c)cosx

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:
dyv v
LT ].
dey x &
Solution:
'L|. ] A
i) gt = lj
dr x x°
The integrating factor is ¢/s* = glnr =
dy 1
LE==+y=
dx - X
d 1
Vet q_’l“r .
gy " ] X
e BL
xy= ix
. '1.
=nx +¢

y=dlnx + &
¥ X

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:
2D e B s
dx v x+2° B
Solution:
' 2 dy Ty x
dy x+2

First divide the equation through by x-,
to give the correct form of equation.

Divide by x7 »

dy 1 o X
tde XY x4+ 2
The integrating factor is e/ = % = g-Inx = ¢l = %

Multiply the new equation by ,3

o T |
xdx Y5+ 2
dit. | 1
— — |'| - — -
i \x¥) Txr2
1, _ | .
oy = j;: TS dx
=Infx+ 2)+ ¢

y=xInx+2) +ecx

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:
dy

Ix—+y==x
de ~

Solution:

_ d_** R Sy ; | First divide equation through by 3x, to
Cedx T 3x S : get an equation of the correct form.

5 " " " fL |
he integrating factorise’=" = ¢

Multiply equation % by 2

L']‘}'

e Xy =1x
‘ﬂ_ (x'y) = !
K= [_—'., o dx
—lpito
y=ix+ecx

© Pearson Education Ltd 2C
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Exercise C, Question 9

Question:

dy
x+2)=-y=(x+2)
]le J J

Solution:

dy .
X+ 2)==—y=x+2)
de -

~dy 1 | Divide equation by (x + 2) before

L = — A} = I * L2 ", ¥ A 2
de (x+ EJJ ‘ finding integrating factor.
ra " - e ] Al + 7}
I'he integrating factoris e'=* 5" = g-Inx +2) = @'
] .
r+ 2

Multiply differential equation % by integrating factor.

o L T o
x4+ 2)dx (x4 220 x4+ 2)

di 1_,J. 1
de fx+2)| x+2

S i W
x+2)" fr oy

Inix+ 2)+¢

y=xk+2)Inx+2)+cx+2)

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 10

Question:
'Lh’ X
r==+4y=%
dx v oxt
Solution:
1:_hlr X
x - 4 4y = —
dx - X

Divide throughout by x

= dy v
Then == + 4;_}'+ L— *
de ¥ X

The integrating factor is e+ ®

, dy ) : ) - i Integrate xe* using integration
sxt—=—+ 4x'y=xe* |having multiplied % by x*| i NG TG
dx ' : | by parts.

i
i

= |;3'| Iy — L,il‘. == _l"=

d y) = xet

dx
xty = /.IL"T dx

= yet — f et dy

© Pearson Education Ltd 2C
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Exercise C, Question 11

Question:

Find v in terms of x given that

dy
x Y + 2y =¢*and thaty = 1 whenx = 1.
dax : v
Solution:
dy
X=—+2y=¢
dx :

Divide throughout by x

Thisr 2 4 Sy b
Then == + Zy= 2 et %
The integrating factor is e/i & = g2Inx = g’ = ¢

Multiply equation # by x’

- ,dy

lhen x2 = + Zxy = xe*
dx .

d (x2y) = xer

d

= xp¥ — [ v dx

‘ Solve the differential equation
L'lr =

Lo Lm € " | then use the boundary condition
X X2 ‘ y = 1when x = 1 to find the

—

. constant of integration,
Given also thaty = 1 whenx = 1

Then 1 =e¢e—-e + ¢

c=1
x xt x-

© Pearson Education Ltd 2C
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Exercise C, Question 12

Question:
Solve the differential equation, giving y in terms of x, where
x*=—xy=1landy=1atx=1.

Solution:

Ay

i xy=1

Divide throughout by x?

dy ; 1
el - &
de <7 x°
The integrating factor is e '+ ™ = ¢ -1nx = g™ ='tl.
Multiply equation % by 3.-
i 1dy 1 l
hen=— - Sy=—=
xde x*7 2
d(1,)-1
dx \x %
1 1
- 'F' = e Ll]_‘
xS "
= fx" dx
= —3X 4 C
PROCRE (e ey
Fy=—3X X
S i 1 -
S0 y=-—+
a3

Buty =1, whenx = 1

l==14¢

.P = - + __f

© Pearson Education Ltd 2C
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Exercise C, Question 13

Question:

Find the general solution of the differential equation
dy

+ — .
X/ | dx

giving v in terms of x.

2y = 2(x* + 1),

Find the particular solution which satisfies the condition thaty = 1 atx = 1.

Solution:

\ dy ; e
P LS oy =2 @2 412
dx

Divide equation by x + %]

T U A 2(x%+ 1)%

i ET . 1\ T 1)
|. X+ T | | + ¥ I|
. dy .
1.8, == - ,--27;'- Xy=2x(x“+1) =%
de 2241
The integrating factor is e'#+1% = " * 1 = (42 4 1)
Multiply % by (x* + 1)
. dy )
lhen (x? + I}-£-+2.x} = 2x(x? + 1)

L fa? + Dy y] = 2x (22 + 1)2
dax :

ylxt+ 1]-—~f2_1:[.r-‘-+ 1)% dx

| 4
=z{x=+ 1)"+«

= (x2+1 +——
L[ ? (x2 + 1)
Buty =1, whenx = 1
1=1ix4+1c
L 2
€=-3
_ 1 2
y x2 + 12 — —=—
3 | 3x*+ 1)
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Exercise C, Question 14

Question:

Find the general solution of the differential equation
dy
cosx 2 4y= ), =ZensW
de 2 2
Find the particular solution which satisfies the condition thaty = 2 atx = 0.

Solution:
dy
COsX —+y=1
dx
Divide throughout by cos x
dy
= + SeCXy =5eCX
dx :

'th" inlL‘gl‘aHT'lg fﬁ(’tﬁl‘ i5 {,.\:-n. xdr — L..|:|:'1l:'\ X+ tanx) . _' [r\t"[_ x le s ]nf‘![ﬂ.‘ xr + tan 1.:'

secxy +tanx

Il

]

c(secx + tanx) o= + (sec’x + secx tanx)y = sec’x + secx tan x

‘% [(secx + tan x)y| = sec® x + secx tan x

(secx + tanx)y = / sec?x + secx tan x dx

tanx + secx + ¢

¢

.= LS
Y 1 +.‘«;‘.:‘('I + lan x

Given also thaty = 2, whenx = ()

e N L
1 +0
c=1
i 1 COs X
r=1+ =Atrro—=
S0 ¥ 1 SeC X + tan x OrYy ! 1 +sinx
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Exercise D, Question 1

Question:
dy v =x
=== x>=0,vy=0

de x ¥ -

Solution:

a e -v — &

Z=7% y=xz
dy dy ! Use the given substitution to express Ll:l.‘
dy 7 T dx ' dz

in terms of z, x and ==
dx

Substitute into the equation:

dy _y ., x
de x Y
Z 4 dz _ ol 2 1
dx z
_1' .i'l'{ = _].
dey z

Separate the variables:

Then [ﬂ dz = [% dx

Inx +¢

¥
Inx + ¢, as z = =

¥ =2x*(Inx + ¢)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:
dy ¥ 2
=2 4% x>0
de x4
Solution:
A
As zZ=% y=zx and
X'
dy v 5
— 2 -|- s o
de x4

Separate the variables:

1
/;'._ ';I_T

Inx + ¢

lhen /f dz

z'
3

o
But z = %
K]

T 3 =nx+¢
Jx

y'=3x' (Inx + ¢)

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:
dy v ¢
=4+ x>0
dx x x?
Solution:
y dy dz
As z== y=ixyand — =% + x ==
Xoe dx dx
dy ¥ » ; .
= :'..+‘._; '/'-:Jidf:l,c’-ff
de x x dx
x 92 2 2
da

Separate the variables:

) | I il L=
../Ttif. = [T dx

| .
- Inx + ¢
Inx + ¢
¥
But z = =
y = .
z Inx + ¢

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

dy af + 4y?

_— —_— > )
dx Juy?
Solution:
= 2 = y = zx and £ Z+x dz
. T N de 7 dx
dy =z + 4yt 3 33
gl =LA — -~ _I_'. —b, L_I'f — '1 .+ -_I1 £_1:t
dx 3 xy dx Jx 25 x
dz _1+47
_1 e — - = —
dx 3z
o
32

o In(1 + z°) = Inx + In A, where A is constant
. In(1 + 2°) = InAx

S0 1+ 2= Ax

And  Z'=Axr—-1.Butz=%
L =Ax -1
e

y'=ua*(Ax —1), where A is a positive constant

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

Use the substitution z = y~? to transform the differential equation
dy

. 1 4 ; - g . S ) T
e + (3 tanx) y (2 sec x)y’, > <x < 5

into a differential equation in z and x. By first solving the transformed equation, ind the general
solution of the original equation, giving y in terms of x.

Solution:
Givenz=y2 . y=1z"
and ?1; =—3z : :1{_—‘; e} Find% in terms nf% and z
i% s [:‘ lanx:] y=—(2secx)y’
__'J z :—K + | _1 lzmx:] Z = -=2secxz
dz

-—— —zZtanx =4 s5ecxy %
dx ‘

This is a first order equation which can be solved
by using an integrating factor.

The integrating factor js e~/ i+ v = glncosy The equation that you obtain needs
an integrating fac o solve it.
R an integrating factor to solve it

Multiply the equation % by cos x

Then  cosx X i: —zsinx=4
d
—(zCcosXx)=4
dx
ZCOSX = f 4 dx
=4x + ¢
P i
T COS X
As y=z% 4= [COX
» » Vo + ¢

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Use the substitution z = & to transform the differential equation

dy 3

— + i = 3yt

dt

into a differential equation in z and t. By first solving the transformed equation, find the general

solution of the original equation, giving x in terms of (.

Solution:

s2and 9 = 5, dz
dt df

Given that z = x*, x

t2x* becomes

. The equation dx | 2y

dt
_dz
==+ 1222 = 12
2/&: Z f<z

Divide through by 2z

Then t:f titz=31

The integrating factorise’'" "' = e

efdZ lpat =1t

dt 2
d | | f
—\Zet =xltg
dt 2
zel = [', 2 et dt
=e'+c
=1+ ce
= i pi 2
But x=2 x=01+c¢e ")
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Exercise D, Question 7

Question:

Use the substitution z = y! to transform the differential equation
dy 1 x4+ 14,
~ly= .
dx x° X
into a differential equation in z and x. By first solving the transformed equation, ind the general
solution of the original equation, giving y in terms of x.

Solution:

ay » d#
letz=y"1" theny=z"'and -~ = —z"% ==
) " dx dx
dy 1 o+ 1)
SO0 ——y = y* becomes:
dx «x x
(x+1) |
/—d"’_] e 7
dr x X
Multiply through by —22
: (x + 1)
Then '—fl‘f 41 = ——
de: X
The integrating factor is e/P® = /i ™ = ¢/l = x
x 924 ;= —(x + 1)
S '
e, 4wz = —(x+ 1)
dx
Xi= —[t_.r + 1) dx
= —1{.::+ 1)+ ¢
1 44 C
f==—(x+ 11+ =
dx J X
‘f — —_ _}:.:—_
’ 4c—(x+ 1)F
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Exercise D, Question 8

Question:

Use the substitution z = ¥* to transform the differential equation

.. dy 1
2(1 +x°) =+ Zxy ==
: dx S

into a differential equation in z and x. By first solving the transformed equation,

a find the general solution of the original equation, giving y in terms of x.
b Find the particular solution for which y = 2 when x = 0.

Solution:

-1 dz
dx

Q) il

a Giventhatz=y" andsoy = # ;mdi Z

The equation 2(1 + x*) 2xy = ,3 becomes

dy
dx
20 +aY) Xz 7 iﬁ +2xzi =z

Multiply the equation by —%—
’ a1

i dZ o 28 o ]
then de 1 +x2 ‘ 1 + x2

dx JAnil + x%)

The integrating factorise’ =" = g =] 4x?

A1+ 29 dz , 2xz =1
dx

1

/] dx

=‘r+‘-

i
4
b2
[~
N
Il

+
%

~
I

O i s =

J).'_ 3 - -
(1 4+ x=)

Asy = 22, y=

b Whenx =0, y =2

(§]
|

1|
Il

T
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Exercise D, Question 9

Question:
Show that the substitution z = y~'"~ " transforms the general equation
dy
- _I_ ;11, = ( .|l.||r
dx ! 2
where I’ and Q are functions of x, into the linear equation i—: Pin— liz=-0Qin—-1)

(Bernoulli’s equation)

Solution:

Given z = y~" 1)

y=2Z
dy _ -1 -L-1dz
dx n—-1" dx

-1 -+ dz
— —— x 0 | S
n—=1 dx

dy
So==+ Py = Qy" becomes
de - ?

—1 542y pos = Qz
n—1 dx

Multiply each term by —(n —1) z*

Then dz _ Pin=1)z 2 —==Qn=1)z72 '
dz
e, dz _ Pin=1)z=-=0Qin—1)
dz

© Pearson Education Ltd 2C
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Exercise D, Question 10

Question:

Use the substitution u = y +2x to transform the differential equation

dy  —(1+ 2y + 4x)

dy  1+y+2x

into a differential equation in « and x. By first solving this new equation, show that the general
solution of the original equation may be written 4x® + 4xy + y* + 2y + 2x = k, where kis a
constant

Solution:

= dy
Givenu =y + 2xandsoy = u —2x and T = %—! -2
i Rearrange the given substitution
. . . dy (1 + 2y + 4x) to give y in terms of u and x,
. the differential equation dx == Y g T becomes «— dv dii
S and - in terms of =—.
T dx
du _5_ _1+2u
dx l + u
du _ —(1 + 2u) + 2(1 + )
dx 1 +u
du _ 1
dx 1+u

Separate the variables

[H +uydiu= /] #X dx

i+ = =x+ ¢, where ¢ is constant

2]

b=

_ (y + 2x)
And (y +2x) + ke Rl

2yt+tdx+y +dxy + 4P =2x + 2¢
e d4x’+4dxy+y* + 2y + 2x =k, where k = 2¢

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:
s S .y i G - :
Solve the equation — = ——=== and sketch three solution curves.
dx vx*+ 16

Solution:

dy o«

dc 32+ 16 |

Ly = [ X dx The integral is of the 1}'[.%‘/: fla)]" '(x) dx,

Jvx* + 16 * '

which integrates to give [fix)]" "' + c.
= (a2 + 16)+ ¢

¥4 y=vY¥+ 16+ 2
y=v¥x*+ 16

hl

3 y=¥xr'+16—4

0 X

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

5 . dy , .
Solve the equation a4 and sketch the solution curves which pass through
a (0,1) b (0, 2) c (0,3)

Solution:

|
—= =1y | Separate the variables and integrate.

- 1 y =
< [ 5 dy : /r dx

Iny = 1x® + ¢, where ¢ is constant

= gf pi¥ = Ae™, where A is ¢

a The solution which satisfiesx = 0O when y = 1
isy = Ae“ where 1 = Ae" ieA=1

y=e*

b The solution for whichy = 2 whenx =0 isy = Ae?”
with 2 = Ag" ie.A=2

y=2e*
¢ The solution for which y = 3 whenx = 0isy = 3e°*
The solution curves are shown in the sketch.

y = Jelr .
Vi 3 A y= Zt"l £

I‘.l = pif

© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Solve the equation 3—: = —y¢ — kv given that v = u when t = 0, and that u, ¢ and k are positive

constants. Sketch the solution curve indicating the velocity which v approaches as t becomes
large.

Solution:
You can separate the variables by
d dividing both sides by (g + kv),
'l: = —g — kv | or you could rearrange the
C .
equation as % + kv = g and use
L
dv . Aol
— = — |1 dt o rrating fact okt
L+ v f ; the integrating factor e*.
i In g+ kv|= —t+ ¢ where ¢is a constant %

Whent=0,v=u

1{- In g+ kul=c

K
.. Substituting ¢ back into the equation %
Tinig+kvl==t+1m ¢+ ki
J!\- ey k i
J! [In|g +kv|—In|g+ ku|] = -t
gHkv_
”S g kt
g+tkv=(g+kue™
v=L1(g+ kupeH —¢]
k LA 4 )
Ua

'he required velocity is —pms :

© Pearson Education Ltd 2C
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Exercise E, Question 4

Question:

: . dy
Solve the equation 4, Fytanx = 2secx
dx

Solution:

| Use an integrating factor

v .
— + ytanx = 2secx

dx to solve this equation.
Use the integrating factor ¢/™"* %™ = ¢'"*** = gsecx
dy )
secx d?x + ysecxtanx = 2secx

t—;% (ysecx) = 2sec’x

ysecx = /2 sec?x du

2tanx + ¢

y=2sinx + ccosx

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:
. L. dy
Solve the equation (1 — x9) a +xy = 5x —l<x<]
Solution:
. dy )
(1 —x%)—=+2xy=>5%
dx :
Divide through by (1 — x%)
dy i X e Sy
dr 1 —x2° 1 — x2
Is i i 1 -f| 1"\“ Imil X%
Use the integrating factore/' —% =g °
— Lll"ll o :!__J:
';Il — A
L Y, x 5
A= de g —a2)i” (1 -
dJ , Sy
d [ -yt =
dx * (1 -2
J(1 — =)
=5(1-xY)"+¢

y=54+¢l —x%

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:
: : dy
Solve the equationx - +x +y =10
dx :
Solution:
1y T et
X2 +x+y =0 | Take the term to the
da | other side of the equation.
dy
X==+y=-X
de -

This is an exact equation.

50 d (xy) = —x
ghag -+
xy =- /.r dx
-
et g E
y 3%+ F

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

_ . dy ¥
Solve the equation — + = = /X
x

dx
Solution:
dy v
+ ==, X
de =x )
.y i ) ; Jllf.f"'l"' InA
lhe integrating factor is e =g =x

Multiply the differential equation by the integrating factor:

dy _
X=—+Y=X/X
de -~
d !
(xy) =x
da:
Xy = /:r' dx
= : X+
i = 2y g £
Y=o+ 5

© Pearson Education Ltd 2C
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Exercise E, Question 8

Question:

. . dy
Solve the equation = + 2xy = x
dx

Solution:
dy .
— =+ -—n-"‘jl“l "IL"
dx
The integrating factor is ™™ = ¢*

Multiply the differential equation by e*

X

dy 2
& LA 1TL.."' ..1'1 = Xx¢

- 4

dx
i : :
(e*y) = xe’
de ¢
ye' [w‘ dx
e e o ;
= _¢* 4 ¢
¥ = 14 fe

© Pearson Education Ltd 2C
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Exercise E, Question 9

Question:

. ,, dy .
Solve the equation x(1 — x°) = 4 (2x2 -
dx
Solution:
. dy
21— %) 2+ (a2 — 1)y = 2
dx

Divide through by x(1 = &%)

dy Pl — Pyd
el X Lo

de "x(1 -2 x(1—2x3

4 o2
(2=
Jx(l=x")

The integrating factor is e

1)y = 2xt

I | 1
iy = —= + = i ~| dx
fl—rn +x1H fl. x 2(1 —=x) 2{]+3:]-| o

- 3In (1 +x)

- Inxvl — x2

Multiply the differential equation % by

-Inx — 1 In {1 —x)

So the integrating factoris e ™™ ¥ = ¢ x1 -2

1 2 <
L S 2=l e

vl — x2 dx A1 - xd (1 — x2):

xvl — x2

d 1 ‘I." = 2
de |yt — 227 ] (1 — 22
¥ )
i = = e e dx
Wl — x? (1 —2x%)

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:
, dg g .
Solve the equation R At + — = E when
L L
a E=0 b E = constant c E=cospt

(R, ¢ and p are constants)

Solution:
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R dq + % p This is a difficult question — particularly part ¢,
dt ¢ You may decide to omit this question, unless
dg o ¥ aad you want a challenge.
dt "R TR

I t
The integrating factor is cf’“' = el

[ dq 1 i E [
H. J—— ey RI e ] I'h
Tl Tl

a Whenk =0

!
geke = k, where k is constant,

i

q = ke K

b When E = constant

' = !
gekc = fﬁ el dt

t
= Ecef + k, where k is constant

A
q = Ec + ke &

¢ When E = cospt

! t
qefc = f J-;!a-cns ptefdt =

! I [
i.e. /%ms pt el = celc cospt + [ cpefesin pt dt Use integration by parts.
I ! ! !
1 cos ptekedt = cef cos pt + Rpc® el sinpt — [Rp’c®ele cos ptdt «— Use ‘parts’
K again.

i I i
/1% L3 RP"J"JJ ek cos ptdt = cefc(cospt + Rpesin pt) + k, where k is a constant

1 [.& C L . k
= fefccosptdt = ——=—— ek(cospt + Rpesinpt) + —————
I-.’f cost (1 +R3p‘3('-}L \hoet PESOTD) (1 + R
From =%
& = ¢ i ‘0s pt + Rpcsin pt) + k
=T © O T PP T R
I
; C e ot P ' K L i
=——— (cospt + Rpcsin pt) + k'e ¥, where k' = ———— is constant
LTI et G [+ R

© Pearson Education Ltd 2C
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Exercise E, Question 11

Question:

= : . . dy : . e
Find the general solution of the equation _b. —ay = (, where a is a constant, giving vour
answer in terms of @, when

a Q= ke¥ b Q = ke™ c (J = kx"e™,
(k, A and i are constants).

Solution:

= dy :
Given that — — ay =
] e Q

The integrating factor is e/ ™% = g™

iy

dy
Then ¢ = —ge ™y = Q™™
da N .

LI py Y - aT iy
i (ye ™) = Qe

ye =f(20"” da

a When Q = ke"

yo i = fke"‘ o ‘.—l’k-’hen A
’ For A = a, see part b.

= k N
_ﬂ—:fL
k

Ax 1N
Y =o0—pg" + ce
x A—1

4 4+ ¢, where ¢ is constant

b When Q = ke"

ye = [k dx

= kx + ¢, where ¢ is constant

y = (kx + ¢)e™

¢ When Q = kx"e™

ye = / k" dx
k1

= + ¢, where ¢ is constant
n+ 1

[T |
,i,:k,x

gt 4
H+ 1

© Pearson Education Ltd 2C
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Exercise E, Question 12

Question:

: - Fee— o dy 2 _
Use the substitution z = y~! to transform the differential equation x S =y Inx, intoa

linear equation. Hence obtain the general solution of the original equation.

Solution:
Use the substitution to express

. dy g i dy .
Giventhatz=v"" theny =z"'s0 = = =372 -d?. yin terms of z and == in terms

: : dx dx : dx
o . dy s of zand £,
lhe equation x—= + y = ¥ Inx becomes ce

dx

—xz 292 4 2 g
da:

Divide through by —xz~*

dz _z _ _ Inx
dy =x o
il |
The integrating factor is ¢ /=™ = ¢ '™ = "z = %
1dz _ z _ _Inx
xdx x? x>
d |' 1 *’ul e _I_n__r.y'
dx \x :

lz=- /i, Inxdx

x x
= —[---llnx Ffl.t'tt
x L

_ ] 1
=z lnx+ 3

l.-l-t'

z=Inx + 1+ ¢x.

'IF' 4 -].-
“ 14+ex+Inx
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Question:

Use the substitution z = y* to transform the differential equation

, dy ; , N : . . . .
2cosx o Y sinx + vy~ ! = 0, into a linear equation. Hence obtain the general solution of
de ° *

the original equation.
Solution:
dy

|
s f
de 2

-1 dz

Given that z = y%, y = z: and
dx

The differential equation

1y
2cosx —— — ysinx + ¥~ = (0 becomes
e ’
COsX 7 dz _ Zsinx +z:i=0
dx

Divide through by 2

| This becomes an exact equation

then cosx '*-lf: Zsinx = =1 ' { : -
dx | which can be solved directly.
d Sy
— (zcosx) = —1
dx
Z2C08x = —thr
i J‘ + {
R e ¢
£ = oS
c— X
Y = Vcosx
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Question:

. —_ v : o 2 : ,, dy
Use the substitution z = T to transtorm the differential equation (x* — y%) == -

dx

linear equation. Hence obtain the general solution of the original equation.

Solution:

= ¥ dy ;
Given that z = ;, y=2xs0—=12z+ 1‘-‘1‘-{

de dx

. . , dy
'he equation (x* — y*) == — xy = 0 becomes

dx
(x2 —z%2) {z +x (-j-‘-"lf —xzx =10
dx |/
] 2. Az
(1=-2%)zZ+ (1= x-—=-2=0
dx
dz _ _z _
Tdx 1-2
; dz 7
l.e. Am— = .. -
de 1-—22

Separate the variables to give

[I —Z LL—’.=/-I dx
g Z J%
fv N ']dzzfr"m'

3

- i s
= Inz=Inx + «
= -l-, =lnx+Ilnz+¢
2z
= Ilnxz + ¢
But ¥ =i
-+ Iny) = =X
(¢ ¥ 5,3

2y2(lny +¢c) +x2=0
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Question:

) o y . - ) . dy yx+y), .
Use the substitution z = = to transform the differential equation = = ———— , into a linear
* de  x(v —x)

equation. Hence obtain the general solution of the original equation.

Solution:
L= J y =xz and h =z+x gz
i : ) dax T dx
dy Hx + v xz2ix +x2)
= bA - -}E‘.H.-_*u,ames 2+x {-V = - --L -
dx x(y —x) dv  x(xz —x)
' dey (z—-1)
So _;1_;,=xfl+x';_f
z dx z—1
_ 27
zr—1

Separating the variables

(Z— 1)

/l = dz = [ldx
J 2z Jx
/-lti.r
- J..

- lnz=Inx+¢

o=
|

e ] -
o
By
1]

Y Yo i

As 2 = —=zIn==Inx +¢
x 2 < x
* A 1 P TP
e zIny + slnx = Inx + ¢

I
] —
=3
-
Il

nx + ¢
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Question:

3 _ y : G " . dy =3xy .
Use the substitution z = %= to transtorm the differential equation -~ = ———=— into a linear
X dx  (y* = 3xY)

equation. Hence obtain the general solution of the original equation.

Solution:
& ¥ dy ;
Giventhatz==soy=zand-——-=2+2x dz
x dx dx
- . dy —3xy
lhe equation —— = ——— becomes

de  y* — 3x?

Z 4 x q."} = = -—‘.-:'1"]:—?2-1

de  2%x? — 3x?

i.e. 2 9Z = - 32 _,
d z22-3
722 -3

Separate the variables:

Then /|""—j3'|dz= /lm:
L i

i1 Aa-3] A P + -
/'.‘-,_—-*’f ldz = —Inx ¢

3 3 )
Inz+ £z °=-Ilnx +¢

-
In zx el

y
But zx =yandz =75

Iny + 3% = ¢
2y
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Exercise E, Question 17

Question:

Use the substitution u = x + y to transform the differential equation
dy _ . 2 . : ;
Lh = (x +y + 1)ix +y — 1) into a differential equation in u and x. By first solving this new

equation, find the general solution of the original equation, giving y in terms of x.

Solution:

dy dy _ _
Letu=x+y then ¥ =14+ andso Y = x+y+ 1)(x +y— 1) becomes
dx clx dlx
au _ l={u+1m—1)
dx
=put -1
e -
dx
Separate the variables.
Then [—1—_,Llu = /1 dx
a IJ_ -
: ) S
) i = L
But u=x +y —_— =x+C
- :{ + ji
v+ X 1
- %L
}J 3 ._] . — 1‘
x+c
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Question:

: o o _ . dy i
Use the substitution u = y —x - 2 to transform the differential equation —& = = dye
L

into a differential equation in u and x. By first solving this new equation, find the general
solution of the original equation, giving y in terms of x.

Solution:

3 iy _ dy
Giventhatu =y —x — 2, and so 84 = =< —
F ) ‘ dry  dx

dy ] ;
— = (y — x — 2)* becomes du | 1=u
dx dx
; du )
i.e. — =y -1
dx
: : ; 1
Factorise — 1 into
/ﬁ 1 gy = [1 W e ‘ -1 (- Iu+1)
Ju==1 . and use partial fractions.
|' I — |du = x + ¢ where ¢ is constant
2w —1) 2(u+ 1))
lmMu-1)-tnu+1)=x+c¢
Iind=1_y 4
e T |
=1 _ .z2c+2 _ Ao where A = eXisa corist:
gy & = Ae~ where A = 7 15 a constant
H—1=Aue™ + Ae™
(il — Ae™) = (1 + Ae™)
A Apdr
L= ] 1.1.'1‘..__‘_.
1 — Ae™
But wu=y-x-2
i LA
y=x+2+it4€
1 — Ae™
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