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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

Express the following in the form r(cos @ + i sin 8), where —7 < 8 = 7. Give the exact values of 1
and 8 where possible, or values to 2 d.p. otherwise.

a’’ b —5i c v3i+i d 2+ 2i e 1 —i
f -8 g?.—-[i h —8 + 6i i 2-—v3i
Solution:
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d2+2i
Y4

2(2, 2)

2
argz 1
0 2 x
‘=\'22+2j=x"g=2\z
e 2\«

= argz = tan (2_Ju—4

. T S
-.2+2I—2-.2[Lﬂh1+|5[ﬂ—]

4
e 1—i
_",r'll.
-
*
HE |
z(1, —1)
.F'='.I-'m="2
poca ¥ = _Ill. = —E
0= argz = tan (;] 1

nl1=-i=v2 ['cos[ —1”, + isin( —Z"”

f -8

ya

__----.._\\
2(-8,0)  Jargz \
0 X

o0 A

r=2=8
f=argz=m

S =8 =8(cosm 4+ isinm
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g3—-4
Va
3
ONjargz | x
4
z(3, —4)

f=argz=—tan"'(}) = —0.93 (2 d.p.)
S 3 =40 = 5(cos(—0.93%) + isin(—0.93%))
h -8 + 6i

zZ(—8, 6)

r=,(-8)72+ 6 =100 = 10
6=argz=m—tan"!{g) = 2.50° (2 d.p.)
So—8 + 60 = 10(cos(2.50°) + isin(2.50%))

i 2-3i

yA

r=y22 4+ (—v32 =7

f=argz= —tan“‘l ‘23’ :I = —-0.71° (2 d.p.)

22 =V3i =7 (cos(—0.719 + isin(—=0.71<)
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Express the following in the form x + iy, wherex € Rand y € R.

g e 5 U S
a Slcos= +isin=) b s{cos=+isin—=|
K 5| G i 6)
| ST ot T L
C 6fcos = * + i sin -{“I d 3icos|— -i?-r; + i sin |
\ 3 o, 3/

wve [ =T 4 ai [ e 200 4 & e
e Zv2|cos | —y) tisin (=21 f —~!.If.m’{— + i sin
\ \ H

ek

Solution:

Im)
:

_2m\)
3 /|
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Ty FLR
a 'i.u}sz 1~.1r‘|2|
500 + i)
=5i
1/ il i T
b 2Iu.‘mﬁﬂ i sin ;|
_1{v3 , 1;)
=317 *3i)
V3 s
— A
z 3

C bl'ms Sy i sin = —h— .'

5]
iﬂl_z +£lll
= “Sn.r{ + 3i
: | .?.,TT'.l
d 3{cos {—57| +isin | —57])
_-; 1 '.:3
= :;l _i = _?;_I ||
__3_ 33,
T2 2
¢ Exj|l;ﬂ'i|—-—| +1-\|nl—1||
=2x§'i—l||
W2 \
=7 =72
£ —4fcos 2T + i sin ?ﬁ]
' b 0
o _al V3 1
= 4| T jl.
:2\:-3;-1-25

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...

Page2 of 2

3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 4

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

Express the following in the form re', where —ar < 6 < . Give the exact values of r and @ where
possible, or values to 2 d.p. otherwise.

a -3 b 6i ¢ -23 -2
d -8+ e 2 — 5j f =23 + 23§

B foame T £ o w 51 . T PR T | | . I T —— T
¥ Blcos -+ isind) h 8jcos = —isin= i 2jcos=—isin—
R 4 g 6 |50 2 5)

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2

Page2 of 4
a —3
Ya
. argz
_— / N
3,00 \ ;
;0 w
r=3
@=argz=nm
So=3 = 3em
b 6i
I'ﬁ'll.
z(6, )
A H
“x_ur:.; z
\I
0 x
r==6
= argz = g
m
bl = be?
c —2/3 - 2i
Y4
23 .
d o) X
25 ~——arg z
EE _2 ﬂl _2}

>

r=y(-2v32 + (-2 =V12+ 4 =/16 = 4

0=argz=—-mw+ tan“{

[

2V3 )

S=T-2i=4e6
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d-8+i
Vi
1 _argz
i \""I .
b ) x

r= -,I.'{—H'J?' + 'E‘!- = 1.?
= 7 — tan ]{!:;I = 3.02° (2d.p.)

=8 +i= V65 eHn

r=y22+ (=57 =29
#=—tan"(3) = -1.19° (2 d.p.)
5o 2—=51=y20e 1

f —2/3 + 2/3i

¥
2(=2v3,23)
2v3!
i |_argz
'\\I
2v3 O x
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T i Mg 1ot T
g '.Hli.ﬂh4 + i sin 4)
=2\ft"i
hﬂ{msg—isinz—:]
~ 8(cos (=) +isin (-T))
.{mf.t &J Mmf_ (;..'
=ge ®
s e T v e AT
i 2({.{.}55 |5tn5l
= 7 (T feinf =T
2{ cos| 5_)+1smf_ 5.}|

m
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 4

Question:

Express the following in the form x + iy wherex e Rand y € R.

W, m
ae b 4p™ c 32 e
m o 5m

d 3et e 3e 2 f e
'..-:I 4
ge™h Iv2e 4 i 8e ¢
Solution:
il N
a ei=coss +isins
3 3
= I .5
Sk

b 4e™ = 4(cos # + isin 7

=4(—1 + i)

=—4
m
c 32 et =3vZ(cos T +isin T\
e | € 7 4]
= hi"|'i_+éi|
I-'-.?. '\.2
=3 + 3i
n P &
A = Sl 1 __|I
d 5S¢ B[LUS ﬂ+ES]I1 ]
= 1‘1? ]
= 43 + 4i

o

- St S A A
¢ 30 * Zb&c{}\l-_-'?_:l * ISlnl._EJ |I

=30 —1)
= —3i
Sm - -
f e6 =cos 2T + isin 2
O &
3 1.
= ? 4 Ei
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g ¢ 7 =cos(—7) +isin(—m)

==1+i(0)
=-1
1 et f » \ I - 4]
h 3./2¢ 4 ' = 3y Zl L‘(]gll _._111'.:' + i.“éilﬂl —L-:irj .:I
= 3V2(-— - Li]
\ 1.2 1.2 J
= -3 —3i
i RBe .r.'i = Sil{:ﬂ-‘il. —iF| + i_‘i.if'll: _::ir.j |
{7 kﬁ_‘l
=g[-1_ ¥3;|
|. 2 2 !II
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 5

Question:

Express the following in the form r(cos @ + i sin 8), where — v < =

lam, I'._':I 7,
aelb b 4e s c Se #®
Solution:
aell = cos| -]-]%?:- + isin| -]-F;T;

Tk — 29 from the ‘
argument.
[ 104g7} . 10471\ =
= 0S| — + 15IN| ——
oS\~ 713 ) =13 )
e 177 17 kg
b 4e 5 = -H um z | + |H|r1| ||

{ {7 g LY

| w : o £
= 4| cos| £E| + isin( &2 |

| \ 5 ! LR

- 37
= 4 cos| _'i_” | + I'«m —.__ | |

cC S5e 8

f s 1 F Ot
5| cos| - ':;T| + isin| —-;“ !

4

o[ Tar )\
:‘:|L(Jh|-”:;‘;-l + isin| fE B
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 6
Question:
Use e'® = cos @ + i sin 6 to show that sin 8 = *;}i (e!? —e7%),

Solution:

e =cos B+ isind

® ©

e "= cos(—8) +isin(—# =cosf—isin#

D -@=e?—e=2isind

21.10'" — 7" =sin #

L osinfg = —1 (ptf —

2i

e "% (as required)
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

Express the following in the form x + iy.

a (cos 204 isin 28)(cos 30 + isin 38)

- 3T 8w 8r|
b [cos== +isin: Cos — + i sin =
\ %517 17 )(cos 31 11/
ol e A 3 v G0 j T m
€ 3{cos— +isin—| X 2{cos + i sin
=P 4] ™48 1g 12
= | 2o TN F [ e T T
d V6| cos 5 ) + isin ( 12-]! * -..'1!_“).‘*3 + i sin 3
"‘JTT| "!‘.i'_ll | =
» [}b‘ —m 5 i B4 | COS | ——— ' +
e 4fc 9| 1|n| || X3¢ '.H-.' i sin | 1,.3||
, L I 2w i 2
6l cos L+ w0 +isinT\x2lcos 2T +jsin 2™
f 6fcos T T 1sin; :l ::|u:wi i sin %I 3 |cos T~ +isin %
g (cos 48 + isin 46)(cos # — i sin 6)
1P i I (ene T _ L
h 3| cos ]7 + 1 sin % | X V2 (cos 3 i sin { Ly
Solution:
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a (cos 28+ isin 28)(cos 30 + isin 36)
= cos(28 + 38) + isin(26 + 36)
= (o550 + isin 50

b (L{Jb 3T 4 i'sin %W][ng—wi-wm ;T:I

11 11 11
= Lm[ S ?T) + nm[”“;';r+ ?—:T]

cosw+ isinw

L]

=—1+i(0)
= -1

C 3|:L‘{JS T isin —] X ?[u:a& 5+ isin%lj
= 3(2)(cos( T + T5) + isin( T + %))

6{195{ )+11~.|n{ ]

3+ 331

d x-f;(cos { —%) 4+ isin [—%]] X {?i'['ms%r+ isin %T}

.[,,m{ﬂb[-:m( = ) Hisin =2+ =)

[ms—- + isin &

1)

‘

= i[a2é +

[\-j:

3/

3+ 3i
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e ¢(ms { -%”J +isin ( “5—"7” e % [:u)s (_%T) e [‘?_:;T”

9

= 4{%”1:01( —% + —?—”) + isin( _%r + _?_;;TJJ

= E[Icnsh —%] + nln[ 15‘”].]

= ?,lm':( _Tﬂ] 1 |51n(-%‘r).]

-4F-)

=—~.'f§—1

s w SN ST e | 2 2

f ((u}s 1ﬁ+15m II}JXS[.LDS"I+ISH13;|X3[£US 5 + 1sin 5

= 6(5)(3)(cos(E + T+ 27) + isin( - + T + 27))

1(1{1{1\ 37 4 isin :E“

g .I
= IU( —12— + ;:’_1’
= —5/3 + 5i

g (cos 46 + isin 46)(cos 6 — isin 6)
= (cos 46 + i sin 46)(cos (—60) + isin (—6))
= cos(40 + —0) +isin (46 + —6)

= ¢os 36 + isin 38

h Akuh 175 + i sin _EJ X V2 {LU*: = — i sin w]
= %[cmlz |§1H%un2(cm )+1s|n{—-—)}

2o~ )+ in(5 )

.'-h'f[cmi{ —]+|'-‘.m( %T]}
Ll g
—.{\2[3 EI]

=3 —3i
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

Express the following in the form x + iy.

cos 56 + isin 56
cas 20 4+ isin 240

vV2(cos 3 + isin 3|
b = =
-,]3| COs :r_ + 15in j'
3| cos "'; + i sin ?|
C — =
4| cos -:'f + isin {:TI
\ B )

cos 28 —isin 20
cos 30+ isin 30

Solution:
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cos 58+ isin 50
cos 260+ isin 20

= cos(538 = 28) + isin(58 — 24)

= c0os 30+ isin 36

b __!f__i +ising)

2||Lmj+ i sin 4}

Hum = + isin = ]

-li Cos -S-?T + i sin “T|
G 6 |

ey | 5 I S
=3 L'U?i[,.% {:T] + mn[g ~ ?H

...\.-

—|L{}‘1-|I —| thm

:_ul-i

)

.t_

| s

f{}— i)

d €os 26 —isin 26
cos 30 + isin 36

cos(— 28) + Eb.'ln{ =20
Ccos3f+isin3e

cos(—26 — 38) + isin{—28 — 36)

cos(—5#) + isini—38) or cos50 — isin 54

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:

z and w are two complex numbers where

= T Rl = T ; p= AT
z2=-9+3/3i, |w=v3and arg w = 5

i

Express the following in the form r(cos 8 + i sin 6,
az b w, C Zw, d
where —wr < 0= m.

Solution:

az=-9+ 3/3i

=T

r=J(=92 + (3V3)? = V81 + 27 = Vi08

= /36, 3 = l"n.'i
= _1[3v3) S
: Vo B I ==
g= drg,{' = T tan |._ _'fj_ |= _E:'_

7 =6V3|cos E‘_ + 1sin H"—1-"-|
\ 6 O |

br=|w=v3

_ g 1T
f=argw 3
W= xi{w.\ :lr—;+ isin E]%rl
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‘:"‘T] Xy -E[::tn's]—f + isin —;I

C 7w = by -E[Lu
(57 | 7
6 &)

L]

(63 i]{cus(%‘r+ ?—ﬂ':l + isin

15 (L{‘hl 1?ﬂ'l + mnl ]?T"II}

o L e L
i 18::05[. —2—:||+15|n( TEJ]
6v3(cos 2T + isin 37
dZ= 6/
! x?{cm%+nm—|
_ 6V ST Tk e S Ta))
= l.U_hI:—E ]2_.| 15|n(6 ]2.|I.:I
— 6{((1 I:ij’—;r] + Lsm[ 15’”
F(Ln51+mn—|
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

Use de Moivre's theorem to simplify each of the following:

a (cos #+isin 6)° b (cos 36 + isin 36)*
€ (cos : +isin :__T'I‘ d (cos ?* i sin ?f
e [cos .2_'1T + isin 2ﬂ—|‘| f (cos-E —isin-X 1
\~ 5 ; 5 Vo 10 ’ 10/
. _€os 50+ isin 5@ |y (COs 26 + isin 26)
(cos 28 + isin 26)° (cos 46 + isin 46)*
] i (cos 20 + isin 26)°
(cos 20 + i sin 26)" (cos 36 + i sin 30)°
_€os 56 + isin 56 | _ Cosf—isin@
(cos 30 — isin 36)° {cos 20 — isin 28)°
Solution:
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a (cos 8+ isina)°
= cos 68 + isin 68

b (cos 36 + i sin 36)*
= cos{4(30) + isin(4(30)
=cos 126 + isin 128

c |:ms—'*'1'+ isin T}

6 &)
= L‘m%‘rrk isln:.:,—:r
- _E'E-Tii
2 2
d (:ms;l_,:# i sin 1—;]“
= LURET'T+ isin 1?—;?
= LUSZT - |'_-.U1ZT"T
= —:]:. K ‘;i
e (cos %;T +isin %‘”:lﬁ
= coslsﬂu i sin lg"r

=c¢os 2w+ isin 2w
cos 0+ isin O
1+ 1(

=1

15
f th)Sm— isin m

15

|
15m ;i [ _ 157
Wl-f-l.il!][ l_ﬂh

={L‘US( ----- J+|~.1n|| ]—{—‘}

=L‘n.=.|:'—
= cos |:§—“] +isin | —'”1
10 10 )

s [ ™

= 05 — + 151N =

2 2
=+ i

=i
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g cos 50 + isin 50
(cos 26 + isin 26)°

_ €08 58 + isin 5@
cos 48 + 1 sin 448

= cos(560 — 48) + isin{(50 — 48)
=cosf+ ising

h (cos 20 + isin 26)7
(cos 46 + isin 46)°
_ cos 146 + isin 146
cos 126 + isin 128
=cos(148— 126) + isin(148 — 126)
=cos20 + isin2d

1
i
(cos 20 + isin 20)
= (cos 20 + i sin 28)7°
= Cos (—66) + isin (—660)
= ¢os 680 — isin 60

(cos 28 + i sin 26)°
(cos 36 + isin 38)°
_ Cos 808 + isin 80

cos 96 + isin 98
cos (88 — 98) + isin(86 — 98)
cos(—8) +isin(—#8)
=cos@—isiné

K _Cos 56 + isin 56
(cos 30 + isin 38)°

_ €os 56 + isin 50
(cos (—38) + isin (—38))7

ca Cos 50 + isin 50

cos (—68) + isin (—68)
cos(58 — —6f) + isin(58 — —68)
cos 118 —isin11#

I cos #—isin @
(cos 26 — isin 28)°
cos(—@) —isin(—8
(cos (=20) — isin (—-20))°
cos (—#) —isin (—60)
cos (—68) — isin (—668)
cos{(—0— —60) +isin{—0— —60)
= ¢cos 58 — isin 50

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

| cos IT 4 i sin ”?T:
wrn Ty ae 13 13/
Evaluate rymr
| e GTT ]
| cos == — isin
\ 13 13/

Solution:

|m~. ;]’T + isin ?” |
[ 47 -J:'n'
|Cn~.]-;_ isin 13
f 7
[ cos ]7: + i sin T:I
[cos | - fll—?;'l i |- L]ﬁgl
i \ \
COS :‘IH;T | +isin | HIH:'
cos | — 2{‘;‘-'1 —jisin |- 214;*. |
2847 24 i o | 287 244
— g it e - ML | —— =
= COS |. 3 | T isin| 3 E ]
52ar 52\
= CO5 '. 3 | + isin | 13 |

=cos 47 + isin 47
=cos 0+ isin 0
=1+ i

= ]

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 3

Question:

Express the following in the form x + iy where x € Rand y € R.

a(l+i)y b (=2 + 2i)® c (1—-1i)p
d (1 - 3i) e (2-13i) £ (-2/3 - 2i)
Solution:
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a(l+iy
Ifz=1+1i, then
Y
(1, 1)
1
bargz ! N
0 1 x

r=vV12+12=42

=7 ¥ = L I_]'_ :Ir
# = argz = tan ’ﬂ.]] T

So, 1 +i=x1_’(c051r+i5inf]

. 4

; ST O ¢, i (R SN A . . e
Sl +1) —-\ﬁ.ZlLOSE+ISmIJJ (V2) =2V2/2/2/2

_ ot fns e DT o yiatea OO Z;hi

= (VZ) I.LOET-F!SIH—__-}—)

oA e ST 4o ST

—4~.2[L05 1 +15|nT.:|

=4\'§(—L_—L_i.]

L W2 V2
= —4 — 4i

Therefore, (1 + i)° = —4 — 4i

b (-2 + 2i)®
Ifz=-2+1i then
¥4
z2(-2,2)
2! .
: 878 2
o %
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=] \-J{—Z,'Iz +2Z2=y4+4=y8=/4/2=2/2
= e = payg R o 1
6= argz = m— tan I[E.}—‘ﬂ‘ =

T PP 7 (A L SO |
S0, 2+2I—212(L{}5T+lS!nTI

o (=2 4 908 = [277 [coe (3T + iein [ 37)\]°
c(=2 4+ 2008 :Z\Z[th(_ll-i-l.'ﬂﬂ( J]

=(2V2)* [ms [?-_ii"] + istn[.z'hr).]
= (2536)(16) (cos b + isinbHw)

= 4096(1 + i(0))

= 4096

Therefore, (—2 + 2i)* = 4096

€ (1=}
Ifz=1-1i, then
Ya
1

0 pargz | %
i1

21, -1)

r=+v12+12=y2

0= argz=w—tan"(] = 7§

80, 1'—1= ""?[:‘305 [—g] + isln{—f)}

L-ip=]2 (cos | ~%T] + isin [*&T])r

(v2)° {cos ( ~ 57 + isin(-57})
- B[cus [*%"} + is;in(.v—%":])
=8(0 + i)

= 8i
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Therefore, (1 — i)° = 8i

d (1 -3i)®
Ifz=1- 31, then

_\'JL
1 .
0 Jargz | *
V3
z(1, =V3)

r=y12+(-3P=Vit3=vi=2

0=argz = —tan"[:%':{] = - 7{

S0, 1 = v3i=2(cos (-F) +isin(-7])

5 (1= V30 = [2(cos (- ) + isin(-F))[
= (2)° [ cos [ —E;—T) + isin{ - %7—7] )
= b64(cos(—2m) + isin(—2m))

64(1 + i(0))

Therefore, (1 — v3i)® = 64

i

3-1."'
E.E 2'\3|J
h'=£3'—l."_I
If z 5 2x.i1,then
Vi
i
0 arg 2 ; x
3
zij,—i\ﬂ]
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_ [(3)2 1l 5V _ 9. 3_M2_ =
r=y(3) +(-2V8) =3 +i=yE="3
(1 73] o
8 =argz=—tan"! 2‘}— = —tan"%é = —-E
|\ .2
S G W T faiee AT
0, 5 -iu-%—a.'}ﬂu}b{ E-}+l$ln( ﬁ”
7 (%—%x?‘i]y= [x-'i{ms[—g) +isin|:—%f])]"

= (V3) (cos (-—%7’] + iﬁin[:-E:,—;""]]

= Bla.-if(cos[-%rj] + i5i”[__%r}.}

AT j__l / 1
Therefore, 55V
£ (=23 ~2i)°

If z=-2V3 — 2i, then

d

2vV3

2

z(-2v3, -2)

S0, —2v3 —2i=4[ms[—%ﬂ] +um(-5{]
5 (=2v3 = 20 = [4(:,@; (=37) + isin ’:,—;T]”
- {25 19025

1(}24(0:}5 (—“‘_T:] . i:::in[:—lr: )

_ '."E_ l
B mnz-i[T 2.)
= 512V3 - 512i

Therefore, (-=2v3 — 2i)° = 512V/3 — 512i
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Exercise C, Question 4

Question:

Express (3 + v3i)" in the form a + by3i where a and b are integers.

Solution:

(3 +3i)°
If z= 3 + v3i then

I":' 4

"

71 3

r=4y3*+ I_\-.-:;-F-'-j" =V8+3=Vi2 =Vvi/3 =23

3w
= ¢ r = {4 H 1'_ —
f@=argz=tan™'| 3 | 3

$0,3+V3i= E\E[fm T +isin®)
\ 6 O/

S (B +V3DS=[2V3 (cos T+ isin )]’
\ O o/
= (2V3)% [ cos 2¥ + isin Sar)
b o/
= 32(9/3) [ -3 + 1;]
32(9v3) | 3 +2'.|
: 4 ]
=t R - [REE ©
88v3| -5 + 2||

= —144/3V3 + 144V3
= —432 + 144v3i
Therefore, (3 + v31)® = =432 + 1443

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

sin30=3sin0-4sint 6

Solution:

(cos 8+ isin @) = cos*# + isin* @ ' T
de Moivre's Theorem.

= cos* 8 + *C, cos? B(isin @)

o s Berrasc Binomial expansion. |
+ “Cycos B(isin 8)« + (isin &)

= cos* # + Jicos?@sin 0 + 3icos @sin? 0 + i*sin* 0

= cos’ @ + 3icos® @sin § — 3cos Bsin’ @ — isin' @

Hence,

cos 30 + isin 30 = cos* @+ 3icos? Bsin B — Jcosdsin®f — isin'@

Equating the imaginary parts gives,

. = Traed foin B — <ind |
5in3f = 3cos*fsin A — sin' @ | Applyingcosd =1 — sin g,

31 = sin@)sin g — sint @

Isin (1 — sin?@) — sin*#@

3sin# — 3sint @ — sin' @

= 3sinf — 4sin* @

Hence, sin 36 = 3sin § — 4sin® # (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

sin 58 = 16sin® 6 — 20sin* @4+ 5sin @

Solution:

(cos 8+ isin@)° = cos 56 + isin 50 T
de Moivre's Theorem.

= ¢0s" 8 + *C, cos? B(isin @) + *C,cos? B(isin 8)*

- o . . ) . i Binomial expansion.
+ *Cycosc B(isin #)° + *Cycos 8lisin 8) + (ising)” |

= ¢cos’ # + Sicos* @sin § + 10i’cos* #sin” 6 + 10i’ cos” fsin’ @
+ 5ifcos @sin* @ + i*sin* @
Hence,
COs S50 + isin 50 = cos® # + Sicos? Bsin # — 10 cos’ Bsin® @ — 10i cos® #sin' @
+ 5cos #sin*f + isin® @
Equating the imaginary parts gives,

sin 56 = 5costdsin # — 10cos® #sin® # + sin’ o

5(cos®#)sin # — 10cos* Bsin* @ + sin® @

5(1 =sin?@)*sin# — 10(1 = sin’ #sin* 6§ + sin* @ Applving cos*0 = 1 — sin? 4.

5s5in@(1 — 2sin*# + sin* @) — 10sin*#(1 — sin @) + sin* P

Ssinf — 10sin* @ + 5sin®@ — 10sin® @ + 10sin° 0 + sin® @

16sin*0 — 20sin*@ + 5sinf

Hence, sin 58 = 16sin®# — 20sin* # + Ssin @ (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

cos 70 =64cos’ #— 112 cos* 0+ 56 cos* §— 7 cos 6

Solution:

(cos @+ isin@)” = cos76 + isin76

de Moivre's Theorem. ‘

= cos’ 8+ 'Cycos® @(isin @) + "C,cos® 8(isin §)?
+ 'Cycost Blisin 0)* + 'Cycos® 8(isin @) + 'C; cos® 8(isin 6)°

+ 'Cycos O(isin 6)° + (isin @) Binomial expansion. ‘

= cos’ 8+ Ticos® @sin @ + 21i*cos? @sin* 0
+ 35i% cost Asint @ + 351t cost Bsint @ + 211° cos® Bsin @
+ 7ifcos #sin” # + i7sin’ @

Hence,

cos 78 + isin 76 = cos’ @ + 7icos® Bsin f — 21 cos’ Asin® @

— 35i%cos? Bsin® @ + 351%cos® Bsin* 0 + 21i% cos® Bsin® @
— 7cosfsin® @ — isin” @

Equating the imaginary parts gives,

cos7l=cos" 60— 21cos?0sin @ + 35cos @sin? @ — 7 cos fsin® g

cos" 8 — 21cos*B(1 — cos? @) + 35cos? (1 — cos? B)?
. Applying
~ 7cos 8(1 = cos® gy cos*f=1-—sin?a.

cos’ @ —21cos* 0+ 21cos’ 8+ 35cos' @(1 — 2cos° @ + cost o)

— FcosB(l — 3cos® 8+ 3costd — cost )

cos’@—21cos* @+ 21 cos’ 8+ 35¢cos* 8 — 70cos* @+ 35cos’ @
~ 7cosf+ 21cos* @ — 21 cos® @ + 7 cos’ @
= 64 cos’ § — 112cos” 8 + 56cos* f — 7 cos b

Hence, cos 78 = 64 cos’ § — 112¢os” @ + 56.cos’ 8 — 7 cos™ # (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

cost g = l (cos 408+ 4 cos 26 + 3)

Solution:

Let 2= cos @ + ising

WP Y i
] P 7 2cos@

:f + ‘], | =(2cos ) = 16cos? g ~——

= i g 551 +--:']‘.'3++- [ 1] |
=g +1C 25 + Gz |-2'-' Cyziz) +|

=z 4 -Juf'il:%J + 62| l’| + 477 l?| + il
vE \ 22 v i

=7+ 424+6+ -4-,- - -1-,-
22 oA

7+ L) +4(2+1)+6
VAl \ Z

2cos40 + H2cos20) 4+ 6 » 1 2" + /—J = 2cosnéd

S0, 16¢cos*@=2cos40 + 8cos208+ 6
16costd = 2(cos40 4+ 4cos28+ 3)

cost @ = ]— (cos48 + dcos26 + 3)
Therefore, cos* # = }-E{C{}h 468 + 4cos26 + 3) (as required)

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

sin® @ = <L (sin 58 — 5 sin 36 + 10 sin 6)

Solution:

Let 2= cos @ + isinfg

. 118 _ _ e | TS l— = 2isin #
|z+ 5] = (2isin6)° = 32i%sin% 0 = 32isin> 0 »— >
I T 5
=73 +3C, 2} - f}v 5C, /'_"}, + 3C ,_;I—%1 +-*{._+z||----.| +I—j,f
_ 1) (1) 4 102 =1} & 52(=1)' & (1Y
= 75+ 57 7 + 1023 - -2 +1022| 7| 520 =) + (-3
=7 +524(1) + |m*|.._. - 1022 I-l‘: +5yfL) -1
£ bl B
= 7% = 523 4+ 10z l@ + é = l
g 2 g
_ [ 44 | B 1) [ 1
= —-=2|-5[2-=)+10(z-3)
|. 73 Jl |, ;,_{_.l | &t
= 2isin 56 — 5(2isin 36) + 10(2isin @)+ 2"+ f],;. = 2isinn@

S0, 32isin” 8= 2isin50 — 10isin 346 4 20isin® (+2i)
16sin># =sin56 — 5sin 38 + 10sin @

sin’ @ = -Ilaisin 50— 5sin 30 + 10sin 6)
Therefore, sin® @ = 1-(sin 56 — 5sin 36 + 10sin 6)

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

a Show that 32 cos” 6 = cos 66 + 6 cos 46 4+ 15 cos 28 + 10.

b Hence find J " cos® @d@in the form am + b3 where a and b are constants.
il

Solution:
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letz=cosH+ising :
116 /‘ —ZI- = 2cosf
alz+ !} = (2cos 0)° = 64cos5 @ —

)+ 6c,2( L) + ec, (1) + 5c, 2

]
N|-—n
—
e
~
=
B
—_—
By =
AL
e
e
Py =
—

=z“+"(2?[
—x"+hz’l:l}—lif‘ ]]+2{]f‘|:1]+11/3(1]+h/ ] =

=p-6r+152+20+ 124+ 84 1
42 7 zh

= ['z"’ = %j + ﬁ[z‘ +%:| - 1'3||; + _} + 20

2" +‘-?-1,-r =2cosnd

= 2coshe + 6{2cos4d) + 15(2sin26) + 20

50, 64cos"# = 2cos60+ 12cos4d + 30cos2i + 20

32cos"@ = cos 66 + 6cos46 + 15cos28 + 10 (as required)

b f cosf § = L f‘ coshl + 6cos 48 + 15cos28 + 108

0 32
_ 1 [sin®#, 6sin*f  15sin? ¢ 16
20 6 + 3 + 3 +‘E(}-~9r.”I
[ z 2o . f T |
_ 1 |[sinm, S5n(3), 155n(F) 1om _ m}]
32V 6 4 z 6 |/ *
~1lgs 343, 1543 ﬁ]
7 A T TR s A
_1|3m 157 Sn
=3333 + 23+
=19 = . Sul
=35[3v3 * 3 J
Sar 4
~56 Tga"’
4 ) 5 9
A o =3y 2 A -
L cos™ 96+ﬁ4"3 = ‘:}ﬁ’b 64 |

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

a Use de Moivre’s theorem to show that sin 46 = 4 cos* #sin § — 4 cos 8sin® 6.

4tan # — 4 tan* @
1 —6tan? 0+ tan* &

b Hence, or otherwise, show that tan 44 =

¢ Use your answer to part b to find, to 2d.p., the four solutions of the equation
X+t -6r"—4xr+1=0.

Solution:
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a (cos @+ isin @)?

cos 46 + isin 44 de Moivre's Theorem.

cos* @ + C,cos* f(isin 6) + *C, cos® 8(isin )

+4C, cos B(isin 6)* + (isin 6)* | Bloemial Sxpaation.

= cos* @ + 4icos’ #sin 8 + 6i% cos® #sin? @
+ 4i‘cos #sin’ @ + i*sin* @
= cos? 6 + 4icos’ Bsin @ — 6cos? fsin® 6 — dicos fsin? § + sin* @
Hence,
cos46 + isin40 = cos*f + 4icos’ #sin # — 6¢cos” #sin® 6 — 4icos Bsin* 0 + sin*e (@)
Equating the imaginary parts of Q) gives:
sin' 8 = 4cos* #sin 8 — 4 cos #sin’ 0 (as required)
b Equating the real parts of () gives:
cos 40 = cos? 0 — 6.cos’ Bsin? @ + sin* 0

tan 49 = Sin 460 _ _4cos*fsin § — 4 cos fsin* (cos 48 + cos* 6)
cos48  cost@ — 6costBsin®f + sint@  (cos48 = cost )

4cost@sin® _ 4cosfsin'e

- costo cost @
cos*f _ 6cos Asinc @ , sinté
cost @ cost@ cost @

4ces’ @ sind_ dcosdsint @

__cos’e cosl  costcos’
cos*f _ 6cos*Bsin®g . sinf
cos'f  cestBcostd  costé

_ _4tan@ - 4tan’e
1 — 6tan® @ + tan* 0

4tanf — 4tan’ @

Therefore, tan* 8 = -
1 —6tan“ @ + tan* @

(as required)
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cxtt4d-—-ext-4x+1=0

-6t 4+ 1 =4 — 4

dx — 4x’
x4 — 6+ 1 @

Let x = tan & then

4tan @ — 4tan’ @
@

e =1
tan*@ — 6tan’ 0 + 1
tan 46 = 1+— From part b.
=7
“7
Y
L 4
oy X
ayo :

1g= |7 57 97 137 |
W= T

g=|T S 97 13w
16’16’ 16" 16" ™

T 57 Qw . 137
tan —, tan 1'{;’“" 16

LXx=1an#=tan- 16

16’
x=0.19891..., 1.49660..., —5.02733..., —0.66817...,
x = 0.20, 1.50, —5.03, —0.67 (2 d.p.)

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Solve the following equations, expressing your answers for z in the form x + iy, where
xERandy ER.

azt-1=0 bzZ-i=10 c =27
dz2+64=0 e +4=10 f 2 4+8=0
Solution:
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az't—-1=0
=1
_‘f"il.
(1, 0
-
0 x

forl,r=1and =10
Sozt=1 (cos0 + isin0)
2V =cos(0 + 2km) +isin(0 + 2kwm) ke Z

1
Hence, z = [cos(2km) + isin(2km) ]

Z= cns(%"] + isin(%] [ de Moivre's Theorem. |
Z= cns(%ﬂ) + 'ISlI'I[.Ez—W.}

k=0, z=cos0 +isin0=1

m ) .
S +isinE =i
2 2

k=2 z=cosw+isinm= -1

k=1, 2=cos

k=-1,z=cos(-3] + isln{—g}z =

Therefore, z= 1,1, =1, =i

=T

(4]

fori,r=1and@=2

2
So 7} = l(cos%r-l- ising}
2= cos(;—7+ Zkﬂ-] + isin[g+ ka]. keZ

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...
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2

Hence, z = [ms[ %T 4 ka) + isin(
T+ 2k T+ 2k

z=c05(_“ 3 T] mn(

T, 2k
6 3

)

Z= CO‘E( ] isin[.;’—; + Zjﬂ")

k=0,z=cosZ +isin

7=
6 6

Sqar_ »

| f—LD'iS—'i't\ll'lﬂ

6

k=—],z=msf J+L'ilﬂ{

o _ 3 . V3
Therefore, z = \T + =i, — T +

] =

¢ =27

Va

(27, )
x

-

for27, r=27and 8= 10
Soz' = 27(cos0 + isin(0)

23 = 27[cos(0 + 2km) + isin(0 + 2km)]

Hence, z = [27(cos(2km) + isin(2km))]’

7= S[cos(%r] + isl'“(%r”

k=0;2z=3(cos0 + isin()=3

Lm— +isin2®| = v3

k—lx—j[ 2

| = 5(—% +
k=—1z2= 3(:{}5(%2“) + isin[_:—

p 2By

Therefore, z = 3, — 5

b2l

5~ S
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dz+64=0
' = —64
Vi
e
(—64, 0) ol il
7] x

for—64, r=64and ==

S0 2" = 64(cosm + isin )
v = 6d{cos(w + 2k + isin(w + 2km)) ke Z

Hence, z = [64(7 + 2ka) + isin(r + 2km)]'
de Moivre's Theorem.

1= 20fcof + 1)+ (g + )
k=0;z=2/2(cosT +isin7) = zf% + 1%? =2 4 3
k=1;2=22(cos3T + isin 37) = 2#?("% + lfl] =—2+2i

7)) = 212"(42_—31] =2-2i

4

=

k==1;z=2V2(cos( —7) + isin( -

=<2 2= 202 n( -3 419 -3)
Therefore, z=2+ 21, -2+ 2i,2 - 2i, -2 - 2i

e 2 +4=0
2= —4

1.6
=4,0 /|
x

3/3/201:
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for-4,r=4and ==w
Sozt = 4{cosw+ isinm

7V = d(cos(w + 2kw) + isin(w+ 2k#)) ke Z

Hence, z = [4(cos(wr + 2k#) + isinlar + 2km)]’

2= 4i{cos| +42“’”) +isin( T4 zkm de Moivre’s Theorem.
- (k) ¢ 515
k=0;2=V3(cosF +isinf) = VZ[ -+ i) = 1+
k:l;z:af[ﬁ)ﬁ(iﬂj+nm(iﬂ]):x"f(—-‘%%-%i?]:—l-H
k=—1;2 = VZ(cos(~F) +isin(~F)) = V2[5 ~Li) =1 -
k=—2;z=\'f{cns{—3TTT]+isin[—%ﬁ)}=xf[—%—él)=—l—1

Theretore, z=1+i —-1+i1—1i,—-1—1i

=T

(0, —8)
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for —8i,r=8 0= —;

Soz* = 8{cos( =T + isin{—%—‘_'] J
z* = 8| cos| =§+ Zkm) + isin| —~%r + ka}] keZ
|

Hence, z = [8{ cos| —3"'5+ an‘) + isin| —32—7+ Ekﬂ'] ”%

2 2 [ de Moivre's Theorem.

z=8 tr_us ———' + isin

T+ 2k ‘ T + Zk'rr‘

z= E(jms[_—l_‘# %’] + isinl:: —%T+

.
6 —EH

=02 = 2(cos[~T) + isin(~Z)) =2(¥3 - Li| =3 -

k= 0; z = 2(cos( ) +isin(-Z)] 2,(-2- 2—1) V3 — i
k:l;z=2|fms%"+|sm—1“2[{1+1J“71

o wtow walidl .50 S\ o[ 3 1)l
k= Lz—-Z[cc:-st ] I:-il'll ?}J-z[l 5 ZI’ V3 — i

Therefore, z = V3 — i, 2i, —v3 — i

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

Solve the following equations, expressing your answers for z in the form r(cos @ + i sin 6),
where —r< = m

az=1 b2+ 16i=0 c 2+4+32=10
d7z=2+2i e 2 +2V3i=2 f 22 +32V3 +32i=0
Solution:
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(1, )

forl,r=1and8=0
So#” =1 (cosO + isin0)
#Z7 = cos{0 + 2km + isin(0 + 2km) ke Z

Hence, z = (cos{2km) + isin(2km) }:'

7 = cos| 2k'"'j + lsm( 2?”]

l de Moivre's Theorem.

k=0,z=cos0+isin0
k=1, z=cos zﬂ] + Hm[-%n ]

47!

k=12 z—t.m(?

7

| +isin (47
o
i

K=3,z= cmfb"'] + tsm[

k==2z= CDS( —47'"','! + mn( 4;7}

T . 6!
k=-3z= (‘05( }+1san( ?}

_— 2
Therefore, z = cos0 + isin 0, cos -?,— T 4 nm—?

4 G

cos A7 4 isin 27 cos &7 + isin &7

7 7 7

cus‘.( —ETW} + isin[ 2;'"
o)

-:m( "'T} + 15m|llm—
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bzZ+16i=0
2= —16i
¥
D (/r"(j X
(0, =16)

for —16i, r= 16 and 8 = n%’
So 2t = i{j{’ms{—:‘z—"} + isin(—’i"”
= 1-:3|:r:{:r'~1|I T+ Zkﬂ‘] + ISil'[[ -7+ Zkﬂ‘” cZ

Hence, z = [1(1[' cos[—%‘# 2kr) + isin( —%’ + Zk#'}”s

f—~ +2k ' -T 4 2kn
r:c:-S| ﬂ |_~.m 2 T )] ‘ de Moivre's Theorem.

z=16

z= (ms[ T+ k;] i isin[j—%r - "‘2—"" )

k—U!—Z[Lm[ ‘J+nm{ b”
k=1,2= (ms—+1q1n—'|
k=2,z=2(ms ----- +1s1r1-~ ]

k=—-1,2= Z(L‘c'}s[_—sa—ﬂ + i51”{_%,]}

Therefore, z = Z[mi[ |+ isin( = B] meq{ ; J + isin{%i"])
2[ Lm[ ------- ] + lSil’]{. L”] J 2[1‘05(—-‘53?) + 151r1i —%’-’F”
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czZ+32=0
:!-"Ji

o
(32,00 £ |\
)

=Y

for=32,r=32and ==

So 2° = 32(cos 7 + isin m)
20 = 32(cos(m + 2kw) + isin(w + 2km) ke Z

Hence, z = [32(cos(ar + 2km) + isin(w7 + 2k1r}i]~'

1= 3252« 5 20

2= 2{cos| T + 257 4 isin( T + 27} de Moivre’s Theorem.
k=0,2=2(cosg +ising]|
k=1,z= 2(L0535?T+ isin 7|

k=1,2z=2(cosm+ isinam)

k=2z= (LGS[ | +isin(— SJ

k=-1, !“E(L{}S[ 58 )+151n[ ?’])
k= ~2,2=2[cos( -3T) + isin(-37) )
Therefore, z = ZLmsg isin 5] Z(LO&Z—W+ isin 2“']

2(cos m + isinm), 2({05{—%} + isin(—?r;‘-') )

2['1'05{: 15”)+131n{ ?’))
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d =2+ 2j
Ya
(2, 2)

r=v22+2'=1+4=y8=2/72
— =1 2 _ T
f = tan (Z)_I

T
So 2= 2~.2{t:m3 + mn—]

2t =2/2 (Lm[— + 2km) + |=.m(3+ ka]) ke X

pad ¥ i i |
Hence, z = [2x'2|’lms[%+ 2kar) + isin{%" A 2.‘:11']]]-5

"'T+ 2::7# §+2k7ﬂ

|
z= [2\.2}[!20".[ ISI!]L

J ) ‘ de Moivre's Theorem.

- g‘i(ms(% + 23&1‘) " t’ﬂn[% & 23&:”
— =1,'-2_|.[L051E+[5m12}
s = E[Los 1411'4_ isin T]

k=—=1z= »-‘Z[:cos[—%r] +isin [%T)]

I

Therefore, z = I.Z(Lm + isin 3

12 12 7

-.Z(uh +i.‘;inT :

"_2_(. ms["‘-{r—ﬂ] + isiﬂ[_]_gﬂ_] ]
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e 22+2/3i=2
=7 -2

Ya

=Y

oN Jo
12v3

(2, -2v3)

r= 1|-'J23 +(-2V3P=vd+12=V16=4

# = —tan ‘(Z‘E]

W

3
Sozt = 4['c-;:s{ “%T] - isin( —f‘_;'])

= -}fcos(—37—1-+ 2kw| + isin{—%’ + Ekﬂ'” keZ

Hence, z = [4|cc:>s( —g + 2kar) + isin| —%’ + 21:.-;:]] :

i , ;
-2 4 2K
'3—17]+isin

i b
3+2k1'r]]
4 /i

de Moivre's Theorem.

%}-!—isin['—

| 3

Therefore, z = \-E(cns{ - LV 2(cns + 15||1( i

12 12)

xz[cosi ”'") + 1s|n( HW])J '.E[CGS( ig] + lsmf ig]]
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f 22+32/3+32i=0
2b=-32/3 - 32i
¥
32v3
. o] %
32! T8
(—32v3, —32)
r=(-32/3) + (-32)* = /3072 + 1024 = V4096 = 64
@ = —a+ tan {.32\__?J LB 2
Sozt = 64[{{)‘;[.—5—7?') + Esin[—s—"ﬂ)
Ui TR ¥ 6/,
= h .."I_-S_?T_;_'} 151 —S_Tr | =
Z ﬁ‘l[tﬂhll 3 J{w] + lsm( 3 + Zkﬂ}] ke Z
P el S V g Sw :
Hence, z = [6-}[ LUE-.[. = - 2k'rrJ + lsm[ 5 - Zk'n'] ]]
| {—i“‘_wzk' —3T 4 okm|| —
z = 64| cos| —© ; + isin| —B . J de Moivre’s Theorem.
\ \ \
SR = Sw, 2kw Swm , 2kw
z—r-*r[un ]8+ 3 )+1S!n( 18+ = ],
[_Sw S
k=0,z= -}[Lml 13) - ESH’!( 13)]
- — al - 7 7
k=12z= 4(L05[-1-§] + ISII'I[ ]3])
k=-1,2= 4(0::5{ ]?"7] + mn( ,1%11' ]
- Y S _*rr m\ L icin 7))
Therefore, z = 4(:.(:—5[ 18) + 1sm[ B) Lm( 8.] + |sm( 13]],
4[I::-:}5[ 1?'”] + |sm[ _LB)J
© Pearson Education Ltd 2C
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Exercise E, Question 3

Question:

Solve the following equations, expressing vour answers for z in the form re", where r > 0
and —w < 8= 7. Give 8to 2d.p.

=J]

azt=3+4j b z2=11-4i c = =7 + 3i

Solution:
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azt=3+4i

Ya ‘-;- 4]

—_—

r=Vv¥+4#=25=5
6= tan'(3) = 0.927295...
SG, .?.’* = Scliﬂ.‘l.’!?.f‘.'ln....-
f_-ln = Scnu.ti.!?l‘l.‘-... + .".Jm!n‘I ke &
Hﬂ’nf{', 7= 15@1“!,”22"3‘)."\. .+ 35;11';:!5_

¢ 0927295, + 2k

= Jle ¢

0927295 de Moivre's Theorem. .

=5-‘E‘I 4

kw
+ 47

k=0 z= SLEHH.'!.HH__J
k=1 7= §ieil8026..)
k=—1,2= §3pi(-1.3389..)

k= =2 7= §ipil-29097..)
, E=1
Therefore, z = 5023, 5ig!80i §ip=134 5ip-291i

b 2} = V11 + 4i

_1'1
Vil .
oNJo Tox
4
(W11, —4)
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r=y(V11 )2 + (—=4%) =11 + 16 = 27

= ~tan-l(' ;‘_I] = (.878528...
WY f

So, 74 = \'ﬁ{.!q (.87R52%...)

Z'; = _‘2? ol (LB7TES28.., 4 ?J.:r_l' k = E

Hence, 7z = !\-ffﬂn—ux:ﬂiza_. + _!J.-ml

J =0.878528.., + 2w

= (V27 )ie" 3 | de Moivre’s Theorem.

_ =0.878528... , Zkn
=,3e 3 4

k=0, z=3el-02928..)

k=1, z = 3 elll.8015..)

k=—1,z=/3ei(-23872.)

Therefore, z = v3 e 02% /3 el 80 /3 e-2.3%
c zt=—J7 +3i

Vi

(=v7, 3)

3
' [t}
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r=(=v7 )2+ 32 =V7+9=VI6=4

0= m—tan"! | = 2.293530...

LT

80 ;_-E - 4{,|-2.11.?.H.|-U...|
— Aail22 +2
?.'J‘ - 4E||_._'Hn.it:l... s _i.m' k e Z

Hence, z = [4¢/(2293530... + EA::I]Z

| £293530... + 2r) de Moivre's Theorem.
= 4'e % .

_/2.293530... , k|
=yZel 4 3

k=0 z=+v2 pitl.5733..)
k=1z= ,.__;_)_c'n_.* 1441...0
k=—1, z=2ell-09974.
k==2 2=\ 7 ai(—2.5682...)

Therefore, z = V2 e"57 gz = 22 g = Zp 10 7= D a257

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:

a Find the three roots of the equation (z + 1)* = —1.
Give your answers in the form x + iy, wherex € Rand y € R.
b Plot the points representing these three roots on an Argand diagram.

¢ Given that these three points lie on a circle, find its centre and radius.

Solution:

aiz+1¥=-1

VA

1,0 &
O

=T

For=1,r=1land #=

S0,(z+ 1) = l{cosm+ isinm)

Il

(z+ 1P =(r+24m +isiniw+2km kecZ

[cos(ar + 2k @) + isin(m + 2k @]’

]

Hence, z + 1

4+ 1= -’:mf 7_4-?.2_@] + :amll”+—%2£m de Moivre's Theorem.
= cos| T + 2K7\ L sgin( T 4 2Kn)
£ cos| 3 + =3 J+i_=.m||_3+ 3 )

| V3.
k=0,z+1=cosZ +isin¥ = 54—?]

3 3

1, {3

> &= 2+|||2
k=1l,z+1=cosw+isinm=—1+0i

= z==2
- i _'?T _1_13-
k= ]x+1—u}~.l —:.+1s|n|: ? =3 ?-1

:z:—_}—lé!

2] = _—_+__ = b=

I'herefore, 2 3 3 i, 2,2 2|
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h Wk
34
22
(=2, 0) :
> 0 e
L @].
Ze 2|
¢ The solutions to w! = =1, lie on a circle centre (0, 0, radius 1.

Asw =z + 1, then the three solutions for z are the three solutions for w translated by | _é |.
Hence the three points (the solutions for z), lie on a circle centre (—1, 0), radius 1.

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 5

Question:

a Find the five roots of the equation z° — 1 = 0.
Give your answers in the form r(cos 8 + isin #), where —r < =< m.

b Given that the sum of all five roots of 2> — 1 = 0 is zero, show that

{.L}S[-"—qTI'J'LUb|—--1

/ 2
Solution:
azi—-1=0
#1=1
Vi
_ (1,0
0 X

Forl,r=1andé=0
S0, 27 = 1{cos0 + isin0)
22 =cos(0 + 2km) + isin(0 + 2kw) ke &

Hence, z = [cos(2km) + isin{zkw”-'-

2K ﬂ de Moivre's Theorem.

z = cos| g‘E:"T] + isin| 2

k=0 2z =cosO+isin0=1+i0) =1
k= I.Z:=L(}H|I—| +15m| \
k=2, z_1=m~'.|—} +:-a|n[?w||
K==1, 4= ms[.—%“'] + Esin{.—zswl:l
k=-=2, d-\zLUS[ |+IbH'I|—4T:|
Therefore z = 1, Lmi- 7 + Hml'z’”] mi[%' isin{%‘”
cml:: —%T"'T.} - isin[l—%_:, ms[ —";—WJ + isin[.—'%_]
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bSo,zi+z+z;+z2,+2;,=0

2

. )+L(J&|4”|+|un|l |

1 + Lml: ‘T"b - 15|r1(

| Lm[l —| . nm{ ] + Lm{ 4ﬂ"l + lHl]"IIII 4?‘1

|~
- 1 2 b 2] o ] i 4
+ cos( 27) ~ isin(£7) + cos( 47) - isin( 47) = 0
o

4| _ _
5)

1 + Zt.us[zﬂ'l + 2¢0S [

m|4-'-

Zf:os{ \ - zcns(
2{(:05( ‘?‘%T} + chs(%}] = -1

4,; } =-1 (as required)

ms[ ] + ws( 3

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 6

Question:

a Find the modulus and argument of =2 — 2/3i.

b Hence find all the solutions of the equation z* + 2 + 243i = 0.
Give your answers in the form re", where r>0and — v < 8= =

Solution:
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a —2-— 2V3i,
7
2 -
2v3 |
(-2, —é»f:iu

modulus = ry(=2)2 + (-2V3 2 =3+ 12 =/16 = 4

; 4 2V3 T 2

e il Ll — - — ‘?— - o 1 S T - — e i

argument = @ =27 + tan™'| 2 ] 73 :
o _ _2%

Therefore, r=4, 8= =5

bzt+24+2/3i=0

zh= —2—2/3i

andr=4, 6= —%’Tr‘m -2 - 3/3i

— 28+ 2km)
- ahi — de Moivre's Theorem.
| B 8 L
=y2e' 6 2
— ||—"_
k=0, z=+v2e' *
k=1 z=y2¢'3
. S
k=2,2=+v2e'0
2wl

k==1,z=vZe'! 3

m Sw Zui

L e L o s
Therefore, z=v2e &, v2e?, J2eb6, v2e ¢

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 7

Question:

a Find the modulus and argument of v6 + v2i.
b Solve the equation 77 = v6 + v2i.
Give your answers in the form re', wherer>0and —w <0< .

Solution:
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a 'q.ﬁ: + v2i.

Yya
(V6,v2)
vz
1 5
0 Vo x

modulus = r /(y6)? + V2R =V6+2 =18

argument = 6 = li!t'l_"(;‘?w = IHITH{ . :I -
. W6/ 3

VW

Therefore, r = V8, 0 = :’:

b X'-ng"x.ii

F{J]‘\E+\-.2_i,!‘=\§,ﬂ= Tr

S0, zi = /8 el

‘ de Moivre's Theorem.

i

Hence, z = |6de '

+ W | |1

29 4 2k
= (64)'e" S
j| dx 4 2w
=4e'? 4
lllﬂ
k=02=4e""
LIH-':I
k=1,z=4e'?
_dam
k=—-1z2z=4e' 9/
2m Bm _Am

Therefore, z=4e%,z=4e%,z=4e °

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 1

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz==6 b |z| =10 clz-3=2
d|z+3i =3 e |z—4i|l=35 fiz+1 =1
glz—1-i=5 h |z+3+4il=4 i [z—-5+6il=35
j [2z2+6—4i|=6 k 3z —9—6i| =12

Solution:
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Va circle centre (0, (0), radius 6
6 equation: x% + 2 =62

/‘.‘\ x3+y3=3ﬁ
6

Vi circle centre (0, (), radius 10
16 equation: x* + y* = 10°

x4+ y* =100
n

Vi circle centre (3, 0), radius 2
equation: (x + 3)* +y* =22
®+3)P2+y =4

circle centre (0, —3), radius 3
equation: x*+ (y — 3)*>= 32
x4+ (y=-37=9
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e |z—4dij=5

circle centre (0, 4), radius 5

equation: x*+ (y —4)*=5°
x2+(y—432=25

:!'.Ih

(0, 9)

f lz+1=1=jz-(-1) =1
2 circle centre (-1, 0), radius 1
equation: (x+ 12 +y* =12
cE8 B
gle—-1=-i=3=z=(1+0)]=5

circle centre (1, 1), radius 5
equation: (x — 1)* + (y — 1
=12+ (y~—1

Va

h|z+3+4i|=4=z—(-3-4i) =4

equation: (x + 3)* + (y + 4)°
. (x+ 32+ (y+4)72

=Y

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...
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i|lz=5+6il=5=z—-(5-061) =4

ya circle centre (S, —6), radius 5
0 s 10 equation: (x — 5%+ (y + 6)> = 5?
poox (x— 5P+ (y+672=25
j 22+6—4i=6
= 2(z+3-2i) =6
> 2|z +3 =2il=6
= 2z+3—2i=6
> z4+3-2il=3
=lz=(-3+2i)=3
i circle centre (—3, 2), radius 3
' equation: (x + 3)? + (y— 212 =732
s x+32+(y—-2P=9
. 2
(—3, 2) /
6 0 X
------ -1

k [3z-9—6i| =12
s 13(z—=3-2i) =12
= 3|z =3 = 2i| =12
» 3z — (34 20) =12
=lz—(3+2i)=4
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¥ circle centre (3, 2), radius 4
equation: (x =32+ (y—2)?=42
x—-3)¢+(y—-2F=16

e

1 3z—9—-6i|=9

s 3(z—-3-21) =9

= 13|z=3=2i=9

> 3jz—=3 -2 =9

= |z2—3—-2i=3

=z—=(3+21)=3

¥ circle centre (3, 2), radius 3
equation: (x — 3)% + (y — 2)* = 3%
=3P+ (y—2F=9
x

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 2

Question:

Sketch the locus of z when:

a arg 7 %r b arg(z + 3) { ¢ argiz — 2) g
darg(iz+ 2+ 2i) = --_4-‘ e arglz —1—1i)= -'--TT f arg(z+3i)==

: 29 . ; T . ; ; 3
g arglz— 1+ 3i)= 3 h arg(z — 3 + 4i) = —5 1 arg{z — 41) = - 3

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Page2 of 4

bargz+3)=7
s arg(z — (=3)) =“f
ya

(]
2

C arglz — 2) =

i

7
[S1E

{1 X
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darglz+2+2() = -7

= arg(z — (-2 - 2i)) = ——lr

s
s

P e SR

e argiz—1-—1) =3T""'
> arglz —-(1+1) = -‘%F
ya
3a
NS
(1, 1) .
x

3

f arglz+ 3i)==
= arg(z—(-3i) ==

Y

Y

(8]

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...

Page3 of 4

3/3/201:



Paged of 4

Heinemann Solutionbank: Further Pure 2

g arg(z— 1+ 3i) = 3,.;'?
1 2
= arg(z — (1 — 3i)) = s
i
0 ¥
\27
0
-
(1, —3)
h argiz— 3 + 4i) = _%T
= arg(z — (3 - 4i) = -7
YA
0| 3 X
4 (3, —4)
‘/%
i arg(z— 4i) = -37
4
VA
(0, 4) s
'“‘"/.'.:-._’r
2
__-1 :
/ 0 X

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 3

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz—=6=lz-2 b |z+4+ 8=z~ 4
C |2 =lz+6i d 2+ 3i| =7 — 8i
e z2—2-=-2i=|z+2+ 2i Flz+4+i =|z+ 4+ 6i
g lz+3&=5=jz—=7—3 hlz+4-2i=|z—8+ 2i
;;j;;=I j lz+7+2i]=|z-4-3i

k 7+ 1—6i 2+ 33—z

Solution:
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alz—6/=lz-2
perpendicular bisector of the line joining (6, 0) and (2, 0).

I'I-' i

x=4
Equation: x = 4

b |z +8 =|z—4
= lz—=(—8) = |z — 4
perpendicular bisector of the line joining (-8, 0) and (4, 0).

Vi

Equation: x = -2
C |z| = |z + 6i
> 2| = |z = (—61)|
perpendicular bisector of the line joining (0, 0) to (0, —6).
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Equation: y = =3

d |z + 3i| = |z — 8i
s 1z — (—31)| = |z — 8i
perpendicular bisector of the line joining (0, —3) to (0, 8).

Vi

8

)
I
a
L

Equation: y = 2.5
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Equatiom: y = 2.5

¢ |z—2-2i|=|z+ 2 + 2|
=z —(2+20) =|z— (-2 - 2i)
perpendicular bisector of the line joining (2, 2) to (=2, =2).
So,lx+iy—2-2i|=x+iy+ 2+ 2
=[x —2) +i(y - 2)[ = |(x + 2) + i(y + 2)|
== 2R+ (y = 2=+ 2P+ {y+ 2P
X - dx+ 4+ -y +4=x"+4x+ 4 +37 + 4y + 4
= —dx —4y°+8=4x +4y + 8

= () = 8x + 8y
= —8x = By
>y =—x
Vi
(2, 2}
-
N

o

(—2;, —2)
¥ = —X

Equation: ¥ = —x

f z+4+i=|z+4+6i|
= |z — (-4 —1) = |z + (—4— 60)|
perpendicular bisector of the line joining (=4, —1) to (=4, —6).

Ya
il N
] x
. =1
- - ;
L -6
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Equation: y = —%

glz+3-5i=z—-7-5i
=2 = (=3 + S5i)} = [ — (7 + 51}
perpendicular bisector of the line joining (=3, 5) to (7, 5).

Y4

(-3, 5) @bt Ljpe a0 (7, 5)

Equation: x = 2

h|z+4-2i=[z—-8+2i
= |z — (—4 + 2i)| = |z — (B — 2i}|
perpendicular bisector of the line joining (—4, 2) to (8, —2).
So, [x + iy +4—2i| =|x+iy— 8 + 2i|
=|x+4)+ily—2) =|(x—=8) +i(y + 2)|
S>x+4) +(y-2P=x -8+ (y+2)
22 +8x+ 16+ —dy+d=x—-16x+64+5y" +4y +4
> 8 — 4y +20=—16x + 4y + 68
>0 =—24x + By + 48
0=-3x+y+6

=3 —-6=y
o i :
’ y=0 '
(—4, 2}.‘ = 3x—6=0
e = 3% =6
- == X = 2
0 x
Hee
8, -2)
x=0y=-6
y=3x—-6

Equation: y = 3x — 6
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lz+3]

lz — 6i]

= |z + 3| = |z - 6i

=2 = (=3)| = |z — 6i

perpendicular bisector of the line joining (=3, 0) to (0, 6).
50,x+iy+ 3 =[x+ iy — 6i

=[x+ 3)+iy = |x + i(y — 6)|

=X +3)P+y=x2+(y -6y
X+ I =+ - 129+ 36
=68+ 12y =36-9

= 6% + 12y = 27
>2x+4y=9
= 4y =9 — 2x

>y =—3%+]

Page6 of 8

v
7 i
(¥
I‘!H y B -0
h = 2%
= Y = =
pa (V5!
4
x=0¥
(-3, 0) %
¥ =—_!3: + ;

Equation: y = —3x + 5

lz+6—i
b =to—s1 !
= |lz+6—1i=|z—10 - 5i
= |z = (=6 +i) = |z — (10 + 5i)|
perpendicular bisector of the line joining (=6, 1) to (10, 5).
So,|x+iy+6—1i =|x+iy— 10 — 5i
= lx+6)+i(y— 1) =|(x— 10+ i(y — 5)
=P+ (y=—1)=~=10%+ —5)7*
xf 4+ 120+ 36 + 32— 2y + 1 =2 — 20x + 100 + % — 10y + 25
= 12x — 2y + 37 = =20x — 10y + 125
= 32x + 8y +37-125=0
= 32x + By — 88 =0
=4x+y—11=0
=Y = —4x 4+ 11
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|y= (
=0 =-4x + 11
= 4x =11
il
e (10,5) =g
e
':_61 _I}.-""J-F i
x
y=—4x+11

Equation: y = —4x + 11

klz+7+2i=|z—4- 3
= |z — (-7 — 2i)] = |z — (4 + 3i)|
perpendicular bisector of the line joining (=7, —2) to (4, 3).
So,|x+iy+7+2i=|x+iy—4-3i
> [+ 7) +ily + 2)| = [(x — )+ i(y = 3)
> @+7P+(y+2P=@x -4 +(y-3)7
S5+ M4y + 49+ + 4y +4=a"-8Bx+ 16+ -6y +9
= ld4x +4y+53=-8Bx—6y + 25
= 22x+ 1y + 28 =0
= 1lx+5y+14=0
=5 =-11x — 14
__1lx_ 14

A T

! whenx =0,y = -3
wheny=0;0=-11x - 14
14=-11x
L

e (4,3 m-

e

s, %
(=7,-2% (4,0
(0,-14)
y =~ Ll 14
Equation: y = _%}: = %
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1 241 -=6il=24+31i-2
» |z + 1= 6i|l = |(—1)(z - 2 — 3i)|
= |z+ 1=—6il =|(—1)|lz =2 — 3i]
= [z — (=1 + 6i)| = |z — (2 + 3i)|
perpendicular bisector of the line joining (=1, 6) to (2, 3).
So,x+iy+1-6i=|x+iy— 2 - 3i
= |(x + 1) +i(y — 6)] = |(x — 2}+ i(y — 3)|
> @+ 12+ (y—-6P=@x—-2P2+(y-3)
X+ 2+ 1+ - 12y +36=a"-4x+4+¥y" -6y + 9
= 2x — 12y + 37 = —4x — 6y + 13
= 6x — 6y +24=0
>x—y+4=0
=y =X+ 4

¥

=T

Equation:y =x + 4

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:

Find the Cartesian equation of the locus of z when:

az—=z2=1 bz+z2=10

Solution:

az—2=1(

‘ ‘ z=x+iy
»x+y)—xX—1y)=0 F=x-1iy
=2y =0 (Xi) h
> —2y =10

=y =}

The Cartesian equation of the locus of z — 2* =0 isy = 0.

b:+:2=10
s(x+iv)+ix—iy) =0 | =%y
8 - ; wd = Z=x—iy
— Fwe = (]
xr=10

The Cartesian equation of the locusof z + 2* = 0 isx = 0.

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 5

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

a|2Z—-z=3 b |5i—2z =4 c 3-2i—-z=3

Solution:

al2—-2z=3
= (=10 z—=2) =3
> [(=1)|[z=2) =3 » -1
+|(z2—=2)| =3

]

Ma

circle centre (2, (), radius 3

equation: (x — 2)* + y? = 32
(x—22+y*=9

b |5i—2=4
= [(—1)(z — 5i)| = 4
= [(=1)||(z = 3i)| = 4

> (2= 5i)| =4 —— -1 =1

&

(0, 9)

circle centre (0, 5), radius 4

|
=S
=~
)

=

s Y

equation: x* + (y — 5)* = 4°
x+(y—5P=16
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c|3-2i—-2=3
> (—1)}z— 3+ 2i)| =3
= [{=1)||(z—=3 +20)| =3 )
»2—3+2=3 — |-1| =1

>lz—(3-20) =3

=Y

circle centre (3, —2), radius 3

equation: (x — 3)% + (y + 2)* = 32
(x—3P2+(y+27%=9

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:

Sketch the locus of z and give the Cartesian equation of the locus of z when:

alz+3=3z-5 b|z-3=4z+1|

c |z—il=2|z+1 d|z+2-7i=2z-10+ 2i
e z+4-=-2i=2lz—-2-5i F |z| =212 —2

Solution:

Pagel of 4
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a |z+ 3| =3lz- 5|
== |x + iy + 3 =3x +iy -3
--~ifx 3) + iy| = 3|(x — 5) + iy
= %} iyl = 3@ - 5) + iy?
_,-(.r+3} + ¥2 = 9[(x — 5)* + y%
S +6+9+ ¥ =9](x2 - 10x + 25 + ¥
=224+ 6+ 9 + % = Ont — 90 + 225 + Py?
=0 = - 96x + 8y2 + 216 (+8)
Sl — 126 +y2+27=0
= (x—-6PF—=36+y-+27=0
> x=602+y2-9=0
= (£ — 6 +y% =
The Cartesian equation of the locus of zis (x = 6)* + y* =9
This is a circle centre (6, (), radius = 3
V4
|z — 3] = 4z + 1]
x+iy—3=4x +iy+ 1|
e — 3+ iy = 16jx + 1 + iyf?
(x =32 + 3= 16(x + 1) + y)*
=66 +9+ 92 = 16(x% + 25 + 1+ %)
x = 1622 + 32x + 16 + 16y2
152 + 38x + 15>+ 7 =0
24 38 F i 2
1+ 1‘31: +y + = ic =1
e 7
[ ] 152 +y 5z =0
' 19'3 2 _ 256
[lx + ﬁ.) e
Circle centre { 15, ﬂ]l radms 1%
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C ya lz2 =1i] = 2iz + i

e + iy —i| = 2Jx + iy + i

x+iy=1D2=4x+i(y+ 1)

2+ (y—- 12 =42+ (y+ 11

ey =2y 1 =4 Ryt 2y)
= 4x% + 4y* + By

32+ 3+ 10y +3=0

=Y

iretle e % _§. i 4
Circle centre [U, 3] radius 3

d lz + 2 = 7i| = 2z - 10 + 2i|

x4+ iy + 2 — 7] = 2jx + iy — 10 + 2i
/\ ) l(x + 2) +i(y — 7)12 = 4|(x — 10) + i(y + 2)2
5 10 15 20 2% ¥ (@ + 202 + (y = 7)? = 4[(x — 10)2 + (y + 2)7|
X X+ 4+ 4+y - 14y +49 =[x — 200 + 100
+y: + 4y + 4
3x2 — 84x + 352 + 30y + 363 =0
X2 —28x+y 4+ 10y + 121 =0
(x— 142 — 142+ (y+ 572 -52+121=0
(x— 1424 (y+ 52 =100
Circle centre (14, —5) radius 10

¢ ¥y |z + 4 — 2i| = 2|z — 2 — 5i]

lx+iy + 4 - 2i| = 2x + iy — 2 — 5i]

[(x+4)+i(ly=2)2=4lix-2)+i(y -5

x+472+(y—-2P=4|(x—-27+(y -5

X4+8+ 16+ —4dy+4=[x"-4x+4
+ 32 + 10y + 25]

3x2 - 24x + 3y - 36y + 96 =0

2=8x+y? =12y +32=0

(x—4P2-16+(y—-62-36+32=0

(x — 42+ (y — 6)2 = 20

Circle centre (4, 6) radius v20 = 2V§

104

B2
-
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- Lhe

Circle centre | 8 0) radius 3

© Pearson Education Ltd 2C
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2|2 - z|

= 2|-1]|z = 2|
r+iy=2X1X|x+iy—2
X2+ ¥yt =4(x - 2% +y)
X2+ yi=4xl—-4dx + 4 +y?)
32— 16x+ 32 + 16 =0
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 7

Question:

Sketch the locus of z when:

Z T . z— 3i T
a arg| —| == b arg -
t‘-"'-.f_'i'.{' 4 ‘4"'-|./_:__|| I
- m [Z2 — 31 T
Arol —=— = d aryl = — =
t }1'.( - 2 | 2 151-| 7= 5 | 4
. . LA T . 72— 4 T

e argz —arg(z — 2 + 3i) = = f argl | =
& &t 3 }"-/ +4/ 2

Solution:
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cod o N
a VA Lirg[TF = =
p zZ+3/ 4
] argz —arg(z+ 3) =T
argz — arg(z — (—3)) = "’f
i ¢ 2 . argz = @
2 Z g arg(z — (=3)) = ¢
— ="
- i

=g+ T
6=¢+7

P lies on an arc of a circle cut off at
A(—3, 0) and O(0, 0)
Angle at the centre is twice the angle at the

. : I
0 (0, 0) circumference 5

It follows that the centre is at [ -

b2l
[d] Gl

and the radius is %\.E

z-3i\_m
P z+ 4 } 5]
arglz — 3i) — arg(z — (—4) ={i'_;‘
arglz — 3i) = 0.
arg(z —(—4)) = ¢
— =T
B— o 6

Arc of a circle from (—4, 0) to (0, 3)
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(_4+33 3+4

The centre is at 3 3 5) you do not need to calculate this for a sketch!

(2 |\ =T
c Va arg.,{lz_z) 3
P
argz =@
arglz—-2)=¢
— =T
\ 6 ¥ e 5
of : > As our diagram has ¢ > 6, we have P on the wrong side of

the line joining O or .
We want the arc below the x-axis.

Redrawing:

% argz = —f
arglz — 2) = —¢
v Hence argz — arg(z — 2) =%T

becomes —8 — (—¢) :?—;
¢=ftg
Arc of a circle, ends 0 and 2, subtending angle ";
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Ya

X
- . ( 1 e BN
I'he centre is at I 1~ 7] radius =— not needed
_ V3 3
to be calculated for a skelch]
(2= 31\ _ 7
d arg(£=5) =
arg(z = 3i) —arg(z—-5) = %r
arg(z—3i)=6
arg(z = 5)=¢
- =T
- 3

mY

But ¢ > 8, we have I’ on the wrong side of the line
joining 3i and 5.

arg(z — 3i) = —#8

arglz — 5)=—¢
0—(—d) i
= o

q!v—3+4
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(Arc of Circle centre (1, —=1) radius 17 not needed for sketch)

e Va argz —arg(z — 2 + 3i) = %T

argz — arg(z — (2 — 3i)) = 1;

argz = —@0

arg(z —(2-3i)) = —¢
—g—(—=2T

0= (—d¢) 3

= il

.;b—ﬁ+3

-v3 _ 94+ 2/3
e 6 g
this need not be calculated for your sketch.

; 2
Arc of circle, centre at | =

on(t59)-3

arg(z — 4i) — arg(z + 4) = é‘T

arg(z — 4i) =40
arg(z + 4) = ¢ = arg(z — (—4i))
x 4=
¢ 2
= T
0=d¢ + 3

The locus is an arc of a circle, ends at —4 and 4i, angle subtended being ;

-t s a semi-circle.

4

(Circle arc has centre (=2, 2), radius 2v2)
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Edexcel AS and A Level Modular Mathematics

Exercise F, Question 8

Question:

Use the Argand diagram to find the value of z that satisfies the equations

zl=5andarg(z + 4) = 5

Solution:

arglz + 4) =3 /

x

-5

lz| =5 =x*+y2=25

arg{z+4}=%r=:-x: —4andy =0

Substituting (@) into (1) gives

Therefore, z = —4 + 3i

© Pearson Education Ltd 2C
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@

@

(4?2 +y2=25
16 + y* =25

|l =5

is a circle centre (0, 0),
radius 5

arg(z + 4) = gisa

half-line from (—4, 0)
making an angle of

%‘-with the positive

x-axis.
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 9

Question:

Given that the complex number # satisfies |z — 2 — 2i| = 2,
a sketch, on an Argand diagram, the locus of z.

i
6’

b find the value of 7z in the form a + ib, wherega e Rand b € R,

Given further that arglz — 2 — 2i) =

Solution:
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alz—2-2i=2
> z—-(2+21)| =2
The locus of z is a circle centre (2, 2), radius 2.

ya

T

b arg(z — 2 — 2i) = =, i5 a half-line from (2, 2), as shown below.

on

¥4 arg(z —2 - 2i) = §

(2,2)
e—2—21=2
0 2 %
z=2=2i|=2=(x—2F+ (y— 2 =4 0]
’ : w . 5 4 T
— - = = arg + P — —pek
arg(z — 2 — 2i) ¢ = aglx + iy =21 G

>arg(w —2) +ily-2) =%

¥Y-2_ . o _ 1
=)y —2= L[JL—ZJ'
V3
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Substituting @ into (1) gives (x — 2) + ,lu: -2)2=4

3
o X Hi2 o
= 3‘-* 2) 4
= 4(x — 2)2 =12
= (x—2¥=3

sx —2=+/3
=x=2%3

From the Argand diagram, x > 2.

Sox=2+3 ©)
Asy—2=—%1x—2(1 @
Vi
Substituting @ into @ gives y — 2 = 11_12. £/3 =D
W s
sy — 2 =13
’ V3
__\1‘}.' — 2 -— | 1
=y=23

Therefore, z = (2 + V3) + 3i

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercise F, Question 10

Question:

Sketch on the same Argand diagram the locus of points satisfying

a |z-—2i| =| z — 8i|, hzlrg{z—z—i1=1—".

The complex number z satisfies both |z — 2i| = |z — 8i| and arg(z — 2 — i) = g
¢ Use your answers to parts a and b to find the value of z.
Solution:
a |z—2i| = |z — 8Bi

perpendicular bisector of the line joining (0, 2) to (0, 8), having equation y = 5.
bargiz-2-1) =%

is a half-line from (1, 1), as shown below.

'VT arglz —2-1i) =7
(0, 89
- |
I z—2i =z-8i
(0, 2 ;
l N - ¥
0] 2 X
|
c|2=2i=|z—8i|l=¥=5 )
arglz—2-i)=F=age+iy-2-0)=7
»argllx —2)+ iy — 1)) = T
: 4
A 1“’ - 1 P -
$ s =tn7
¥—1
=2 :
_'l-..‘-r et ]_ =4 — 2
ry—x—1 @
Substituting @) into @ gives 5=x—1
—* ﬁ =7""

Therefore, 2 =6 + 5i

© Pearson Education Ltd 2C

Pagel of 1

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise F, Question 11

Question:

Sketch on the same Argand diagram the locus of points satisfying

o
alz—3+2i=4 b arg(z— 1) =-—4.
The complex number z satisfies both |z — 3 + 2i| = 4 and arg(z - 1) = —%T_

Giventhatz=a + ibwhereae Rand b 2 H,
¢ find the exact value of @ and the exact value of b,

Solution:

lz—3+2il=4

alz—3+2i=4
/ is a circle centre (3, —2)
0 .

radius 4,

-

bargz—1)= —7{
is a half-line from (1, 0)
making an angle of — 1“'

with the positive x-axis.

arglz — 1) = =

€ |lz—3+2i=4=x-3P+(y+2)7%=16 D)

=l

argiz— l)=—F=argix +iy— 1) =—

iy
3

-

= arg(lx — 1) + iy) = —f

D A
¥ s tan| ..1..|

>y=-x+1 @ forx>=1,y<0
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Substituting @ into @ gives (x -3+ (-x+1+2)*=16
=>x=32+(-x+32%=16
x> —-6x+9+2x2-6x+9=16
> 2x2 = 12x + 18 =16
» 22— 122+ 2=0
=x2-6x+1=0

636 —4(1)(1)

= X 2
: ='f)i\§
- X )
.o 6V16v2
— 3 2
R 6+ 42
=x=3+2/2
asx>1thenx=3+2/2
@=y=-3+2/2)+1
sy =-3-2/2 +1
=y=-2-2/2
Therefore, z = (3 + 2v2) + (=2 — 2V2)i Note: z = a + ib

Soa=3+2/2, b=-2-2/2

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...

Page2 of 2

3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise F, Question 12

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = 8§,

a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

alz—4-=-3i=8=|z—(4+31)=8
circle centre (4, 3), radius 8
Hence the Cartesian equation of the locus of Pis (x — 4)* + (¥ — 3)° = 64

¢ |7 is the distance from (0, 0) to the locus of points.
|2l may is the distance OX.
|zl i 18 the distance QY.
Noteradius=C¥=CX=8§
andOC =v42 + 32 =y25=5
[Zlmax = OC + CX=5+8=13
|Zpin =CY—-0C=8-5=3

The maximum value of |2 is 13 and the minimum value of |2 is 3.

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:

On an Argand diagram the point P represents the complex number 2.
Given that |z — 4 — 3i| = §,

a find the Cartesian equation for the locus of P,

b sketch the locus of P,

¢ find the maximum and minimum values of |z for points on this locus.

Solution:

i Locus of Pix, y) arg (z + 4) =7

=Y

|_—-J;J,H] gl

b |z is the distance from (0, 0} to the locus of points.
Marked as d,,;,, on the Argand diagram is the minimum value of |z|.

Hence,
- 4 *
;f””” i T
T = ‘.'rl['ill,? |
dyi = 4sin ";
Qo =23 =23

Hence the minimum value of |2| is |2, = 2v3.

© Pearson Education Ltd 2C
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Exercise F, Question 14

Question:

The complex number z = X + iy satisfies the equation [z + 1 + 1| = 2|z + 4 — 2i|.

The complex number z is represented by the point P on the Argand diagram.
a Show that the locus of P is a circle with centre (=5, 3).
b Find the exact radius of this circle.

Solution:

alz+1+i=2z+4-2i
rxt+iy+1+i=2x+iy+4-2i
e+ 1) +i(y+ 1) =2|x + 4) +i(y —2)
= lx+ D+ily+ DP2=2%x+4) + iy - 2)
s+ 1P+ (y+1P=4x+4°+ (y - 2]
X2+ 20+ 1+ Y+ 2y + 1 =4[x2+ 8x + 16 + y* — 4y + 4]
sxl+ 2+ 1+ +2y+1=4x2+32x + 64 + 4y — 16y + 16
c0=3x2+30x+3y - 18y +64+16—-1-1
> 32+ 30x 4+ 3y*— 18y +78=0
>x?+ e +y*—6y+26=0
> X+ 572 =25+ (y—-3P-9+26=0
X+ 5P+ (y=-3°=25+9-26
sx+52%+(y—-372=8

Therefore the locus of P is a circle centre (-3, 3). (as required)

b radius =8 = v4v2 = 2,2
The exact radius is 2v/2,

© Pearson Education Ltd 2C
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Exercise F, Question 15

Question:

[f the complex number z satisfies both arg z = "; and arg(z — 4) = g
a find the value of 7 in the form a + ib, wherea € Rand h € R.
b Hence, find arg(z — 8).

Solution:

arg (z — 4) =

From part b arg(z — 8) = 23—'”

arg z = -3?3:- arg{x+iy}=?§7
Y T
_'*’E— tﬂﬂi
=9 3
x
=y=y3x(forx>0,y>0) ®
arg{z—ii}:%r—:»x———f%{fmybﬂj @

Substituting @ and @) givesy = V3 (4) = 4/3

The value of z satisfying both equations is z = 4 + 43 1.

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2

arg(4 + 4/31 — 8)
arg(—4 + 4/3i) = 6

b arg(z — 8i)

Il

Y

(—4, 4v3)

43

-
]
Y

S 0= 7 — tan '(4;{-:;.]: "JT—%T

Therefore, arg(z — 8) = 33”

© Pearson Education Ltd 2C

Page2 of 2

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 16

Question:

The point P represents a complex number 7 in an Argand diagram.
Given that |z + 2 — 2/3i| = 2,

a sketch the locus of P on an Argand diagram.

b Write down the minimum value of arg 2.

¢ Find the maximum value of arg z.

Solution:
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12v3 4+ 2

lz+2-=2/3i|=2isa
circle centre (=2, 2v3 ),
radius 2.

b From the diagram, the minimum value of arg(z) is :‘}'

=Y

The maximum value of argzis = + ¢ + ¢ = ""2—T+ 2¢h.

2
: 2
tan D = -
¢ 2y:
=+ tan ¢ = l_
V3
= ¢ = tan- 'i_'| B
V3l (8]
: _T T _ ST
arg(Zmax =5 *+ 2( 5 ) = 5

: . 5
The maximum value of arg(z) is T“

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 4

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 17

Question:

The point P represents a complex number z in an Argand diagram.

kI

4

Given that argz — arg(z + 4) = = is a locus of points P lying on an arc of a circle C,
a sketch the locus of points P,

b find the coordinates of the centre of C,

¢ find the radius of C,

d find a Cartesian equation for the circle C,

find the finite area bounded by the locus of P and the x-axis.

1]

Solution:
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a arg(z) — arg(z + 4) = %’
> 0—¢= “‘f where arg(z) = fand arg(z + 4) = ¢

Vi

I'J

f rom MAOP,
APO+ =0

> APO =0 - ¢
N > APO =7

A(—4,0) 0 x

The locus of points P is an arc of a circle cut off at (—4, 0) and (0, 0), as shown below.

4

-

Al—4,0) ]
b Va
i
[
g T
A(—4,0) 0

Therefore the centre of the circle has coordinates (=2, 2).

cr=v224+2= xg = \4\':1 = ?Af
Therefore, the radius of C is 2v2.

d The Cartesian equation of Cis (x + 2)2 + (y — 2)* = 8.
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¢ Finite area = Area of major sector ACO + Area AACO

_ Lt . 1
=5(8) (27 - F) + 3(4)(2)
=5 @)(2m-F)+4

— 43

= 4{57) + 4

=6m+4

Finite area bounded by the locus of P and the x-axis is 67 + 4.

b, ¢, d Method @

argz — arg(z + 4) = arg| £ )

Z+4
x+ iy
”4x+w+4]

X+ iy
(x + 4) + iy

= arg

R B e ) (x+4) -y
Mg_{x+4}+iyx{x+4}-iy

o~ x(x +4) —iyx + iv(x + 4) +»?
a g. (x + 4)% + y2

=E‘:!’g[

x(x+=lj+_}r3} +iy{x+—'t}|—yx'
(X +4)% +y° (u+4F+f}

x3+4x+y3)+ixy+4y—xy]

= arg
Bl + a2+ | (x + 47 + 2

drg

x3+4x+y~’-) [ 4y |
e + |
(e +4)% + 57 ( ]

(e
MWN%Mﬂ?fﬂ=f*ii+%+y:=mﬁﬁ='

(x + 4)* + ¥?|

I A
T T

= 4y =x% + dx + 2

0= +4x+y -4y

> X +2P -4+ (y-272-4=0
=@ +272+(y—2P=8

= @+ 22+ (y — 2P = (2V2)?

C is a circle with centre (=2, 2), radius 2v2 and has Cartesian equation (x + 2)* + (y — 2)* = 8.
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Question:

On an Argand diagram shade in the regions represented by the following inequalities:

alz <3 blz-2i>2 clz+7=|z-1] d|z+6|>|z+ 2+ 8i
e 2=z =3MM fl=s|z+4i=4 g3s|z—-3+5i=s5 h 2z .|z -3
Solution:

a

|zl = 3 represents a circle centre (0, 0), radius 3

b |z-(2i)>2

clz+7=|z-1]

|z + 7| = |z — 1| represents a perpendicular bisector

of the line joining (-7, 0) to (1, 0) which has equation
x=-=3

EE PP
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d|z+6/>[z+2 + 8i

|z + 6| = |z + 2 + 8i| represents a perpendicular bisector
of the line joining (-6, 0) to (-2, —8).

lx + iy + 6] = |x + iy + 2 + 8i|

= x+6+iy=|(x+2)+i(y +8)

= @+ 6) +iy2 = |(x + 2) + iy + 8)2
S>X+6P+yY=(x+27+(y+87?

S a2+ 120+ 36+y*=x>+4x + 4+ + 16y + 64
= (2x + 36 = 4x + 16y + 68

= 8 + 36 — 68 = 16y

= 8x — 32 = 16y

=:-y=—£a:—2

=Y

2=|z=3

|z| = 2 represents a circle centre (0, 0), radius 2
|z| = 3 represents a circle centre (0, 0), radius 3
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£ 1<|z+ 4il

|z + 4i| = 1 represents a circle centre (0, 4), radius 1.
|z + 4i] = 4 represents a circle centre (0, —4), radius 4.
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h 2|zl =|z -3
Consider 2|z| = [z — 3| letz=x+iy
2k+ivl=x+iy -3l
4% + y%) = (. —3) + 5
I + 4yt =xt—6c+9+y
I+ 6x+32-9=0
x+12-1432-3=0
X+ 12+y =4
Circle centre (—1, 0) radius 2.
Consider z=01in 2|z = [z — 3|
2x0=3
So z = 0 is not in the region.

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:

The region R in an Argand diagram is satisfied by the inequalities |z = 5
and 2| = |z — 6i). Draw an Argand diagram and shade in the region K.

Solution:

izZl=3§
iz| = |z — 6i!

lzl = Iz — 6il iz| = 5 represents a circle centre (0, 0),
radius 5
|z| = |z — 6i| represents a perpendicular
bisector of the line joining (0, 0), to (0, 6)
and has the equation y = 3.

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:

Shade in on an Argand diagram the region satisfied by the set of points Pix, y), where

Z+1-=il=1 tlI'iLIfJ"—E':&IF,‘-;Z{ATTT.
Solution:
lz+1—-1l=1 [z=(-1-1) =1
o Inside of a circle centre (=1, 1) radius 1
arg 2 =
IZ+ 1 =il =1
3ar. oy : : g
arg z = --_-:-Tn a half-line with equation y = —x, which goes through the centre

of the circle, (—1, 1).

© Pearson Education Ltd 2C
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Exercise G, Question 4

Question:

Shade in on an Argand diagram the region satisfied by the set of points P(x, y), where

Izl =3 and %T:E arg(z + 3) = 7.

Solution:

[zl = 3 and jrﬁ argiz+3)<snw

z| = 3 represents a circle centre (0, 0) radius 3.

X

4
Note it passes through the points (=3, 0) and (0, 3).

arg(z + 3) = = is a half-line with equationy - 0=1x+3)=y=x+3,x>0.

arg(z + 3) = wis a half-line with equationy = 0, x < -3.
Vi

arg (2 + 3) =£

[Z2] = 3 and

E o - 9 =
i dr}:h. 1 3)=xa.

arg{2+3)=na

1Zl =3

© Pearson Education Ltd 2C
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Question:

a Sketch on the same Argand diagram:
i the locus of points representing |z — 2| = |z = 6 — 8|,
ii the locus of points representing arg(z — 4 — 2i) = (),

iii the locus of points representing arg(z — 4 — 2i) = ;T
The region R is defined by the inequalities |z — 2/ =z—6—8ilandO=arg(z— 4 - 2i) = %T

b On your sketch in part a, identify, by shading, the region K.

Solution:

a |z — 2| = |z — 6 — 8i represents a perpendicular bisector of the line joining (2, 0) to (6, 8).
k+iy—2|=lx+iy—6-—8i
> [(x — 2) +iy| = [(x — 6) + i{y — 8)|
=[x —2) + iy =|(x—6) + i(y — 8)?
sx—2P+y¥=@x—-6P+(y— 8¢
sxl—dx+4+y=x—12x+ 36+ y> — 16y + 64
»—dx + 4= —12x — 16y + 100
>8x + 16y — 96 =0 (+8)
= x+2y=12=0
2y =—x+12
=y = -_2‘1 + 6
i|z—2|=|z—(6—8i)

~|

z=2l=lz— 6 - 8il \

) x

iliarg(z—4-2i) =3

fiargiz—(d+2in=0

© Pearson Education Ltd 2C
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Exercise G, Question 6

Question:

a Find the Cartesian equations of:
i the locus of points representing [z + 10| = |z — 6 — 4 2il,
ii the locus of points representing |z + 1| = 3.
b Find the two values of z that satisfy both |z + 10/ = |z — 6 — 4/2iland [z + 1| = 3.

¢ Hence shade in the region R on an Argand diagram which satisfies both

z+ 10| =<|z—6 —4/2iland |z + 1| = 3.

Solution:
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ai [x+iy+10=|x+iy—6—4/2i
0 (x+ 107 +¥2=(x— 62+ (y— 4/2)°
2+ 200+ 100 +47 =2+ 12x + 36 +47 — 8/2y + 32
32¢ = —8/2y - 32
82y + (x+1)32=0
y+x+1)2/2=0
y=-2/Z(x+1)
i (x+1)+y"=9
(x* + 2x + y* = §)
b Substitutey = =22 (x + 1)into(x + 1)’ + y* =9

x+ 1P +8x+1)7=09

GQx+1)72=9

x+ 1 ==x1
x=0 -2 (0, =2v2) and (-2, 2v2)
z=-2/21and z=-2 + 2VZi

C Vi

K0, —2472)

© Pearson Education Ltd 2C
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Exercise H, Question 1

Question:

For the transformation w = z + 4 + 3i, sketch on separate Argand diagrams the locus of w when

a 7 lies on the circle |z = 1,
oo s alfline - _m

z lies on the half-line argz = >
¢ zlies on the liney = x.

Solution:
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w=z+4+3i
a (2] = 1is acircle, centre (0, 0), radius 1

METHOD () |z| is translated by a translation vector (i‘l to give a circle, centre (4, 3),
radius 1, in the w plane. o

METHOD @ w=2z+4+3i
=w—-—4—-3i=z
= |w—4-—3i| = |z
= lw—4-3i|=1

The locus of w is a circle centre (4, 3), radius 1.

s iy — 4 = 3il = 1

0 T
bare s = E
argz =3
METHOD @) argz = gis translated by a translation vector [j} to give a half-line from (4, 3)
at %‘" with the positive real axis.

METHOD®@ w=2z+ 4 + 3i
>Ww—4-3i=2

So argz = -Ef:;-arg(w — 4 — 3i) :."21'

LM i
arg (w — 4 — 3i) =3
T
3_ _______________ }E _______
The locus of w is the half-line
with equation u = 4, v > 3.
9] _:]_ e
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g y=x
w=2z+4+3i
rz2=w—4-3i
—x+iy=u+iv—4—4i
Sx+tiy=WU-4) +ifv-3)
y=x=y—3=u—+4

= v=u—4+3
=v=u-1

The locus of wis a line with equation v=u — 1.

0

8] 1 u
/I

© Pearson Education Ltd 2C
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Exercise H, Question 2

Question:

A transformation T from the z-plane to the w-plane is a translation with translation vector

Rt s < ; ; i
: 3 followed by an enlargement scale factor 4, centre O. Write down the transformation 1

intheformw=az + b, wherea, be C.

Translation || 2; ]

Solution:

Enlargement scale factor
4 centre (0, ()

Hence T: w = 4(z — 2 + 3i)
=4z -8+ 12i

The transformation Tisw =4z -8 + 12i Note:a=4,b= -8+ 12i.

© Pearson Education Ltd 2C
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Exercise H, Question 3

Question:

Pagel of 1

For the transtormation w = 3z + 2 — 5i, find the equation of the locus of w when z lies on a
circle centre O, radius 2.

Solution:

w=23z+2—5i

METHOD @)  zlies on a circle, centre 0, radius 2.

=w— 2+ 5 =23z

> lw— 2 + 5i| = |3z

5 |w—2 — 51 =|3]|z
= [w— 2 = 5i| = 3|7

= |lw— 2 = 5i| = 3(2)
> w—2—15i=6

= |lw—=(2—=5i) =6

S0 the locus of wis a circle centre (2, —3), radius 6 with equation (1 - 272 + (v + 5)2 = 36.

METHOD @  zlies on a circle, centre 0, radius 2.

l [ enlargement scale factor 3, centre 0.

3z lies on a circle, centre 0, radius 6.

translation by a translation vector | _ %:.

3z + 2 — 5i lies on a circle centre (2, —5), radius 6.

So the locus of w is a circle, centre (2, —35), radius 6 with equation (1 — 2)> + (v + 5)* = 36.

© Pearson Education Ltd 2C
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Exercise H, Question 4

Question:

For the transformation w = 2z — 5 + 3i, find the equation of the locus of w as z moves on the
circle [z — 2| = 4.

Solution:

smoveson acircle |z — 2| = 4

METHOD (@ w=2z-5+3i
W+ 5 — 31 =24

Wt a—3i_,

2
n+§—3i g =g
wi$-Si-4.,.9
u.-‘-é—.’*lizK 2
n+%—3:__z 9
-“I+!12_'“=z_—2
» W+ 1—3ij=2lz — 2
= |lw+ 1 — 3i| = 2(4)
= |w+1-3i=8

s [w—(=1+ 3i)| =8

So the locus of w is a circle centre (—1, 3), radius 8 with equation (u + 1)* + (v — 3)* = 8.

METHOD(®@ |z-2/=4
7 lies on a circle, centre (2, (1), radius 4

l enlargement scale factor 2, centre 0.

2z lies on a circle, centre (4, 0}, radius 8.

i

w= 2z = 5 + 3i lies on a circle centre (=1, 3), radius 8.

translation by a translation vector |'l_§ I.

So the locus of w is a circle, centre (—1, 3), radius 8 with equation (1 — 1) + (v — 3)* = 8.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 3

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 5

Question:

For the transtformation w = z — 1 + 2i sketch on separate Argand diagrams the locus of w when:
a 7 lies on the circle |z = 1| = 3,

b z lies on the half-linearg(z — 1 +1i) = 1'-
¢ zlies on the liney = 2x.

Solution:
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w=z—1+2i
a |z — 1| = 3 circle centre (1, 0) radius 3.
METHOD Q) |z = 1| = 3 is translated by a translation vector (_ l} to give a circle,

2/
centre (0, 2), radius 3, in the w-plane.

METHOD®@ w=2z-1+2i
=w—2i=z-1
= w — 2] = |z.— 1|
= lw—2i] =3

The locus of w is a circle, centre (0, 2), radius 3.

[aF'Y

ut+ (0= 2) =9

& N

—1

bargiz-1+1) =f half-line from (1, —1) at %Tc with the positive real axis.

METHOD Q@ arglz—1+1i) = %" is translated by a translation vector { _2}) to give a half-line

from (0, 1) at :’T: with the positive real axis.

METHOD @ w=2z-1+2i
>w+1—-2i=z
Soarg(z — 1 + i}=§

becomesargiw + 1 —-2i—1+1i) = %T

= arg(w —1) =7
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Therefore, the locus of w is a half-line from (0, 1) at =* with the positive real axis.

arg (w — i) =7

cCy=2Xx
w=z-—1+2i
=>Z=w+ 1-—2i
sx+iy=u+iv+1-—2i
> X + I."Ir"= H+1+iv=2)
Soy=2x=2v—-2=2(u+1)
= ¥v—2=2u+2
»v=2u+4
The locus of w is a line with equation v = 2u + 4.

Uik

v=2u+4

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise H, Question 6

Question:

For the transformation w = J Zz # 0, find the locus of w when:

a z lies on the circle |2] = 2,

b z lies on the half-line with equation arg z = z‘
¢ z lies on the line with equationy = 2x + 1.
Solution:

1 oo
W=z, Z = U

a zlies on a circle, [z| = 2

_—
W=
i Btz d
>wl =7
1
= W = —
Z
s il = ] ——
i i — apply [z = 2
Therefore the locus of w is a circle, centre (0, (1), radius %
b z lies on the half-line, arg z = E
A (S — |
W sh WE ] g
JUUTRE = AT () 1 L
Soargz = 3 becomes d]g[ = ] = =
= arg{l) — arg{w) = f
5 —argw =y ~———— arg1 =0
= argw = -2
5 4

Therefore the locus of w is a half-line from (0, 0) at — %

4
The locus of w has equation, v = —u, u >0, v <0,

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...
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¢ zlieson theliney =2x + 1

iz . |
w==s3w=laz=g.
=x+iy= 1.
u+iv
4 - iv
=x+y= 1_ { ; :
< (u+iv) (u — iv)
sx+iy=2—"1
ue + ve
D 1 =V
=x+iy=——+ |[———
Y S+ 2 1w+ ve)
. i -V
Sox = sandy = ——
u* + v? M LR T
Hence y = 2x + 1 becomes —*— = 2041 x@+

w4+ w4+

= —y =21+ 1+ 2

0= +2u+v+v

\.,m+1}?—1+['1.-+')2—}}:n

3|

Il

f 2
= U+ 1+ |v+ ]

i)

S
4

[ =

> W+ 172+ v+

3| —

Therefore, the locus of w is a circle, centre l -1, - %'l, radius ﬁ, with equation

P2 8
| =g

W+ 17+ v+ 5] =

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise H, Question 7

Question:

For the transformation w = 22,

a show that as z moves once round a circle centre (0, 0), radius 3, w moves twice round a
circle centre (0, 0), radius 9,

b find the locus of w when z lies on the real axis, with equation y = 0,

¢ find the locus of w when z lies on the imaginary axis.

Solution:

w= g2

a 7 moves once round a circle, centre (0, 0), radius 3.
The equation of the circle, [z| = 3 is alsor = 3.
The equation of the circle can be written as z

or

Je?

3 (cosp + isin )

(3(cos @ + isin @)°
3%cos26 + isin 26) de Moivre’s Theorem.

9(cos 26 + isin2d)

W=zl

So, w= 9(cos2# + isin 268) can be written as lw| =9
Hence, as |[w| = 9 and argw = 26 then w moves twice round a circle, centre (0, 0), radius 9.

b z lies on the real-axis =y =0

Soz=x+iybecomesz=x(asy=1{)

2 Wi 22 = it

= i+ iv = x2 +i(0)

s pu=x*andv=0

Asv = 0and 1 = x* = 0 then w lies on the positive real-axis including the origin, 0.
¢ zlies on the imaginary axis = x =0

Soz=x+iybecomesz=iy(asx =0)

sw =22 = (iy)2 = —y?2
> 1+ iv=—y*+i(0)
s u==ylandv=0
As v = 0and u = —y* = 0 then w lies on the negative real-axis including the origin, 0.

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise H, Question 8

Question:

If zis any point in the region R for which |z + 2i| < 2,
a shade in on an Argand diagram the region R,
Sketch on separate Argand diagrams the corresponding regions for R where:
bw=2z-2+5i,
c w=4z+ 2+ 4i,
d [zw + 2iw| = 1.

Solution:
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2+ 2i| <2

a |z + 2i| = 21is a circle, centre (0, —2), radius 2.

lz 4+ 24l <2

bw=z—-2+35i
W+ 2—5i=2
=2 z+2i=w+2 51+ 2i
=7+2i=w+2 -3
=z 4 2i = |w+ 2 = 3j
Aslz +2i| <2 thenjz+ 2i=w+2-3i<2
Note that |w + 2 — 3i| = 2 is a circle, centre (-2, 3), radius 2.

- --..-5

13 w+2—3il<2

C w=4z+ 2+ 4i
=w=—2-—-4i=4z

Lwo2-di,

-'1+"’Z+21=w—_-i-'_'—‘h+2l
4

) _w—2+4i

=%z + 2 3

> lz+2i| =|W=2+ 4

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content'... 3/3/201:
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lw— 2 + 4i|
= |z+2i|=————
ST
— 2 + 4i
:>|z+2i|=l—w—1|-
4
~ 2+ 4i
As |z + 2i| < 2, then |z+2i|=-|~w—§~—ll{:2

=>w—2+4i<8

Note that |w — 2 + 4i| = 8 is a circle, centre (2, —4), radius 8.

i

e — 2+ 4il < 8

d [zw + 2iw = 1
= wiz 4 20) =1
= |w| |z +2i| =1

=>|z+2i|=~1—-

Wl

Asfz+2i|<2,then|z+2i|=i?1-‘:2

= 1 < 2|w|
|

n3{|w1

= W] :—-%

Note that |w| = ; is a circle, centre (0, 0) radius 3.

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise H, Question 9

Question:

For the transformation w = -3,---] e 2 # 2, show that the image, under T, of the circle centre O,

radius 2 in the z-plane is a line / in the w-plane. Sketch ! on an Argand diagram.

Solution:

Circle, centre 0, radius 2 in the z-plane = |z| = 2

|
T-w=
2=z
s w(2—2)=1
= 2w —wz =1

v 2w —1=wz

2Zw—1_.
p—— =z
2w =11\,
w
2w — 1|
b e = |z
W

: : 2w = 1
Applying |z| = 2 gives 5 =

The image under T of |z| = 2 is the perpendicular bisector of the line segment joining (0, 0)

and {_1, 0). Therefore the line [ has equation u = 4'
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Ua l{

Bl
i~

i f

16 — 4w

<4
wl

|z — 4| < 4 gives

= |16 — 4w| < 4|w|
which leads to |w — 4| < |w|
= W] > [w - 4]

Ua

u=2

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise H, Question 10

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is
16

given by w = 51 2 = ¥

a The transformation T maps the points on the circle |z — 4| = 4, in the z-plane, to points
on a line [ in the w-plane. Find the equation of /.

b Hence, or otherwise, shade and label on an Argand diagram the region R which is the
image of |z — 4/ < 4 under T.

Solution:

:.z—..].:.l}._ir

W
. _ |16 — 4w
»lz—4 [ w _
[T — 4w
= |z — 4 =1
[w

116 — 4w _

Applying [z — 4| = 4 gives i - 4
|
-4(w — 4
- ; ) = 4w
w

=4 |w =4 =4 \w
= 4w — 4| = 4w

- lw— 4| = |w

The image under T of |z — 4] = 4 is the perpendicular bisector of the line segment joining
(0, 0) to (4, 0). Therefore the line | has equation u = 2.

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise H, Question 11

Question:

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

3
2 -
Show that under T the straight line with equation 2y = x is transformed to a circle in the

3 3
)

is given by w = pX: #+ 2

w-plane with centre |

], radius V5.

Solution:

I

T:w= Z% z£2
w2 —2)=3

s 2w —wz=23
= 2w=3+ wz

2w — 3= wzZ

2w —3
- -
W £
_2w-—13
T

o _2u+iv) -3

i+ iv
- (2u - 3) + 2iv
- u+iv
(2u — 3) + 2iv u— iv
= ¢
| [t + iv] [ — iv]
. 7= (2u — 3)u — iv(2u — 3) + 2iuv + 2v?
W+ 2
o, = 20° = 3u — 2471 + 3iv + 247 + 2v?
— ‘? ——
' w+ v?
v 2 %,
oz = 2U jjutzl +i ?3.1 ?]
s + v u + 2
2 - 5 "
S0, x + iy = 2u }.%u c» it 1[ ﬁ.;p ]
w + v us + v

v Py
s 2u- — Ju+

u? + v2

v
ut + v2

andy =
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- TR 2 2
As, 2y = x = 2 3 ) = 2u = 3u + 212

12 + v2) e+ 2
6V _ 2w —3u+ 22
12 + v2 u? + 2

= 6v = 2u? — 3u + 22

» 0 = 212 — 3u + 2vZ — 6V

=2 -3u+2v¥ - 6v=0 (=2)

= 2 - §u +1v2=3v=0

2
4] 16 Z.J 4
-
“[.” 4 +v-3) 1674
B SR N
= (u=g) +{v-3) =3¢
IO N
,[n 4J +||_1 5) |-. )

The image under T of 2y = x is a circle centre |-

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise H, Question 12

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

—1Z2+1 a1,

Z+1

a The transformation T maps the points on the circle with equation x* + y* = 1 in the
z-plane, to points on a line [ in the w-plane. Find the equation of [.

Is given by w =

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane
which is the image of |z| = 1 under T.

¢ Show that the image, under T, of the circle with equation x* + y* = 4 in the z-plane is a
circle C in the w-plane. Find the equation of C.

Solution:
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T:w= ;ii_"qi,z%—l

a Circle with equationx? + y* =1 = |z] = 1
e | )
z+1
= w(z+1l)=—-iz+i
S>wz+w=-—iz +i
=wWz+iz=-i—w
= ziw+i)l=i—w

-t
Gl E
=
_li=-w
> =3
. i—w
Applying |z] =1 =1 =||w+i||

= w+i]l=|i—w

= |w + i = [(=1)(w ~ D)|

= [w i = |[(=1)][(w = 1)|

= |w+il=|w-i
The image under T of x* + y* = 1 is the perpendicular bisector of the line segment joining
(0, —1) to (0, 1). Therefore the line /, has equation v = 0. {i.e. the u-axis.)
li—w

o= =
blz<sl=1 FET

= |w+i|=|i—w

= w+i|=|w-=1i
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¢ Circle with equation 2 + y2 =4 = |z| = 2

from parta w=

g li—w
w+ i

i —w]
|lw + i

Applying |z| = 2 = 2

=2w+il =i —w

= 2w+ i = |(—1)}(w — i}

= 2lw + i| = [(—1)]|(w — i}
=2w+il=w=i

= 2u+iv+il=lu+iv—i

» 2u+iv+ 1) = |u+i(v — 1)

= 20u + i(v + D2 = |u+ i(v — 1)2
=4[t + (v+ 1) = w? + (v — 1)

S 4+ v+ 2v+ 1) =12+ v2 - 2v + 1
S 4+ P+ 8+ 4 =2+ -2r+ 1
=3+ 32+ 10v+3=0

= 12 + 1J2+mr+ 1=0

s+ [v+3) =24 1=

..;n+(u+3] e+l

3o 25

_u—f—(v+§)—9 1

sl <18

= 12 + (_l. + 3_} 5

2 5 2_ 4'1

= U +(u+§] _(i.]
The image under T of x* + y* = 4 is a circle C with centre (ﬂ, —2) radius "%
3 3 =Y alreY i ™ 3 2 ( ¥ 5: = 16
Therefore, the equation of Cis u? + |1 +?] =

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

231, 4

is given by w =

Show that the circle |z| = 1 is mapped by T onto a circle C.
Find the centre and radius of C.

Solution:

T:w= i’—_ R—i, z# 1
z—1

Circle with equation |z| = 3

_ 4z = 3i

w
z2—1

]

= w(z—1)=4z — 3i
= WwZ—w=4z — 3j
swz+4z2=w-3i

s Zw—4)=w— 3i

- w=3i
w—4
i =|w— 3i‘
: w—4
s w—3i
Tolw=4
w— 3i
Applving 2| =3 =3 =
pplying w— 4
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= 3lw—4| =|w-3i
= 3u+iv—4 =|u+iv - 3i
= 3|t —4) +iv| = |u+i(v = 3)|
= 32(u—4) +iv]2=|u+i(v-3)?
= 9(u— 42+ v =u?+ (v— 3)?
= —8u+16+v=w+vi-6v+9
=90 - 72u+ 144+ MW=l +v2-6v+9
» 812 — 720+ 8v:+ 6v+ 144 -9 =0
8 — 72u+ 82+ 6v+135=0 (+8)

-H;?—t_?u+vl+%v+18ﬁ=u
fu=gf -G e - o -0
(o3 oo §f - e G-
s+ (e - B

o (u=3F [+ 3 - (5

Therefore, the circle with equation |z| = 1 is mapped onto a circle C with

15

e 90 e )
centre ( 8.}‘ radius 3

lz

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

ExerciseH,

Question:

Question 14

Pagel of 2

The transtormation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

o e 1 . .
is given by w= ——, 7z # =i,

a Show that the image, under T, of the real axis in the z-plane is a circle C; in the w-plane.
Find the equation of C,.

b Show that the image, under T, of the line x = 4 in the z-plane is a circle C, in the w-plane.
Find the equation of C..

Solution:

e | :
Nw=——, 7 +# —ij
Z+1 j

a Real axis in the z-plane = y =0

=w(z+il=1

= WZ + 1w

1

swz=1-iw

__1—iw
2=
1 =1+ 1v)
' u+iv
. 1 —iu+v
A R ——
-+ v
((1+ v)—iu - iv
(u + 1v) (0 = iv)
(1 +vVu—-iv(l +v)—iu* — uv
8= 2 2
=+ v
A+vVu—-uy  i(—v(l +v)—u?
> L= 5 ) 3 + ( { - }‘ )
7] + 1V = + Ve
o ntuv—uv, i(-v-v:-ud
S 2 2 + F] 2
u+v /e ol
P R i{=v = v = u)
wt + vl u? + v?
] 7 A
. . ] 1{—V — v — 1)
Sox+iy=
R TE R T e+ vl
R .
> X = ,” = and y=1"—1_’”
= =+ v= e =+ p=
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) i
—v=v2—u
Asy=0,————=

: w42

= =y=1v2=12=0

=+ vi+v=0

= i* + [jv+%)2—:1-={]
= Yt + [:v+ %JT =%
> 1% + [V + %)]Z = [%}Iz

Theretore, the image under T of the real axis in the z-plane is a circle C; with centre
(D, ~ %), radius % The equation of C, is u? + (v - %}I = %

b Asx =4, — i -=2
u + v*

= = 2(u® + v?)

= u =212 + 2v2

= 0=212 —u+2vV? (+2)
1

=;U=uz—-2-u+vz

S T N 1 SR

=0 [n 4,' 16+1
S

:-[Iu 1] + 1 16

Therefore, the image under T of the line x = 2 is a circle C; with centre ﬂ% 0 ] radius

e o i -3 [ = ] z A i
The equation of C; is ':.“ E_] + v = 6"

© Pearson Education Ltd 2C
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Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise H, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,
£ i ..
is givenbyw=2z+ 3 2+0.

Show that the transformation T maps the points on a circle |z| = 2 to points in the interval
| =k, k] on the real axis. State the value of the constant k.

Solution:
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4

f:w=z+?,z;rf}

Circle with equation [z =2 = x>+ y’ =4

A 4
w=z+3
BT o .
= W= =
*..r —- w"]—:_ﬂ
" x + iy
X+ 2xyi-y -+ 4
o x+1y
o =Y+ 4+ iRxy)]
i x+ iy
= (@Y iy - )
J @+ iy) x - iy)
= x* = xy? + 4x + 2xy? +i(2xy — 22y + 3 - 4y)
(x? = xav? + dx b .{_I.?.__.'I.'
W= - ;""}_" e = + [‘I}I‘ - -a'-'v e "E
x2+y | | x* 4+ 2
¥+ +4) | iyt +yt—-4)
== 3 3 s 3 = 3
x.. + ‘}r..- I,. + y,_
, x(4+4) iyd4—4
Applyx* + ¥  + 4 > w= sl T
: c 3 )
_ 8x , iv0)
e e
>w=2x+0i

=+ iv=2x + 0i
> u=2xv=0
As|z| =2=-2=sx=1l
So -4=2x=<{
and -4=us4

Page2 of 2

Therefore the transformation T maps the points on a circle |z| = 2 in the z-plane to points in the

interval |—4, 4] on the real axis in the w-plane. Hence k = 4.

© Pearson Education Ltd 2C
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Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise H, Question 16

Question:

Pagel of 2

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

Ll Z#F =3,

is given by w =
& . z+ 3

Show that the line with equation 2x — 2y + 7 = 0 is mapped by T onto a circle C. State the

centre and the exact radius of C.

Solution:

1

;:u"szf,'f_j

Line with equation 2x — 2y + 7 = 0 in the z-plane

1
W= ——
z+ 3

=wz+ 3)=1
Wz + 3w=1

~wZz=1-—3w

.1 = 3w
o
g 1 — 3(u + iv)
o U+ iv
y g =1 — 3u— 3iv
u+ iv
- [(1 = 3u) — (3w)i] " (n — iv)
i= [(1 + iv)] (1 — iv)
(1 = 3wu - 3v2 —iv(l = 3u) — i(3uv)
= E= — . R il
u: + v-
paibs 312 = 3y2 | I(=v+ 3uv — 3uv)
s =B S GYR i(—-v)
' u + 2 1w’ + v?
. , s 2 2 i(=v
So,x + iy =2 3:” LM Jj
U o -+ ve
v O R A |
— ‘Eu : 3
W+
andy = ——V
uf'_:! + 1‘
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As2x — 2y + 7 =0, then

ZI:I U — 3“2 = 3.-J2 I| . 2:’ -V || 4 ? = {'J

3 | ] 2
”2 + ¥4 Vs 4 ve

L2u—out—6v, 2v L o_g (X (12 + V)

u> + v e
=2u—6u:—6v:+2v+ 7t +v¥) =0
s 2u— 6k —6vi+2v+ 7t + 7vi=0
s+ 2u+vi+2v=0
=u+1P2-14+w+1)2-1=0
s+ 12 +v+1)2=2

= (u+12+{v+1)2=\2)P

Page2 of 2

Therefore the transformation T maps the line 2x — 2y + 7 = 0 in the z-plane to a circle C with

centre (—1, —1), radius v2 in the w-plane.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Downloads\All Edexce-Level Math Booksssssss\Further P...

3/24/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercisel, Question 1

Question:

: ~ (cos 3x + isin 3x)° iy _ @ T :

Express — ———— in the form cos nx + i sin 7x where n is an integer to be determined.
COSX —15INnX

Solution:

(cos 3x + isin 3x)°
Cosx —isinx

_ (cos3x + isin3x)°
Cos(—x) + isin(—x)

_ _ cosbx + isin6x
COs(—x) +isin(—x)

= Ccos(bx — —x) + isin(6x — —x)
= Ccos7x + isin 7x

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Exercisel, Question 2

Question:

Use de Moivre's theorem to evaluate

a(—1+i#
Solution:

a(—-1+i°®

Ifz=-=1+1i, then

Vi

z(—-1,1)

| ATg

=Y

r=J(=172+12=2
ﬂ=argz=w—tan"|'i|=wr—

50, =1 +i=\ 2!_ Cos ;-1-77+ isin ;_;rl

=1+ 0= \Z{If[lh‘1ﬁ+iﬁiﬂ‘+.l
¢ g 2 i i
= |v2 ) |Ic.;]g—.j.""'+ isin

16{cos 67 + isin 6

16(1 + 100

]

Therefore, (—1 + i)® = 16

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...
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Soz—3i= \.z_[ms{'—f‘f} + ii«‘in(—"f”

1-16

FLOMNS 5 o L I U PN (VL
(5= 5i] LELLDS{ 4_:|+1'3m{ 4-]"..|,.

{2'-"?_“‘[: ms[ _I%EJ + ‘1sin[ —l%’f”

= 2%(cos 4w + isin 4m)

= 256(1 + i{0))
= 256

Therefore, [|—l|-]ln = 256
3~ 5l

© Pearson Education Ltd 2C
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Exercisel, Question 3

Question:

a lf 7 =cos @+ isin 6, use de Moivre's theorem to show that 2'4 = = 2 cos né.

-l

V3
| i - .
b Express | 2* + ;]'r in terms of cos 66 and cos 26.

¢ Hence, or otherwise, show that cos® 26 = a cos 60 + b cos 26, where a and b are constants.

d Hence, or otherwise, show that I‘h“ cos' 260df = kv3, where k is a constant.
|

Solution:

az=cosf+isiné

Z"=(cos # + isin A"

=cosn@+isinng de Moivre's Theorem.

I
|
i
1
I

(cos @+ isin &)

=cos(—n@) +isin{—nf de Moivre's Theorem.

cosnf—isinnd
cos(—nf) = cosnd
sin{—n#) = —sinng

Therefore 2" + % =cosn@+isinn@+ cosnf—isinnd
i.e. z" + % = 2cosnd (as required)
faa 1V _ cosamvzal 1Y psm e 1 L 1V
b2+ =@ +C(2) 7) +3C,(z ”JE] +(5)
T Sy B I Ry 1
= 76 4+ 3z (.z_l.]+j'£ l.z_"!.“;ﬁ
: 3 1
=204+32+5+ =
2 g

7%+

(#+%) =3

1}
z* .-l
= 2cos68 + 3(2)cos 2

= 2cos60 + 6cos2e

[ V3
Hence, [23 . l?:| = 2cos68 + 6cos 20
1 i
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3

C |:x3 + _jj = (2cos28)* = 8cos*208 = 2cos60 + 6C0520
c.ocosi20 = icus&ﬂ' - Emszﬂ

Hence, cos’ 26 = {cos 66 + +cos 26

d f” cos® 20d6 = j jcc}s 60 + fr:osZEdH
i} (1]

_245111{:E+ u“”“g.“

e i Foim w1 ot By \
= (zzsinw + gsin(3)) — (58in 0 + £sin 0)

_[1 3431
={z0)+:(5))-©
=|—1\§

So, L“ cos’ 26d0 = 13

© Pearson Education Ltd 2C
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Exercisel, Question 4

Question:

a Use de Moivre's theorem to show that cos 58 = cos 6(16 cos* @ = 20 cos® 8 + 5).

b By solving the equation cos 56 = 0, deduce that cos” | 1—7[’; | = H"—&‘—t}
. . : R e . b e e o (3 a7 o2 | 9
¢ Hence, or otherwise, write down the exact values of cos- | 0 I, CO5* | 0 | and cos® | 0 [,

Solution:
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a (cosf + isin )’ = cos 56 + isin 56 de Moivre's Theorem.
= cos* 0 + 5C, cos* B(isin §) + °C,cos’ #(isin 0)
+ 3Cycos® B(isin 6)* + 5C,cos® B(isin 6)* + (isin )

= cos’ # + Sicos’ #sin 6 + 10i’cos® #sin” 8 Binomial expansion. |
+ 10i* cos® @ sin* § + 5i*cos #sin* § + 1*sin® @

Hence,
Cos 56 + isin 568 = cos® 6 + Sicos*@sin @ — 10cos’ #sin g
— 10icos? #sin’ @ + 5cos @sin* @ + isin® @
Equating the real parts gives,
cos 58 = cos™ @ — 10cos’ #sin’ @ + Scos fsin* @
= cos #(cos* 6 — 10 cos® @sin? @ + 5sin® 6)
= cos A{cos* 8 — 10cos? 8(1 — cos? ) + 5(1 — cos® B)%) +—-———
= cos #(cos* @ — 10cos? 8+ 10cos* 8+ 5(1 — 2cos* 8 + cos' 8)
= cos Acos*@ — 10cos? A+ 10cos* A+ 5 — 10cos* 8 + Scost h)
= cos B(16¢cos* ¥ — 20cos’ 0 + 5)
Hence, cos 58 = cos 8(16cos* @ — 20 cos® @ + 5) (as required)

b cos50=10 |‘
5 ok
a= I‘%!

Applying
sin“f =1 — cos? 6.

B e a e
p=|m 3w Sm Im 9_'*']
116’ 10’ 10’ 10’ 1

Bxlw 3w Sm 7w 9w

10’ 10 10’ 10 ﬁ] forD< o=

cos58 =0 = cosB(16¢cos*d — 20cos’8+5) =0
Five solutions must come from: cos#(16cos* 8 — 20cos’8+5) =0

Solution (@) cosf@=10

a=T
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ForO0<@=m 0= %T (as found earlier)

The final 4 solutions come from: 16cos*fd — 20cos?d+ 5=10

20 + /300 — 4(16)(5)
32

= 20 * v400 - 320
32

V80

cos’ f =

20

114

(]
[~a

= 20 + V1645

32

. 20 + 4/5
32

.3 010

T ir
0 AL 11 X

Due to symmetry and as cos| i%] > cm[j;_g.

© Pearson Education Ltd 2C
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Exercisel, Question 5

Question:

a Express 4 — 4iin the form r(cos 8 + i sin 8), wherer > 0, —7 < 8 = 7, where rand 6 are
exact values.

b Hence, or otherwise, solve the equation z° = 4 — 4i leaving your answers in the form
7z = Re™ where R is the modulus of z and k is a rational number such that =1 =k =< 1.

¢ Show on an Argand diagram the points representing yvour solutions.

Solution:
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a4—4i
Ya
4 .
2} argz S
4
z(4, 9

modulus r = I.r";2+—(_4]'2 — \ﬁrﬁ‘:Tlf; = 'ugu =y] v’ri = 41.f

= = - =1 E = -1_?
argument = # tan (4) 1

oo 4 — 41 = 4vZ cos( - ;] +isin{ 7|

bz2=4-4
for4 — 4i,r=4/2, o= “f
So, 75 = 4/2¢" 4
— il L Tl
P=4/Ze 4N ke
— il =T 2|4
Hence, 2z = [4»-'2 el 4
[~ 4+ 2k
Pk T |1 '|. - | S 1 e T 3
— (43 :'*el' . de Moivre's Theorem.
w2k
4/2 = 22
k=02, =vZe' S0, (4V2)i= (29}
_— "'IHI = :: >
k=1.21:\2uilzn' 2 v2
= 3..”;
k=22z3=v2e" 4
3] S
k= ],f4:\,"2'l‘ -"l
— j[=17m)
k=-2,2=y2e'
_mi T dwi Cai 1=

Therefore, z=v2e 20, JZe2 2ed, V2 20, J2¢ 20
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Exercisel, Question 6

Question:

a Find the Cartesian equations of

i the locus of points representing [z =3 +i|=|z— 1=,

ii the locus of points representing |z — 2| = 2V2.
b Find the two values of z that satisfyboth [z =3 +il=|z—-1—-iland |z - 2] = 2V2.
¢ Hence on the same Argand diagram sketch:

i the locus of points representing [z — 3 +i| =z — 1 — i,

ii the locus of points representing |z — 2| = 2v2.

The region R is defined by the inequalities |z — 3 +i| = |z — 1 —i| and |z + 2| = 2V2.
d On your sketch in part ¢, identify, by shading, the region R.

Solution:
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ai let|lz—-3+i=|z-1-1i
> lx+iy—-3tij=fx+iy—1-il
= |x=3)+i(y+1)=]|x-1)+ily — 1)
=@ =3) +i(y + D=k~ 1)+i(y - 1)
=@ =3P+ (y+1)P2=@x—-12+(y - 1)
= -+ I+ +y+l=x-+ 1+ ~-2y+1
= —0x+2v+ 10==2x—2y + 2
= —4x+4y+8=0
4y =4x -8
=y=x—2
The Cartesian equation of the locus of points representing
lz=3+i=jz—-1—-i|lisy=x-2.
METHOD(@® i |z-3+i|=|z-1-
As |z — 3 +i| = |z — 1 — i| is a perpendicular bisector of the line joining A(3, —1) to B(1, 1),

and perpendicular gradient = :—} =]

£ i b |
3 ¢t 2 )

=1(2,0)

mid-point of AB is (

=>y—0=1(x - 2)
y=x-—2
The Cartesian equation of the locus of points representing
lz—=34+i=lz—-1-ilisy=x—2.
ii z-2/=2/2
= circle centre (2, 0), radius 2v2.
= equation of circle is (x — 2)% + y% = (2v2)?
=>@x—-2P2+y*=8
The Cartesian equation of the locus of points representing
|z-2|=2v2is(x — 2> + y2 = 8.
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blz=-3+il=|z-1+i=2y=x-2 ®

lz=2|=22=>(x-2P2+y*=8 @
D@D =x—-2P +@x—-2P2=8

= 2(x—27%=8

= (x—2)2=4

Sx—2==*/4

+¥—2=22

> x=2 %2

=x=0,4
whenx =0,y =0—-2=-2=2=0—-2i
whenx=4,y=4-2=2=2=4+2i

The values of z are —2i and 4 + 2i

Note that |z =3 +i| = |z — 1 + i| = ¥ = x — 2 goes through the point (2, 0) and so is a
diameter of |z — 2| = 2V2.

d The region R is shaded on the Argand diagram in part i, which satisfies

lz—3+i|=]|z—1-iandjz — 2| = 2V2.

© Pearson Education Ltd 2C
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Exercisel, Question 7

Question:

a Find the Cartesian equation of the locus of points representing |z + 2| = 12z — 11.
b Find the value of z which satisfies both |z + 21 = 12z — 1l and arg z = I
¢ Hence shade in the region R on an Argand diagram which satisfies both |z + 2| = 12z — 1

and fh arg z = .

Solution:
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allz+2l=12z-1
= lx+iy+ 2l =|2(x + iy) — 1l
= |x +iy + 2l = |2x + 2iy — 1l
> x + 2)+ iyl = [(2x — 1) + i(2y)
= |(x + 2) + iy]2 = |(2x = 1) + i(Zy)|?
= (x + 20 +y> = (2x — 1) + i(2y)?
Xt dx+ 44y =4t —-4dx + 1+ 4y
> 0=3x-8x+3y*+1-4
53-8+ 3y -3=0

s x? ‘%x +y2—1=0
:>(x—%]2+y3=1_}5+1
= (-3 4= 8
(e=4) +r= (3
This is a circle, centre ("; {J], radius 2

The Cartesian equation of the locus of points representing |z + 21 = 12z — 1l is

V2 25

=

2
blz+2=z-1=(x-3] +p?=2

L] o

9
- -

Agz=g=agx +iy) =7

-.'E: ¥ lr

A ldn4

N P

x
=y .‘rl — x WhL‘I'{‘I } {-}a .‘}J } {-}
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V2
@@ [t = %b +x%= %‘—r’

g4, &0 160 3 85
x 3;1: x+g+:1: 9
3 9 9

. .
L
s 2x? — %I =] (%3)
= 6x? — 8x = 3

2(6)
. ._8/136
R
12
L 4=V
= X z
As x > 0 then we rejectx = 4 fﬁ}._?,g
and acceptx = 4 + /34
6

asy=x, theny= 3

o= (257 (42.45)

The value of z satistying |z + 2| = |22 — 1| and argz = 1—7

isz= (420344 (4 F3i OR 2= 1.64 + 1.64i (2d.p.)

Page3 of 4
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T

< argz =73

4 +vid 1+ v3d
i b L f )

The region R (shaded) satishes both |z + 2| = |2z — 1] and -37-& argz = .

Note that |z + 2| = |2z - 1|
s (X + 2% + 92 = (2x - 12+ (2y)?
=>0=3xc"—8x+3y* -3

(13(.\—%.}-—%{}#’ 1
25 412
g gyt

AR D
i Rt

represents region inside and bounded by the circle, centre f“; {})J radius 2

© Pearson Education Ltd 2C
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Exercisel, Question 8

Question:

The point P represents a complex number z in an Argand diagram.

Giventhat |z+ 1 -/ =1

a find a Cartesian equation for the locus of P,
b sketch the locus of P on an Argand diagram,
¢ find the greatest and least values of |z,

d find the greatest and least values of |z — 1].

Solution:
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a |z+ 1 -1 =1isacircle centre (—1, 1), radius 1.

The Cartesian equation for the locus of Pis(x + 1)* + (y = 1> = 1.

=¥

|z| is the distance from (0, 0) to the locus of points.

From the Argand diagram,
#1418 the distance OY

| i 15 the distance OX

Notethatradius=CX =C¥ =1

and 0C =V12+ 12 =2
|*‘.-;':ru.|x =0C + CY = E + 1
2l in = OC — CX =vZ = 1

The greatest value of [z| is v2 + 1 and the least value of |z is V2 — 1.

file://C:\Users\Buba\Downloads\All Edexce-Level Math Booksssssss\Further P...
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AL O0) >~ %

B

|z — 1] is the distance from A(1, 0) to the locus of points.
From the Argand diagram,

|z = 1| max i the distance AS

|2 = 1|, 1s the distance AT

Note that radius = €S =CT =1

and AC =12+ 22 = /§

1z = N =AC + CT=y5 + 1
|2 = 1|pin =AC—CS=+5 — 1
The greatest value of [z — 1] is V5 + 1 and the least value of [z — 1| is v5 — 1.

© Pearson Education Ltd 2C
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Exercisel, Question 9

Question:

4—2i'|=‘JT
zr

Given that arg [£—2—
\ £ — Bl

a sketch the locus of P(x, ¥) which represents z on an Argand diagram,
b deduce the exact value of |z — 2 — 4i|.
Solution:

4-2i)\_ 7
~6f ) 2

—
a arg| = = 6i

>arg(z — 4 — 2i) — arg(z — 6i) = 3

= == lr, where arg(z — 4 — 2i) = #and arg(z — 6i) = ¢.

2
:l".ll
B (0, 6) & Using geometry,
=APB=-d+ ¢
= APRB=8—- o
. APB = T
APB 5
0 A

The locus of z is the arc of a circle (in this case, a semi-circle) cut off at (4, 2) and (0, 6) as
shown below.

ﬂrg{.‘:lhii.'i:' - ::
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b |z — 2 — 4i is the distance from the point (2, 4) to the locus of points P.

MNote, as the locus is a semi-circle, its centre is [ 4 ; D, = ; '5] = (2, 4).

Therefore |z — 2 — 4i] is the distance from the centre of the semi-circle to points on the locus
of points P.

Hence |z — 2 — 4i| = radius of semi-circle
- 027+ 647
=JVi+4
=8

= 22
The exact value of |z — 2 — 4i| is 2v2

© Pearson Education Ltd 2C
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Exercisel, Question 10

Question:

-LI

a sketch the locus of P(x, y) which represents 2z on an Argand diagram,

Given that arg (z — 2 + 4i) =

b find the minimum value of |z| for points on this locus.

Solution:
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aarglz—2+4i)= Z—Tis a half-line from (2, —4) as shown

y
=1 arg (z — 2 + 4i) =

=T

hl;a.rg(z—2+41}=fTT e-ar;t;i:yr+i~];—2+-1E}=%T

arg(x =2 +ily +4) =7
y+4 o a_
l_z—tani—l

2y+4=x-2

+y=x—-6x>0y>=0
Half-line cutsx-axisat 0 =x — 6= x = 6.

Y4 :
arg(z— 2+ 4i) =]

o

|z| is the distance from (0, 0) to the locus of points.

V62

d i3
V2!

i e B e Y = et TN =l
[Z}in = d = == 5m|.1:| = d = haml;—d = ﬁl

Theretore the minimum value of 2| is 3+2.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 2

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercisel, Question 11

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is

given by w = J.—}., z#0,

a Show that the image, under T, of the line with equation x = 1 in the zplane is a circle C in the
w-plane. Find the equation of C.

b Hence, or otherwise, shade and label on an Argand diagram the region R of the w-plane which
is the image of x = 5 under T.

Solution:

g | —

T w=

a linex = Lin the z-plane

2
o 3
W= 7
»wz = 1
.
bl =
sz m—L
u+iv
(1= iv)
P 2= ! — A :
(w+1wv) (u-—1iv)
sz= M1V
u? + v2
u Y
sz = S |
Ve AR YR )
o+ iys—it g jl——Y )
Y w + v ln‘j + 2 |
i o 4
=X = andy = —
u? + v? < e
1 1 u
As x = =, then = = —
r 2 2w+
> u? + v2=2u
> —=2u+vi=0
>u—-12-1+v¢=0
= (u—1P2+vi=1
Therefore the transformation T maps the line x = 3 in the z-plane to a circle C,

with centre (1, 0), radius 1. The equation of Cis (u = 1)2 + v2 = 1.
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= 2u=uw + 2

>0z + v - 2u
»0=(u-10+v -1
s1=(u—1)2 + 2

> (=12 +vi=<1

© Pearson Education Ltd 2C
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Exercisel, Question 12

Question:

The point P represents the complex number 2z on an Argand diagram.
Given that |z + 4i

a sketch the locus of P on an Argand diagram.
b Hence find the maximum value of |z,

Ty, Ty, Ty and T, represent transformations from the z-plane to the w-plane. Describe the
locus of the image of P under the transformations

¢ Tyw
d 7w
e T-l.: w

f Tyw=2z*

Solution:
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a |7+ 4i| = 2 is represented by a circle centre (0, —4), radius 2.
YA

=Y

+4i =2

b |z represents the distance from (0, 0) to points on the locus of P. Hence |z ., is the distance OY.
|‘z§rua\ =0Y'=6.

c Tyyw=2z

METHOD Q) z lies on circle with equation |z + 4i| = 2

= w=2z
w
--_\‘,.u-:z
2
=5+ di=2+4i
w+ 8i_ ;
> =7+ 4j
2
|w + 8i] _ . :
= |— =2+ 4
| =lz + 4
_w+8i ;
S = |z + 4i
__|w+ 8i
> 2 =
= lw+ 8i| = 4

So the locus of the image of P under T, is a circle centre (0, —8), radius 4, with equation
u + (v + 8)% = 16.

METHOD (@ z lies on circle centre (0, —4), radius 2

| enlargement scale factor 2, centre 0.

w = 2z lies on a circle centre (0, =8}, radius 4.

So the locus of the image of P under T, is a circle centre (0, —8), radius 4, with equation
2 + (v + 8)2 = 16.
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d T:w=iz
Z lies on a circle with equation |z + 4i| = 2
w=iz
'l.l.i

= =£
1

>3()-2
wi
(—1

= —=Wji=2

=z

=%

= Z=-W
Hence [z + 4i| = 2 = |—wi + 4i| = 2
= [(=iw—4) =2
= |(—i)| jlw—4|=2
= lw—4| =2
So the locus of the image of P under T, is a circle centre (4, 0), radius 2, with equation
(u—4)2+1v2=4,

e Tyw=—iz
z lies on a circle with equation |z + 4i = 2
W= —iz
= iw = i(—i2)
= iw=2
=» Z = iw
Hencelz+ 4il =2=|liw+ 4di|=2
= lilw + 4)| = 2
= lijlw+ 4| =2 E—
= |w+ 4] =2 lij =1
So the locus of the image of P under T; is a circle centre (—4, 0), radius 2, with equation
(u+ 472+ =4,

fF Tpw=z*
Z lies on a circle with equation |z + 4i| = 2 i
w=z=sut+iv=x—iy-s =)
- B . . It =x =iy
S50 n=x,v=-y and x=uandy=—y .

z+4il =2 = |x+iy+4i =2
=k +iy+4) =2
= +il—v+4) = 2
i+ i{d =) =2
= |u + i(4 — v)j2 = 22
> Ui+ (4-v)=4
U+ (v-4y=4
So the locus of the image of P under T, is a circle centre (0, 4), radius 2, with equation
ui+(v-472=4,

I}

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Paged of 4

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 3
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Edexcel AS and A Level Modular Mathematics

Exercisel, Question 13

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv,

is given by w = ; I ‘F ZF —l

a Show that the image, under T, of the imaginary axis in the z-plane is a line [ in the
w-plane. Find the equation of L.

b Show that the image, under T, of the line y = x in the z-plane is a circle C in the w-plane.
Find the centre of C and show that the radius of Cis £ /10,

Solution:
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Z+ 2
Z+1

T: ws= , 2 F —i

a the imaginary axis in z-plane = x =0
Z+2
W = = -
Z+1
=wz+i)=z+2
=wz+tiw=z+2
S WZ—Z=2-iw

=2w—1)=2 — iw

e SOl
w1
L 2 = i(u + iv)
= u+iv-1
_2-iu+v
S = 1) iy
, - (2 +v) —iul (u—1) — iv]
3 w-1+iv, |[w-1) —iv
@2 NE-D w2y i B
Bl (1t — 1)2 + 2
L, CFVNu-—D —u (W2 +V)+u(u-— 1))
- -1+ ll (- 1) +12 |
o _2+vu-1)—uv  (v(2+v)+uu—-1))
RS = (= 1)% + 2 w12+ |
i _2+vu-1)—uv _ =w2 +v)—ulu-1)
- (1 — 12 + 2 and (u—1)2 +1+2

Asx = 0, then
Z+viu—-1)—uv _

2 2 n
(e — 1) + v

=2+viu-1)—-uw=20
=2u—-2+vi—-v—=—uv=10
=2u—-2-v=0

= v=2n-2

Page2 of 3

The transformation T maps the imaginary axis in the z-plane to the line / with equation

v = 2u = 2 in the w-plane.
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b Asy =x, then

-v2+V-—auu-1 2+vu-1)—-uw

(n— 1)+

(it — 1) +17

=2+ V) —uu—-1D=2+v(u-1) - uv

> =2V =V - +u=2u-2+viu—-v-u

s=2v=V - +u=2u-2-v

cD=w+vV+ut+v-—2

( 1 1 [ 1
_:-u:_u-i-z.ll _4+|-.1'I+3.'
R S B ¥ R
i 12 y2 |
> (1 + ,E_J + {1* + ,l)_:. = |

Page3 of 3

b3 en)

|

|

=

|

-

| =

1)

%]

[a"

=

S EeS]

%xm

The transformation T maps the line y = x in the z-plane to the circle C with centre

1
2

(=1 =]

) :I, radius

© Pearson Education Ltd 2C
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Exercisel, Question 14

Question:

The transformation T from the z-plane, where z = x + iy to the w-plane where w = u + iy,
=z :
= ZF —L
Z+i
The circle |z = 1 is mapped by T onto a line [, Show that [ can be written in the form
i + bv + ¢ = 0, where a, b and ¢ are integers to be determined.

is given by w =

Solution:

- 4 - 7 ,
Im w=—= g# —j
2+ 1]
circle with equation |z = 1 in the z-plane.

we T

= wz+i)=4—2z
= Wz +iw=4— 2
=Wz +z=4—iw

>Zw+1)=4 — 1w

—4—iw
w+ 1
o1yl = |[& = W]
Prikeeh™ ‘u' F 1]
s |4 - iw|
lw+ 1|
Applying |z = 1 gives 1 = lll:—L”]‘l
v lw+ 1] = |4 — iw]
- W+ 1| = [=i(w + 4i)]
- lw + 1] = | =il jw + 4l
> lw+ 1] = |w + 4i]
= |u+ iv+ 1] = |u + iv + 4i]

= [ + 1} +iv| = lu + i(v + 4)|
s+ 1) +iv]r = |+ i(v + 4))°
s+ 1P +vi=u+ (v +4)>
s+ 20+ 1+ vV =12+ +8v+ 16
=2u+l1=8r+16
> 2u—8v—15=0
The circle |2| = 1 is mapped by Tonto the line I: 2u — 8v—15=0

(ie.a=2,b=—-8,c=—-15).

© Pearson Education Ltd 2C
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Exercisel, Question 15

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iy,

i 3iz + ¢
is given by w = —]'—'_—‘. z# 1.

Show that the circle |z| = 2 is mapped by T onto a circle C. State the centre of C and
show that the radius of € can be expressed in the form k v5 where k is an integer to be

determined.

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2

_=3]2 +{]J Z’Fl
1=—2

I w
circle with equation |z| = 2
12
w(l —2)=3iz+ 6

—w—-wz=3iz+ 6
>w—6=3z+ wz

= w=06=2z(3i+w)

ol e
lw — 6
S — =

|w + 3i|

H'_ﬁ |7|

||

|w — 6
|w + 3i|
= |w — 6] = 2w + 3i|

Applying |zl = 2 = =2

> |u+ iv— 6] = 2|u + iv + 3i|

= (1= 6) + iv] = 2|lu + i(v + 3|
= |(u = 6) + iV]* = 2%u + i(v + 3)|°

s (=6 + V=4[l + (v + 37

= 0? = 12u + 36 + v¢ = 4[u? + 2 + 6v + 9]

s 12— 120+ 36 + v = 412 + 4v2 + 24v + 36

=0 =31+ 12u + 3v* + 24v
»0=u+ 4u+1: + 8By
>0=(n+2P-4+(v+472-16

= 20 = (u + 2)* + (v + 4)°

s+ 22+ (442 =(2/5)R——

S —~‘ v2{ = \"1'.

Page2 of 2

Therefore the circle with equation |z| = 2 is mapped onto a circle C, centre (-2, —4),

radius 2V5. So k = 2.

© Pearson Education Ltd 2C
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Exercisel, Question 16

Question:

az+ h
o ol

A transformation from the z-plane to the w-plane is defined by w =

where a, b, ¢ € R.

Given that w = 1 when z = 0 and that w = 3 — 2i when z = 2 + 3j,

a find the values of a, b and ¢,

b find the exact values of the two points in the complex plane which remain invariant
under the transformation.

Solution:
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az + b
Z+C

a, b, ceR.
w=1lwhenz=20
w=3-2iwhenz=2+ 3i

a0y + b b L
0+ c ,1*-? sCc=06

O=1=

@_;_w:n;:+h
z+ b

a2+ 3+h

@=3-2A=53717p
. _ (2a + b) + 3ai
ey

(3 =202+ b) + 3i] = 2a + b + 3ai
6+3b+9 —4i—2bi+6=2a+ b+ 3ai
(12+ 30+ (5-2b)=(2a + b) + 3ai
Equate real parts: 12+ 3b=2a + b
> 12=2a-2b

Equate imaginary parts: 5 — 2b = 3a
= S5S=3a+2b

@+®: 17 =5a
e % =d
® = s5=3+2
S
—_26 = 2b
3
As b =cthenc = __';]}E
I'he values are a = ]T, b= _]:J’, c= —13
3 2 5

@ ®06
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B O

e (%5)
Zi T {X:ﬂ
. _17z-13
L s
17z—13

invariant points = z = -
' 5z - 13

252 -13)1=17z - 13

528 —-13z= 17z - 13

522-30z+13=0
_30=x V900 — 4(5)(13)

10

, = 30 * V900 — 260

' 10

e 0L R

‘ 10

7 = 30 * /64/10

) 10
z=302800 _ 3. 4,75

The exact values of the two points which remain invariant are

x=3+%xmamdz=3— v 10,

T

© Pearson Education Ltd 2C
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Exercisel, Question 17

Question:

The transformation T from the z-plane, where z = x + iy, to the w-plane where w = u + iv, is
given by
. o e
W==5—Z%0.
a The transtormation T maps the points on the line with equation y = x in the z-plane
other than (0, 0), to points on the [ in the w-plane. Find an equation of [,

b Show that the image, under T, of the line with equationx + ¥ + 1 = 0in the z-plane is a
circle C in the w-plane, where C has equation u* + v —u + v = 0.

¢ On the same Argand diagram, sketch /and C.

Solution:

file://C:\Users\Buba\Downloads\All Edexce-Level Math Booksssssss\Further P... 3/24/201.



Heinemann Solutionbank: Further Pure 2 Page2 of 3

T: w=£2 j i, z# 0.

a the line y = x in the z-plane other than (0, 0)

W2 =2+t
+WZ —Z=1i
= Zw—1)=1
i

w=1
e i _ i
ol (u+iv) =1 (n=—1)+ iv
_ i 1[(@=1)=iv
Z = . -
- w-1)+iv| |(n-1)—iv
_u-1)+v
(u—1)+2
S l.lj = + i {“ __’I} :
R N (= 1) ++v2
: : , ; (u—1)
Sox + iy = ) +i
vy (u =102 +v? (u— 1Y% +v?
V H-—1
=rx=————_"andy=—————
- (= 1)2+ 2 Y (u—1)% +*

u-—1 o Vv
(=172 +¥ (=12 +"

Applying ¥ = x, gives

=u—-1=v
»Vv=u—1

Therefore the line [ has equation v =u — 1.

b the line with equation x + y + 1 = 0 in the z-plane

V f=:1 2 >
x+y+1=0= + + 1 =0[X(u-1)y+ v
’ (u-12+v (u-1)7+v2 [X( ) |

=v+@-1+u-12+vV=0
=v+u—1+1w-2u+1+1=0

sul+v-—u+v=0

*-|::u—%]z—l+[ %:IZ—%=.
,>(u—%}2+|:v+%]#%
o (=14 e AP = (2)
ﬁ(_u 2.} +2 [2

The image of x + y + 1 = 0 under T is a circle C, centre [2, —]J radius Y2 with equation

2
u> + v — u + v =0, as required.
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w+uv=»0
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