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Review Exercise
Exercise A, Question 1

Question:

S EENGHESS

Determine whether or not the following productssex¥here the product exists, evaluate the prod\bere the product
does not exist, give a reason for this.

aAB
b BA
cBAC

d CBA.

Solution:
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An nxm matrix can be
a AB does not exist < multiplied by a mx p
The matrix Aisa 2x3 matnx. matrx. The number of
The matrix Bis a 2x2 matrix. columns in the left hand
The number of columns in A, 3, is not equal matrix must equal the
to the number of rowsin B, 2. number of rows in the right
hand matrix.
(2 0133 2 1)
b BA= (| |
3 —ENR T =¢]

[ 2x340x0 2x240x2 2x14+0x(-1) )
C13x34+(-1)x0 2x3+(-1)x2 3x1+(-1)x(-1))
(6+0 4+0 2-0) (6 4 2)

“lo+0 6-2 341 |9 4 4)

As matrix multiplication is

. “‘1{ 4 “1' associative, vou could work out
e BaC=(BA)C=[® * 7 B B(AC)or(BA)C - they will
L9 4 4J| 1) give the same result. It is
S

!:6X4+4><(—3.\]+2><1\‘. SﬁnSibL-?_ to work DII:t (BA)C as
_ixg x4+4x(-3)+4 x1) ;ﬁi&;:ﬂﬂr{s;ﬂ? worked out

(24-12+2) (14)
“(36-12+4) |28/

d CBA does not exist.
CBA=C [:EA :]
The matrix Cis a 3=1 matrix.
The matrix BA isa 2x3 matnx.

The number of columns in C, 1, is not equal
to the number of rows in BA, 2.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 2

Question:

(3 9= Yoo 3 )

Find the values of the constaia andb such thaM?+aM +bl = O.

Pagel of 1

Solution:
= B 30 3Y -
M = 1 2l 2l « M- is quite complicated to work out
. /N E and it is sensible to calculate this
[ 0x0+3x(-1) 0x3+3%2 ) before working out M* +aM+5I.

(Y x04+2x(-1) (—1)x3+2x2
_(0-3 0+6) (-3 6)
l0-2 3+4) |2 1

M*+aM+5I=0
(-3 6) [0 3} (1 0 (0 0)
+a +b =
=2 ) -1 2] \o 1) \o o)

(3 6),(0 3a) (b 0) (0 0)
2 1) - 2¢)7(0 5) |0 o)
(=3+b  6+3a | [0 0)
\2-a 1+2a+b) (0 0)

Equating the top left elements There are four elements which could be
T equated but you only need to equate two
E E gk ot el of them to find @ and &. You could use
R the others to check vour working. For

= e
G Rt example;if a=-2 b=3 then

2 i oy
e el 1+2a+b=1—4+3 which does equal 0.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 3

Question:

_(4 1

A=(39)

Show thair? - 10A +211 = O.

Solution:

(4 1Y 4 1Y [4x4+1x3 4x1+1x6)
3 6/l3 6) |3x4+6x3 3x1+6x6)

(16+3 4+6) (19 10
“l12+18 3+36) (30 39)

A’ —10A +211 (A¢ 407 101:4 1h\|'+”flr1 0 *+— Tosh h i

A -10A+210 =] |—10} [+21 [ o show the matrix
":30 39) \3 6) ) \0 1) relation given in the

_5’ 19 10% (40 10% (21 O} question, vou must work

_:13(_] 39);_:‘_3[] 5[]J;+: 0 21 on the left hand side of the

(19-40+21 10-1040Y (0 0) | cquationA”—10A+21I
= - |=i . and manipulate it until vou
| 30-30+0 39-60+21) 10 0 get the right hand side of

=0 _ asrequired. « the equation O.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 4

Question:

A=(2 3

Find an expression far , in termsab, c andd, so thaia? - (a+d)A =1l , wherkis the2 x 2 unit matrix.

Solution:

2 [a B)fa b [a+bc ab+bd)
© le d)\c d) lacted be+d?)
A'—(a+d)A

(a*+bec ab+bd) !ri[:a+a’]a [xa+d_]bj.

_:kac:+c:a.’ 5¢+a73j.' :\_[_a+d]c [’_a+c:f_]d),’
[a*+bc—a'~ad ab+bd—ab—bd |

\ ac+cd —ac—ad be+d’ —ad —a’:j
_:fbc—aa’ 0 0 (A |
. @ bc—ad | \0 i)

o

Equating the top left (or bottom right elements)

(1 0N
I= l.s
\0 1)
1 0N E4 @)
Al =i |
0 1__;' L0 ij
You can write down the results
of simple calculations like this

without showing all of the
working.

]

Al=

A=bc—ad +— |

Note that 4 =—det(A).

© Pearson Education Ltd 2C
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Review
Exercise

Exercise
A, Question 5

Question:

2
A=
(> -

3
1

a find the value op.

Given instead that déa) =4

b find the value of.

Using the value op found inb,

c show thaA?-A =kI, stating the value of the constik.

Solution:

a

© Pearson

], wherep is a real constant. Given thatis singular,

det(A)=2x(-1)—3x p=—2—
If A is singular, det [:AJ =0.

.
-2-3p=0= 3p=-2= p:—é

Y ou need to memorise that, if
{ ™

a b
A=| 2] then det(A)=ad —bc.

N o

As in part (a), dﬂt[é._]=—2—3p
—2-3p=4 = —3p=6 = p=-12
I:E 31“:

z 2
A g | )
\=2 =1}l-2

3)

; -1)

(4-6 6-3Y (=2 3)
T\ <edi) Lz is)
. . EE FY (35

A*-A=| - :

=2 =2) \=2 -l1)
(4 09
= =—41
L0 —4)
This is the required result with £ =—4 .

Education Ltd 2C
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Review Exercise
Exercise A, Question 6

Question:

[ 2 -
A‘(—s 1)
aFindA™L.

f 5_( 251 -109
Given thata’ = (_327 149,

b find A%,

Solution:

a det(A)=2x1-(-1)x(-3)2-3=-1
fa B 1. (@ =Y

If A= _then A= '
\c d) det[.-—i] \—¢ a)

A_1ft 1)_(-1 1)

T8 208 )

b A*A=A°
A'AAT=AAT -

Y ou should know this formula. It
is to vour advantage to quote the
formula in vour solution. If vou
make a mistake, the examiner
will know that vou are trving to
dothe right thing.

. s. [251 —109)/-1 -1)
K ATAY
\=327 142 \-3 -2}
(—251+4327 -251+218) (76 —33)

| 327-426 327-284 ) |99 43|

© Pearson Education Ltd 2C
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It is much quicker to multiply
A’ by A than to repeatedly
multiplv A bvitself. For whole
numbers, the ordinary algebraic
rules for indices apply to
matrices and it will help vou if
vou remember this.
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Review Exercise
Exercise A, Question 7

Question:

A triangleT, of areascnf , is transformed into a triangfe byrrerix A where A = (_'; kz_kl)’ keR .

aFind det A), in terms ok.
Given that the area 8f 188 cnf,

b find the possible values k.

Solution:
(a b) L
a If;—'&.=| ar-l.=then det(A)=ad-bc.

\C J

det (A)=kx2k—(k—1)x({-3)

=2 +3k-3 < E
. : The determinant is the area scale factor
b The triangle has been enlarged bv a factor of | | . = : s =
198 in transformations. This is equivalent to
11 =H i det(A). So the scale

area of object

So det(A)=11 factor in part (a) must equal the
2k +3k—3=11 determinant in part (b).

2K +3k-14 =(2k+7)(k-2) =0

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 8

Question:

A linear transformation fror®2 - R2 is defined by= Ng

Given thap = (:73) whem = (é) , and thai= (_i) whes (_%) , fiNd

Solution:
_{a b,
Let N= | g
\le d)
p=Ngq

(3) (a d\(1) [a)
Equating elements
a=3e="
(6) [a b)Y 2) (2a-3b)
\=L} " le «d )\ 3] \Zc=3d]
Equating the upper elements
2a—3b=
a=3= 6-3=6 = =0

Equating the lower elements

2e—3d =-1
c=T=14-3d=-1=3d=15 = d=5
. (3 0)
N=

VT &)

© Pearson Education Ltd 2C

You need to introduce some
algebraic variables to help vou to
obtain equations. Y ou can use any
symbols vou like for the elements of
the matrix, except for those alreadv
used in the question.

Y ou use the values for g and ¢ which
vou found earlier.

file://C:\Users\Buba\kaz\ouba\fpl rev2 a_ 8.
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Review Exercise
Exercise A, Question 9

Question:

(4 -1 p1_(2 0
A‘(—s 2)’B ‘(3 pj
aFinda™l.

b Find(AB) ™%, in terms op.

: _(-1 2
Given also thaAB-( 3 _4) ,

c find the value op.

Solution:
(a &) -1 1 (d
a IfA= |_then A™ =
Le a*j det [A] \ =t
det[;—'i.]z [ 1} [ 6] 8—-6=2
Y
I.-"»-_r M P |
P | 2
216 -1; U3 2

b

You need to remember this property of
the inverse of matrices. The order of A
and B is reversed in this formula.

The product of anv matrix and its
inverse is I This applies to a product
matrix, AB in this case. aswell astoa
matrix such as A.

2 oY1 1)
= | 2
3 23 2)
[ 2 1)
= 3
3p+3 2p+—j-
- ‘_'_.__—l—'_'_._'_._-_'_'_._
¢ (AB)(AB) =1
: {2 R
(-1 2} SR

3
\3 4}13p+3 2p+—|
II‘- 2)"
Equating the upper left elements «———

—1x2+2(3p+3) =1

o 1)

—2+6p+6=1
bp=—3
1
P=—;

Finding all four of the elements of the
product matrix of the left hand side of this
equation would be lengthy. To find p, vou
onlv need one equation, so vou only need to
consider one element. Here the upper left
hand element has been used but vou could
choose anv of the four elements.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 10

Question:
_[(2 -
A‘(? —)
a Show than3=1 .

b Deduce that2=A"1 .

¢ Use matrices to solve the simultaneous equations

2x-y =3,
7x—-3y =2.
Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 10.l 3/18/201.
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b

., (2 -14y/2 1)
Y. | [
L7 —3_},1“'\_ ! —3,1
-7 243 AT=AAA=A’A Work out
= 14-21 —7+9) A? first and then multiply the
o e result bv A.
A'=AA
(=3 1}2 -1)

\-7 2\7 -3)
[ —6+7 3-3)

| -14+14 7-6)

Page2 of 2

1 0 .
= |=1I. as required.
\0 1)
Al=I It helps if vou remember that, for whole
Multiply both sides by A™ numbers, the ordinarv algebraic rules for
AdAT_JA7l = indices apply to matrices. In more detail;
A?=A", as required. AAT=(AM)AT =47 (AL ) =ATT= AT

Writing the simultaneous equations as matrices
(2 -I\(x) (3)
7 3)\y) \2)
(x)_(3)

£ :| 4 |

1 ]
1.1
) AL

Multiply both sides of this equation on theleft | T, coive simultaneous equations
by A™'. which, in this case, is A’ -#—— | using matrices, vou need to multiply
i ) 1 3) both sides of a2 matrix equation by

A°A ) =4 12/ thre approPriatE inverse matrix. In
I I ) (=3 1V this question, part (b) has sh:nwn
| ;:I‘ ::' . ::' ; “ } : that the inverse matrix is A° and. as
\¥) \¥) \») -7 2/\2) vou worked this out in part (a).
f—9+2% =T there is no need to work the inverse
:|k_21+4-;::k_ljj matrix out again.

Equating elements
x=—"F.¥==17

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 11
Question:
(5 2\ o_[4 2
A‘(s 5)'8‘(5 1)
aFinda™l.
b Show thas BA :(/2)1 f] , Stating the values of the constantsd /an
2
Solution:
a det[A_]:SXS—Sx[—lj=25+1D=3f5 Z 1 )
a2 Dmaan- L (4 2 7 35
A= then £ = : : . 3
e d) det(A)l— a This could be written as |1 1]
5 2 | = ?,’
g A 2 = e ST SO
s &) Either form is acceptable.

- i_l !:4 "\
Vel 5 v -
(20410 -8+10 (30 2)
—A =
L2545 -10+5) ~ |30 -5

As matrix multiplication is
associative, vou could work out

this triple product as (A™B}A but

A~' has an awlkward fraction, so it
is sensible to evaluate BA first.

[
[
L
[
+
(=3
=)

~35(-150+150 —10-25)

210 0 (6 0)
:il | =1 | "-'_'_'_._._'_'_'_'_r
50 35/ o -1

This is the required form with 4, =6 and A4, =-1.

If vou go on to study the FP3
module, vou will learn how to
carry out calculations like this with
larger matrices. These calculations
have important applications to
phvsics and statistics.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 12

Question:

4 —
A= (_:fp qu, wherep andq are non-zero constants.

aFindA™L, in terms op andgq.

; _(2p 3q
Given thatAX (_p qj’

b find X, in terms ofp andg.

Solution:

a det(A)=4pxg—(—g)x(3p)
=4pg—3pg=pg
1( q Q‘H‘. e—

pg\3p 4p)

Alt=

The altemative answer, multiplving the
= A

matrix by the scalar i A | would

g

W | |
ey | de

|
4

-~

be an equallv good one.

Multiply both sides on the left by A™

Atax—as( 22 34)
-2 4q) F
X:if'q g \(2p 3q)
pg\3p 4p)\-p q)
il !rlpq—pq 3g° +4° i
" pgl6p7-4p* 9pg+4pg)
1(pa 44 )

pq iklp: 13pg )

It is important to multiply by A~ on the
correct side of the expression. As shown
here, multiplving on the left of AX, vou gat
ATAX =(ATA )X =IX=X. which is what
vou are asked to find. On the right of AX,
vou would get AXA ™. which does not
simplify, and no further progress can be

(27 3¢\ 1(q a)
\-P 4q/)pq\3p 4p)

g\ 2r 3q).
153

made. Working out

: 14
instead of —| I |
pg\3p 4p)l-p g

COIMIMON error.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 13

Question:

r=(s 5 2= 3)
Find

aAB,

b AB-BA.

Given thatC =AB-BA ,
¢ find €2,

d give a geometrical interpretation of the transfation represented tc2.

Solution:
(4 2Y(3 -1)
a AB= & sl % |
\3 34 5 £ Matrix multiplication is not
(12-8 —4+100% [4 61 commutative and, as in this question,
=|115_12 _5+15;: 3 10/ AP and BA can be quite different.
3 134 )
b BA-= I
\-+ 5 N5 3]
12—-5 6-3Y (7 3)
| -16+25 -8+15) |9 7.)
F4 6% T 3 <3 3)
AB-BA= — _ =
3 1) 2 T) =% 3}
5 (=3 3\/=3 3% [9-18 -9+9
C = =
\—6 3_}}'1‘_—6 3_; \IB—18 =1849}
(-9 0) (k 0)
= | * Forall £= 0, the matnx | |
L0 -9 0 k)
represents an enlargement, centre
d  Enlargement. centre [:[l ). scale factor —9 I:CL 0}, scale factor k.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 14

Question:

The matrixA represents reflection in thxeaxis.

The matrixB represents a rotation 85 , in the anti-clockwisedtion, about (0, 0).

Given thatC = AB ,
a find the matrixC,

b show thac?=1.

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 14.|
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a Reflection in the x axis transforms

 —> >
o X
(1Y (1 (1 0)lies on the x-axis and so is not
— - '
0 1.0} changed by reflection in the x-axis.
(0 (0%
5y (]
W1 \~L)
So
1 03 Unless the question states otherwise, itis
A= | ¥——| acceptable to write down a simple matrix
\0 -1 like this without working.

Fotation of +135° about fD 0) transforms
The geometry of the vector to which
F1
| | is transformed is
.0
£ 34
(00 | 2| Arrows have been added to
— . .
\1) | 1| this calculation so that vou
L_F can see where the columns in
So L ‘_7_._’—‘-""_"; B come from.
[ 1 1)
B v 2 {2 |
IS O
L2 J2)

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 14.| 3/20/201:
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(1 3
ceano(t B 42 w2
: o) =) 2 1|
) AE)
1 3
2 4B
_1_1 1 |
L2 \'2)
1 1\ 1)
b C:= E \_2;' “le "LI_I;
1 1 1 1

As an example of the
calculations:;
1 1 1l

= We—— =4 £
{2 §2 Y ZxxA2

b | =

el

(S )
ekl tebares))
(1,1 1 1)

:‘;* ? ‘:: -:eré ?\I;:I:asraqui.red_
ke Al

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 15

Question:

The linear transformation: R? - R? s represented by thgirmil, whereM = (‘Z‘ 3) .

The transformatio maps the point with coordinates (1, 0) to the pwiith coordinates (3, 2) and the point with cooedes
(2, 1) to the point with coordinates (6, 3).

a Find the values o4, b, c andd.
b Show tham?=1 .
The transformatiom maps the point with coordinatgs () to the point with coordinatés - 3)

¢ Find the value op and the value cq.

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 15.1 3/18/201:
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R R
{ 1 f 1
i 1 ] | 3 ]

In questions about transformations,
vou need to write the coordinates of

I =
)2/
(@ B\(1) (4} _(3)
\e dJ\0) \e) \2)
Equating the elements
a=3.c=2
(a B\(2) (2a+b) [2)
e d\l) \Zetd] \1)
Equating the upper elements

2at+b=2
a=3=6+b=2> b=-+4
Equating the lower elements
2et+d=1
e=2 = 4td=l=>d=-3
=3 b=-te=2d==3
(3 4
2 -3)
, (3 43 4\ (9-8 -12+12)

M

points as column vectors. For
example, the coordinate (L D:I is
1S

written as the column vector . 0 .
L)

2 3)12 -3) |6-6 -8+9 |

- 2 &
% P o

(1 0) :
= =1, as required
0 1)

b A
As ME=I. MM =M1
M=M"
(P} [ 8)

M © =
\g) \-3)

The matrix M is its own inverse. This
follows from the result in part (b). In

more detail; M =1
MM =1
M (MM)=MT
(MMM =M
IM=M"
M=M"

(o) (8
vl Y |=art |

ol =
) 8

In this question, as M is its own
inverse, vou can replace M~ by M.

I |=M|

\e) \-3)

:fph':_ .!.-*3 —4\'!_{3.\'!_ :f24+1f"_ ::355"{
le) T2 3){3)7 1649 |7\ 25)
Hence p=36,g=25

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 16

Question:

16 The linear transformatioh is defined b)@) - (Zé; Xj :

The linear transformatioh is represented by the matfix
aFindC.

The quadrilateraDABC is mapped byl to the quadrilater®A B C  , where the coordinates pB nd@ are (0, 3), (10,
15) and (10, 12) respectively.

b Find the coordinates @ B andC.

¢ Sketch the quadrilaterOABC and verify thaOABC is a rectangli

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 16.1 3/20/201:
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(%) [2y—x) [-lx+2y)
]

— =
) U 3 ) L Ox43y )

(-1 2)(x)

Lo 3)ly)

=l
S c=| '
i Lo 3)

b det(C)=—-1x3-3x0=-3

i 5
{ _1 ]

1(3 -2)

-1

=30 -1} |, 1
{l.
Let the coordinates of 4. B and C be
(3. ¥4). (5. ¥5) and (x. ¥ ) respectively.
(% x

o[ % x| (0 10 10)

e ¥ ) \3 15 12)

(S I P

4

C_IC(X"’ X5 .rcm",zc_lfﬂ 10 10)
Y ¥z Ve \3 15 12)
(. 2)
(x; xc'"‘-.z-_l 310 10 10)
e ¥s ¥e) | 13 15 12)
\ 3/
(2 -10+10 -10+8)
11 3 4
(2 0 -2)
15 4)

Hence 4:(2.1).B:(0,5).C:(-2.4)

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 16.1
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P

You are given the results of
transforming the points bv T
and are asked to find the
original points. Y ou are
“working backwards™ to the
original points and vou will
need the inverse matrix.
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c Ya
Bl(0.5)
C{-2.4)
(2.1)4
) x
d

Considering the gradients of the sides
1 5-4 1

2 E

S0 (04 is parallel to CF.
_4-0 5-1 4

=

;T ' e

o

[ ]

-

S0 OC is parallel to AB.

The opposite sides of J4EBC are parallel to each

other and so OAEC is a parallelogram.
Also mg, XM =;><—2=—1.

S0 04 is perpendicular to OC.

Page3 of 3

Meg [}—[—”] == 44— |

= = =72

Using the properties of quadrilaterals
vou leamt for GCSE, there are many
altemnative wavs of showing that J4BC
is a rectangle. This is just one of many

possibilities_ using the result vou leamt
in the C1 module that the gradient of the

line joining (x1= }'1} to ["tn:J ¥, ) is given

5o the parallelogram (A BC contains a right angle

and, hence, J4EC is a right angle.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 17

Question:

[ 3 -2 _({0.8 -0.4 _
A= (—l 4), B —(0.2 —0.6) and C = AB.
aFindC.

b Give a geometrical interpretation of the transfation represented by.

The squar®©XYZ, where the coordinates ¥fandY are (0, 3) and (3, 3), is transformed into thequeraIOX'Y'Z' , by the
transformation represented By

¢ Find the coordinates Z .

Solution:

f3 =21/08 -0.4)

\-1 4 102 -06)

(24-04 -12+12y (2 0

| -08+08 04-24) (0 -2)
: c 5'#2 0 "1 g"fl 0 \1_ fj CI"*_ These transformations have the
) = |= " \ ] 1
0 -2) o -1)lo 2 r// same effect with their order

reversed so “enlargement,

So the transformation can be interpreted as reflection
centre fD 0). scale factor 2

in the x-axis followed by an enlargement, centre [:ll 0)

followed bv reflection in the x-

scale factor 2. s
axis” is an equallv good answer.

C
v

X [:[L 3) ¥ (3.3) You have been asked to find Z' - that
S is the point to which Z is transformed.
You have not been given the
coordinates of Z. Drawing a quick

o z \ sketch makes it clear that Z has
coordinates (3. 0).
The coordinates of Z are [:1 0).

To find Ehe coordinates of Z' . Altematively vou can argue, using the
(2 (2 03\ _(6)

= = answer to part (b), that reflecting [:1 0)
e | | N ] | ] . ] . !
W) 0 =210/ \0) "// in the x-axis leaves the point unchanged
The coordinates of Z' are fﬁ D]_ as it lies on the x-axis. An enlargement
of scale factor 2 then leads to (6.0).

© Pearson Education Ltd 2C
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Exercise A, Question 18

Question:

Given thatA = (_g _i’) an@ = (é ;) , find the matric€sandD such that
aAC =B,

b DA =B.

A linear transformation frort? — R? s defined by the maB.
c Prove that the line with equatigr=mx  is mapped ontttzer line through the origi@ under this transformation.

d Find the gradient of this second line in termm.

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 18. 3/18/201:
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C=A"B and D=BA™ but. as
matrix multiplication is not
commutative, A"B and BA™
are different. You must be
careful of the order in which vou
multiply matrices.

If x=¢,as y=mox, then
v =mt. The variable tis
being used as a parameter.
You used parameters in
Chapter 3 to solve
questions involving
parabolas and rectangular
hvperbolas.

mfj -

Eliminating ¢ between these two
expressions gives a linear
equation relating ¥ and x. The
equation hasno x*. ', xyor
higher powered terms. Therefore,
the equation represents a straight
line.

a AC=B
ATAC=A"B
So0 C=A"B
det(A)=5%(-1)-3x%(-2)=-5+6=1
TNz S22 8
I T e o s T G )
C::'L B=| & z '“ '}|=1 5 - |
L2502 2 2410)
=k =T}
2 12)
b DA =B
DAA'=BA™
So D=BA"
3 :"1 1.‘1 :/—1 —3.1 !.-*_1_’_2 —3+5WI.
D=BA g | (v i |
SR SR O L N z
(1 23
|4 10) *
¢  Let the general point on y =mx have coordinates (z,
() (1 1 ) (t+m)
\») o 2\ me) | 2m )
Equating the elements of the 2 =1 matrices
x=r+mt, y=2mi
:,L"=2mr — I:i \
2m
Substituting into the equation for x
2m 2m  2m
Making y the subject of the formula
Im
y= X
1+m
Comparing with the standard form of a line, y=moc+c,
¢ =10, the line goes through the origin.
The line with equation y =mx is transformed to another
line passing through .
2
d  The gradient of this second line is :
1+m

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 19

Question:

Referred to an origi® and coordinate ax&€3x andOy, transformations from? - R® are represented by theioest ,
M andN, where

(2 e(e (i)

a Explain the geometrical effect of the transformasiL andM.

b Show that M = N? .

The transformation represented by the matrigonsists of a rotation of angle ab@ytfollowed by an enlargement,
centreO, with positive scale factdc

c Find the value of and the valuelof

d FindN&,

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 19.| 3/18/201.



Heinemann Solutionbank: Further Pure

a L represents rotation through 907, anti-clockwise, |

about the origin 0.

M represents an enlargement, centre O, scale factor 2. | anticlockwise. positive angles

(0 -1N(2 o) [0 —2)
b LM-=| I =l w1

lt o)lo 2) |2 o)
. (1 -1)1 -1} [1-1 -1-1)

ST 1T —14

[0 =2

2 o)
3 0 =23
So LM =N~ they are both equal to | 5 % :
e 4

Page2 of 2

If vou do not specify

are, conventionally, taken as
anticlockwise and negative
angles as clockwise. 5o, in
this case, if vou omitted “anti-
clockwise™, vou would still be
correct. Often +90° is written
to emphasize that the angle is
anti-clockwise.

¢ The result of part (b) can be interpreted as
showing that the transformation represented
bv N applied twice is equivalent to rotation
through +90%about O followed bv an
enlargement, centre O, scale factor2. +—
S0 the transformation represented bv N
applied once is equivalent to rotation
through +43°about O followed by an

Altematively, it is possible to solve
part (c) using matrices. The matrix

representing a rotation of +45°
A T =i

about O is| "1: 1": ' and the

I‘,_E W _.-'I
critical step is showing that
(L —L\v2 0 [1 -1)

-
2 1 |

B 1= | = N
enlargement, centre O, scale factor v 2. .HL % 0 ¥2) \3 1.
8=+45% k=+2.
d N° represents the transformation represented
bv N applied eight times. This will rotate about ; .
T e 5 S . . Again_ this can be done by
the origin 8:x45° =360° (which is the identitv .
. matrices. Y ou already kmow
transformation), followed by an enlargement, 1
3 N- from part (b) and vou could
centre O, scale factor(+2) =16. <
. (16 0 NY=NIN?
H N =| [: = B I .
FET o 16 and  N'=N'N*
toreach N°_ Unless a question
specifies a particular method,
anv correct altemative method
can be used.
© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 20

Question:
A, B andC are2 x 2 matrices.

a Given thatAB = AC , and tha is not singular, prove th&t=C .
b Given thatAB = AC , whera = (f g) argl= (é ?) , find a mat@xwhose elements are all non-zero.

Solution:

file://C:\Users\Buba\kaz\ouba\fpl rev2 a_ 20.l 3/18/201.
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a AB=AC
Multiplving both sides on the left by A™

Page2 of 2

AT (AB)=A"'(AC) <
As matrices are associative
(A7A)B=(A7A)C
Using AA ' =1
IB =1C
As the identitv matrix does not change

another matrix
B =C, as required.

When vou are asked to prove a result,
vou must give each essential step in the
argument. Y our argument here must
include multiplving by A~ on the left
of both sides of the equation and
showing where yvouuse AA™ =1

det(A)=6—6=0s0 A is singular. This
question is a good example of the
difficulties which can arise with non-
singular matrices. There is no inverse
matrix A~ here and so you cannot use
the usual rules of matrix algebra to
remove A.

(3 61 5) (3 21)
SIS P A e
LE 280 1) b 7y
fa b
Let C=| '
le d)
oo (3 6\(a b\ [3a+6c 3b+6d)
1 2)e 4) \a+t2c b+2d)
AB=AC
(3 21N (3a+6c 3b+6d)
\1 7) la+2c b+2d)
Equating the upper left elements

3=3a+6c L1

Equating the lower left El&m{rp
l=a+2c (2]

© and @ are the same equation (0 is & =3)
Apart from the condition that the elements are
non-zero, there is a free choice of a.

Let =3 then substituting in @,

1=34+2¢c = c=-1

Equating the upper right elements

21=3b+64d ... ... e
Equating the lower right elements
(= 5 (4]

© and © are the same equation (® is @ =3)
Apart from the condition that the elements are
non-zero, there is a free choice of &.

Let 5=1. then substituting in @,
T=1+2d = d =3

S e
C = 2 L shown here, but vou can check
-1 3) / vour answer by finding AC _If
Check: 3 2y
(3 6)(3 1) (3 21) yoniam]., .| ¥oRE
AC= Il 1=l |=AB, as required. v T

Mo gl gl la gy

© Pearson Education Ltd 2C
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This pair of equations are
satisfied by infinitely many pairs
of numbers. Y ou just have to
choose anv two non-zero
numbers which satisfv them._ For
example, a=—1 ¢=1 would do

just as well.

This is an unusual question and
it is a good idea to check that
vour answer does give the

correct result. You may well
have a different C from that

answer is correct.
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Review Exercise
Exercise A, Question 21

Question:
n
Use standard formulae to show ti&t3r(r - 1) = n(n2— 1)
r=1

Solution:

i
Fm]

>3r(r=1)=3(3r* - 3r)
rml

——

Multiply out the brackets and write the

expression in terms of > " and D r.

sm] rml

You can then use the standard
formulae.

=52 -33r

_ Fn(n+1)(2n+1) 3n(n+1)
g 2

_n(n+1)(2n+1) 3n(n+1)

7 2 T3

iy

a1,
== [(2n+1)-3]

_ n(n+1)(2n-2)
-

_n(n+1)2(n-1)

2

After “cancelling” the fractions, lock
for the common factors 1n your
expressions, here shown in bold;

n(n+1)(2n+1) 3n(n+1)
2 g ¢
These, with the 2, are then taken
outside a bracket:

2 (an+1)-3].

=n{n' —1), as required.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 22

Question:

n
Use standard formulae to show t@(rz— 1)= %(Zn +5)(n-1)

r=1
Solution:
) S Si=1+1+1+ _ +l=n
> -1)=32r -2 ey
i o _"E 1 times
min+l)2n+1) .
& It is a common error to write > 1=1.
_n{n+1)(2n+1) 6n s
a 6 f +—

You put both terms over a common

M, ;
= E[l.”_l “-.2”_1.]_'5] denominator, here §.

=g[1n:—3n—1—ﬁ]
=§[2n:—3n—5]

= E[_E??— 5)(n—1), as required.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 23

Question:
n 1
Use standard formulae to show tRat2r - 1)2 = 5n(4n2 -1)
r=1

Solution:

3 (2r-1f =3 (45 a7 +1) Si=l+1+1+ . sl=n
rml rml

;Y_J

rml

=4ir1_4i}-_i1 n times
ﬁ;;;[n—lrj}jin—.rl-]] (1) It 1s a common error to write Zl=1.

g x
_2n(n+1)(2n+1) _bn(n+1) Zb After “cancelling” the fractions, you

- 3 3 3 should put all terms over a common

e _ A denominator, here 3.
= E[z|n—l_]|__2n+1_]—ni|_n—1_1—3!.]

=§|:—'H2:—ﬁrz—2—ﬁn—ﬁ+3:|

=%n|l4n: —1J, as required.

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 24

Question:

n
Use standard formulae to show t@tr(rz— 3)= %n(n +1)(n-2)(n+3)

r=1
Solution:
img src=
Z=r|:r:—3_|=ir5—3ir
el el el
7 (n+1) 3n(n+1)
T4 2
ni(n+1)  6n(n+1)
nin+l)
- '-4 -'[n[_rz—l]—ﬁ]
i+l »
= '-4 '[n —n—ﬁ]

After putting both terms over a common
denominator, look for the commeon factors of the
terms, here shown in bold ;

n'(n+1) 6n(n+1)
4 4

You take these, together with the common
denominator 4, outside a bracket;

HL:H_I:][H[H—I]—(E]_

You need to be careful with the squared terms.

= % n(n+1)(n—2)(n+3), as required.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 24.|

Pagel of 1

3/18/201:



Heinemann Solutionbank: Further Pure Pagel of 1

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 25

Question:

n —
a Use standard formulae to show tBatr(2r - 1) = nn+1)@n-1)

r=1 6
30
b Hence, evaluatéy’ r(2r - 1)
r=11
Solution:
a Z?l"?—ll—‘?l”f'—fl
rm] rml
=EZr:— >r
rml sml
2n(n+1)(2n+1) n{n=+1)
B & 2 You put the expressions over a
2u(n+1)(2n+1) 3n(n+1) common denominator, here 6, and
= 5 TR X then look for the common factors of
the expressions, here n and (n<+1).
alr+l)- : S
- [2(2m+1)-3]
1)
_ n[r? J[4 K _3]
—1 4n-1]
=—n[ar :j[ el . as required.
0 Zflr]—Zflrl—Zfl‘?l
b Z;I’"f—l'—Z?l"«‘f lj—er'«‘r 1) +— - =11 - :
T i Fa You find the sum from the 11 to the 30T term
by subtracting the sum from the first to the 10®
Substituting # =30 and n=10 into the term from the sum from the first to the 30% term.
result in part (a). It 15 a common error to subtract one term too
many, in this case the 11% term. The sum you ars
303 1>-<1 19 10x11x39 finding starts with the 11% term. You must not
Z r(2r-l)= subtract it from the series — you have to leave it in
smll 6 th - - 3 N
—18445-715 B i
=17 730

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 26

Question:
12
Evaluatey’ (r®+2") .
r=0

Solution:

This guestion asks you to carry out two

different sums. The first involves Zr: :
Fm]
/ which you learnt in Chapter 5 of this boolk.
% i % F—F""'_’J—F’_ The other 15 a Geometric Series which you
Zl'}.: £2°) =¥y can find in Chapter 7 of Edexcel AS and A-

el L e Level Modular Mathematics, Core
Mathematics 2.

il el

e DN (2nal)
Zr_=n‘[n J(2n+1)
]

Substiuting n=12 into the standard formula.

The first term in this series, corresponding to
»=0 is 0° . This obviously does not add
anything to the series, so you can start the
summation from 1 and use the standard formula
with n=12.

o 12(1241)(2%12+1)  12x13x25

;EI_ g 6

=630

&L e T The first term in the Geometric Series is

2 =1 and you must inciude this in the sum.
With this, there are 13 terms in the series.

e _ 90 9l oAl I T
22 =1 2

This 15 a Geometric Series with
a=2"=1r=2 and n=13.

=1

) alr 1)
Using the formula 5§ ='—1'
F—
1 112" ] ;
T‘.}- = i) SN | —— 1z —_] =
22 5 27 -1=8191
Combining the two results

12
Z| #i+27 =650 +8191=28841
Fafln :

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 27

Question:
50

Evaluate} (r + 1)(r +2) .
r=1

Solution:

You have not been asked to show that any

particular formula in # 1s true but you have

//, to get an expression for the summation in
terms of »# and then substitute r= 50 into it

Z=[_.='—1']|__r +2)= irl —E-Zr —iE

_n{n+1)(2n+1) 3n(n+1) ¥

g - \ As vou have not been asked to show that

Substifuting » =350 i ) 3

i S0x51x101 3x50%51 any formula is true, vou need not look for
EI'?‘—III'J'—2]= it AU ey any common factors in these terms. You
. 6 2 can use the whole expression as it is.

=42 925+3825 +100=46 850

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 28

Question:

n2(n2 -1)
4

n
Use standard formulae to show t@tr(rz— n) =
r=1

Solution:

In Zm‘ , the rranges from 1 to n but the # does

not change; # 15 a constant. So

=Z'}.E_HZ}. iﬁr=rzx1—nx2—nx3—_._—rzxn

pock

¥ : ) ; n(n=+1)
_min+l) _Hx?ﬂ_?f—l_l =nx(1+2+3+ . +n)=nx———
4 2 =
w(n+1) 27 (n+1)
B 4 4 After putting both terms over & common
n‘l M+ denominator, look for the common factors of the
= |_| ¥ ”‘ﬂ terms, here shown in beld:
” |__n—1_]f_?t—1_] n'(n+1) 2n'(n+1)
B 4 4
| 1) You take these, together with the common
= L as required. denominator —P outside a bracket;
4 n' In 1'
——L(n+1)-2].

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 29

Question:
n
a Use standard formulae to show thatr(3r +1) = n(n + 1)2
r=1
100
b Hence evaluate) r(3r+1) .

r=40

Solution:

a  Dr(3+1)=331 13
rul r=l rul
_ Fn(n+1)(2n+1) n(n+1)

g 2
[(2n+1)+1]
_n(n=1)(2n+2) n(n+1)Z{n+1)

n(n=1)

2 4
=n[_n—1_]l__ as required.
100 100 39
b 2 r(3rel)=2r(3r+1)- 3 (3r +1) «~]

radd =1 rul
Substituting »=100 and » =39 into the
result in part (a).

3" #(3r +1) =100 x101* —39x40?
e
~1020100-62 400
=057 700

100 L]

> E(r)=2 f(r)-
rmdd =]

You find the sum from the 40 to the 100 term
by subtracting the sum from the first to the 30t
term from the sum from the first to the 100%
term.

It 15 a commeon error to subtract one term too
many, in this case the 40%® term. The sum you
are finding starts with the 40 term_ You must
not subtract the 40T term from the series — vou
have to leave it in the series.

g
> f(r).

rml

© Pearson Education Ltd 2C
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Exercise A, Question 30

Question:

n
a Show thaty’ (2r - 1)(2r +3) = %(4n2 +1n-1) .

r=1
35
b Hence find)_ (2r - 1)(2r +3) .
r=5
Solution:
a D(2r-1)(2r+3)=D(4r* +4r-3) 3'3=3+3+3+ _ +3=3n
ol M 1Tl car
=4iy3 _4-2;- _ij It is 3 COMmimon arror to write Z‘;.’- =3.
rul rul eml e=1
_#n(n+1)(2n+1)  Fn(n+1) 3
& 4
2n(n+1)(2n+1) 6n(n+l) 9n - — -
e 3 ' 23 3 : S #——— After “cancelling™ fractions, put all of
the expressions ovetr a common
=f[g[n_l][gn_1'|_ﬁ|_n_1}_gn] denominator, here 3.
3= " - You then look for any factors
R all three expressions.
o 4_ —Iﬁ _2_6 _ﬁ_g comimon to b
3[ . . " ] Here there 15 only one, n.
= grw +121-1), as required
b ifgr_“[gr_g,] You find the sum from the 5% to the
e o ' 35% term by subtracting the sum

i . A ; ",’,/”/ from the first to the 4% term from the
= ED" —1)(2r +3) —Z[E? —1)(2r+3} sum from the first to the 35% term.

Substituting #=35 and » =4 into the result in part (a)

2 (2r -1)(2r+3) You use the expression you have
3',': i proved in part (a) to complete the
i Y - | 4 . % 2
= 5 (4x35" #1235 1) - {44 +12x4-1] question.

=62055-148=061907

© Pearson Education Ltd 2C
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Review Exercise
Exercise A, Question 31

Question:

n
a Use standard formulae to show t@(6r2+ 4r -5)= n(2n2 +5n-2)

r=1

25
b Hence calculate the value of (6r2+4r -5)
r=10

Solution:

B S e
rml s ml rml rml
Fn(n+1)(2n+1) A'n(n+l) _
_ paln+l il : i

4 z

=n{n+1)(2n+1}+2n{n+1}->5n
=n[(n+1)(2n+1)+2(n+1)-5]
=n[2n' +3n+1+21+2-5]

=n{2n’ +3n—2}, as required.

A OB A _
b X (67 =dr—5)=3(6r" +4r—5)-3(6r" +4r-5)
=1l : e L Sy !

Substituting #=25 and n=9 into theresult in part (a)

> (6r* +4r-5)

# m 10
=25{2%25% +5%25-2)-9(2%9% + 519 -2)

=34325-1845=32 480
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Exercise A, Question 32

Question:

n
a Use standard formulae to show tBa{r + 1)(r +5) = %n(n +7)(2n+7)
r=1

40
b Hence calculate the value &f, (r +1)(r +5)
r=10

Solution: )
a Z_lﬁ"—l)fr—ﬁj= Z(}'l—.ﬁ}'—ij

=§r:—ﬁ§'r—z_’ﬁ

_n(n+1)(2n+1) 6n(n+1) =

6 2
_nln+1)(2n+1) 18n(n+1) 30n
B 4] f 6 As the question prints the answer,

factorising the quadratic expression
gives no difficulty, but vou should

s check your solution by multiplving out
= E[z?ﬂ" +3n+1+18 ?1—13—3'3] the brackets in the answer. This helps
you to correct anv errors that you may

=g[[”—l]If-?ﬂ—l]—lﬂ[n_1]+3g]

" [n* +21n+49) have made in vour working. In this case,
6 the check is
=in|_'?:?—r?]['2n—?_l, as required. (n+T7)(2n+T7)=2n" +Tn+14n+49
i 8 = - — 2t 22140
b E (r+1)r+5)= E(r + 1) _-Sj_Z(y +1)r+3) This chen_‘ks :El.tld vou can be confident
BT el sl the working 1s correct.
Substituting =40 and m=9% into theresult in part (a)

Fr
Z (_r_..1_j[r—5]=%x4ﬂx4?x8?—%x9xlﬁx25

# =10

=27260-600=26 660
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Pagel of 1

Question:
n 2
a Use standard formulae to show thatr(r + 1) = "* 1)(31n2 *in+2)
r=1
30
b Find Y (2r)%(2r +2).
r=4
Solution:
3 YA ()= 2+ 2
rml rml rml
T I_'n—l_“I: n(n+1)(2n+1) After putting both terms over the
- 4 ad 6 common denominator 12, find the

e 1 vr common factors of the terms, here
3t (n+l) 2n(n+1)(2n+1)

\ shown in bold;
: 131_ = > 3 (n+1F  2n(n+1)(2n+1)
A 3n(n+1)+2(2n+1)] 12 12

12

nin+1)
. e “[3n(n+1)+2(2n+1)].
n(n+l)-, .
=— S 3nT +3n+dn+ 2
5 ]
H[n—l_][jn:—?n—z_l )
= o . @s required.

b (2 ) (2r+2)=4r* x2(r+1)=87" (r+1)

30 " k)
> (2r) (2r+2)=82 "1 (r+1)
fmd P

kD D 3 A
=837 (r+1)=8| 3 (r+1)-2 r*(r+1)|
r=d Lrml P | J

Substituting »1=30 and »=3 into the result in part (a) multiply this by 8.

Each term, |;2}'}:|‘ 2r+2). in the

summation in part (b} is eight
times the corresponding term,
7 (r+1), in part (a). The key idea

is then to find Er:['r—l'] and

S (2r Y (27 +2)
] (el

ls_f‘anxslx['axjnl—?xan—z] Ix4%(3x3 +7x3+2))
T 12 - 12 |

E[:EES 680 —50)=8x225630=1805 040
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Exercise A, Question 34

Question:

n
Using the formulay’ r2 = %(n +1)(2n+1) ,
r=1

n
ashow thatY’ (4r?-1) = g(4n2 +6n-1) .
r=1

12
Given that} (4r2+ kr —1)=2120, wheré& is a constant,
r=1

b find the value ok.

Solution:

) 3 M % 7 W W

a (47 -1)=43r -3 -
pul : ol 5l :
#in(n=1)(2n+1) > It is a common error to write E'1=1_
= , A

sml

lﬁ‘_
_En[n—l_]l_Qm

3 3 After “cancelling” fractions, put all of the

=g[2|:n—1]|:2n—1}—3]

here 3.

eXpIressions over a common denominator,

You then look for anv factors common to all

nr o1
= 3[4”_ +on+l _31 three expressions. Here there 15 only one, 1.

=§|.4H; +Gn— l_\l, as requirad.

12
b > (4% + R -1)=2120
=1

12 B
247 =1)+ k3 r <2120 .k

Using the result in part (a) with =12 (47% + & —1) can be written as l4}.1_1'|_;:.._
L i 12, , ' ' § )
(477 1) == (4x12° +6x12-1) : . S (art 1), usi
;- Ioogn i You can then ey aiuatez]‘[-lr —1_|_.u51ng part (a),
=2588 -

12

i 2 nin+l)
Using the standard result > 7 = =

!

with n=12
1 12[12—1_]_

and Z 7, using a formmia vou learnt in Chapter 3.

The relation in the question then becomes an
equation in & which vou can solve.

;1}' ==/ 5 78

Equation * now becomes

2588+78k=2120

. 21202588

= =
78

5
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Exercise A, Question 35

Question:

n
a Use standard formulae to show thatr(3r —5) = n(n+ 1)(n - 2)

r=1
2n
b Hence show tha} r(3r -5) = mn%-1) .
r=n
Solution:
(37 —5)=3 -. r-5 : r
. % ! ) § % Look for the common factors of the terms,
ﬁriﬂ[ﬂ—rl}[fﬁ—ll S.i"”ﬂ—lj hﬂfshﬂ“i.-'ﬂ.m']l‘ﬂld; ‘ n :
= : ﬁ’i- e ?1[H—-l__lfjn—l_l_:-r:l__?z—-l__l
. : 2 2
= 2 _1-} [ I 1_:’.:1 Take the common factors, together with the
2 7 comimon denominator 2. outside a bracket;
n(n+1) Z(n-2) nin<l)., ,
= 7 = 3 '[l_.??:i—l]—:'].
=n{n+1)(n-2), asrequired.
b 3 r(3r-5)=37(3r-5)-3r(3r-5) 1 1
- . | Py | ad ) . 1= . m=1 .
Using the result in part (a), replacing »n by Z LE i ;f[r.l_ ;f[_r_|

2y and n-1.

if'f_?’*" —5:}=EHEEH—I][ZM—E_]—[?i—l_]n[_rr—E_] To find an expression for ;f[r], you

: ; ; replace the # in the result in part {a) by 2x;
=4n{2n+1)(n-1)-(n-1)n(n-3)

nln+l){n-2)
=n(n-1)[4(2n+1)-(n-3)] —
=n{n-1j[8n+4-n+3] ' et
—n{n=1){7n+T7) To find an expression for E,:fl_?‘_L You

=Tn(n-1}(n+1) replace the » in the result In part (a) by n—1;
nin+1){n—2)

becomes (n—1)((n-1)+1){(n-1)-2}

=7n{n* —1), as required.

=(n-1)n(n-3) .
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Exercise A, Question 36

Question:
d 1
a Use standard formulae to show tRatr(r + 1) = 5n(n +1)(n+2)
r=1
3n 1
b Hence, or otherwise, show that r(r +1) = §n(2n +1)(pn+q) , stating the wbfdhe integerp andg.

r=n

Solution:

2 2rlr+1)=2r+2y
sl Fml rml

_n(n+1} (2n+1) n(n+1)

s After putt"ting the expr&‘%sa’nns over a
= n[_r.r _1-] l-‘n_l-J 4 3”[”_'” "‘-\_‘_h___\‘ common denominator 6, you look for any

6 & factors common to both expressions. Here
_1 3 F L 5
=?‘.E|:F’f'j -'l[En—l—B] there are two, nand (n+1).
_n(n+1)2'(n+2)
ﬁr_’,

= % n{n+1)(n+2), as required.

To find an expression for Zr[ r+1), you

Im kT e~ el
b 2rr+1)=2r(r+1)=-2r(r —.1|/’7 replace the # in the result in part (3) by n—1;
o r ol ¢ =l 1

1 1 : . —n{n+1)(n+2)
=§3n[3n—1][3ﬂ—2]—E[H—l]nlﬁ—lj cHRAE

i becomes l[F'j'—l W(n=1)=I){{n-1)+2)
=§n[i[in—1_][.’:'&—.’:"_]—I:n—l_]l:n—l_]] TR

1 ;
=—(n=1jn(n+1) .
S(n=1)n(n+1)

=it H[E?Hi +2Tn+6-|n _lﬂ

Lad | = Lad | ==

=120 +27n+7| As you are given that (2n+1} is one factor of

[y

26 + 27n+ 7 the other can just be written down.

——n(2n+1)(13n+7) o e ,
R "N (2n+1)(pn+g) =260+ 27+ 7. only if 2p =26
p=13.9=7 < and 1g =7

Laa
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Exercise A, Question 37

Question:

1

12n(n + 1)(pn2 +gn+r) ,

n
Given that)’ r2(r -1)=
r=1

a find the values op, g andr.

100
b Hence evaluate}’ r2(r-1) .
r=50
Solution:
a 2rir-1)=2>r->r

rul s =l

w (1) n(n+1)(2n+1)
T4 6

_3m(n+1)  2n(n+1)(2n+1)

12 ‘,Ilz/j

) et)—2(201)]

12

After putting the expressions over a
common denominator 12, vou look for
any factors commeon to both expressions.

Here there are two, nand (n+1).

.,

12

) (3 +3n—4n-2]

im‘n—nl’in‘—n—ﬂ

=3 g=-1r=-2

10

b Zr:[:r—l_]=-

=%x1nnx1ﬂ1x[axmu;—mU—E]

ag s 42 :
P r=1)=2r'(r —1__|"'—

—l—lr}x:lgx_"-[]xl:?;xrlﬂ: —40-2|

64150 -1460 200
03930

]

Z‘_f[_r_]=if[_r_]—Zf[r ).

You find the sum from the 502 to the 1002
term by subtracting the sum from the first to
the 40t term from the sum from the first to the
100t term.

It 15 a common error to subiract one term too
many, in this case the 50 term. The sum vou
are finding starts with the 50% term_ You must
not remove it from the series.
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Exercise A, Question 38

Question:

n
a Use standard formula to show tigtr(r +2) = %n(n +1)2n+7)
r=1

10
b Hence, or otherwise, find the value ¥f(r +2)Iog42r
r=1

Solution:

e (4 =531
a 2r(r+2)=2r"+237
Fm] -]

Fml

_n{n+1)(2n+1) 2n(n+l1)

il 2
_n{n+1)(2n+1) 6n(n+l1}
- 6 6
(1)
T on+146]
6 In patt (b), you need to use the

properties of logarithms vou leamnt
in the C2 course. You can find this

/ material in Chapter 3 of Edexcel
. . . AS and A-Level Modular
b 2 (r+2)log, 2" =3 (r+2}rlog,2 Mathematics, Core Mathematics 2.

vl ral

=%n|_.n—1.]['2u—? ), as required.

=log, 22 r(r+2)

~log, 4 %‘ r(r+2) The power law of logarithms, log_x* =klog_ x.
o ' is used twice.

10

1 e .
= Ell:rg4 4;.?‘ (r+2)

—li?'[?—“] log. a=1, for any positive a.
'} \ o
Srml

=%xlxlﬂx11x2?

=247

fd | = S
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Exercise A, Question 39

Question:

n
Use the method of mathematical induction to proe, thor all positive integens 3"
r=1

1 _ n
rr+1) n+1

Solution:
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]

Z 1 n All inductions need to be shown to be true for a small

r(r+1) =n+1 number, usually 1.
=1
Let n=1. /

The left-hand side becomes

1

1 | 1 1
Z r(r+1) 5 1%2 :E -— Z ! consists of just one term. That is
1 ! 2 rir+1)

F o

The right-hand side becomes

rml

E 1 Zr+l with 1 substituted for ».
14y 3 Ay

The left-hand side and the right-hand side are

equal and so the summation is true for n=1.

Assume the summation is true for n=~k.

That is Z : =i ______ *

o~ r[r +1] k+1
'/ The sum from 1 to &£+ 1 is the sum from 1
£+l B

1 1 1 to k plus one extra term.
= + -4— Inthi .th is found bv
Zr[r+1] Zr[r+1] [:Ic+1][k+lj n this case_ the extra term is found by

Fom F o

laci ch #i by £+ 1.
replacing each » in D) v
k 1
= + - . using %
k+1 (k+1)(k+2)
k(k+1)+1
= I:I"C+1] UH_ 2) Keep in mind what vou are aiming for as
5 vou work out the algebra. You are looking
. E+2k+l I:ﬁ-""‘]_]‘ to prove that the summation is true for
[k+ﬂ (,i’.;+2_] “H_i) ('EH_E] n=k+1, so vou are trving to reach B
ikc+1 k+1 n+1
:k+”:[ﬂf+11+1 with the » replaced by £+ 1.

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for n=7r+1.

The summation is true for n=1. and. if it is true for
n=/k_thenitis true for n=k+1.

Bv mathematical induction the summation is true for
all positive integers #1.
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Exercise A, Question 40

Question:
0 1
Use the method of mathematical induction to prowe ¥ r(r +3) = §n(n +1)(n+5).
r=1

Solution:
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H

= i) :%}?[}2+1][n+5]

r=l

Let n=1.
e left—ha.lftd e hetomes Zl r{r+ 3] consists of just one term. That
> r(r+3)=1(1+3)=4 «——1 " o .
) is (7 +3) with 1 substituted for ».
The right-hand side becomes

%x1[1+1_][1+5j =%><2><6=4

The left-hand side and the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=1=&. This is often called the induction

That is ir[r +3]=%Ic[k+1) (k+5) * «— | hypothesis.
=1

£+l k e
- The sum from 1 to £+ 1 is the sum from
+3)= +3)HEF1) k+d) a—
A ;H\r )+ X ) 1 to k plus one extra term.
In this case, the extra term is found by

lacing each rin r(r+3) by k+ 1.
=%k[k+1‘]|:k+5)+|:k+1j|:k+4]=using* replacing each r m r(r } by

r=1

1 3 ; Multiplving out the brackets would
_Ek[’k+1}[;:+5)+§(k+1] (fe+4) | give vou an awkward cubic expression
1 _ - which would be difficult to factonise.
= EE‘E‘F‘H) L'E':[:'E'H‘ﬂ +3|:‘Ef+4” You should trv to simplify the working
1 by looking for any common factors and
=_(k+1)| E* +5k+3k+12 taking them outside a bracket. Here

3

i (k+1) is a common factor.

=—(k+1)| k" +8k+12
e+ )] ]
=%[_.i’r+1_](k+2j{k+6_] 1
1 This expression is —r.?[:n+1:| [:n+5_] with
= (k+D)((k+1)+1)((k+1)+5) «— 3
3" ' = each » replaced bv £+1.

This is the result obtained by substituting 1 = k+1
into the right-hand side of the summation and so the
summation is true for n=XI+1.

The summation is true for » =1, and. if it is true for
nm=/k_ thenitistme for n=k+1.

By mathematical induction the summation is true for
all positive integers ».
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Exercise A, Question 41

Question:
l 1
Prove by induction that, fore z* ¥ (2r - 1)? = Sn@n-n@+1)
r=1

Solution:
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Zflr 1 I':J.'r.r 1)[2rz+1_]
Letn=1.

The left-hand side becomes
1

> (2r-1) =(2-1)" =12=1
r=1

The right-hand side becomes

%xl[l—l][2+1) =%><1><1><3=1

The left-hand side and the right-hand side are

4 r=1

Page2 of 2

1 5
Z (27 —1) consists of just one term. That

18 [2}'—1]1 with 1 substituted for »

equal and so the summation is true for n=1.
Assume the summation is true for n=Fk .
. 2 | \ The sum from 1 to £+ 1 is the sum from 1to &
Thavia ;I:E?‘ 1) =§I([2k—1_][2k+1_j """ plus one extra term. In this case, the extra
term is found by replacing the »in [:2}'—1;]1
ksl 3 - by £+ 1. Giving
Zflr 1:] Z[:Er—l] +(2k+1) e i - "
=1 (2(k+1)—=1) =(2k+2-1) =(2k+1)

=lk[2k—1][2k+1]+%[2k+1}: _using X

=—(2k+1)[ 2K +5k+3 |

= (2K +1)(k+1)(2k+3)

(2k+1) [ (2K~ 1]+3[’r;:+1]]>

Multiplving out the brackets would
give vou an awkward cubic expression
which would be difficult to factorise.
Look for anv commeon factors and take

them outside a bracket. Here ['li'c+1] is

a common factor.

=—(k+1)(2(k+1)-1)(2(k+1)+1) |

.__._1|...~.__._7.|._-._,_1|....- L.»JIH-

This expression is %rz[ln—lj[ln+1] with

each » replaced bv k+1.

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for w=7~r+1.

The summation is true for n =1, and. if it is true for
nm=Fk_thenitistrue for n=~k+1.

Bv mathematical induction the summation is true for
all positive integers n.
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Exercise A, Question 42

Question:

Therth terma; in a series is given By=r(r + 1)(2r + 1)
Prove, by mathematial induction, that the sum effitstn terms of the series J%sn(n + 1)2(n +2)

Solution:
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rz[:rz+1]:|:rz+f}
» All inductions need to be shown to be
true for a small number, usually 1.

b | —

Za = S r[:r+1][:2r+1]=

-1

Letn=1. =

The left-hand side becomes
1
Y r(r+1)(2r+1)=1x2x3=6
r=1
The right-hand side becomes

lxleﬁ:ﬁ
)

The left-hand side and the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=~%.

Thatis 3 r(r+1)(2r+1) =%k[k+1]] (k+2) *
ral e

i £ Fractions need to be expressed
Er[r+1}[2r+lj =E’VI:}‘+1J [EH_U [:’EH_HI: I:MH_} to the same denominator before

r=1 r=l i
factorising. The form of the

et answer shows that vou need to

(e 2 2 3 :
=EﬁcLﬁL+1] [k+2]+5[k+1j[k+2][2k+3) . using %

have - 2s a common factor and

a

1
gt ) Sl ) 2
=y (E+D [k+'-][k[k+1}+- ['k+3-]] it helps you to write E before

.

-

the second term on the night-

%(mn +2)[ & +5k+6] hand side of the summation.
1

hui 3

2[;t’.r+1][ 2)(k+2)(k+3)

= (1) (k+2)" (ke 43) £ oo o

2 This expression is ;n[\n+1]‘[2n+1] with
. . 2 I ;
;('Ef+1J[['Ef+1J+1,| [_[:'E'*"H}"'z] - | each mreplaced bv k+1.

This is the result obtained by substituting 7 = k+1
into the right-hand side of the summation and so the
summation is true for n=F&k+1.

The summation is true for n=1. and. if it is true for
n=Fk_ thenitistrue for n=5%+1.

Bv mathematical induction the summation is true for
all positive integers n.
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Exercise A, Question 43

Question:
d 1

Prove, by induction, tha}’ r(r-1)= En(n -1)(n+1)(3n+2) .
r=1

Solution:
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3P (r—1)= = n(n—1)(n+1)(3n+2) »

o 12 ' Z r*( r—1)consists of just one term. That
Letn=1. r=t )

The left-hand side becomes is r‘[:r—l_] with 1 substituted for». In

clearly gives 0.

i #(r=1)=1"x(1-1) =0 / this case, because of the bracket, this
L )

The right-hand side becomes

1ip}><1><(1—:1}><(1+:1)><{3+2}

:%XIXDde:U

The left-hand side a_nd_ the right-hand side are
equal and so the summation is true for n=1.

Assume the summation is true for n=1I.

That is Zrl(r—l]=%k[fc—1][k+ﬂ[3k+2] ______ *
r=l <
Bl B 5
Z ro (-1} =ZP" f_P‘ —1) +[fc+lj [fc+l—1] The common factors in these two
r=l F=l
[ J terms are l=.ﬁ:md (k+1).
12 12

=% k(e 1)k +1)(3k+2)+— k(Jc +1)", using

1

2
=i;c[:c+1J[3kf—:c—’r+1’fk+1’r]
12 T

i

k(ke+1)[ (k—1)(3k+2) +12(k+1) |

1

2

k(k+1)[ 3k +11k+10]

Fearrange this expression so that it is

— iﬁc[ﬂ:+1] (k+2)(3k+5) the right-hand side of the summation
12 e ' with # replaced by &+ L.
L ket ) (1) =1)((fe+1)+1) (3(k+1) + 2

= +1 +2)
2

This is the result obtained by substituting #n = k+1
into the right-hand side of the summation and so the
summation is true for n=%+1.

The summation is true for n=1. and ifitis true for
#=fk. then it 1s true for n=4&+1.

Bv mathematical induction the summation is true for
all positive integers 7.

© Pearson Education Ltd 2C
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Question:

Given thaty = 8 andy1=4u,-9n , use mathematical induction to@tbaty, = 4" +3n+1,neZ" .

Solution:

All inductions need to be shown to
be true for a small number, usually
1. In this question ; =8 is part of

Let n =3 /// the data of the question and vou
=4 +3x1+1=4+3+1=8 have to start by showing that

u,=4"+3n+1

As the question gives 1 =8, the formula u, = 4"+ 3n+1 satisfies 1, =8.

is true for n=1.

Assume the formula is true for n=%&. The induction hypothesis is just the
Thatis o, =4 +3k+1 ... .. % <+— formula vou are asked to prove with the
., = 4u, — 9k us replaced bv ks.

=4(47 +3k+1) -9k . using ¥

T L | Q;C:M The induction hypothesis allows you to
L S Y S substitute 4° +3k+1 for u, .

=4 43(k+1)+1

This is the result obtained bv substituting » = k+1
into the formula u, = 4" +3n+1 and so the formula

is true for n=Kk+1.

The formula is true for m=1. and. if it is true for
n=Fk,thenitistrue for n=5%k+1.

Bw mathematical induction the formula is true for
all positive integers n.

© Pearson Education Ltd 2C
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Question:

Given thaty =0 and,+1=2r —u, , use mathematical induction to@thatou, = 2n-1+(-1)", neZ* .

Solution:

R

=2i?—1+|:—1:|
Let m=1
24, =2-1+(-1) =2-1-1=0 = 4 =0

-
=i,

As the question gives i =0, the formula

is true for n=1.

Assume the formula is true for n=5&.
Thatis 2u, =2k—-1+(-1)" .. *

. 1 =2k, 4’—'—’_'_/_7—_._/”—

2u, ., =4k—2u, =4k—(2k~1+(-1)" ], using *

Replacing the rbyvakin u,_,=2r—u,.
This question has used »in the data in
the question where » has been used in
the previous questions in this exercise.
The letters used are svmbaols and which
particular letter is used is makes no
difference to the question or the way
vou solve it

=4k -2k +1-(-1)

=2k+1+(-1)" '\\\ = i

1) =(-1)(-0)" =(=1)'(-1)" =(-1)""

=2(k+1)-1+(-1)"

This is the result obtained by substituting n = t+1

into the formula 2u, =2n-1 -I—I:—l_]m and so the formula

istrue for n=k+1.

The formula is true for m=1. and, if it is true for
n=Ic_then it is true for n=5%5+1.

Bv mathematical induction the formula is true for
all positive integers .

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fpl rev2 a 45.1

3/18/201:



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Review Exercise
Exercise A, Question 46

Question:

f(n) = (@n+1)7" -1

Prove by induction that, for all positive integn, f(n) is divisible by 4

Solution:

f(n)=02n + 7" -1
Let n=1 ///’7
£(1)=(2x1 + 1)7' =1=3x7-1=20

20 is divisible by 4, so “f(n) is divisible by 47

1s true for m=1.

All inductions need to be shown to

be true for a small number, usually 1.

In this question, vou need to check
that when vou substitute n=1_ the
number vou obtain is divisible
exactly by 4.

Consider f (k+1)—f
f(k+1)—f(k)=(2 (ﬁr+1]+1:|?i*1—1—[;[2k+1]?'t—1:]
(26+3)7 —(2%+1) 7*
=(2k+3)Tx7 —(2k+1)7"

=(14k+21)7" —f’wc+n?
=(14k+21-2k-1)7"

Pagel of 1

() «— |

When vou are trving to prove, by

induction, that an expression f f.ﬂ] is

divisible by a number, it is often a
good start to try and show that

f(k+1)—f(k) is divisible by the same

number. This does not always work but

it is worth tryving!

=(12k+20)7" =4(3k+35)7° ... %
So4isafactorof f(k+1)—f(k). «— |

Assume that (k] is divisible by 4.

Showing that “f [:k+1]—f [:Ic] hasa
factor of 47 is exactly the same thing
[}'f+1}—f [}'f] is

as showing that °f
divisible by 47.

It would follow that f (ﬁrj =4m _ where

w1 15 an integer.

From *

f(k+1)=f (k) +4(3k+5)7"
=4m+4(3k+5)7°
=4(m+(3k+5)7")

So f (k+1) is divisible by 4.

f fﬁ] is divisible bv 4 for # =1, and, if it is divisible
by 4 for =%, then it divisible by 4 for n=k+1.

By mathematical induction, [: 7)1s divisible by 4

for all positive integers .

© Pearson Education Ltd 2C
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The essential point here is that if
both f (k) and 4(3k+5)7" are
divisible by 4, then their sum,

f (k+1) is divisible by 4.
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Question:

A= (é ;) wherec is a constant.

Prove by induction that, for all positive integers

n_(1 @-1)c
8 (o » j

Solution:
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M (2 _1;} o You need to begin by showing the result is true
A” =: ' i I for n=1. You substitute # =1 into the printed
\0 - / expression for A" and check that vou get the
Let n f] " matrix A as given in the question.
. (1 (F=hel T )
A= | N o= ; |
lo 22 ) \0 2)
LS + .

This is A, as defined in the question, so
the result is true for n=1.

Assume the result is true for n =&
(1 (2%-1)c)

Thatis A" =| S e e *
I
AM =A%A
£ de N ) Keep in mind as vou multiply out the
:j 1 [x2 _1,]5 I (1 CH? matrices that vou are aiming at the
o 282 Jl0 2) e (1 (2=1)e) .
) o U s expression A" =| ; | with each »
(1 e+2({2°-1)c) |0 > )
_1|th 2 2" JI replaced by k+1.
(1 c:+2k+1c—2cr‘\f.

L0 2t _ o

£ nka ‘», 225 =212 = 2™ by one of the
_| 1 i | laws of indices. You use this twice.
_: 0 i+l |

L 2

(1 (2 -1)c)
= ) |

i+l
02 J

This is the result obtained by substituting 7= t+1

| (1 (22-1)c)
into the result A~ =| : 4| and so the result
L0 L

1s true for n=k+1.

The result is true for n =1, and, if it is true for
n=>k_ thenitistrue for n=5L+1.

Bv mathematical induction the result is true for
all positive integers .

© Pearson Education Ltd 2C
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Question:

n-2
Given thaty =4 and thau,,;+u, =6 , use mathematical inductioprove thaty, =2 - (—%) ,fonez* .

Solution:

All inductions need to be shown to be true for
u =2—] —=| a small number, usually 1_In this question

) \ e ey 1y, =4 is part of the data of the question and
Let n=

vou have to start by showing that

1-2 =1
_7_/_1\"- _q._f_l\:. u,=4"+3n+1 satisfies w, =4.
e gy =L 3
=2-(-2}= T
Sl | A | 1
" " = U _1=—_ ——' =—_1X—_=—2
As the question gives i, =4, the formula SIng @ g WD -
is true for n=1. 2

Assume the formula is true for n=%. g'he Tl':“‘:ﬁ““ h}'pkﬂf:ESES is just t?l; o
E s ormula vou are asked to prove, with the
. I ] *\,I / p
That is u, = I—i __J'. ______ * ns replaced by ks,
L 9

Qi =6—u.
e :

The induction hypothesis allows vou to

I."'
du,, =6—| 2| -

ull.i—- !." 1\'| s I I !r 1*\].5:—1 i
I | =4+ ——| ,using %k substitute 2— —— | for u;.

J \ 2/ \ 2/
Hence, dividing both sides of the equation by 2

bt | =

gl W

Uy = +E1\M_E) J :,_ 1 1: :,e_ 1 Wllx-: ~ :,_ 1~.11 ;'f_ 1~.1.-;--:

e Fd k-3 k-1 'k ERl E = E] t o

g (LA i 1) S R K kA
b2\ ) | 2) El il B &
k.2 L3
This is the result obtained by substituting n =k+1
!.,f 1*\.‘)2—:

into the formula u, =2—| —— | and so the formula

1& 2)}

is true for n=&+1.

The formula is true for #w =1, and, if it is true for
n=1Ik_then it is true for n=5%+1.

Bv mathematical induction the formula is true for

all positive integers #, thatis ne 7.

© Pearson Education Ltd 2C
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Question:

n r n
Prove by induction that, for aile z* X r(%) =2- (%) (n+2) .
r=1

Solution:
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Let n=1. E r ; .
> r(z) consists of just one term. That

r=l

1 - r
Z_‘r‘[-.l.-] =1><.}=-}4—-’—/—/ is 7(1) with 1 substituted for ». which

el

The right-hand side becomes
2-(4) (142)=2-1x3=1
The left-hand side and the right-hand side are

equal and so the summation is true for n=1.

gives .

Assume the summation is true for n=5&.

Thatis 3 r(1) =2-(1) (k+2) . *
r=1

Z'l r{%] - d . H]rl +[k+1j H]R;l You are aiming at an expression where
ral

P thenin I:'é'\lr on the right-hand side of

) ) the summation in the question, has

=1 _{%]k (f+2)+(k+1) f%]k‘l using * | been replaced by k+1. Replacing H]
Mg ¥

=2-(1) 7 2(k+2) H(E+ 1))

bv the equal |.=}j+1 %2 will give vou

o (%jhl as a common factor of the
=2—[%JRLI[2UC+2]—[%+1}] second and third terms.
=2—(1)" [k+3
=2—(1)" ((k+1)+2)

This is the result obtained by substituting n = k+1
into the right-hand side of the summation and so the
summation is true for n=I+1.

The summation is true for n=1. and. if it is true for
i =I_then it is true for n=5k+1.

Bv mathematical induction the summation is true for
all positive integers #, thatis ne I~

© Pearson Education Ltd 2C
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Exercise A, Question 50

Question:

A= (—311 —11)

Prove by induction that, for all positive integers

n_f{2n+1 n
A ‘( -4n —2n+l)

Solution:
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g (2n+1 no)
A

T\ —4n —2n+1)
Tdtse—1 4——,”//_///7

You need to begin bv showing the result is true
for m=1. You substitute » =1 into the printed
expression for A" and check that vou get the
matrix A_as given in the question.

(2+1 I N o35 1)
Al= (=1 |

. —4 —2+]lf,lI \—4 —lj
This is A, as defined in the question, so
the result is true for n=1.

Assume the result is true for n=k.

Thatis A" =
| 4k 2k+1)

(2%e+1 &k Ye— ]

The induction hypothesis is the result vou are
asked to prove with all the »s replaced bv &s.

A= AN =
(2k+1 & (3 1)
o4k 2k+fl4 1)

[ 3(2k+1)—4k de+1-k )

| —12k—4(-2k+1) —4k—(-2k+1))

(243 E+1)

| —4k—-4 -2k+1)

(2(k+1)+1 k+1 )

Tl AR+ 2(k+1)+1)

A™! is the matrix A, multiplied by itself
ktimes, multiplied bv A one more time.
A" =A"A'= A" A This is one of the
index laws applied to matrices.

This is the result obtained by substituting n = I+1

(2n+1 noo

into the result A" = | and so the result

| —4n  —2n+l}

is true for m=Kk+1.

The result is true for n=1. and. if it is true for

n=1/k_thenitistme for n=5%k+1.

Bv mathematical induction the result is true for

all positive integers n.

© Pearson Education Ltd 2C
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Exercise A, Question 51

Question:
Given thafi(n) = 3*" + 2%%2 |
a show that, foke Z*, f(k+ 1) - f(k) is divisible by 15,

b prove that, foneZ",f(n) is divisible by 5.

Solution:
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f(n)=3"42%

a
f- I:k_l_ ll‘]—f I:k) = 34'.1'—1' Hix 2-‘1'1'."{-;1!;] _["34.:: iy 24«:‘1‘-—: ]
i 34&';4 _34; E 24.:.'—5 _24&—:
= 3-1-.1‘ [ 3-1- _1}+ 24.:: [25 T 2] ]
=3 %80 +2% %60
=313 %804 2% x60
=240x3% 1+ 60x 2%
=15(16x3%7 +4x2%) *
Forall ke Z7, (16x3% " +4x2% }is an integer
and. hence, f[:ﬁ:+1j —f [:ﬁ.] is divisible b 15.
b Let n=1

£(1)=3"+2"=81+64=145=5x29
So f (n) is divisible by 5 for n=1.

Assume that [\ﬁ:\| is divisible by 5.

Page2 of 2

At this stage f'[:jl'c+1j —f [:fc_]is clearly
divisible bv 10 {(and 20) but to obtain

that the expression is divisible bv 15,
vou have to obtain a 3, to go with the

80, by writing 3% as 3% 'x3'.

This shows that 15 is a factor of

f [:Ec+1] —f [k] and this is the equivalent
to showing that f(k+1)—f (k)is exactly
divisible by 15. Note that the result
would not be true for negative integers
as, for example, 4 2* would bea
fraction less than one.

It would follow that f (k)= 5m . where

» is an integer.

From *

An expression which is divisible by 13
is certainlv divisible by 3, which is all
that is required for part (b).

£ (k+1)=1f (k) +15(16x 3" +4x2%)

=5m+15(16x 37 + 4% 2%)

=5[m+3[\:16><34"{_1+4X24__‘_T]

If both f (k) and 15(15X34t-1+4><24.-‘.;]

are divisible by 5, then their sum, f (k+1)
is divisible by 3.

So f (k+1) is divisible by 5.

f Ln] is divisible by 5 for m =1, and, if it is divisible

by 5 for n=4. then it divisible bv 5 for n=k+1.

Bv mathematical induction, [:nj is divisible by 5

forall ne &7 .

© Pearson Education Ltd 2C
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Although f (k+1)—f (k) is
divisible by 15, f (#) is never
divisible by 15 for anv n. After
reading part (a), vou might
misread the question and attempt
to prove that 135 was a factor of

-—

f () _ It is always necessary to

read questions carefully.
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Question:
f(n) = 24x 2*" + 3™ wheren is a non-negative integer.
a Write downf(n + 1) — f(n) .

b Prove, by induction, thatn) is divisible by £

Solution:
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This is an acceptable answer for
part (a). However, reading ahead,
the question concems divisibility
bv 3. So it is sensible to further
work on this expression and
show that it is divisible by 5.

a f(n)=24x2" 43"
f‘I:”+1J_f‘I:n‘II =24x2+-_n—1'| +34'H*1:'_24X24n_34ﬂ

b f[:n+1}—f[:nj
_j4x24n--4 j4x*}4?‘!+34ﬂ+4 34."!
=24x2%(2°~1)+3" (3" -1}
=14><2‘*“><15+34“><30
=5(72x2" +16x3%) . %

In the middle of a question it is easv to
forget that, in all inductions, vou need to
show that the result is true for a small
number. This is usuallv 1 but this question
asks vou to show a result is true for all non-
negative integers and 0 is a non-negative
integer, so vou should begin with 0.

Let n=0
£(0)=24x2°+3"=24+1=25
So f (n) is divisible by 5 for n=0_

Assume that f (k) is divisible by 3.
It would follow that I:fc] =5m _ where

mi1s an integer.

From % _ substituting » =& and rearranging,

f(k+1)=f (k)+5(72x2%" +16x3")
Sm+5(72x 2% +16x3%)
5(m+72x2% +16x3%)

sof I:Ic 1] is divisible by 3.

f frr*] is divisible bv 5 for 1 =0, and, if it is divisible
bv 3 for n=1I then it divisible by 5 for n=1+1.

Bv mathematical induction, f [HJ is divisible bv 3

for all non-negative integers n.

© Pearson Education Ltd 2C
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Exercise A, Question 53

Question:

Prove that the expressi7" + 4" + 1is divisible by 6 for all positive integen.

Solution:

If the question gives no label to the function,

Letf(n)=T"+4"+1 <+ | here 7"+4"+1, it helpsif you call it f (n).

Let n=1 You are going to have to refer to this
£(1)= Fradl et =17 function a number of times in vour solution.

12 is divisible bv 6, so (1) is divisible by 6 for n=1.

Coiadart I:ﬁ-’+1j _f U{J e This question gives vou no hint to

: : ;@ help vou. With divisibility
f(k+1)—£(k)=T""+4" +1-(7" +4° +1] questions, it often helps to consider

f(k+1)—f (k) and try and show

that this divides by the appropriate
number, here 6. It does not always
work and there are other methods
which often work just as well or
better. You should compare this
question with questions 54 and 57
in this Feview Exercise.

_ kel gk gRel gk
=7 (7-1)+4°(4-1)
=6x T +3x4"
=6xT" +3x4x4"!
=6(7" +2x4%") . %

So 6isa factorof £ [:k+1_] —f [:ﬁ:) !

Assume that f (k) is divisible by 6.
It would follow that [k] = 6m , where

w1 is an integer.
From % ; : L
£ (k+1)=f (k) +6(7F +2x4*) If both f (k) and 6(7°+2x4"7 ) are

— il 6[' 7E 42 45 ] divisible by 6, then their sum, [:k+1] 15
i L / divisible bv 6. You could write this down
=6({m+7 +2x4")

instead of the working shown here.

So f (k+1) is divisible by 6.

f [r.r_] is divisible by 6 for 1 =1 and, if it is divisible
by 6 for n =1, then it divisible bv 6 for n=k+1.

Bv mathematical induction, f (#)is divisible by 6

for all positive integers #.

© Pearson Education Ltd 2C
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Exercise A, Question 54

Question:

Prove by induction thed" + 6n - 1is divisible by 9 foneZ™.

Solution:

If the question gives no label to the function,
here 4" +6n—1, it helps if you call it f (n).

Lt £ lrﬁ) AT ] 4 You are going to have.m retler to this .
) function a number of times in your solution.

Letn=1
f(1)=4"+6-1=9
So f (n) is divisible by 9 for n=1.

With divisibilitv questions, it often helps to
consider f (k+1}—f (k) and try and show that

R this divides by the appropriate number, here 9.
ST I:kj ssdivisibleiy S, This will work in this question. However the
Then, fc:r_ some Integer m, method shown here is, for this question, a neat
f(k)=4"+6k—1=9m

one and vou need to be aware of various

Rearranging altemative methods. No particular method works
45 =Om—6k+1 .. % every time.
£l
f(k+1)=4 +E£_k+1]—l Here you substitute the expression
=4=4" +6k+5 for 4° in % for the 4" in vour
=4x(9m —6k+1)+6k+5 expression for f (k+1).

=36m—24k+4+6k+5=36m—-18k+9
=9I:4m—2i'(+1_]
This is divisible by 9.

f f_rz_] is divisible by 9 for n =1, and, if it is divisible
bv 9 for n =i then it divisible by 9 for n=k+1.

Bv mathematical induction, f (r*] is divisible by 9

forall me Z7.

© Pearson Education Ltd 2C
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Question:
Prove that the expressi64”‘l+ 2714 5is divisible by 10 for all positive integen.
Solution:
Let f(n) =3""+2"" 45
Let n=1
f(1)=3+2°+5=27+8+5=40=10x4
So f (n) is divisible by 10 for n=1.
When vou replace nbv &+1 in, for
Consider £ (k+1)—f (k) example. 3" you get
JHELRL _ qabetl _ gaka3
fi+1)—f(k) ;
— 34."{--_:" ! 24%—3 _5_[ 34.'-1'—1 +24.5.'—1 _5 '|
_gtked _qekd 14.:--; 4k The index manipulation is quite
R complicated here. For example,
’ ; . . * - ’ =3, b _ Adk-3+06 _ q4E+3
=34.':—1[34_1]+24.E—3[23_21] - e =a — - -
=31 20+2% 330
=10(8x3%1 +3x2%7) %
Assume that [\}’c\l is divisible by 10.
It would follow that £ f}'(] =10m . where
» is an integer.
From % If both f (k) and 10(8 x 3% +3x2%7) are
£ (k+1)=f (k) +10(8x 3% +3x2%7) divisible by 10, then their sum, f (k+1) is
—10m +10(83x 3% 4 35 2% divisible by 10. If vou preferred, vou could
m. (B ? } write this down instead of the working
=10(m+ (8x3%1 43 2%3)) +— shown here.
So f (k+1) is divisible by 10.
f [i?_] is divisible by 10 for n =1, and, if it is divisible
by 10 for n =k, then it divisible by 10 for n=4&+1.
Bv mathematical induction, f [:7_] is divisible by 10
for all positive integers ».
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Question:
6x+10 . q ;
aExpressm in the forpp+ ——, whepeandq are integers to be found.
X+3
, 6up + 10
The sequence of real numbefai,, us, ... issuchuhab.2  ugnde LT3
n

b Prove by induction that, >5 , fore z*

Solution:
You mayv use anv correct method to carrv out
6x+10 6x+18-8 6(x+3)-8 the division in part (a). Methods can be
w463 T s T pa'B found in Chapter 1 of Edexcel AS and A-
5[_,“_ 3] g g % Level Modular Mathematics. Core
= = =6— MMathematics 2.
x+3 x+3 x+3
p = 6= fj‘ =—8

. It is obvious that 5.2 = 5 but all inductions

b w=32>5 need to be shown to be true for a small

=
So u, >5 for n=1.4" number, usually 1, and vou must remember to
write down that 5.2 = 5 shows that the result is

Assume that », > 5 true for n=1.
If w, »5_ there exists a positive number £

such that u, =5+¢.

- gesld h— : using the result in part (a)
) il H& 3 If £>0 then i is less than
i 8 6o 8 one — the numerator is smaller
B T “‘/;-I__E—#/"/l than the denominator. It
>6-1=5 follows that 6 — will be
So u,;>5 E+£
w >5 and,if u, >5.then u,, >5. Wgerrthan 3.

By mathematical induction, u, > 5 forall neZ".
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Question:
Given thaheZz* , prove, by mathematical induction, that"*h) + 33+ s divisible by 11.

Solution:

Let f () =2(47") 437

Letn=1

£(1)=2(4"")+3* =2x4> +3*
=2x64+81=209=11x19

Sof I:rz] 1s divisible by 11 for n=1.

Assume that I:.i'c] is divisible by 11,

Then, for some integer m,

The method of considering f (k+1)—£(k)

f(k)= 2['4:-""‘1 ] L7 {1 - is very difficult to make work in this
Réa.tra_u {n J question and this alternative method is
o easier here.

2 [_1:—1 ] - 1 ].m _33."{-1 o *

Here vou substitute the expression for

2(4%") in % for the 2(4™") in your

£(f+1)=2(4")+3%

=12 [;4:':{*1 x47) 3% expression for f (k+1).

=16x2( 431 +3%
355.';4 = 333—173 =, 33»‘1‘*.-1 w 33 s 2? - 33.%-—1

( 35l |, o3kd
=15 x[_] Mg ;_,]_t_},»—l7- This is needed to get a common factor
y A, of 3¥*! in the second and third terms of
=176m ~16 %3 +27x3* the expression.
=176m +11x3**
=11{16m+3*")
This is divisible by 11.

f I:rrﬂ is divisible by 11 for =1, and, if it is divisible
by 11 for n =K, then it is divisible by 11 for n=7%t+1.

Bv mathematical induction, f I:r:] is divisible by 11

forall me 7.
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