Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 1

Question:

A theme park has four sites, &, B, C and D, on which to put kiosks. Each kioslk will
zell a different type of refreshment. The income from each kiosk depends upon what it
sells and where 1t 1z located. The table below shows the expected daily income, in
pounds, from each kiozk at each site.

Hot dogs and heef | Ice cream (I) | Popcorn, candyfloss snacks and hot
burgers (H) and drinks (P) drinks (S)
Site & 267 272 276 261
Site B 264 271 278 263
=ite C 267 273 275 263
Site D 261 269 274 257

Reducing rows first, uze the Hungarian algorithm to detertnine a site for each kiosk
in order to maximise the total incorne. State the site for each kiosk and the total
expected income You must make wvour method clear and show the table after each
stage. K

Solution:
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To maximise, subtract all entries from » = 278

116217
147015
£.40
115315
179421
9 4015 1203
147015 6503
Feduce rows then celumns '
22012 o ordoq-
125017 5 3[?5

MMinimum element 15 1

o102
402
o010
4204

Iinimum element 13 1

4001 i =fosheeT
5301 ! 3200
BREA | 6564
4103 | 2002
Then Minimum element iz 1 Minirnum element iz 2
optimal
00417 A-H H
4200 Bk &
' o of
10%0 08
-3-(}46"]-2- - D-1I I
optimal (both £1077)
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Review Exercise 1
Exercise A, Question 2

Question:

A coach company has 20 coaches. At the end of a given week, 8 ceoaches are at depot
A 5 coaches are at depot B and 7 coaches are at depot C. At the beginning of the next
weelk, 4 of these coaches are required at depot I, 10 of them at depot E and 6 of them
at depot F. The following table shows the distances, in miles, between the relevant
depots.

D E|F
A 40 | 70| 25
E 20 140 | 10
C 35 | 85| 15

The company needs to move the coaches between depots at the weekend The total
mileage covered is to be a minimum.
Formulate this information as a inear programming problem.

a =tate clearly vour decision variables.
b Write down the ohjective function in terms of your decision variables.
¢ “Write down the constraints, explaining what each constraint represents. F

Solution:

a 7z number of coaches from Ato D
%, number of coaches from Ate E
7z number of coaches from Ate F
%y, number of coaches from Bto D
xy, number of coaches from Bto E
%y number of coaches frem Bto F
xy number of coaches from Cto D
%y number of coaches frem Cto E

Xy number of coaches from Cto F

b Minimizse z =40x,; +70x, +25%;
+205x, +40x, +10x,;
+35x;; +85x, +15x,

¢ Depot & x;+x,+%;=28 (humber of coaches at A)
Depot B xy +x, + 25 =35 (number of coaches at B)
Depot © x;+ 2, + %5 =7 (number of coaches at C)
Depot Iz + x5+ 7%, =4 (number required at I
Depot E xpy + 2y, + 25, =10 (number required at E)
Depot F x5+ x, + 255 = & (number required at F)
Eeference to number of coaches at A, B and C=number of coaches atD, Eand F

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 3

Question:

|

The diagram shows a netwotk of roads connecting six villages &4, B, C, D, E and F.
The lengths of the roads are given in km.

a Complete the table on the worksheet, in which the entries are the shortest distances
between pairs of willages. You should do this by inspection.

The table can now be taken to represent a complete network.

b Tzt the nearest-neighbour algorithm, starting at &, on your completed table in part
a OUbtain an upper bound to the length of a tour in this complete netweork, which
starts and finishes at & and visits every village exactly once.

¢ Interpret vour answer in part b in terms of the original networl of roads connecting
the six willages.

d By choosing a different vertex as your starting point, use the nearest-neighbour
algorithm to obtain a shorter tour than that found inpart b
State the tour and its length E

Solution:
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4 [B[C[DJE[F
A0 [20]30[32[12]15
B[20[0 |[10|@)|GD] 16
Cl30[10]0 [15[GY] 18
D32 [@)|15]0 |20[ED
E[12[G)G[20]0 |16
F[15]16]19|GH]|16]0

b AE(12), EF{16), FB{16) BC(10), CD(15), DA(3)
1E.

AEFRBCD A upper bound=101km

¢ In the original networlk AD iz not a direct path. The tour becomes AEFBECDE A

d e g
ECDEAFE
CBFAEDC
DCBFAED length 85
EAFECDE
FAEDCEF

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 4

Question:

A manvfacturing company makes 2 products 3, T and Z The numbers of each
product made are x, ¥ and z respectively and £7 iz the profit. There are two tachines
which are awvailable for a limited time. These time limitations produce twe constraints.
In the process of using the simplex algorithm, the following tableau 15 obtained, where
rand 5 are slack variables.

Basic x | ¥ z r 5 Value
variahle
¥ 0 1 3 1 1 21 1
3 3
x 1 0 -3 -1 1 2
2
i 0 0 1 1 1 33

a State how you know that this tableau 15 optimal (final).
b Ev writing out the profit equation, or otherwise, explain why a further increase in
profit is not possible under these constraints,

¢ TFrom this tableau, deduce
1 the mazimum profit,
i the optimum number of X, Fand Z that should be produced to mazximise
the profit. K

Solution:

a There are no negative entries in the objective row

b Profit equation
FPiz+r+s=33

F =33—(z4r+s
At present =, » and £ are all zero. If they increase M will decrease. Hence F iz
tnaxinal

c i F=33
i x=3 y=1,z=10

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 5

Question:

Freezy Co. has three factories A, B and C. It supplies freezers to three shops D, E and
F. The table shows the transportation cost in pounds of mowing one freezer from each
factory to each outlet It also shows the number of freezers available for delivery at
each factory and the number of freezers required at each shop. The total number of
freezers required is equal to the total number of freezers available.

D E F Availahle
A 21 | 24 16 24
E 18 | 23 17 32
C 15| 1% 25 14
Required | 20 | 30 20

a Usze the north-west corner rule to find an initial solution.

b Obtain improvement indices for each unused route.

¢ TUse the stepping-stone method once to obtain a better solution and state its cost.

Solution:
a
D E F
A 20 4
E 26 &
C 14
h SAZ a SBZ 1
Dp=21 De=24

fp=16-0-18=-2
I =18+1-21=-2
foan=15-7-21=-13
fg=19-T7-24=-12

D E F
A | 20-8 | 448
E 26-8 | 6+8
C g 14-8
D E F
A & 15
E 12 20
C 14

© Pearson Education Ltd 2C
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Dp=18

entering cell
CD

=14

exiting cell CF

cost £1384
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Review Exercise 1
Exercise A, Question 6

Question:

A large room in a hotel 12 to be prepared for a wedding reception. The tasks that need
to be carried out are:

I cleanthe room,

I arrange the tables and chairs,

I zet the places,

IV arrange the decorations.

The tasks need to be completed consecutively and the room must be prepared in the
least possible fisme. The tasks are to be assigned to four teams of worlcerz & B, C and
D. Each team tust carry out only one task The table below shows the times, in
minutes, that each team takes to carry out each task

A|B|C D
17 | 24 | 12 | 1B
12 | 23 | 16 | 15
16 | 24 | 21 18
12 | 24 | 18 | 14

==l

a [Jse the Hungarian algorithm to determine which team should be assigned to each
task. You must make your method clear and show
1 the state of the table after each stage in the algorithm,
ii the final allocation

b Obtain the minimum total tine taleen for the rootm to be prepared. K

Solution:
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a 17
12
16
12

Eeducing rows gives:

Eeducing columns gives:

600~

24
23
24
24

19
16
21
18

w4 2 2

)

1

3

1

b s 4 1

Ho assignment possible as zeroes can all be covered by 2 lines (2 =4

MWinimum uwncovered element 15 1
Applying algerithm gives:

__t___g___ E SR
pEE 8 1 ]
~§---0F 2O
N N

Mow requires 4 lines to cover all zeroes 2o assignment now possible
(1, 31— only zero in column 3
(3, &) —row 1 already uzed and now only zero in C2

12
15
13
14

= o o O

11

12

4, 4 — only remaining possibility 1n C4

(2, 1) — must then be used
I-C,0-ATMT-BIV-D

b Time of this azssighment
19412+ 24 +14 = 69 minutes

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 7

Question:

& three-variable linear programming problem in x, ¥ and =z iz to be solwved. The
ohjective iz to tmaximise the profit F. The following tableau was obtained.

Basic x | » I P 5 £ Walue
variahle
8 3 0 2 0 1 2 2
3 3
F 4 0 7 1 0 8 9
2 2
¥ 5 1 7 0 0 3 7
& 3 ] 2 0 0 5 £3

a State, giving your reason, whether this tableau represents the optimal solution

h State the values of every variable.

¢ Calculate the profit made on each unit of ¥

Solution:

a Fec there are no negative values in the prafié row

h P=63,x=U,y=?,z=0,r=%,s=%,z=Cl

c §=9
7

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 8

Question:

a Explain the difference between the classical and practical travelling
salesman problems.

The network abowe shows the distances, in kilometres, between eight McBurger

restaurants. An inspector from head office wishes to wisit each restaurant. His route

should start and finish at A, wisit each restaurant at least once and cover a minimum

distance.

b Obktain a minitnum spanning tree for the netwotle using Kruskal's algorithm. Tou
should draw your tree and state the order in which the arcs were added.

¢ Tee vour answer to part b to determine an initial upper bound for the length of the

route.
d Starting from your initial upper bound and using an appropriate method, find an
upper bound which iz less than 135 km. State your tour. K
Solution:
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a In the practical T3P each vertex must be wvisited af least once
In the classical T.5 P, each wertex must be vizited exactly once

FG D
b AR, DF, DE, (reject EF) P EEA sy
AC
EE
g B 18 ....F
4 mmmm—— el
—cithe s
.'""L F‘:.: |l:1r|ilEr:'u,:||-|j.______.---"" I{J _H.H
" 7 @
3D T H
\\-, W ] x 3
C 13
G

¢ Initial upper bound = 2x85=1701km

d When CD iz part of tree
TTze GH (saving 26) and BD (saving 19) giving a new upper bound of 125 km
Towr ABDEHGFDC A
e.g when BE is part of tree

TTze CG (zaving 407 giving a new upper bound of 130 km
Towr ABEHEDF GCA

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 1

Exercise A, Question 9

Question:

In a quiz there are four individual rounds, Art, Literature, Music and Science. & team
conzists of four people, Donna, Hannah, Kerwin and Thomas Each of four rounds

must be answered by a different team member.

The table shows the number of points that each team member 1z likely to get on each
individual round.

Art | Literature | Wusic | Science
Domma | 31 24 32 35
Kerwin | 19 14 20 21
Hannah | 16 10 12 22
Thomas | 18 15 21 23

Tze the Hungarian algorithm, reducing rows first, to obtain an allocation which
mazximises the total points likely to be scored in the four rounds. You must make your

method clear and show the table after rach stage.

Solution:
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subtract all terme from some # =35, g 35

41130
16 211514
13 251613
17201412
2420
Eeducing rows then column 2
noo
3110
13140
tinimum uncovered 1 341 [?
“ﬂ'E"E"l‘"
2000
nzan ['fl
minimum uncovered 1 230 [{T]
—0—9—9—%——-
-2 004
e.g matching D — & A M =
H-% o oS |
K_Mor L or 5 or A
T-L I L i

Total 88 points

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 10

Question:

The networl above shows the distances, inlem, of the cables between seven electricity
relay stations A, B, C, D, E, F and G. An inspector needs to visit each relay station. He
wishes to travel a minimum distance, and his route must start and finish at the same
station.

Ev deleting C, a lower bound for the length of the route 15 found to be 129 km.

a Find another lower bound for the length of the route by deleting F. State which 1s
the best lower bound of the two.

b EBvinspection, complete the table of least distances.

The table can now be taken to represent a complete network

¢ Using the nearest-neighbour algorithm, starting at F, obtain an upper bound to the
length of the route. State your route. E

Solution:

a Deleting F leaves residual spanning tree

S '_"‘--—-H F
18 N8
T 1€ e G
1
‘D

rst length =86
So lewer bound = 86416 +19=121
" better lower bound 15 129 by deleting C

b Add33to BF and FB
Add 31 to DE and ED

¢ Tour wisits each vertex, order correct using table of least distances.
eg FCDABE GF (actual route FCD C A B E GF) upper bound of 138 km

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 11

Question:

Three warehouze: W, X and Y supply televizions to three supermatkets T, K and L
The tahle gives the cost, in pounds, of transporting a telewision from each warehouse
to each supermarket The warchouses hawve stocks of 34, 57 and 25 telewisions
respectively, and the supermarkets require 20, 56 and 40 televisions respectively. The
total cost of transporting the televisions 12 to be minimised.

J| K| L
W 3 & 3
X| 5 & 4
Y| 2 5 7
Formulate this transportation problem as a linear programming problem. Make clear
vour decizion variables, objective functien and constraints, K
Solution:

Let x; be zumeber of unit transported from i to j

when i€ (W, XY} and je (IE,L}

Ohjective minitnise O = 3xpp + 6xpg + 3%y +
Sy H8xgy +4xy +
P
subject te X + Xy +Xp = 34
Tgp + Jpg T Xy = 07
g+l T Xy =25
Fyp T g+ Xy =20
Zpe T g T Ey = 06
Ty T Ay T Ay =40
=0 ie{W, X T} and je{IlE L}

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Review Exercise 1
Exercise A, Question 12

Question:

A manager wizshes to purchase seats for a new cinema. He wishes to buy three types of
seat: standard, deluxe and majestic. Let the number of standard, deluxze and majestic
seats to be bought be x, v and z respectively.

He decides that the total number of deluze and majestic seats should be at most half of
the number of standard seats.

The number of deluze seats should be at least 10% and at most 20% of the total
number of seats,

The number of majestic seats should be at least half of the number of deluxe zeats.

The total number of seats should be at least 250,

standard, deluxe and majestic seats each cost £20, £26 and £36 | respectively.

The manager wishes to minimize the total cost, £C7, of the zeats.

Formulate thiz situation as a linear programming problem, sunplifving your
inequalities so that all coefficients are integers. K

Solution:

y+z£1§x:‘>2(y+z)5x

10
>—(x+y+z) = zx+z=8
¥ 100( y+z) ¥

20
F—(x—v+z)=zx+zzd
¥ 100( y+z) ¥

22%}: =2z=y

x=0yz0zz0.
x+y+z =250
objective function: minimise &= 20x4+ 263+ 36z

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 13

Question:

Talkalot College holds an induction meeting for new students. The meeting consists of
four talles: I (W elcome), I (Options and Facilities), TT (Study Tips) and IV (Planning
tor Success) The four depattment heads, Clive, JTulie, Wicky and Stewe, deliver one of
these talks rach The talks are delivered consecutively and there are no breaks between
talks. The meeting starts at 10 am. and ends when all four talks have been delivered
The time, in minutes, each department head takes to deliver each talk 1z given in the
table below.

Talk | Talk IT Talk IIT Talk IV
I
Clive | 12 34 28 16
Julie | 13 32 36 12
Nicky | 15 32 32 14
Steve | 11 33 36 10

a [Jse the Hungarian algorithm to find the earliest time that the meeting could end
You must make vour method clear and show
1 the state of the table after each stage in the algotrithm.
ii the final allocation

b IModify the table so it could be uzed to find the latest time that the meeting could
end. (Tou do not have to find thiz latest time.) E

Solution:
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a i Eeduce rows then columns giving

3lines only needed —

ot least element

ot columns then rows givin

I O0IIvV IOV
Cl0 2216 4 Cio4d4 0 4
T112024 0 then 712 8 0
Mi11818 0 mio 2 0
2112326 0 215100

least element 1

120 46

40 4 4
018 0

3lines only needed L and sither row 1 or column 2

if row [ least uncovered element i3 2

if cofuman 3 least uncovered element 15 1

1T IO IV
Bl &
Tloo 6 o
Hzo 2 2
sloz g o

cloz o
R
M3 0 4
sloz 9

file://C:\Users\Buba\kaz\ouba\d2 revl a 13.|
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5

1
3
0

ig
g J|{20 8 2 ithenno change)
I

3

IOTOIIV ITOrIv

co4 0 5 oS0 5

TIO1 7 0 e JT02 7 0

Hito 21 Woo 1 0

S04 50 S05 90
IIMIT IV
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IO IvV
kel

oo 7 o
Hzo s 2
S|0E 500

then Ileast uncovered element 1

1 O-ILT-Ter IV, M-I, S -TWorl
232 minutes . 11:23 am

b Subtracting all entries from some 2 =36
e.g subtracting from 36

I |OJOO|IV
Cl24 (028 |20
T 12314 [0 |24
Mlz21]4 (4 |22
B 250310 |26

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 14

Question:

The table shows the least distances, in km, between five towns, A, B, C, D and E.

A|B | C|D]|E

Al - | 153] 98 | 124 | 115
B [153) - | 74 | 131 | 145
C| 7| - | B2 | 103
D [124) 131 ] 82 | — | 134
E

115 | 145 | 105 134 | -

Maszsim wishes to find an interwal which contains the solution to the trawvelling
salesman problem for this network

a Making your method clear, find an initial upper bound starting at & and using
1 the minimum spanning tree method,
il the nearest neighbour algorithm.

b By deleting E, find a lower bound.

¢ Ueing vour answers to parts a and b, state the smallest interval that IMaszim could
cotrectly write down, K

Solution:

a 1 Minimum connector using Prim: AC, CB, CD, CE
length = 984+74 +B2+103 =357 {1,3,2,4,5}
Soupper bound = 2x357="714

i ASE CU BN D134 E(11534
length =38+ 74+131+134 +115 =552

b Eesidual minimum connector iz AC, CB, CD length 254
Lower bound = 22441034115 =472

c 472 <selution £552

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 15

Question:

Three depots, F, G and H, supply petrol to three service stations, 3, T and T
The table gives the cost, in pounds, of transporting 1000 litres of petrol from each
depot to each service station

5 |T|U
F 2531 ][44
G| 3535851
H| 41|50 |63

F, G and H hawe stocks of 240 000, 789 000 and 673 000 litres respectively. 3, T and
T require 257 000, 348 000 and 410 000 litres respectively. The total cost of
transporting the petrol iz to be minimised.

Formulate this problem as a linear programming problem Make clear your decision
variables, objective function and constraints. Fy

Solution:

Let x; be the number of units transported from i to f, in 1000 litres where i € {F, G, H}
and je{3 T, 1}

minimise O = 23z, +31x, +46x, +
293 B o lat ok
g, +50x, +635,

unbalanced

subject to &, + 2, +x, = 540
Xy + X =789
Ty TR, TRy, =673

xgs+

Xyt R R, =257
Xt Xy R, =345 - accept = here
e TR

o
xu,_l:l

Accept introduction of a dummy demand methods.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 16

Question:
A
P
,//;' | "y
AN TS
| T Y =
10 7 / 1 N =12
7 al v 12 e
- J | LY .
-~ / | LY -
_‘z‘ | x\ ,
. rd | e
P >nB
e K | e
\ . F, | \ -
\ ! |
, H“‘T-'-n__‘_\‘ | ﬁ | p \1___.- - 3 I
/ | i i
e v ) N 17
.'j" , - | .-"'?-' L
1 [ S~ 10
_.-" S 3 - IJ . i N
il " \
g s P 9N
/ ,f il S N
! o~ ______..-' 3 '-..__._._-- . . ‘\1‘
[ " 15 e
E [

— % C

The diagram shows siztowns &, B, C, D, E and F and the roads joining them. The

number on each arc gives the length of that road in miles.

a By deleting vertex A, obtain a lower bound for the solution to the travelling
salesman problem.

The nearest neighbour algorithin for finding a poszible salesman tour iz as follows:

Step 1: Let Fhe the current wertex

vertex and call it the current vertex

Step 2: Find the nearest unwvisited wertex to the current vertex, move directly to that

b i

i Starting at an appropriate vertex, use the algorithm to find a tour of shorter
length

Step 3: Eepeat step 2 until all vertices have been wisited and then return directly to
the statt vertesx

Use this algorithm to find a tour starting at the vertex & State clearly the tour
and give itz length

Solution:
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a Deleting vertex 4 we obtain

N g 10

Ev Eruskal's algoerithm an M2T 1z DR, EF(T), CEFE), DC{Y) of weight 30

The two edges of least weight at & are AE(T) and AT(E)
LA lower bound 1s 304547 =45

b i A& —nearest neighbour EC7)
E — nearest neighbour F(7)
F —nearest neighbour C3)
Z —nearest neighbour D%
D — nearest neighbour B8

Complete tour with B A(12)
AEFCDB A —length49

i Choose a tour that dees not use AR
e.g. DE{6Y BC{10), CF(8), FE(4), EA(4)
Complete with ADE), DBECFE AD.
Total weight 46
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Exercise A, Question 17

Question:
Warehouse | W, | W, | W, | Avatlabilities
Factory
g 7 it & 4
E 9 2 4
E 5 & 3 8
Eequirements 2 9 4

A manufacturer has 3 facteries E, E, E and 3 warehouses "W, W,, W, The table

shows the cost Cy, in appropriate units, of sending one unit of product from factory E
to warehouse W,. Also shown in the table are the number of units available at each
1

factory E and the number of units required at each warehouse W, The total number

of units available is equal to the number of units required.

a Use the north-west corner rule to obtain a possible pattern of distribution and find
itz cost
b Calculate shadew costs B, and K for this pattern and hence obtain improvement

indices T for each route,
¢ Tzng vour answer to patt b, explain why the pattern iz optimal K

Solution:
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a
W WL | WG | Available
E 2 2 4
E, 3 3
E 4 4 8
Eequre | 2 9

Cost 2x7+2xB+3x2+4x6+4=3=14+16+6+24+12 =72

b Foroccupied cells B, +E, =C,; gives
(LVE+K; =728 FE =82 R, K, =2
(3. 2E;+E, =6/(53R;+K; =3
Taking B, =0 we obtamn K, =7 K, =58FR,=-6E.,=-2EK,=5

shadow | 7 8 ]
costs | W | W | Ws
0 |F| 7 & 4
-6 | Fa 2 3
-2 | Fs £ 3|8
2 2] 4
Fi=0 W=7
Fo=-4¢ Wa=2
Fz=-2 Wi=1

Improvement indices Iﬁ" = Cé,. - R - K;
I; =6-5-0=1

I, =%-7-(-6)=8
Iy=4-5-(-61=5
Li=5-7T-(=2=0

¢ Mo negative improvement indices and so given zolution is optimal and gives
minimum cost. [f there was a negative J; then using this route would reduce cost.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 18

Question:

a State the circumstances under which it is necessary to use the simplex algorithm,
rather than a graphical method

The tableau given below arose after one complete tteration of the simplex algorithm.

Basic variahle | x ¥ z r & | Value
Y ot 1 2 1 0| 4202

5 5 5 5

: ol %l s || 2R | [zl

5 5 5 5

£ . J 2 1E 0 3435l

5 = 5 5

b State the column that was used as the pivetal column for the first iteration.

¢ Perform one further complete iteration to obtain the next complete tableau

d State the values of P, x, 3 and z displayved by vour tableau in part e

e State, giving areason, whether your values in part d give the optimal solution. £

Solution:

a Ifthe number of variables =3 use simplex

b Column y
c
bw | x |y|lz]| r g | numbers
Y2 AN 2 | 2402 | r1-Zm3
14 il 14 7 ]
2 (A OT 50 3 fongd | poys?
28 14 | 28 14 5
o= | e | Qe 1E L 3612E R3+ER3
7 7T 7 5

d P:3612$ =0 y:3402 2':222l

e Mo bhottom row still contains a negative, x can be increased.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 19

Question:

Anengineering company has 4 machines available and 4 jobz to be completed. Each
machine is to be assigned to one job. The time, 1n hours, required by each machine to
complete each job 15 shown in the table below.

Johl | Job2 | Joh3 | Joh4
Machine 1 | 14 5 H 7

Machine 2 2 12 & 5
MMachine 3 g 8 3 9
Machine 4 2 4 & 10

Tse the Hungarian algorithin, reducing rows first, to obtain the allocation of machines
to jobe which minimizes the total time required. State this minimum time. E

Solution:

a Feducing rows

B0o32 _ G030
reducing

01043 01041
%
4 5 06 4 504

columns

0248 0246

b Testing for optimality — 3 lines are enough

or Minimum uncovered element 15 1
1m0z0 mo40
0azn 0a40
or 4 lines now needed
5504 44073
D135 0145

¢ Final matching
Machine 1 - JTob 2 (5}
Machine 2 - Job 4 ()
Machine = - Job 3 (33
Machine 4 - Tob 1 ()
Winirnum titne: 15 hours

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 20

Question:

The following minimising transportation problem iz to be solved.

J | K | Supply
A 12|15 9
B g2 |17 13
C 415 12
Demand | 2 | 11

a Complete the first table on the wotlksheet,
b Ezplain why an extra demand column was added to the table.

A possible north-west corner solution 1s:

J K L
A 9 0
B 11 2
C 12

¢ Ezplain why it was necessary to place a zero in the first row of the second column,

After three iterations of the stepping-stone method the table becomes:

J K L
A B 1
B 13
C 9 3

d Taking the most negative improvement index as the entering square for the
stepping-stone method, solve the transportation problem. Tou must make your
shadow costs and improvement indices clear and demonstrate that vour solution 13
aptimnal. E

Solution:

file://C:\Users\Buba\kaz\ouba\d2_revl a 20.|

Pagel of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page2 of 2

a Adds zero for cost in third column
Adds 14 as the demand walue

b The total supply is greater than the total demand

¢ The solution would otherwise be degenerate

d
L0 DLl I, =12-0-10=2
E|[L B g
TR = I, =8-0-10=-2
0 E 13 L =17-0-15=2
6| C |5 |3 I; =0+6-0=6
i} E L
A 8- | 140 a=
Entering square BI
Bil g 160 Exiting square AE
Cl9-0 | 3+8 &
a1 130 I, =12-0-3=4
— I|E T; I =15-0-13=2
e - I =17-0-13=4
-4 ) 1[11 Lpeim 0F8-0=4

Mo negatives, so optimal

© Pearson Education Ltd 2C
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Exercise A, Question 21

Question:
B
84 17
N 144 —AD
| "-Hh‘x. g5 53 /// ._
i 2 “.“‘.___\ : s 'III
| h( / ".49
| 142 . \
He " ¢ / |\ 2
| i s
| ] |*5 S \ 3,\ .
97 | /u, | ® |
"../' i % “100
;_,-_ 163 F

The network abowve shows the distances in ko, along the roads between eight towns,
A B, C. D E F, Gand H Eeith haz a shop in each town and needs to wisit each one.
He wishes to travel a minimum distance and his route should start and finizh at A

By deleting I, a lower bound for the length of the route was found to be 586 km.

By deleting F, a lower bound for the length of the route was found to be 590 km.

a By deleting C, find ancther lower bound for the length of the route. State which 1z
the best lower bound of the three, giving areason for your answer,

b By inspection complete the table of least distances.

The table can now be takoen to represent a complete networle

The nearest neighbour algorithm was used to obtain upper bounds for the length of the

route:

Starting at T, an upper bound for the length of the route was found to be 838 km.

Starting at F, an upper bound for the length of the route was found to be 707 km.

¢ Starting at C, use the nearest neighbour algerithm to obtain ancther upper bound

for the length of the route. State which iz the best upper bound of the three, giving a

reason for your answer, K

Solution:
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i -
84 _____.»""J.f HH‘&.H??
e i EMS.T
A o D
| s5 5 eg AH, AB, BD, DE, HG, EF
| | using Prim’s
57 II 3 II 49
| " |
| |
| --\.l l—
H Y =
LY 83", 100
97 \

length of B W ST =455
Llower bound =459 453483 =595kun (deleting )

Best lower bound 15 295 km, by deleting © as it 15 the highest lower bound found.

b Adds 167 to AF and FA
137 te CH and HZ

136 to DF and FD
145 to DG and GD

C Cj3 D4§l EED Fl]_i HSE Aﬂ-i- BEZE GQE C

Tpper bound, starting at C=767 km
. Bestupper bound 15 707 starting at F as it 15 the lowest upper bound found.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 22

Question:

a Describe apractical problem that could be solved uszing the transportation
algorithim.

A problem 1z to be solved using the transportation problem. The costs are shown in the

table. The supply 1z from A, B and C and the demand 1z at d and e,

d e Supply
A 5 3 45
B 4 6 35
iZ 2 4 40
Demand | 50 &0

b Ezplain why 1t 15 necessary to add a third demand £

¢ Use the north-west corner rule to obtain a possible pattern of distribution and find
itz cost.

d Calculate shadow costz and improvement indices for this pattern,

e TTzethe stepping-stone method once to obtain an improved solution and its cost. K

Solution:

file://C:\Users\Buba\kaz\ouba\d2 revl a 22.|

Pagel of 2

3/11/201.



Heinemann Solutionbank: Decision Mathematics . Page2 of 2

a Idea of many supply and demand points and many units to be moved. Costs are
variable and dependent upon the supply and demand points, need to minimise
costs. Praciical

b Supply =120 Demand =110 zo not balanced

c Adds 0, 0 0 10to column £

d |e | Cost 545
A 45
E|S5 |30
& 30010
d E,= =-1 E.=-3
Ki_ z=? K33=3 . Shadow costs

Ae=3-0-T=-4¢
AF=0-0-3=-3 —
Bf = 0+1-3=-2

Cd=2+43-5=0

Improvement indices

e Aet —2FBe” =2 Bd" = Ad” 50 & =30

d |e |
15| 20 Cost 425

A
B |35
2

30010

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 23

Question:

Four salespersons Ann, Brenda, Conncor and Dave are to be szent to wisit four
companies 1, 2, 3 and 4. Each salesperson will wizit exactly one company, and all
companies will be visited.

Prewrious sales figures show that each salesperson will make sales of different values,
depending on the company that they wisit These values {in £10 000z are shown in the

table below.

1 2 3 4

Ann 26 30 30 30
Brenda 30 23 26 29
Connor 30 25 27 24
Dave 30 27 25 21

a Use the Hungarian algorithm to obtain an allocation that maximises the sales. You
must make your method clear and show the table after each stage.

h State the value of the maximum sales.

¢ Show that there 15 a second allocation that maximises the sales. i

Solution:
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a To maximizse, subtract all entries from » = 30

4000
0741
D536
0558

g

minimum uncovered
clement 1s |

0D&30

0425

0243

or

minimum element is 2

minimum ¢lement is 2

FRR 7000

o410 26310
D205 0203
0028 D026

A-2B-4C-3D-1
of A-3B-4C-1D-2

b £1160000
¢ (hives other solution from part a.

© Pearson Education Ltd 2C
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Review Exercise 1

Exercise A, Question 24

Question:

The manager of a car hire firm has to arrange to move cars from three garages A B
and C to three aports D, E and F 2o that customers can collect them The table below
shows the transpottation cost of moving one car from each garage to each airport. It
alse shows the number of cars awailable in each garage and the number of cars
required at each airport. The total number of cars available 15 equal to the total number

required.
Adrport D | Airport E | Airport F | Cars availahle
{Garage A £20 £40 £10 &
{Garage B £20 £50) £40 ]
{Garage C £10 £20 £30) ]
Cars required & 9 4

a [Jze the north-west corner rule to obtain a possible pattern of distribution and find

its cost.

b Calculate shadow costs for this pattern and hence obtain improvement indices for

each route.
¢ Tze the stepping-stone method to obtain an optimal solution and state its cost.

Solution:
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a e.g
DIE|F
Ald
Elo|a
6 414
Cost £470
h 5,=0 3,=0 5,=-10

¢ Choosze A F az entering route

AF+) = CF-)—=CE(+) —
BE{-) =BD{+) = AD(-)

Exting route CF #=4

D

E

E

2

4

1

A
E 4
iZ

8

S, =0 S,=0 S§,=-10
D,=20 Dg=30 Dy=10

Iz =10,I = 30,
I,=0 I =30

. optimal

cost = £350

or

D,=20 Dg=40 D, =50
Ly =10-50=—40

I, =20-10=10

Iz =40-40=0

I, =10-0=10

AF(+) - CFi—=) = CE(+) = AE(—)

Exiting route AE =10

D|E|F
A6 0
E 5
C 44

S0 8, =0 =30 § =20
D, =20 Dg=0 D,=10
Lg =40,Ipp =—30,Ipp =0,Ip =—30

ez CDH) — AD(-) = AF(+) — CF(-) 8=4

R

A
B
iZ

S, =0 E,=0 3.=-10
Dp=20 Dg=30 Dy=10
Lg=10I0 =0 Ipp=30 Ip=30
. optimal cost £350

of DB{+) = BE(-) = CE{+) = CD{—) 8=4
giving left hand solution table
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Review Exercise 1

Exercise A, Question 25

Question:

A chemical company makes = productz 20, T and Z. It wishes to maximize itz profit
£F  The manager considers the limitations on the raw materials awvailable and models
the situation with the following linear programming problem.

Maximise F=3x+by+4z,

subjectto x4z =4,
x+dy+2z =6,
x+y+2z =12,

x20,y=02z20,

where x, ¥ and z are the weights, inkg, of products X, T and Z respectively.
A possible tableau 15

Basic variahle | x ¥ z r 5 £ | Value
F 1 ] 1 1 0 0 4
g 1 4 2 0 1 0 &
4 1 1 2 0 0 1 12
F -2 | -6 4] 0 0 ] 0

a Ezplain

i the purpoze of the variables #», s and £,

ii the final row of the tableau.
b Solve thiz linear programming problem by using the simplex algorithm.
Increase v for wour first iteration and then increase x for vour second iteration.

c Interpret your solution.

Solution:
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a i Slack variables used to enable us to write inequalities as equalities. All slack

variable are =0

i P-Gx-by—dz=10

h
kv x ¥ z r g i value row
ops
F 1 0 1 1 0 0 4
8 1 @ 2 0 1 0 &
i 1 1 2 0 0 1 12
F -3 —& —4 0 0 0 0
kv, x ¥ z r g i value | row ops
F D 0 1 1 0 0 4 Mo
change
i 1 1 1 0 1 0 11 k2 -4
4 2 4 2
£ 3 0 11 0 21 1 101 E3 -ER2
4 2 4 2
F _1 1 0 -1 0 1 1 0 g E4+6R2
2 2
b ¥ z r s £ value rOW Ops
x 1 0 1 1 0 0 4 El =1
Y 1 1 _1 1 0 ! Lo _ g1
4 4 4 5 4
¥ ’ ° 2 | =2 | |t | L || BB
4 4 4 2 4
i 0 0 i 1 i 1 L 0 15 R4 +1 L E1l
2 2 2 2

¢ Mamimum profit 1z £15
whenx =4 kg, yv= % kg, z=0kg
The first and second constraints have no slacle

There 15 a slack of 7 %in the third constraint.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 26

Question:

The table below shows the distances, in lom, between siz towns A B, C. D, Eand F.

A|lB|C|D | E]|F

Al - | B3 | 110175108 | 100
B | 85| — | 38 | 175|160 23
C 10| 38 | - | 148 | 156] 73
D |1/ 15148 - | 110] &4
E J10B| 160|156 | 110 | — | %2
F ol 53| 7584 ] 82 -

a Starting from A, uze Prim's algorithm to find a minimum connector and draw the
minimum spanning tree. T ou must make your method clear by stating the order in

which the arcs are selected.

b 1 TUsing your answer to part a obtain an initial upper bound for the solution of the

travelling salesman problem.

ii TTse a short cut to reduce the upper bound to a value less than 680
¢ Starting by deleting F, find a lower bound for the solution of the travelling

salesman problem.
Solution:

a Crder ofarce; AR, BC, CF, FD, FE

E

B gy B e © 5 B D
92
‘E

b i 2x372=744

i eg AD saves 105 giving 639
or AF saves 180 giving 564
AF saves 26 giving 648
DE szaves 66 giving 678

¢ Eesidual M2 T.
AB, BC AE ED

C B A
N 85

Lower bound = 3414+ 73+ 584
=493

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 27

Question:

The catpets all require units af black, green and red wool,
For each roll of carpet,

respectively.

a Formulate the above situation as a linear programming problem, listing clearly the
cotistraint as inequalities in their simplest form, and stating the obijective function
Thiz problem is to ke solved using the sinplex algorithm. The most negative number

in the profit row is taken to indicate the pivot column at each stage.

b Stating your row operations, show that after one complete iteration the tableau

becomes
Basic variable | x | » I r 5 ¢ | Value

r 1 0 i 1] 1] 110 10
2 2 2

¥ 1 1 1 0 1 0 20
2 2 2

¢ 2 0 o1 o0 f(=1]1 10

2 =10 0 | =20 0 (40 ] 0 1600

¢ Ezplain the practical meaning of the walue 10 in the top row.

d i Perform one further complete iteration of the simplex algorithm
ii State whether your answer to part d 115 optimal. (Give a reason for your answer,
iii Interpret your current tableau, giving the value of each variable. K

Solution:
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a MMaximise F=30x+E0y+60z
subjectto x4y +2z = 350
x+2v+z =40

Ax+2y+z =50
where x,p,z=20

b Initialising tableau

bw | x ¥ z |r|e|t|value
r 1 1 2 [1jo|0o| 30
g 1 @ 1 |0|1f{0] 40
i 3 2 1 |0jof1] 30
Fl-50|-80|—-6D |O|0]|0O]| O

Chooses correct pivot, divide E2 by 2
State correct row operation E1-R2, E5-2E2, E4+80E2, B2+ 2

¢ The solution found after one iteration has a slack of 10 units of black per day

d i
bw | x |v| z |r| & |¢|value
r 1 |0 @ 11 -1]0] 10
2 2 {miven)
¥ 1 11 1 of 1 (0 20
2 2 2
i 2 |0 0 |Joj-=1]1] 10
Fol-1o |0 =20 0] 40 |0 1600
kv, x |y|l=z| r g ¢ | walue
2 o] 2 [ 0] 62 | w2
3 3 3 3 i
2 A [ 2| 2 |Y] ek R2- LRI
k] 3 3 3 2
¢ 2 ojofl o -1 ]1 10 B3 —no change
+
o _31 oo 131 331 0 1?331. E4+20E1
3 3 3 3

i Mot optimal, a negative value in profit row
2 2
i x=10 =l6— z=6—
3 3 3
P=£f173333 r=0,2=0,¢(=10

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 28

Question:

A |E |¢ |D |E |F

Al- 113153 [ 54 |87 | 68
B 112 |- 87 | 12328 | 100
C| 55 |87 |- 106 58 | 103
D354 | 123) 106 | - 140 | 48
E |87 |38 |58 | 140 - 105
F &8 [ 100]103)48 | 105 ] -

The table shows the distances, 1n km, between stz towns A, B, C.D. Eand F.

a Starting from A, use Prim's algorithm to find a mummum connector and draw the
minimumn spanning tree. You must make your method clear by stating the order in
which the arcs are selected.

b i Hence form an initial upper bound for the solution to the travelling salesman

problem.
ii TTsze a short cut to reduce the upper bound to a value below 360

¢ By deleting &, find a lower bound for the solution to the travelling salesman
problem.

d Use your answers to parts b and ¢ to make a comment on the value of the optimal
solution.
e Draw a diagram to show your best route. K

Solution:

a AC (=53), AD(54), DF(—48), CE(-58), EB(-38)

F D A C E B
L &

48 54 53 58 38
b i MIET XZ=251x2=3502
ii Finding a shortout to below 360, e g FE leaves 351

¢ M3T isDF, CE EE, FE length 244
The 2 shortest arcs are AC (—=53) and AD (—54) giving atotal of 351

d The optimal solution 1s 251 and 15 A-C-E-B-F-D-4

e A s
| E
|
|
|
B ;
~_ B
-
.

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 29

Question:

Polly has a bird food stall at the local marlket Each week she malkes and sells three
types of packs &, B and C

Pack & contains 4 kg of bird seed, 2 suet blocks and 1 kg of peanuts.
Pack B contains S kg of bird seed. 1 suet block and 2 kg of peanuts.
Pack C containz 10 kg of bird zeed, 4 suet blocks and 3 kg of peanuts.

Each week Polly has 140 kg of bird seed, 60 suet blocks and &0 kg of peanuts
available for the packs,

The profit made on each pack of A, B and C zold iz £330, £3.50 and £6.50
respectively. Polly zells every pack on her stall and wishes to maximize her profit, F
pefce.

Let x, y and z be the numbers of packs of A, B and C sold each week
A initial simplex tableau for the abowe sttuation 13

Basic variahle X ¥ I r| 5 £ | Value
r 4 5 10 1 0 0 140
g 2 1 4 0 1 0 &0
¢ 1 2 E ol 0 1 &0
A —350 | =350 | —-&50 | D | O 0 0

a Ezplain the meaning of the wariablesz », & and ¢ in the context of thiz question.

b Perform one complete tteration of the simplex algorithm, to form a new tableau T
Take the most negative number in the profit row to indicate the pivotal column.

c State the value of every variable as given by tableau T

d Write down the profit equation given by tableau T.

e Use your profit equation to explain why tableau T 15 not optimal

Taking the most negative number in the profit row to indicate the pivotal column,

f identify clearly the location of the next pivotal element. K

Solution:
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a r, zand? are unused amounts of bird seed (in kg), suet blocks and

peanuts (in kg) that Polly has at the end of each weel: after she has made
up and sold her packs.

b,

=

z r s | i | walue

1 1 jojo| 14 E1+10

b | ==

E2-4E1

L]
=t

|

.

L)
|I

i)

—

Lo}

Lo

t 1 1 |0 3011} 18 E3-3R1
3 2 10
Fo =80 =25 |0 &5 (0[0] 92100 | E4+650R1

c x=0 y=0 z=14 r=0 s=4 =18 F=£f%]
d F-9%0x—-25y+65=59100

e FP=531004+90x+ 250y —635r
Soincreasing x of ¥ would increase the profit

f The % in the x column and 2nd (&) row.
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Exercise A, Question 30

Question:

A steel manufacturer has 3 facteries 5,/ and & which can produce 35, 25 and 15

kalotonnes of steel per year, respectively. Three businesses 5.5, and 5, have annual
requirements of 20, 25 and 30 kilotonnes respectively. The table below shows the cost
Cy. in appropriate units, of transporting one kilotonne of steel from factory & to

business BJ-.

Business
B Ba B4
F o) 10 4 11
Factory | F3 12 ] ]
o 9 & 7

The manufacturer wishes to transport the steel to the businesses at minimum total cost.
a Write down the transpottation pattern obtained by using the north-west corner
rule.
b Calculate all of the improvement indices [, and hence show that this pattern is not
optimal.
¢ [Jze the stepping-stone method to obtain an improved solution.

d Show that the transportation pattern obtained in part ¢ 13 optimal and find its cost.
E

Solution:
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da
Bl B2 BE
F |20 [15
F, 10 |15
F, 15
b

SRy = 0 S(E)=1 S(E)=0
DiE) =10 D(B;)=4 D(E;)=7
I, =11-0-7=4
I, =12-1-10=1
L, =%-0-10=-1
f-0-4=2

—
L)
[ %)

Il

since I 15 negative pattern 15 not eptimal

B, B, E;
F |20-8| 15+8
E 10-8 | 15+8
E | ¢ 104
Entering square E B,
Eziting square EE,
£=10
Bi| By | B
F | 10]25
E ]
E |10 ]

SE)=0 SEI=0 SE)=-1
D(B,) =10 D(B;)=4 D(B;) =8
I,=11-0-8=3
I, =12-0-10=2
I, =5-0-4=1
L,=6—(-1)—4=3
Cost = (10510) +(25% 41 +(25%8) + (10 9 +(5% 71 = 525 units

© Pearson Education Ltd 2C
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Exercise A, Question 31

Question:

A company makes three sizes of lamps, small, medium and large. The company is
trying to determine how many of each size to make in a day, in order to maximise its
profit. As part of the process the lamps need to be sanded, painted, dried and polished.
A single machine carries out these tasks and iz available 24 hours per day. A small
lamp requires one hour on this machine, a medium lamp 2 hours and a large lamp 4
hours,

Let x=number of small lamps made per day,

y=number of medium lamps made per day,

z =number of large lamps made per day,
where x20,yv=0 and z2 0

a "Write the information about this tnachine as a constraint
b i Ee-write your constraint from part a using a slack variable s
ii Explain what & means in practical terms.

Another constraint and the objective function give the following simplex tableau. The
profit P is stated in euros.

Bagic variable | x | » I P 5 | Value
r 21 5 & 1 0 50
g 112 |4 0 1 24
r -1|-3[-4] 0 0 0

¢ Write down the profit on each small lamyp.

d Usze the simplex algorithm to solve this linear programiming problem.

e Ezxplain why the solution to part d 15 not practical

f Find apractical solution which gives a profit of 30 euros. Verify that it 1z
frasible. E

Solution:
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a x+2y+dz=24

b i z+2y+dz+a=24

ii si=0) iz the slack time on the machine in hours

c 1euro
d
bw |x |y |z|r]|s walue
F 302 |0)1] 3|14 R1-6E2
2 2
z 111 (1]0]1 & E2+4
4|2 4
Ve o]l -1{0|0]1 24 E3+4E2
bw |z |wl|lz|¢ s walue
¥ 30101 3|7 i1+ 2
4 2 | 4
z a JEE R R2_ LRI
g 4 | & 2 2
B 3|00 1 1 31 E3+ER1
4 2 |4

Profit=3leures y=7z=25x=r=5=10

e Cannot make % a lamp

f eg (0,10, 00 0r (0,6 3 or {1, 7, 2)checks in both inequalities

© Pearson Education Ltd 2C
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Exercise A, Question 32

Question:

A

B

C

D

E

F

&

47

e

252

120

172

2959

144

17

121

402

155

1593

319

165

B4

121

456

200

246

373

218

352

402

456

413

220

155

259

120

155

200

413

204

286

131

172

193

246

220

204

144

70

295

319

75

155

286

144

140

o &2 || 3 2| |

144

165

21b

289

131

70

140

The table shows the distances, in miles, between some cities. & politician has to wisit
each city, starting and finishing at & She wishes to minimise her total travelling

distance.

[ -J — I R — -

Solution:

file://C:\Users\Buba\kaz\ouba\d2 revl a 32.|

Find a minimum spanning tree for this networle
Hence find an upper bound for this problem.

Eeduce this upper bound to a value below 1400 by using “short cuts’,
Ew deleting I find a lower bound for the distance to be travelled
Explain why the method used in part d will always give a lower bound for the
distance to be travelled in any such network.

E
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= 47 | B4 | 3BZ | 120 | 172 | 289 144
@y |- 127 | 402 | 155 193 [ 319 | 165
B | 121] - 456 | 200 | 246 | 375 | 218
382 | 402 | 456 | - 413 | 220 [ A59| 289
20| 155] 200 | 413 | - 204 | 286 | 131
172 | 193 | 246 | 220 | 204 | — 144 [(70)
299 [ 319 [ 373 | 155 | 286 | (49| - 160
144 [ 165 [ 218 [ 289 [d3D[ 70 [ 160 [ -

| G| | ) ) | B e

~. A E H F G D
120 131 70 144 155

b Upper bound 751x2=1502
¢ BtoDsaves 265 Hito Gsaves 54, B to H sawves 133 etc.

d Delete D minimum spanning tree 596
2least paths 1554 220=373
oo lower bound 15 5964 3Y5=971

e The non-deleted wertices form a minimum spanning tree so they do not form a
cycle.
The optimum solution 1z a cycle.
Tnless the 2 least paths complete the cycle it will not give the optitnum solution
In general this will not be the case so a lower bound will be formed, shorter than
the optitnum solution:

© Pearson Education Ltd 2C
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Exercise A, Question 33

Question:

A carpenter makes small, medium and large chests of drawers. The small size requires
E%m of board, the medium size 10 m of board and the large size 15 m of board. The

times required to produce a stnall chest, a medium chest and a large chest are 10
hours, 20 hours and 30 heurs respectively. In a given vear there are 300 tm of board
available and 1000 production hours available.

Let the number of small, medinum and large chests made in the year be x, y and z
respectively.

a Show that the above information leads to the inequalities
x+4v+bz = 120,

x+2y+5z = 100

The profits made on small, medium and large chests are £10, £20 and £28
respectively.

b Write down an expression for the profit £F interms of x, y and =,

The carpenter wishes to maximize his profit. The simplex algorithm iz to be used to

solve this problem.

¢ Write down the initial tableau using » and 5 as slack wariables.

d Tse two iterations of the simplex algorithm to obtain the following tableau In the
first iteration you should increase v

Basic x ¥ z r 5 Value
variahle
¥ 0 1 1 1 1 10
2 2 2
x 1 0 < -1 2 20
i 0 0 22 0 10 1000

o

Giwe a reason why this tableau 18 optital
f "Write down the number of each type of chest that should be made to mazimise the
profit. State the maximum profit. E

Solution:
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Board () | Time (F)
Small (x) 5 1 10
2
Medium (7 | 10 20
Large (z) 14 a0
Lvailable 200 1,000

Board 2%x+10y+152 =300

x+dy+oz =120
Titne 10x4+ 20y +50z = 1000
x+2y+5z =100

b F=10x+20y+ 28z

b, x ¥ z # | & | values
r 1 4 & 10120
g 1 2 S| 01100
ol -10| =20 =28 (0|0 0
d &=730,8 =50, pivet 4
kv | x |¥y]| =2 ¥ | 5| value
¥ 1 (1 1 1 |0 30
4 2| 4
g 1 (o 2| -1]1| 40
2 2
F|-alof 2 5 |0 600
&=120,8, =50 ; pivot %
bw [x|y|z |7 ] Walue
yoloprp 111 10
2| 2 2
x [1]0]4 | -1 a0
Flofojzz| 0 |10 1000

e Thiz tableau iz optimal as there are no negative numbers in the profit line,

f Small 80, medium 10; large 0
Profit £1000

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 34

Question:

A|lB|C|D|E|F |G

Al - [ 55 125160 ) 135 65 | 95
B| 55| — | 82 |135) 140 100 | 83
Cl125] 82 | — | 85 [120] 140 7é
D160 135] 85 | — | 65 [ 132] &3
E (135|140 120 65 | — | 90 | 55
Fl 65 [ 100)140 132 30 | - |75
G| 85 | B3 |76 | 63 | 5575 =

A retailer haz shops in seven cities A&, B, C, D, E, F and G. The table above shows the
distances, in km, between each of these seven cities. Susie lives in city A and has to
vizit each of the shops. She wishes to plan a route starting and finishing at &4 and
covering a minimum distance.

a

Starting at A, use an algorithin to find a minimutm spanning tree for this networle
State the order in which you added wertices to the tree and draw your final tree
Explain briefly how wou applied the algorithm

Hence determine an initial upper bound for the length of Susie's route.

Starting from your initial upper bound, obtain an upper bound for the route which 1s
less than 635 km. State the route which has a length equal to your new upper bound
and cities which are visited more than once.

Chbtain the minimum spanning tree for the reduced graph produced by deleting the
vertex G and all edges joined to it. Draw the tree.

Hence obtain a lower bound for the length of Susie's route.

e
f Tsing your solution to part d, obtain a route of length less than 500 km which wizits
each vertex exactly once. E
Solution:

fil
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a Label column &, delete row A
Zcan all labelled columns and choose least number.
Add that new vertex to the tree
Label the new vertex's column and delete its row
Eepeat the 3 steps until all vertices added.
Applying algorithm
order of vertex selection &, B F, G, E, D, C

B
-
35 ./'/
(15Kh\\. 73 {Lf 63
i ~
P
55 T

b Initial upper band = 2x389 =778 km

¢ Eeducing upper bound by short cuts

Listsnewroutee g ABCGDGEGF A
States revigited vertices e g G

d B 82 C
- :
55, *\ 85
- ‘-._\
A D
F i
_r{
65\, J &
. :
F E

e Lower bound = 352+ GD +GE
= 352463455
=470

f eg Tze GE and GF (rather than GIN)

length = 3524554 75=482 km
Foue ABCDEGE A

© Pearson Education Ltd 2C
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Review Exercise 1
Exercise A, Question 35

Question:

T4z Co. Ltd produces three different blends of tea, Morning, Afterncon and Ewvening
The teas must be proceszed, blended and then packed for distribution.

The table below shows the time taken, in hours, for each stage of the production of a
tonne of tea. It also shows the profit, in hundreds of pounds, on each tonne.

Processing | Blending | Packing | Profit { £100)
Morning hlend 3 1 2 4
Afternoon blend 2 3 4 5
Evening blend 4 2 3 3

The total times available each week for processing, blending and packing are 33,

20 and 24 hours respectively. T42 Co. Ltd wishes to mazimise the weekly profit

Let x, y and z be the number of tonnes of Morning, Afternoon and Evening blend

produced each week:

a Formulate the above situation as a linear programming problem, listing clearly the
objective function, and the constraints as inequalities.

Aninitial simplex tableau for the abowve situation is

Basgicvariable | x |y | 2 | » | 5 | £ | Value
r 21411 0]0 25
g 132|010 20
¢ 2413|001 24
= 4| -5(-3| 0| 0] 0 0

b Solve this linear programming problem using the simplex algorithm. Take the most
negative number in the profit row to indicate the pivet column at each stage.

T42 Co. Ltd wishes to increase its profit further and iz prepared to increase the time

available for processing o blending or packing or any two of these three.

¢ Jse your answer to part b to adwize the company as to which stages) should be
allocated increased time. E

Solution:
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a Objective: Maximise F=4x+5y+ 32
Subjectto x4+ 2y+4z =35
x+3y+2z =20
2x+dy+iz = 24

h
bw | x ¥z rls |t Walue
r 2 053 Ljof 1 )23 E1-2E3
4 2
g o) 1ot 32 E2-G5RES
2 4 4
¥ 1 11 3 ojo]1 £ E3+4
2 4 4
F 3|0 3 ojo] 5 30 E445E5
2 4 4

bow ¥ |z r & |k Walue

& 1oy s |1 o) 1123 E1+2
4 2 41 2

S el ol A R ) G =LA DI ¥
8 4 51 4 2

> [0 [192 [T |mslm
& 4 B 4 2

2 I N A = P
5] 4 g 4 2

1 1 1

0

i

P=472 x=1l—,y=
4 i

] 3 : j :
¢ There 13 some slack (7 Ej ofL S, 3o de ot increase blending: therefore increase

Proceszing and Packing which are both at their limit at prezent.
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