Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 1

Question:

A two person Zero-sum game is represented by the following pay-off matriz for

player A
B plays 1 Bplays2 |BEplay: 3
A plays 1 3 2 3
A plays 2 -2 1 3
A plays 3 4 2 1

Pagel of 1

a Determine the play safe strategy for each player.
b Verify that there 1z a stable solution for this game and determine the saddle point.

Solution:
a
Bplays 1 | Bplays 2 | Bplays 2 | Eow min

A plays 1 3 P 3 2 —

A plays 2 -2 1 E: -2

A plays 3 4 P 1 1

Column maz 4 P 3
T

A should play 1 (row maximin = 2)
E should play 2 (column minimaz = 27

b row maximin = 2 =column minim ax

. game 15 stable
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 2

Question:

Eobert and Steve play a zero-sutn game. This game is represented by the following
pay-off matriz for Robert

stewveplays 1 | Steveplays 2 | Steveplays 2 | Steve plays 4
Ecbert plays 1 -2 -1 -3 1
Ecbert plays 2 3 1 -2
Ecbert plays 3 1 1 -1 E

a Determine the play safe strategy for each player.

h Verify that there 1z no stable selution for this game.

Solution:
a
Splave 1 | Splaye 2 | Splayes 3 | Splaye 4 | Eow min

E plays 1 -2 -1 =5 1 -3

E plays 2 2 3 1 -2 -2

Eplays 3 1 1 -1 3 -1 “—

Column max 2 3 1 2
T

E should play = (row maximin =-1)
= should play 3 {column minimax =1)

b row measimin # column minimax

-1=1

50 game 15 not stable
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise A, Question 3

Question:

A two person zero-sum gatmne is represented by the following pay-off matriz for

player &
Eplayzs1 | Bplays2 | B plays 3
Aplays 1 | =3 -2 2
Aplays2 | =1 -1 3
bAplays 3 | 4 -3 1
Aplaysd | 3 -1 -1

a Determine the play safe strategy for sach player.
b Verify that there 1z a stable solution for this game and determine the saddle points.

¢ State the value of the game to player &

Solution:
a
Eplays 1 | Bplay: 2 | B plays 5 | Eow min
Aplays 1 =3 -2 @ -3
A plays 2 -1 -1 3 -1
A plays 3 4 -3 1 -3
A plays 4 3 -1 -1 -1
Column max 4 -1 3
T

A should play 2 or 4 {row mazimin —1)

B should play 2 (column minimazx —1)

b Since row maximin = column minimax

e

game iz stable

Saddle points are (A2, B2 and (&4, B2

¢ Value of the game iz —1 to & (if A plavers 2 or 4 and B plays 2 the value of

the game 1z —1).
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 4

Question:

Claire and David play a two person zero-sum game, which 15 represented by the

following pay-off matrix for Claire.

Dplays 1 | Dplays 2 | Dplays 3 D plays 4
C plays 1 7 2 -3 3
C plays 2 4 -1 1 3
C plays 3 -2 5 -1
C plays 4 3 -3 —4 2

a Determine the play safe strategy for each player.
b Verify that there 15 no stable solution for this game.

¢ State the value of the game for Clawre if both plavers play safe.
d State the value of the game for David if both players play safe.

e Determine the pay-off matrixz for David.

Solution:
a
Dplave 1 | Dplavs 2 | Dplays 2 | D playe 4 | Eow min
C plays 1 7 2 -3 ) -3
C plays 2 4 -1 1 3 -1
C plays 3 -2 5 2 -1 -2
C plays 4 3 -3 —4 2 —4
Column max 7 5 2 5
i

Cplays 2 (row maximin =—1)
D plays 2 {column minimeax = 2)

b -1=2

row maximin £ column minimas

5o no stable solution

¢ I Cplays 2 and D plays 3, the value of the game 15 1 to Claire

d sither since the value of the game iz 1 to Claire and it i3 a zere-sum game, the value

of the game must be —1 to Dawvid

ar

If C plays 2 and D plays 3 Claire wins 1, so David wins —1

e
Cplays 1 | Cplaye 2 | Cplays 3 | Cplays 4
Dplay: 1 =7 —4 2 -3
Dplays 2 -2 1 -5 3
Doplays 3 3 =l -2 4
Dplays 4 B -3 1 -2
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise A, Question 5

Question:

Hilary and Denis play a two person zero-sum game, which 15 represented by the
tollowing pay-off matrix for Hilary.

Dplays 1 Dplaye2 | Dplays 3 |Dplaysd | Dplays 5

Hplays1 | 2 1 ] 0 2
Hplays2 | 4 0 ] 0 2
Hplays3 |1 4 -1 -1 3
Hplays4 |1 1 -1 —2 0
Hplays:5 |0 -2 -3 -3 -1

a Determine the play safe strategy for each player.

b Verify that there 1z a stable solution for thiz game and state the saddle points.

¢ State the value of the game for Hilary if both players play safe.

d State the value of the game for Denis if both players play safe.

e Determine the pay-off matriz for Denis.

Solution:
Dplayve 1 | Dplays 2 | Dplave 2 | Dplaved | Dplays 5 | Eow min
Hplays 1 2 1 ] 0 2 0«
Hplay: 2 4 0 1] ] 2 0«
Hyplays = 1 4 -1 -1 3 -1
Hplays 4 1 1 -1 -2 0 -2
Hplays 5 0 -2 -3 -3 -1 -3
Column tmax 4 4 ] ] 3
T T

a Hplays 1 or2
Dplays 3 ord

b row mazimin = column minimaz
0=10
so game stable

saddle points (H1, D3) (H2, D3) (H1, D4) (H2, D4)

¢ The value ofthe game to Hilary =0

d The value of the game to Deniz =10

Hplavs 1 | Hplavs 2 | Hplays 3 | Hplays 4 | Hplays 5
Dplays 1 -2 —4 -1 -1 0
Dplays 2 -1 0 -4 -1 2
Doplays 2 ] ] 1 1 3
Dplays 4 ] 0 1 2 3
Dplays 5 -2 -2 =3 ] 1
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

Freva plays 1 Frevaplays 2

Ellieplays 1
Ellie plays 2
Ellieplays =

1
-1
3

=5
&
-3

Ellie and Freva play a zero-sum game, represented by the pav-off matrix for Ellie
shown above. TUee dominance to reduce the game to a 2x2 game. Tou must make

your reasoning clear

Solution:

Fow 3 dominates rew 1 (3> 1,-3> -5) 50

game can be reduced to

Ellie would always choose to
play row 3 over row 1

Frevaplays 1

Frevaplays 2

Ellie plays 2

-1

&

Ellie plays 3

3

=3
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 2

Question:

Harry plays 1 Harry plays 2 Harry plays 3

Doug plays 1
Doug plays 2

=3
2

2
-3

Doug and Harry play a zero-sum game, represented by the pay-off matrix for Doug
shown abowe. Use dominance to reduce the game to a 2% 2 game. You must malke

your reasoning clear,

Solution:

Column 3 dominates 2 (-1=2 -6 =-3)

Harry would always choose to play 3
over 1

Harry plays 1 | Harry plays =2
Dougplays 1 -5 -1
Doug plays 2 2 —f
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 3

Question:
Hick plays1 Mick plays 2 Mick plays 3
Chris plays 1 1 2 3
Chriz plays 2 -1 -3 1
Chris plays 3 2 -1 5

Chris and Mick play a zero-sum game, represented by the pay-off matriz for Chris
shown abowe. Use dominance to reduce the game to a 22 game. ¥ou must make

your reasoning clear,

Solution:

Row 1 dominates row 2 (1> -1,2>-3,3> 1) Chris would always choose to play 1

Pagel of 1

over 2
Column 1 (or column 2) dominates column 3
(1<3,-1<1,2=5 or 2<3,-3<1, -1<3
Mick plays 1 | Hick plays 2
Chris plays 1 1 5 Mick would always choose 1 (or 2 over 2
Chris plays 3 2 =1
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Heinemann Solutionbank: Decision Mathematics . Pagel of 2

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise B, Question 4

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mixed strategy and the value of the game to A
¢ Determine the optitnal mixzed strategy and the value of the game to B,

Eplays1 B plays 2

A plays 1 2 —4
A plays 2 -1 3
Solution:
a
Bplays 1 | B plays 2 | Eow min
A plays 1 2 —d —d
A plays 2 -1 3 -1
Column max 2 3
T

since 22 —1 (column minimax # row maximin) the game is not stable

b Let & play 1 with probability p
So A plays 2 with probability (120
IfE plays 1 A's ezpected winning are 2p—-1(1- p1=3p -1
ItE plays 2 A's expected winnings are dp+3{1-p1=3-Tp

Expected
4 | winnings
Ap—-1=3-Tp
»\\h\ '1[]27_;| —
2 e e 3P =1 2
H\\H\ L p 5
e
@ pg0 R p¥l
2 ke
%
"'\-LM\
4 ~J 3-Tp
: s e
A zhould play 1 with probability —
3
A should play 2 with probability %
2) —1= o

The walue of the game to A is 3(5
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Heinemann Solutionbank: Decision Mathematics :

¢ Let B play 1 with probability ¢
so B plays 2 with probability (1—¢)

If & plays 1 B's expected winnings are —[2g —4(1—g)]=4 g

If & plays 2 B's expected winnings are —[—g+3{1-g)]=4g -2

Expected
winnings

Lhn

9 g0 e

E should play 1 with probability :_U

E should play 2 with probability %
-1

The walue of the game to B 15 4(%) —3= =
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 5

Question:

a Werify that there i no stable solution.

b Determine the optimal mixzed strategy and the value of the game to &
¢ Determine the optitnal mixzed strategy and the value of the game to B,

Eplayz1 B plays 2

A plays 1 = ]
A plays 2 2 —4
Solution:
a
Bplays 1 | B plays 2 | Eow min
A plays 1 -3 ] -3 —
Eplays 2 P —4 —d
Column maz 2 ]
T

since 22 =3 (column minimax # row maximin) the game iz not stable

b Let & play row 1 with probability p
So b plays row 2 with probability (1-p)

IR plays 1 A's expected winnings are —3p+2(1-p)=2-3p

ItE plays 2 A's expected winnings are Sp—4{1-p1=%p -4

6 Expected
winnings
4 //
s
Y
S
0 :
pFO ~_ pFl
g
L
2 / N
B
< 9
4

¢ Let B play column 1 with probability g
o B plays column 2 with probability {1-¢)

If & plays 1 B's expected winnings are —[—3g+5(1-g)]=8g-5

If A plays 2 B's expected winning are —[2g—4{1-g)]=4 - bg
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| 9p—4

5p

2=5p=%p-4

1l4p =6
.
7

& sheuld play 1 with

probability ;

& should play 2 with

.4
roability —
F v =

The value of the game to

Az 2—5(—J=
7

3

-1
~
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Heinemann Solutionbank: Decision Mathematics :

» Expected
winnings
4
2
0 g=+0 g
-2
4
-6
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Bg—35

4 — by

Bg—3=4-bg
144 =9
_ 9
14
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.. 9
robability —
& & 14

E zhould play 2 with
—
robability —
R 7 14
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 6

Question:

a WVerify that there 15 no stable solution.

Pagel of 2

b Determine the optimal mixzed strategy and the value of the game to &
¢ Determine the optitnal mixed strategy and the value of the game to B

Eplays1 B plays 2
A plays 1 ] -1
A plays 2 —2 1
Solution:
a
Eplays 1 | B plays 2 | Eow min
A plays 1 5 -1 -1
Aplays 2 -2 1 -2
Column max ] 1
T

since —12 1 (column minimax = row maximin) the game iz not stable

b Let & play row 1 with probability g
So A plays rows 2 with probability (1—- 23

IfB plays 1 A's expected winnings are Sp—2(1-p)=Tp -2
IfB plays 2 A's expected winnings are —p+1{1-p)=1-2p

Expected
winnings

(]

0,40

[E¥)

¢ Let B play column 1 with probability ¢
so B plays column 2 with probability {1—g)

Tp -2

If 4 plays 1 B's expected winnings are —[2g—-1{1-g)]=1-6g
If & plays 2 B's expected winning are -2 +1{1-¢)]= 3 -1

file://C:\Users\Buba\kaz\ouba\d2_ 5 b 6.t

Tp-2=1-2p
Gp =13
1
P =3

A should play 1 with
probability %
A should play 2 with
probability %
The value of the game
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4 Expected

winnings
4
2 otdg—l
_—-""'-'-'_-- -
‘Hﬁ-‘._ - —_—
0 L~ s
ol rﬁa g= 1
=0 i)
T
\H\“‘*h
T
—4 =
e
11-6gq
6

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\d2_ 5 b 6.t

3g-1=1-6g
Qg =
2
=3

B should play 1
with probability
E should play 2
with probability

The value ofthe
game to B iz

2. 1
1-6(=y=—2
Sl

Page2 of 2

3/11/201:



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 7

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mized strategy and the wvalue of the game to &4
¢ Determine the optitnal mixed strategy and the value of the game to B,

Bplays1 B plays 2

A plays 1 -1 3
A plays 2 1 -2
Solution:
a
Bplays 1 | B plays 2 | Bow min
Aplays 1 -1 3 -1 —
A plays 2 1 -2 -2
Column mazx 1 3
l]\

since 1#—1 (column minimax =+ row maximin) the game iz not stable

b Let & play 1 with probability g
So b plays 2 with probability {(1- 23
ItE plays 1 A's expected winnings are —p+{1-p)i=1-2p
ItE plays 2 A's expected winnings are 3p—2({1-p)=0p -2

Expected
4 winnings
] Sﬂ‘ 2
.-.--"".--
. -
- -"--J
— -
2l y
el i
“ - ___-_.-'"'?—__'_"\-—.____
p=0 __I_;-"' Te— _PT 1
- —— |
oo 1-2p
g e

A should play 1 with probability

A should play 2 with probability

O I [ IS

The walue of the game to & 15 1- 2(%) = %
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¢ Let B play 1 with probability ¢
oo B plays 2 with probability {1—g)

It & plays 1 B's expected winnings are —[—g+ 31— g)]=4g -3
It & playe 2 B's expected winnings are —[¢—2(1—g)] =2- 34

Expected
> 1 winnings

E should play 1 with probability ?E
E should play 2 with probability ?E

The value ofthe game to B 12 4(;]—3=—?
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mixed strategy and the value of the game to A

Bplays1 EBplayz2 Bplays =

A plays 1 =3 2 2
A plays 2 1 -3 -4
Solution:
a
Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 -4 2 2 -5
A plays 2 1 -3 —4 -4 —
Column max 1 2 2
ik

since 1# —4 (column minimax # row maximin) the game iz not stable

b Let A play 1 with probability p
So b plays 2 with probability (1-p2)
IftB plays 1 A's expected winnings are —Sp+1(1-pi=1-6p
ItE plays 2 A's expected winnings are 2p—3{1—-p1=5p -3
IfB plays = A's expected winnings are 2p—4(1-pi=ép—4

» Expected

winnings > tp—d=1-6p
1-6p|. X/.{f‘:f 122 =5
~
0 \\K‘x\ ff/f/ p = i
p+0 B pEl 12
2 ’_f,e-’;f/' S A should play 1 with
o Optimal ™ 5
| s p i
P 4 % - solution R‘“xx probability E
6p—4- ]  4shouldplay 2 with
7
robability —
P ¥ 12

The walue of the game to A 15
5 3
1-6(=—1=-2
I:12) 2
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 2

Question:

a Werify that there iz no stable solution.
b Determine the optimal mixzed strategy and the value of the game to &

Eplays1 Bplays2 Bplays 3

Aplays 1 2 & -2
A plays 2 -1 —4 3
Solution:
a
Bplays 1 | Bplays 2 | B play: 2 | Eow min
A plays 1 2 & -2 -2 “—
A plays 2 -1 —4 3 —4
Column max 2 & 3
T

since 22 —2 (column mintmax # row maximin) the game is not stable

b Let 4 play 1 with probability g
So b plays 2 with probability (1-p2)
IftE plays 1 A's expected winnings are 2p—i{1—-p)=3p—1
IfB plays 2 A's expected winnings are 6p—4(1-pi1=10p -4
IfB plays = A's expected winnings are —2p+3{1-pi1=3-5p

+ Expected

6 | winnings

A 3p-1

2

A should play 1 with

— A

wg i

) = robability —

Optimal ik ’ F 2
solution A should play 2 with
™~ 3-5p 1
probability >

The walue of the game to & 15
1 1
A-1=—
I:2:I 2
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 3

Question:

a Werify that there iz no stable solution
b Determine the optimal mixed strategy and the value of the game to A

Eplaysl EBplays2 Eplays =

A plays1 -2 3 é
A plays 2 ] 1 -4
Solution:
a
Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 -2 3 & -2 —
A plays 2 ] 1 —4 -4
Colutan max il 3 &
T

since 32 —2 (column minimax # row maximin) the game 15 not stable

b Let A play 1 with probability p
So b plays 2 with probability (1—-2)
IfE plays 1 A's expected winnings are —Z2p+5{1-p)=5-Tp
IftE plays 2 A7s expected winnings are 3p+1{1-pi=2p+1
IfB plays = A7z expected winningz are 6p—4{1-p)=10p—4

Expected B
6 winnings 10p—4 [ipsdi =0=ln
17p =5

e

B

A zhould play 1 with

(]

- 9
robability —
0 ) ’ i

pE0 Uptiirml < ES A should play 2 with

L. 8
solution g probability e

|
i

22

9
10(—)—4
7 17
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Heinemann Solutionbank: Decision Mathematics . Pagel of 1

Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise C, Question 4

Question:

a Werify that there 15 no stable solution
b Determine the optimal mixzed strategy and the value of the game to &

Eplays1 Bplays2 Bplays 3

Aplays 1 ) -2 —4
A plays 2 -3 1 f
Solution:
a
Bplays 1 | Bplays 2 | B play: 3 | Eow min
Aplays 1 ] -2 —4 —4
Aplays 2 -3 1 ) -3
Colutan max il 1 &
T

since 12 -3 (column minimax # row maximin) the game 13 not stable
b Let & play 1 with probability p

S0 b plays 2 with probability {(1- )

IfE plays 1 A7z expected winningz are Sp—3(1—p1=8p -3

IfE plays 2 &7s expected winnings are —2p+1{1-pi1=1-3p

IfE plays 3 A7z expected winnings are —dp+6&(1-p1=6-10p

Expected
winnings

6 | Bp-3=1-3p

8p—3 11p =4
//1" ;

LT

-2

A should play 1 with

probability 14—1
0 A should play 2 with

P pTl

Optimal

e O

probability —

: F 11
solution

2

ip
‘ The value of the game to A 13

4 1
Rty
CTUREET

il h 6—10p
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 5

Question:

a Verify that there i no stable solution,
b Determine the optimal mized strategy and the value of the game to B.

EBplaysl B plays 2

Pagel of 1

& plays 1 il 1
A plays 2 3 —4
A plays 3 -2 2
Solution:
a
Bplays 1 | Bplays 2 | Eow min
A plays 1 -1 1 -1 —
LA plays 2 ] —4 —4
Aplays 3 -2 2 -2
Column max 3 2
i

Zince 2 # —1 {column minimax # row maximin) the game 15 not stable

b Let B play 1 with probability ¢
=0 B plays 2 with probabality (1—g)
If & plays 1 B's expected winnings are [—g+1{1-g)]=2¢ -1
If & plays 2 B's expected winnings are —[Jg - 41-g1]=4-"Tg
If & plays 3 B's expected winnings are —[-2g +2{1—-g)]=4g - 2

4 Expected

4 . winnings | sl =0
Bg =25
5
2 4g -2 4= q
2 . .. /
~, 2a-1 i
=4 E should play 1 with
\\ - 5
- probability 5

E should play 2 with

/ Optimal \

solution e

probability g

[ ]

6 7q The value of the game to B

. 5 1
15 2(=)—-1=—
(9) 9
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Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 6

Question:

a Verify that there iz no stable solution.
b Determine the optimal mized strategy and the value of the game to B.

Eplays1 B plays 2

4 playe 1 =5 4
A plays 2 3 -3
A plays 3 1 =2
Solution:
a
EBplays 1 | B plays 2 | Eow min
& plays 1 -5 4 -5
A plays 2 a -3 -3
L plays 3 1 -2 -2 —
Column mazx 3 4
T

since 3% —2 (column minimax # row maximin) the game 15 not stable

b Let B play 1 with probability ¢
=0 B plays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[-g +4{1-g)]= 5% —4
If & plays 2 B's expected winnings are 3y —3{1-¢)]=3—-6g
If & plays 3 B's expected winnings are —[g¢—2{1-¢)]=2-3¢
Expected
6 M wil[l}nings | it
9¢g — 4 15 =7
7

HRT:

E should play 1 with
L q
robability —
P ¥ 13

E should play 2 with
i)
robability —
B ¥ 15

[ %]
4

Optimal g 3

solution is 9(1) =
15 15

| g%

13-6g
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Solutionbank

D2

Edexcel AS and A Level Modular Mathematics

Exercise C, Question 7

Question:

a Werify that there 15 no stable selution,
b Determine the optimal mized strategy and the value of the game to B.

Eplaysl B plays 2

A plays 1 -3 2
A plays 2 il -2
4 plays 3 2 —4
Solution:
a
Eplays 1 | Bplays 2 | Eow min
L plays 1 -3 2
& plays 2 -1 —2 —
L plays 3 2 —d
Column mazx 2 2
1 1

since 2% —2 (column minimax # row mazimin) the game 15 not stable

b Let B play 1 with probability ¢
50 B plays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[-3g+2(1-g)]=5¢ -2
If & plays 2 B's expected winnings are [—g—2(1-g)]=2—-¢g
If 4 plays 3 B's expected winnings are —[2g—4{1-g)]=4 -éqg

\ E :s_;ps:_ctud
winnings
K\m
"\.\\h
o
Yo,
e
2 f— \\‘x -
- ______Hx"x_——— .-—"J/
. T
e -
L
,-""}(:‘\..\_\
- A e
0 — t ~
o= - i
P70 P Optimal ™~
- - kl
s Solution
>
5 |z
4
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Sg—2=4—byg
1g =6
6
T i

E should play 1 with
s G
robability —
P ¥ 1
E should play 2 with
5
robability —
B ¥ 11
The walue of the game to B
2

) )
1z 5(—1-2=—
l1:11) 11
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 8

Question:

a Verify that there 15 no stable solution.
b Determine the optimal mized strategy and the value of the game to B

Eplays1 B plays 2

A plays 1 2 -3
A plays 2 -2 4
A plays 3 1 -1
Solution:
a
Eplays 1 | B plays 2 | Eow min
Aoplays 1 2 -3 -3
A plays & -2 4 —2
Aplays 3 1 -1 -1 —
Column max 2 4
T

snce 2% —1 (column minimax = row mazimin) the game is not stable

Let B play 1 with probability ¢

=0 B oplays 2 with probability (1—¢)
If & plays 1 B's expected winnings are —[2g —3(1—g)]=3-23¢
If & plays 2 B's expected winnings are —[-2g+4(1-g)] =bg -4

If & plays 3 B's expected winnings are —{g—1{1-41]=1- 24

{ Expected
winnings

// Oq -
HHH&\HH z//’-
-_-"_-_--““—“ \\\ /
- HHHH N
~~ Optimal ™~
e solution I

2 H"Hh
I- —.
0
gT0
2
/’/ﬂ/
4 |7

A
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4

-

2g

bg—4=1-2g
By =5
ol
=3

E should play 1 with
probability g

E should play 2 with
probability g

The walue of the game to B
1

: 5
1z B -4 =——
(83' i
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 1

Question:

Formulate the game below as a linear programming problems for player &, writing the
constraints as equalities and clearly defining your variables.

Eplays1 B plays 2

A plays 1 -1 1

A plays 2 3 —4

A plays 3 —2 2
Solution:

Add 5 to all elements

Eplays 1 | B plays 2
A plays 1 4 6
A plays 2 ] 1
A plays 2 3 7

Let & play 1 with prebability 2
and A play 2 with probability p,
and A play 3 with probability 2
Let the value of the game to & be v and ¥ =v+3

Mamimize F=F

Subjectto 4py+8p, +3p 2V =V —4p —-8p, - 3p. +r =10
b+ +ip, 2V =V -bp,—p,—Tpy+s =0

Pyt El=ptptp i =1

PP Pal i =0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 2

Question:

Formulate the game below as a linear programming problems for player &, writing the
constraints as equalities and clearly defining your variables,

Eplays1 Bplays2 Bplays 3

A plays 1 =5 4 1
A plays 2 3 =3 2
A plays = 1 -2 -1
Solution:

Add & to all elements

Bplays 1 | Bplays 2 | B plays 3
Aplaysz 1 1 10 7
A plays 2 9 3 ]
Aplays 3 7 4 ]

Let A play 1 with probability gy
and A play 2 with probability p,
and A play 3 with probability py
Let the value of the game to A be vand FF=v+6

Masmimize F=F

Subject to P+ T 2V =V —p —9p,— Ty +r =0
10p +3p, +dp =V = -10p, -3p, —d4p, +5=10

T +Epy+op 2V =V -Tp —8p —Op; +1 =0
ntptpsEl=ptptetu =1

PP Bs. etk 210
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 3

Question:

Formulate the game below az a linear programming problems for player &, writing the
constraints as equalities and clearly defining vour variables,

Eplays1 Bplays2 B plays =

A plays 1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2
Solution:

Add 5 to all elements

EBplays 1 | Bplays 2 | Bplay: =
A plays 1 2 7 4
A plays 2 4 3 &
A plays 2 7 1 ]

Let & play 1 with prebability p
Let A play 2 with probability g,
Let A play 3 with probability
Let the value of the game to A bevand F=v+3
Mazimise P=1"
Subject to
dptHadp, i 2V =SV -2p -dp,-Tp, +r=10
T +E3p,tp, 2V =SV -Tp -3p,—pts =0
dp,+bp,+3p, 2 =V —dp, —bp, —3p,+t =0
Aty El=ptetetu =1
PP Pt 5 hu =0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 4

Question:

Formulate the game below az a linear programming problems for player &, writing the
constraints as equalities and clearly defining your wariables.

Eplays1 Bplays2 B plays =

A plays 1 2 ) -1
A plays 2 -2 4 1

A plays = 1 -1 0
Solution:

Add 4 to all elements

Bplays 1 | BEplays 2 | B plays 3
A plays 1 & 1 3
A plays 2 2 ] 3
A plays 2 ] 3 4

Let & play 1 with probability z
Let A play 2 with probability p,
Let A play 3 with probability gy
Let the value of'the game to A bevand FF=v+4
Wlazmimise F=1
subject to
Ep+i2p+ip =V =V —6p - 2p, - 0p,+r =10
P8y, +3p 2 = —p —8p, —3p,+s =10
3ptop, +aAp = =V -5 - 5p, —dp, +: =0
Bttt 2l tp, et =1
PP .7 6tu =0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 5

Question:

Formulate the game below az a linear programming problem for player B, writing the
constraints as equalities and clearly defining your variables,

Eplayzl EBEoplays 2 B plays 3

A plays 1 -4 2 3
A plays 2 1 -3 —4
Solution:
Aplays 1 | Aplays 2 Aplays 1| A plays 2
Eplays 1 5] -1 Adding | B plays 1 9 3
E plays 2 -2 3 4toall | Bplays 2 2 7
Eplays 3 -3 4 elements | B plays 2 1 ]

Let B play 1 with prebability o
Let B play 2 with probability o,
Let B play 3 with probability o,

Let the value of the game to Bhevand ¥V =v+4
Mazimizse F=1
subject to

g tigytg; 2V V-8 — 2y —gs+r =10
S+ lg +8g 2V V-3g -g, 8¢ +s =0
gy +4g, +g; =1 g tg,ta+i=1

@ dq.d7. 7.5 2 0
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 6

Question:

Formulate the game below az a linear programming problems for player B, writing the
constraints as equalities and clearly defining your variables.

Eplays1 EBplays2 Bplays 3

A plays1 =3 4 1
A plays 2 3 =3 2
A plays 3 1 -2 -1
Solution:
& A A A A &
plays | plays | plays plays | plays | plays
1 2 3 1 2 3
Bplaye1 | 5 e ] ﬁdgmg B pllaf”s 10 2 4
Bplays2 | -4 3 2 toall | P péaf”s 1 8 9
B plays 3 -1 -2 1 elements k p?{ays 4 2 6

Let B play 1 with probabality ¢

Let B play 2 with probability g,

Let B play 3 with probability o,

Let the value of the game to B bev and I =v+35

Weamimise F=F

subject to

10g,+g, +dg, =F = -10g,—g, —dg,++7 =0
dgytog, 30 2V = -2 -8y, -3+ =10
dagy +lg+bg, 2V =V —dg - g, —bg,+1 =0

Nt szt e tu=1

T D SO Y= |
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 7

Question:

Formulate the game below az a linear programming problems for player B, writing the
constraints as equalities and clearly defining your variables,

Eplays1l EBplays2 Eplays =

A plays1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2
Solution:
A A & A & A
playe | playes | plays playe | plays | plays
1 2 2 1 2 :
E plays 1 3 1 -2 Adding 3 E plays 1 & 4 1
E plays 2 -2 2 4 to all Eplays 2 1 ] 7
Eplays 3 1 -1 2 elements Eplays 3 4 2 3

Let B play 1 with prebability ¢
Let B play 2 with probability g
Let B play 3 with probability ¢,
Let the value of the game to Bbe v and ¥ =v+3
Mazimize P=1
subject to:
bt g 2V =V —bg —g, —dg +7 =10
4 +5g, +2g, 2V SV g —5g, —Zg, +5 =0
g, +og, =V SV - Vg Oy, +E =10
ftata Sl=atagtetu=1
- S N - T Y
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise D, Question 8

Question:

Formulate the game below as a linear programiming problems for player B, writing the
constraints as equalities and clearly defining vour variables,

Bplays1l EBEoplayz2 Bplays 3

Aoplays 1 P -3 -1
A plays 2 -2 4 1
Aoplays 3 1 -1 0
Solution:
A A A A A A
plays 1 | plays 2 | plays 3 plays 1 | plays 2 | plays 3
E plays 1 -2 2 -1 Adding | Bplays 1 3 7 4
Eplays 2 3 -4 1 Stoall | Bplays 2 ] 1 &
Eplays 3 1 -1 0 elements | B plays 3 & 4 ]

Let B play 1 with probability ¢
Let B play 2 with probability o,
Let B play 3 with probability o,
Let the value of the game to B bev and ¥ =v+25
Wamimize F=F
subject to:
3g,+8g, +ég, =v =l -3¢, —8g, —bg, +r =10
T +tg,+dg =V =2V =T —g,—dg; +5 =10
dgy +6g, +5g, 2 v = —dg —bg, —Sg; +£ =0
atmtasl=ogtg e tu=]

- PO - = |
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Solutionbank D2
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Exercise D, Question 9

Question:

TTzing vour answer to question 1,
a write down an initial simplex tableau to solve the zero-sum game below, for player

A,
b use the simplex algorithm to determine A's best strategy.

Eplays 1 B plays 2

Aplays1 -1 1

A plays 2 £ —4

A plays = -2 2
Solution:
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| pa | |78t value

—
—
—
=
—t
—t

b

bv |V gy 2y | 2| 7| 5|2 | value

¥ 14| -8]-3 ofo] 0 Ei1+1

g Ofl-z2] 7 | -4|-1]1[0] 0 EZz-ER1

¢ 0 {:1} 1 1 ool 1 B3 no change

F 0| -4 |(-8|-3] 1 ]|0|0] 0 E4+E1

by |Vl ey | 25| 7 | 5] ]| values

i 110 ] -4]|1 1 [0]3 3 E1+4E3

g o]0 @ -2 |-1]1|2 2 R2+2E3

P |01 1 1 o jo|1 1 E3 no change

F oo |41 a4 4 E4+4E3

[0 N T T T g £ | walue

¥ 1pofoj1 2 4 3] 4 | Rl1+4R2
9 9 9 9 9

pa |00 1| 2111 2 2 Ez+5
9 9 o g 9

po |0 1T 0 E l —_1 1 1 E3-E2
9 9 9 9 9

F Glojo1 3 4 |35 44 | R4+4R2
9 9 9 9 9

44 44 -1 7 2
F=—sov=—-50=— =— =— =0
g 9 3 21 g £ 3 Pz

A should play 1 with probability % . play 2 with probability g and play 3 never
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics
Exercise D, Question 10

Question:

Tzing vour answer to question 5,
a write down an initial simplex tableau to solve the zero-sum game below, for player

B,
b use the simplex algorithm to determine B s best strategy.

Eplaysl Eoplayz2 Bplays 3

A plays 1 -5 2 ]
A plays 2 1 -3 —4
Solution:
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bw | Vg | gy | g | 7|5 ¢ | value

r M-8 |-2|-1][1]o]o] 0

g 1 | =3|-7[-8|0]1|0] O

£ 011 1 1 [0]0f1 1

P -1[ 0 ojojol 0

b

bw | ¥l e | gy | g5 | 7 | 8]|¢|value | Row operations

Vol -8 -2 -1 1 ]0]J0] 0 |R2+1

g 0l&)|-s|-7|-1[1]0] 0 |R2-R1

¢ ol 1 1 o)1 1 E3 no change

2 0|-8]-2]-1] 1]0j0|] 0O [ER4+ER1

b | Fl g | g e P g value | Fow operations

¥ 10|18 (=25 (-1) 310 0 |R1+5R2
2 % 2] 2

o |01 -3 = | SE| il 0o 0 [R2=6
& & 6 6

¢ oo 11 By 1= 1 R3-R2Z
£ & 6 | 6

i 0l o 18| 23| -1 3 ]0] 0 |R4+5R2
2 2 2] 2

bw | Flag | gy | g | s £ | value | Row operations

R ) P2 B D) R o o
13 13 [ 18 ), 18 2

q |Op 1|2 0 T T g Trs
13 13 (13| 13 | 13 &

o OO T L[5 & |gi3
13 13 [A3| 13 | #13 6

PO 0|2 [0 529 & |arps
13 13 11313 13 2

69 69 17 7 &

13 B 1 ks A BT

E should play 1 with probability 1?—3 play 2 never and play 3 with probability 16—3
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 11

Question:
Eplaysl EBplays2 EBplays =
A plays1 =5 4 1
A plays 2 3 -3 2
A plays 3 1 -2 -1

TTzing vour answer to question 2,

a write down an initial simplex tableau to solve the zero-sum game, for player A,

b uze the simplex algorithm to determine A's best strategy.
TTzing wour answer to question 6,

¢ write down an initial simplex tableau to solve the zero-sum game, for player B,

d use the simplex algorithm to determine B's best strategy.

Solution:
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bv | V| p | Py | 2|7 |6t |u]|value
r O] -1 [-8[-7][1[0]Jo]0] O
g 1| -10 -3 4 ]0]1[0j0] O
£ 1 | =7 |=8|=5 |0 )01 [0f O
u 0 1 1 1 10j0j0]1 1
P -1 0 01 0 [oj0j0jof 0
b
bv |V oy | pe | 25| 7 | 5|2 || value | Row operations
ol =1 =R =7 T jofofo] 0 El+1
s |[0[=9[(6)] 3 [-1{1[0[0] O |R2-RI
¢ Of=6] 1] 2 [=1]0]1[0] O R3-R1
1 of 1 1 1 ojofo]1 1 E4 no change
= Oifil | =80 =R ) Gt | @) 0f0f 0 o R
bv |V ||l B8 " g | ¢|u|wvalue | Row operations
Vo280 5111 310700 0 R1+9R2
2 2 2 2
po (0| =3 (101 | =1] 1 10p0 0 k2-¢6
2 2 b 6
¢ Ol =2 |1 Q|3 | =3 |=L| LB @ R3-R2
2 2 6 6
u 0 01 & [ | SLula 1 E4-E2
2 & &
P 0|l =22 (0| 5| -1/ 3(0[0] O R5+3R2
2 2 2 2
bv [V oy | Py | 25| 7 g | value | Row operations
IO [ 2 [Z 12 P12 2 [rieline
5 |13 [ A5 5 5 2
p; |0( 0|14 1) 11013 3 | ros3Ra
5 |15 |15 4 5 2
C 000 [ 2| B[ [T 8] 2 |rarina
e [=loy |LE 3 J 2
p |01 0 l l '_1 0 E E R4+E
& |18 | A 5 5 2
PO 2 [Z1E 022 [rorne
2 |15 )13 J J 2
=1 2 3
=— gsoyv=—-6=—, =_ =_ =)
5 P 5 Py 5 3
; m
A should play 1 with probability 3
A should play 2 with probability %

A should play 3 never
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bwv. | V| g | gy | g5 | 7| 6| | u|value
y (D -1o0]-1]-4]1[0]0[0] O
g 1| =2 |-8|-3[0[1]0]0O] O
t 1| =4 | =7 =6[0[0]1]0] O
u 0 1 1 1 [0]0]0]1 1
F -11 0 O | 0 ]J0jO[0]0O] O
d
by || g, | gy | g | r |&|¢|u|value | Row operations
Vol -1wj-1|-4]10/0j0| 0 Rl=1
s |o](@® [-7[ 1 [-1]1]0Jo] 0 [R2-Rl
¢ 0] 6 |=6]-2]-1]0]1]0] O R3-R1
& ol 1 1 1 ojofo]!l 1 R4 no change
F Oj-10|-1]-4] 1 |]0[0]0O] O R5+ER1
b |Vl g | a4 s r g | ¢ value | Row operations
ol o] =3 -11|(=-1] 5 (0]0] O R1+10R2
4 4 4 4
q [01] 1 (=11 1 10j0@ 0 Ré+8
g g g g
£ o0 =3 | -11|=-1]-3(1|0]| O R3-6R2
4 4 4 4
u 010 @ 7 1 | gl fale] il 1 R4-R2
8 8 8
F |0l 0] -8 -11[=1] 5 [0]0] 0O E5+10R2
4 4 4 4
bv. (Vg |a.| a: | 7 g |t| u |walue | Row operations
IR HIEBEIREY
J J J 2 2 4
- v O = I P - A < 7 R2+?R4
15 | 15] 15 15 13 8
£ 0] 0] 0] [T 2 (1] 2] & |rsslra
5 3 3 5 13 4
A i o I T 11 -1(0] 8 8 R4+15
15 | 15 ] 15 15 15 8
P 0[0] 0] 3 [2[3[0]2] 2 |55,
5 5 2 e 5 4
26 26 1 7 8
fFe—,s0 v=—=5== =— =— =0
5 5 d 15 d3 15 g3

E should play 1 with probability 1?—5

B should play 2 with probability 18—5

E should play 2 never
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise D, Question 12

Question:
Eplaysl EBplays2 EBplays =
A plays1 -3 2 -1
A plays 2 -1 -2 1
A plays = 2 —4 -2

TTzing wour answer to question 3,
a write down an initial simplex tableau to solve the zero-sum game, for player A,

b use the simplex algorithm to determine A's best strate gy,

Tzing vour answet to question 7,
¢ write down an initial simplex tableau to solve the zero-sum game, for plaver B,

d uze the simplex algorithm to determine B's best strategy.

Solution:
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bv | V| oy |2y | B | 7|5 |u|value
r (] -2]-4|-7|1]o]oja] o
g L [ =7 |-=3[-1|0]1[0f[0] O
H 1 |-4|-6|-3|0j0|1|0] O
u D1 1 1 [0j0jo]1 1
Fol-l D0 J0j0j0jo] 0
h
by | F| gy | Py | B | 7 | 8|2 || value | Row operations
Vo1 =247 1(0j0j0] 0 |RI+1
g 05| 1| |-1][1]0[0] 0O |R2-R1
£ oO|-2|-2]14 |-1]0]1|0| 0 |E3-EI
N o1 1 1 ojofo]1 1 E4 no change
F 0|24/ 1]0j0|0] 0 |E5S+ERI
b | V| m 7. |aBE| g | £ | u|value | Bow operations
Vol 42170 =1 7 |0(0p 0 R 1R
& & & &
w0 =2 1 1] -1 1 (00 O R2-¢6
£ & £ &
¢ o (4 780 | 0 el |28 | Tl O E3-4E2
3 3 5| B
u o 11 5 o1 | =-1j0f1] 1 RE4-ER2
6 6 6 | 6
ool 47|17 0| -1 7 (0]0] O E5+7R2
& & & &
b TF| 20 oy | 2% F ¢ | u|walue | Eow operations
0 [T [0 [ [ 2[4 [0] 0 | g4
2 8 4 8 &
i N e e RIE 1 R2+2R3
2 8 4 B &
|01 ]2 0|1 =13 |00 R3+i
4 2 4 3
WO 0s py B B, | 2 | B R4-1lg3
B 4 8 &
PO O[22 0 [0 | 0 4T[0 O | masflns
2 8 4 8 &

file://C:\Users\Buba\kaz\ouba\d2_ 5 d 12.f 3/11/201.



Heinemann Solutionbank: Decision Mathematics :

bows | U | s [ F & 4 2 | walue | Bow operations
O[O0 [T 2 7] 7 | zieliea
9 3 9 9 9 9
YRR R DR Y ) o] E R2+-R4
£ 6 3 i 2
pi | O i | 0 |50 1] -1 5 4 4 E34+2E4
E 36 9 9
py |00 10O 5 1] =11 2 2 s 9
36| 6 36 9 9 2
PO O[04 L] 2 37| 3 | gosling
8 3 9 9 9 2
= =7 -8 4 2 3
F=—ssov="—-0=— =— =— ==
3 3 3 B 5 P 9 P 9
A should play 1 with probability i
9
A should play 2 with probability g
A should play 3 with probability ;
c
bv | Ve |a, ]| a: | 7| 5| £ x| value
r (M| -6]-1[-4]1]0]0]0] ©
g 1|4 =5 -=z|0]1]j0j0] 0
¢ 1 |1 |- |-aj0j0j1(0f 0
# 0|1 1 1 |jojojo]1 1
B -1] 0 0 O jojojojol o
d
bw |Vl gy | gy | g5 | 7 | 5]|¢]|u|value | Eow operations
'd 16| -1|-4] 1 [0]0]D 0 E1+1
g Dl 2 |4 2 [-1]1[0]0 0 RZ2-R1
¢ 0 @ -6 | =1 -1|0|1|0 0 E3-E1
54 of 1 1 1 ojofo]1 1 E4 ne change
£ Dl-6|-1]|-4] 1 |0[0[D 0 E5+E1
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b | F g | a4 e Fole| ot value | Row operations
110 =41 =26 | =10 & 0 E1+6ER53
5 5 5 5
g L 12 =211 =210 0 E3-ZEZ
3 o 5 o
4 o] 1 —_6 —_] —_1 0 l 0 0 Es+-5
5 5 5 5
i o]0 1 & 1 |0 =111 1 FE4-E3
5 5 5 5
F Ol ol =41 -261-=-110| & |0 0 E5+6E3
5 5 5 5
bv [ g | g | g5 ols| 2 | value | Eow operations
[ 1100 -
S E [0 2 [2] 4| nip20pg
111 11 11 ] 11 11 5
S G— | Bleale || & B2 +2R4
11 11 ] 11 11 5
e |0 1[0 2| L P A (8 | B R34+ R4
111 11 11 | 11 11 5
m O[O T 6 [ 1[0 5[ 5| pall
11| 11 1 11 11 5
N I I ) R Y T R
11| 11 11 ] 11 11 5
bw | ¥ gyl s | s r 5 i i value Fow
operations
BB EE
9 9 3 9 9 11
g |0 0|0 1| =511 -1} 2 2 R2+36
36 | 36 & 9 g 11
g 305 & [5G |58 | =1 (59 1 4 4 R3—5R2
36 | 36 & g g 11
g, |0 0] 1]0 1 =11 0 1 1 R4—6R2
£ & 3 3 11
PIOJO[ 0[O0 22T 5| 5 | rsrlrs
4 4 3 9 9 11
| 325 sov—35—3—8 4 B 2
3 3 d1 3 4 3 g3 9
E should play 1 with probability i
g
E should play 2 with probability ;
E should play 3 with probability S
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 1

Question:

A two-person zero-sum game 18 represented by the following pay-off matriz for player
L Findthe best strategy for each plaver and the value of the game.

Solution:
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Eplays 1 | B plays 2 | Eow min
A plays 1 4 -2 -2 —
A plays 2 -5 & -5
Column maz 4 &
T

Mo stable solution since 4 = —2 (column minimax # row tnazimin)
Let & play 1 with probability p

So b plays 2 with probability (1—p)

IR plays 1 A's expected winnings are 4p—3(1-p)=2p -5

IfE plays 2 A's expected winnings are —2p+6{1—-p1=6—-8p

A Expected
6 winnings Bp-0=6-8p
17p =11
p= 11
4 9p—5 17
A should play 1 with
s ]
robability —
2 B ¥ 17
A should play 2 with
0 probability %
P10 Pl The walue of the gatne to 4 is
14
—2 6 - 8p 17
4
6

Let B play 1 with probability ¢

Let B play 2 with probability (1—g)

If & plays 1 B's expected winnings are —[dg —2(1—g)]=2 -6y
If & plays 2 B's expected winnings are —[-3¢+6(1-g)]=11g -6

file://C:\Users\Buba\kaz\ouba\d2 5 e 1.t 3/11/201.
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Expected

6 | winnings
4
2
0

g0 I

-2
-4

© Pearson Education Ltd 2C
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llg-6

2—6g

lg-6=2-6g
17g =8
_ 8
T

E should play 1 with
.. oB
robability —
|5 v 7

E zshould play 2 with
8
robability —
P i 17

The wvalue of the game to B i
—-14
17
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Solutionbank D2
Edexcel AS and A Level Modular Mathematics

Exercise E, Question 2

Question:

EBen and Greg play a zero-sutn game, represented by the following pay-off matriz for
Een.
Greg plays 1] Greg plays 2 Greg plays 3

-5 4 3
1 -1 —4

Ben plays 1
Ben plays 2

a Ezplain why this matriz might be reduced to
=5 3
1 —4‘
b Hence find the best strate gy for each plaver and the value of the game.

Solution:
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a Column 2 dominates column 2 (since 3= 4 and —4 <-1)

h
Aplay 1 | Aplay 2 | Eow min
Eplays 1 -5 3 =0
Eplays 2 1 —4 —d —
Col max 1 2
T

since 12 —4 (column minimax £ row

Let & play 1 with probability p

So b plays 2 with probability {(1-p2)

ITE plays 1 A's expected winnings are
ItE plays 2 A's expected winnings are

A Expected
B winnings Tp—4
0
PT P
-2
4 \
-6

Let B play 1 with probability ¢

Let B play 2 with probability (1—g)

1 - 6g

tnaxitnin) game i3 not stable

=Sp+l{l-p)=1-6p
ip—4l-p)=Tp-4

Tp-4=1-6p
13p =5
A
T

A zhould play 1 with probability
5

13

A should play 2 with probability
8

13

The walue of the game is %

If 4 plays 1 B's expected winnings are —[—2g+3{1—g)]=8g -3

It A plays 2 B's expected winnings are —{g—4(1-g)] =4-5g
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6

Expected
winnings

B

b

o

© Pearson Education Ltd 2C
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Bg -3

4 -5¢q

Hy—3=4-5g
13¢=7
L
13

E should play 1 with probability L

E should play 2 with probability :

The walue of the game 1z %

Page3 of 3

3/11/201:



Heinemann Solutionbank: Decision Mathematics :

Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 3

Question:

Cait and Georgi play a zero-sum game, represented by the following pay-off matriz
for Cait.
Georgl playzs 1 Georgi plays 2 Georgi plays 3
Cait plays 1 -5 p 3
Cait plays 2 1 -3 —4
Clait plays 2 =7 0 1

Identify the play safe strategies for each player.

Verify that there is no stable solution to thiz game.

¢ Tze dominance to reduce the game to a 2x3 game, explaining your reasoning,
d Find Cait's best strategy and the walue of the game to her

e Write down the value of the game to Georgi.

oo

Solution:
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Gplays 1 | Gplays 2 | Gplay: 3 | Eow min
C plays 1 -5 2 3 -3
C plays 2 1 -3 - -4 “—
C plays 3 = ] 1 =7
Column tnax 1 2
T

a Play safe: Cait plays 2 Georgi plays 1
b 12 -4 (column minimax # row mazximin) 2o no stable selution

¢ Fow 1 dominates row 3 (since —5=-7 2>0 3=1)

Gplays 1 | Gplays 2 | Gplays 3
i plays 1 -5 2 3
Z plays 2 1 -3 -4

d Let Cplay 1 with probability p
2o Cplays 2 with probability (1-p)
IfGplays 1 C's expected winnings are —2p+1{1-p1=1-6p
If Gplays 2 C's expected winnings are 2p—3{1—-p1=5p -3
If Gplays 3 C's expected winnings are Sp—4{l-p)=Tp -4

Expected
4 ' winnings Tp—4=1-6p
13p =5
, )
2 P 13
™ Cait should play 1 with
W

L5

robability —

P ¥ 13
Cait should play 2 with

Pty
| "B .y -
robability —
., F ¥ 13

o
Optimal :
solution \ Cait should play 3 never

™ The walue of'the game iz %

[ =

\I

1 - 6p

6

e The value ofthe game to Georgi is %

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 4

Question:

A two person zero-sum game is represented by the following pay-off matriz for player

A
EBplaysl Eoplayz2 Bplays 3

A plays 1 2 ! =3
A plays 2 -2 1 4
A plays = -3 1 -3
A plays 4 -1 2 -2

a Werify that there iz no stable solution to this game
b Ezxplain the circumestances under which arow, x, dominates a row, ¥
¢ Eeduce the game to a 3 %3 game, explaining your reasoning.

d Formulate the 3 =3 game as a linear programming problem for player & “Write the

constraints as inequalities and define your variables

Solution:
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Heinemann Solutionbank: Decision Mathematics . Page2 of 2

a
EBplays 1 | Bplays 2 | B plays 3 | Eow min

Aplays 1 2 -1 -3 -z

A plays 2 -2 1 4 -2 “—
A plays 2 -3 1 —3 -3

A plays 4 -1 2 -2 -2 “—
Colutnn max 2 2 4

T T

since 2= —2 (column minimax 2 row maximin) there 1z no stable solution.

b & row x dominates a row ¥, if, in each column, the element in row x 2 the element
i row v,

¢ Fowd domuinates row 3

Eplays 1 | BEplays 2 | B plays 3
A plays 1 2 -1 -3
A plays 2 -2 1 4
Aplays 3 -1 2 -2

d Add4dto all elements

EBplays 1 | BEplays 2 | B plays =
A plays 1 & 3 1
A plays 2 2 3 8
A plays 2 3 6 2

Let & play 1 with probability 2
Let A play 2 with probability p,
Let A play 3 with probability py
Let the value of the game to Abevse ¥ =v+4
MWazimise P=1
Subject to:
Gp +2p,+Ep 2V
3p +op, +hp, 2
P tep,+2p, =

ptptp =1

© Pearson Education Ltd 2C
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 5

Question:

A two person zero-sum game is represented by the following pay-off matriz for player

A
Eplaysl Eoplayz2 Bplays 3

A plays 1 ] -1 1
A plays 2 -1 —4 4
A plays =2 3 -2 -1

a Identify the play safe strategies for each player.
b Verify that there iz no stable solution to this game.
¢ TTze dominance to reduce the game to a 3% 2 game, explaining your reasoning.

d Write down the pay-off matrix for player B
e Find B's best strategy and the value of the game.

Solution:
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Page2 of 2

Eplays 1 | Bplays 2 | B playz 3 | Eow min
A plays 1 ] -3 1 -3
A plays 2 -1 — 4 —4
Aplays 3 3 8 -1 -1 —
Column max 3 8 4
/]\

a Play safe (4 plays 1, B plays 2)

b Zince 22 -1 (column minimax # row maximin) there 13 no stable zolution

¢ Column 2 deminates column 1 (-3 <=35,-4 <-1,2 = 3) B would always choose to

minimise &'s winnings by playing 2 rather than 1

Eplays 2 | B plays 3
A plays 1 -3 1
A plays 2 —4 4
Aplays 3 2 -1
d
Lplays 1 | Aplays 2 | Aplays 2
Eplays 2 i 4 -2
Bplays 3 -1 —4 1

e Let B play 2 with probability p
o B plays 3 with probability (1-2)
If A plays 1 B's expected winnings are Jp—-1{1-pi=4p -1

If & plays 2 B's expected winnings are dp—4{l—-pi=8p -4

If & plays 3 B's expected winnings are —2p+1(1-pi1=1-3p

Expected
4 winnings & —4
// ap -1
..-""-'F‘.
. ol
2 7
/"’f. 4
- - A
-h'“"--u.__ -~ rd
0 e s
.P B ” ..____-"') Erne ‘n = 2 ]
.-"'-'/.f = e,
2 / Optimal ] 1 3p
solution
—4 /

© Pearson Education Ltd 2C
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sp—4=1-3p
11p =5
5
P

B should play 2 with probability 15—1
E should play 2 with probability %

The value of the game is T—;
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Solutionbank D2

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 6

Question:

A two person zero-sum game is represented by the following pay-off matrix for player
A
Eplaysl Eplays2 B playss
A playsl 2 7 -1
A plays2 ] 0 &
A plays3 -2 3 ]

Tdentify the play safe strategies for each player.

Werify that there is no stable solution to this game.

Write down the pay-off matrix for player B

Formulate the game for player B as a linear programming problem. Define your
variakles and write vour constraints as equations.

e TWrite down an initial tableau that you could uze to solve the game for player B,

=TRLr I = -

Solution:
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Bplays 1 | Bplays 2 | B plays 3 | Eow min
A plays 1 2 7 -1 -1
A plays 2 ) 0 a 0 —
A plays 3 -2 3 ] -2
Column max 3 7 8
T

a Play safe iz (4 playsz 2, B plays 1)

b Since 52 0 {column minimaz # row maximin) there 1z no stable selution

Aplays 1 | Aplays 2 | Aplays 3

Eplays 1 -2 -5 2
B plays 2 =7 0 -3
B play: 3 1 —B -5

d Adding #to all elements
Aplays 1 | Aplays 2 | Aplays 3

B plays 1 7 4 11
EBplays 2 2 9 )
Bplays 3 10 1 4

Let B play 1 with prebability py, play 2 with probability p, and play 3 with
probability g

Let v=value ofthe gameto B and =+ +8
Mamimise F ="
subject to:
T +2p, +10p, 2V =2V -"Tp —2p, —10p,+r =10
dp+8p t =2V = V-dp —%p,—p,+s =0
1p +6p,+dp 2V =2 V-11p—6p, —4p,+t =10
ntptpsl=ptetptu =1
where py, 2o, 75, P 50 = 0

bv | | B B E |r|s]|t]|u]| value
r 1| -7 | -z|-10]1|0]0|0 0
g 1 -4 -9 -1 |0f1|0]0 0
i 1 |11 -6 =4 |Of0]1]0 0
t ] 1 1 1 ojojo)l 1
F -1 ] 1] ] glofofo 0
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