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Integration
Exercise A, Question 1

Question:
Integrate the following with respect xo

5 2
(a) 3sebx + = + =

(b) 5& - 4sinx + 2x°

(c) 2 (sinx— cosx + X))

(d) 3sextanx — Xg

(e) 5& + 4cox - %
X

() i + 2 coseéx

o |-

11
@<*+%*
(h) & + sinx + cosx

(i) 2 cosexcotx — se@x
(j) € + Xl —~ coseéx

Solution:
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(b) [ (5~ 4sinx + 233) dx

24
=5 +4cox+ -, + C
x*
=5e+4cox+ 5 + C

(c) | 2 ('sinx - cosx + x ) dx
= | (2sinx — 2cosx + 2x) dx
= - 2cox - 2sinx+ X2+ C

(d) | ( 3sextanx - Xg } dx

=3sex-2In|x| + C

e) | (Sé‘+4cosx— é) oix

= | (5€+4cosx— 2x~ ?2) dx

2
= 5& + 4sinx + .+t C

@ | ( % + 2 coseéx ) dx

= (%xxl+ZCOSGEX)dX

1
= SIn|x| —2cox+ C

(h) | (€ + sinx + cosx) dx
=eX-cosx +sinx+ C
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(i) | (2cosexcotx — se@x ) dx
= —2cosex —tanx+ C

1

G) [ (ex+x cose&x)dx
=e“+In|x| + coix+ C
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Integration
Exercise A, Question 2

Question:

Find the following integrals:

(1 .1
\ co@x NG

(@ | dx

N—

© (g +2% )

[1+cos< 1+x\
© 1 | + ) &

Siréx X

(1
\ sin?x

d) | v } o

(e) [ sinx (1 + seéx) dx

(f [cosx (1 + coseéx) dx
(9) [ coseéx (1 + tarfx) dx
(h) [ se@x (1 - cox) dx

(i) [seéx(1+e&cofx) dx

G) | ( 1;;:)( + COLXSECX ) dx
Solution:
(a)'l.(co:;x+x_12)dx

= [ (se@x+x~2) dx

= tanx - 2 + C

X
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O { gy +2% )

= | (tanxsecx + 2&) dx
=sex+ 26+ C

(l+c09< 1+x \

@1 ;) &

sir?x X
= | (coseéx + cotxcosex + x ™ 2+ x~ 1) dx

1
= —cotx—cosex—-  +In|x| + C

(1
\ sirex

= | (cose8x+ Xl)dx

&

.

—cotx+In|x| + C

(e) [ sinx (1 + seéx) dx

| (sinx + sinxse@x ) dx
| ('sinx + tanxsecx ) dx
—cosx+sex+ C

(f) Jcosx (1 + coseéx) dx

= | (cosx + cosxcoseéx ) dx
= | (cosx + cotxcosex ) dx
=sinx — cosex+ C

(9) [ coseéx (1 + tarfx ) dx
= | (coseéx + coseéxtarfx) dx

= [ (coseéx + se@x) dx
= —cotx+tanx+ C

(h) [ se@x (1 - cox) dx
= | (se@x - se@xcotx ) dx

= [ (se@x - coseéx) dx
=tanx + cotx+ C

(i) [sedx(1+ecofx) dx
= [ (se@x+ e‘cogxseéx ) dx
= [ (seéx+¢eX) dx
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—tanx+ &+ C
. [ 1 + sinx \
G | (oot cogxsex ) o

= | (se@x + tanxsecx + cosx ) dx
=tarx + sexx + sinx+ C
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Integration
Exercise B, Question 1

Question:

Integrate the following:
@sin(x+1)

(b) 3¢

(c) 4&*°
(dycos(1-2)

(e) cose€3x

(f) sec&ktan 4

(1 )
(g)33|n\§x+1)

(h) seé (2 - x)
(i) cosec Xcot X
(j) cos3x — sin3x

Solution:

COos

N -

A~/

(a)Jsin(zul)dx:— 2(+1)+ C

(b) [ 3P = &+ C

() 4 dx=4et 0+ C
(d)Icos(l—z)dx:—%sinkl—Ek) + C

OR Lety=sin(1-2x)
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—
X

L (5 -
theny, —cos\ 1-X \ 2) (by chain rule)
1
2

.Icos(l—x}dx:— sin(l—x} + C

1
(e) [ coseé3x dx= - FcotX+ C

1
(f) I secktan& dx= ;sec&+ C

(9)J3Si”(%x+1}dx= —6cos(%x+1) + C

(h) [se@(2-x)dx= —-tan(2-x) + C
ORLety—tan(Z —-X)
then& se% 2 - x) x (—1) (by chain rule)
g Ise@(Z—x)dx: ~tan (2-x) + C

1
() | cosecXcotx dx= - >coseck+ C

() | (cos3 - sin3x) dx
1
= in3X + 5cos3<+ C
sin3<+cos3<} + C

si
(
\

Wik, Wik

© Pearson Education Ltd 2C
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Integration
Exercise B, Question 2

Question:

Find the following integrals:

(a) | (ezx— %sin(zx—l) )dx

(b) | (e+ 1) 2dx
() [ sed2x (1 +sinx) dx
(S—ZCOS(%X) \

@ | - | dx
\ sirf (5x) )

(e) | [e3 X+sin(3-x) +cos(3-x) ] dx

Solution:

() | [ezx— %sin(?x—l)} :%ezx+ %cos(z—l} + C

(b) | (e+ 1) 2dx

= [ (& +2e+1) dx
= S+ 28 +x+ C

() [ sed2x (1 +sinx) dx
= | (sed2x + se@2xsin2x) dx
= | (se@2x + secxtanX ) dx

1 1
= Jtanx+ Ssecx+ C
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1
r 3—2cos(zx) “

(] | ) | o
| sir?( Ex) |
= | ( 3coseé %x— ZCosec%xcot %x ) dx
(1) (1)

= - + +
6 cot L 2X] 4cosecK 2x] C

(e) ] [e3 X+sin(3-x) +cos(3-x) ]dx
= -2 X+cos(3-x) -sin(3-x) + C
Note: extra minus signs fro1 — x terms and chain rul

© Pearson Education Ltd 2C
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Integration
Exercise B, Question 3

Question:

Integrate the following:

@) 3er7
1
() (2x+1) 2
(€ (x+1)?2
(@) 5o
© =
3
O e
(@) (X+2)°
3
) 50
] 6
0 55507
0) 37>
Solution:

1 1
@] 5o7dx=3SIn|Xx+1| + C
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1
(b)j (2x+1) 2
=] (2x+1) ~2dx
(2x+1) ~1 1
= _-; x5+ C
1

= - 2=+ t C

© | (2x+1) 2dx

(2x+1) 3 1
= 3 x5+ C
2x+1) 3
et o

3 3
d ] —ydx=7In|&-1|] + C

(©) | T o

3
:_j4x—l

dx

3
= - ,In|&-1] + C

OR Lety=In|1- 4|
dy 1 ( 3

theny, =7_4 XK —4) (by chain rule)
: 3 3
e dx= - 7In|1-4&| + C
Note: In|1-4&| =In|4&-1| becauseof | | sign.
3
® (1-4x) 2
= [3(1-4&) ~2dx
_ 3 (1-4¢x) ~1
= 4 —1
_ 3
= 20-x) F C
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3x+2)°
@1 (3x+2) Sax= BF- v
3 3 (1-2) "2 3
h) | ———dx= +C= — 3
(") | (1—2x)3dx -2 % -2 ¢ 4(1-2) 2
OR Lety= (1-2) ~?2
hen = —2(1-2) “3x | =2 ' (by chain rul
theny, = -2(1-2) L T2 (by chain rule)
3 3 2
— = - —_ +
TR 7 (1-2) C
_ 6 6 (3-x) 3 1
_ 6 PP S
0 (3—2x)4dx -2 -3 €= Gt ©
OR Lety= (3-2) 3
dy _
theny, = -3(3-2) ~4x (—2)
6 1
= +
/ (3-) 1 (3-2) 3 c

: 5 5
OR Lety=1In| 3 - X|

dy __1 (
thendx

=3 x x\ —2) (by chain rule)
5 5
Ll 3T dx= - 5In|3-%|] + C

© Pearson Education Ltd 2C
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Integration
Exercise B, Question 4

Question:

Find the following integrals

(@) | (3sin(2<+1) +ﬁ)ck

(b) | [e™+ (1-x) °]dx
(1 1 1 3

+ +
\siax 1+ (1+x)2 )

S R Y

(3x+2)2 |

(c) |

(d) [ [(y+2)2+

Solution:

(@ | | 3sin | X+1 )+ 3

+2In|x+1] + C

(b) | [+ (1-x) °]dx
= [eXdx + | (1-x) S dx

= %e’SX- %(1—x) ®+C  (from@ and®)

OR Lety= (1-x) ©

dy 5

theny, =6(1=x) °x

-1 (by chain rule)

TN

A
)
I (1-x) Sdk= - 3 (1-x) 8+ C

[ 1 1 1 ch

+ +
L sir?2x 1+ (1+2><)2J

(c) |
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=] [cose32x+ 1+12X + (1+X%) ~2 }dx
1
2

1 (1+29) ~t 1
= - Jcotx+ Sin|1+X[ + 1 x>+ C
_ i 1 1
1 ]
— | X
(3x+2)2 ]

(d) | [ (3x+2) 2+
Il

(3x+2) 2+ (3+2) ~?2]dx
(3x+2) 3 (3x+2) ~1

= 9 — 3 + C
. (x+2)3 1
= 9 “3(x+2) t C

© Pearson Education Ltd 2C
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Integration
Exercise C, Question 1

Question:

Integrate the following:
(a) cox

(b) co€x
(c) sincos X

(d) (1+sinx) 2

(e) tarf3x

(f) (cotx — cosex ) 2
(9) (simx+cosx)
(h) sirfxcox

1

1) Siex  cogx

() (cos2x—1) 2
Solution:

(a) | coxdx = | (coseéx - 1) dx
= —cotx—-x+ C

(b) | coxdx = | % ( 1 + CcoSX ) dx

1 1
= X+ 4S|n2<+ C

(c) | sincosXdx = [ %sinélxdx
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1
= - gcos4<+ C

(d) | (1+sinx) 2dx= | (1+ 2sinx+ sirfx) dx
But cos® = 1 — 2sirfx

o1 1
L SiPx= 5 - 3 CcosX
3
ST (1 +sinx) 2dx= | (§+23inx— %cosék ) dx
3 1
= 7X—2C0X~- 7sinXx+ C
(e) Jtar3xdx = | (sed3x—-1) dx

1
= gtan3<—x+ C

(f | (cotx - cosex ) 2dx= [ (cofx - 2cotxcosex + coseéx ) dx

| (2coseéx -1 - 2cotxcosex ) dx
—2cox—-x+ 2cosex+ C

(@) | (sinx+cosx) 2dx= | (sin’x+ 2sinxcosx + cog'x ) dx
=] (1+sinX) dx

1
=X- 7c0sX+ C

(h) [ sixcogxdx = | ( %sin2x ) 2 dx

= | %sinszdx
= |

= | (%—%cosck)dx

o

(%—%cosck)dx

_ 1 1 .
= gX— 32s,|n4><+ C

1 1

= = 4cosef2x

[
(i) .
(25|n)
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. 1 _
| — dx = [ 4coseé2xdx

= —2cotx+ C

() [ (cosx-1)2dx= ] (co2x-2cosXx+1)dx

= | (lcos4<+l—2(:os§k+1\dx
B \ 2 2 )
_ (1 3 3

= | \Zcos4<+ 2—2cosxjdx

1 . 3 _
= §S|n4><+ 5x—sm2x+ C

© Pearson Education Ltd 2C
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Integration
Exercise C, Question 2

Question:

Find the following integrals:

fl—sinx\
@1 e ) H

( 1+ cox \

SinFx

cos X

(c) | dx

co€x

cox

@) I G &

1+ cox) 2

(
e) I sin?x

(1+sinx) 2

coLx

) | dx

(9) | (cotx - tanx) Zdx
(h) | (cosx - sinx) 2dx
(i) | (cosx-secx) Zdx

COS X

1 - co€2x o

0 I

Solution:

(a) | ( 1C;§:X ) dx = | (se@x—tanxsecx ) dx

=tarx —sexx+ C
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o1 (L=

= —cotx—-cosex+ C

dx = | ( coseéx + cotxcosex ) dx

cosS X _ ZCOSZX—].
(©) '[ CO£X dx = | cosx
= [ (2 - seéx) dx
=2xX—-tanx+ C

coLx

(d) [ o dx=] co?xdx

= | (coseéx - 1) dx
= —cotx—-x+ C

+ cosx) 2 I 1 + 2coX + COEX

_ j (]‘—dx_
(el = Siéx B sinéx X

= | (coseéx + 2cotxcosex + cofx ) dx
But cose€x = 1 + cox = cofx = coseéx - 1

s.1= ] (2coseéx - 1 + 2cotxcosex ) dx
= —2cotx—-x—-2cosex+ C

(1+sinx) 2 1 + 25sinX + sin?x
Ol=] —= ]
= | (se@x + 2tanxsecx + tarfx ) dx
But seéx =1+ tarffx = tarfx=seéx-1

S1= ] (2sedx -1+ 2tarxsecx ) dx
=2tanx - x + 2sex+ C

coLx coLx

(@) | (cotx-tanx) “dx= | (cofx- 2cotxtanx + tarfx ) dx
| (coseéx—-1-2+seéx-1) dx

| (coseéx -4 + seéx) dx
—cotx—4x +tanx+ C

(h) | (cosx —sinx) 2dx= | (cox - 2cosxsinx + siréx ) dx
= [ (1-sinX) dx

1
=X+ 5c032<+ C
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(i) | (cosx-sex) 2dx= | (cofx - 2cosxsecx + se@x ) dx

= | (%COSZ(+ %—2+se8x}dx
= | (%0032(— §+se@x}dx

1 3
Zsm2<— S>X + tanx + C

. COS X _ COS X
0) I 1 - co€2x dx = ] S 2x o
= | cot2xcosec Xdx
1

= — ;cosec+ C

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise C, Question 3

Question:

Find the following integrals:
(a) | cos Xcosxdx

(b) | 2sin5cos Xdx

(c) | 2sin3cos 5dx

(d) | 2sin2sin5xdx

(e) 4] cosXcos &Kdx

() | 2 cos&cos4&dx

(9) | 2cos &sin4xdx

(h) | 2sindxsin4xdx
Solution:

33X+ X 33X —-X
> COs = 2C0S0SsX

( )

L COS X + cosx ) dx

(a) cos& + cosx = 2cos
1
. J cosxcosxdx = 3

]
(%sinSHsinx } + C

ol NIF

) 1
sinX + > Sinx + C

(b) sin& + sin2Xx = 2sinxcos X
o J2sin5cosXdx = [ (sin& + sin2) dx
1 1
= - gCos& - Scosx+ C

(c) sin& — sinZ = 2sin Xcos X
o J2sin%cos&dx = [ (sin& - sin2) dx
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1 1
= — gcos&+ Scosx+ C

(d) cos® — cosX = — 2sinXsin 2
" J2sinxsin5xdx = | (cosX - cos&) dx

1 1
= gsm3<— ;S|n75<+ C

(e) cos1@ + cos&k = 2cos kcos X
" J4cosxcoskdx=2] (cosl®+ cos4k) dx

(L )

1
=2 L 10sin10<+ Zsinéb() + C

1. 1.
= gsm10<+ 2S|n4><+ C

(f) cos& + cosk = 2cos 4« cos &K
l.e. cos8+ 1 = 2cos4&cos&

", J2cos&cos&dx= | (1+ cos&) dx

1 .
=X+ gsm8<+ C

(g) Sin& + sinx = 2sin4cos &
. J2cos4sin4xdx = [ sin8dx

1
= - gcos&+ C

(h) cos& — cos& = — 2sin4&sin4x
l.e.cos®— 1= — 2sin&sin4x

o ] 2sin4sin4xdx = | (1 - cos&) dx
1
=X— gsin&+ C

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 1

Question:
Use partial fractions to integrate the following:

3XxX+5
@ o) (v 2)

-1
(b) (2x+1) (x=2)

2 - 6
© %73 - 1)

3
(d) (2+x) (1-x)

4
©) >+ 1) (12

3(x+1)
ox2 - 1

(f)

3 -5
@ 150 2-30

X2 -3
(2+x) (1+x) 2

(h)

5+ 3
(x+2) (x+1) 2

(1)

17 - &
(3+2X) (2-x) 2

()
Solution:

3K+ 5 A B
(@) (x+1) (x+2) — x+1 T x+2
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= 3X+5=A(x+2) +B(x+1)
x=-1 => 2=A
X= -2 = -1=-B = B=1

3x+5 2 1
'[ (x+l)(x+2)dx:-[ (x+1+x+2)
=2In|x+1| +In[x+2| + C

=In[ |x+1|2] +In|x+2]| + C
=In| (x+1)2(x+2)| + C

ax

3x-1 A B
(b) (x+1) (x-2) — 2x+1 7 x-2

= X-1=A(x-2) +B(2x+1)
x=2 = 5= = B=1

1 5 5
X=-35 = -35=-5A = A=1
_ 3x -1 _ (1 1 )
S e ey &= | 2x+1 T x-2 ) X
1
=Sin|X+1] + In|jx=-2] + C
:In|(x—2)‘|2x+1| + C
2x - 6 A B
(C) (x+3) (x—l):x+3+x-1
> 2X-6=A(x-1) +B(x+3)
x=1 > -4=48 = B= -1
x=-3 => -12=-4A = A=3
2x - 6 _ (3 1)
» (><+3)(><—1)dx'I \x+3_x—1)dx
=3In|x+3] —-In|x-1] + C
g | x#3) 2
=T+ C
3 A B

d) 20 (1-x) = (2+x) T 1-x

= 3=A(1-x) +B(2+x)
x=1 = 3=3B = B=1
Xx=-2 => 3=3A = A=1
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3 B ( 1 1 \
'[ (2+x)(1—x)dx_-[ \2+x+ 1—x)dx'
=In|2+x| -In|1-x|] + C
o |2Ex ]
—In|1_x‘ + C
4 A B

() >x+1) (1-20 = m+1 1 1-x
> 4=A(1-2%) +B(2x+1)

= 4=2B = B=2

N -

X =

1
X=-35 = 4=2A = A=2

4 (2 2 )
A (2x+1)(1—2><)dx‘I vl T 1o ) X

=In|x+1] -In[1-%] + C

_ x+1 |

=1In | T-2x | + C

3(x+1) _ 3(x+1) __A B
(f) ~ (3x-1) (X+1) — ™-1 7 x+1

-1
= X+3=A(3xx+1) +B(3x-1)

1
X=-3 = 2=-B = B=-1

1
x=3 = 4=2A = A=2

3(x+1) ¢ [ _2 1 )
: j 92— 1 dX—I \3x—1_ Xx+1 ) ax

2 1
= 3In|X-1] -3In|X+1] + C

I S DI
3 -5 A B
= +

(g) (1-x) (2-%) — 1-xX 2 -3
> 3-H=A(2-3) +B(1-x)

1
B = B= -1

1 1
= T 373

w N

X =
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x=1 > -2=-A = A=2
3 - 5 2 1)
A (1-%) (2-3) 1-x  2-%X )

ax=] |

ax

1
= =2In|1-x| +3In|2-X|] + C

1

| (2-%) 3 |
=In I (1-x) 2 I + C
X2 -3 A B C

M o 02T 2o T T
=> X2-3=A(1+x)2+B(2+x) (1+x) +C(2+x)
x=-1 > -2=C = (C=-2
x=-2 = 1=1A = A=1
Coefficientox? = 1=A+B = B=0

X2 -3 _ (1 2 \
| (2+x>(1+x)2dx‘j L2+x (1442 )
(L+x) ~*
=In|2+x| -2=——— C
=In|2+x| + 7+ C
(i) 5 + _ A LB C
(x+2) (x+1)2 X*¥2  X*+1 (412

> 5+X=A(Xx+1)2+B(x+2) (x+1) +C(x+2)
x=-1 = 2=C = C=2

Xx=-2 = -1=A = A=-1

Coefficientoi? = 0=A+B = B=1

5 + 3X ( 1 1 2 A
= - + + —
(x+2)(x+1)2dx Fu- ozt (x+1)2)d(
2
= -In|x+2| +Inx+1] -7+ C
_ x+1 | 2
_|n|x+2\ T x+1 T C
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() 17 - X _ _A + B + C
(3+2) (2-x) 2 3+ 27X (5_y)2
> 17-%=A(2-x) 2+B(3+X) (2-x) +C(3+X)

x=2 = 7=/ = C=1

_ 3 49 _ 9 _
X=-35 = > = 7A > A=2
Coefficientofik) = 0=A-2B = B=1
17 - & (2 1 1 3
dx = + + ——— | KX
(3+2) (2-x) 2 I \ 3+ © 2-x (2-x)2 )
2
=5In|3+X%| =In|2-x|] + 7+ C

s 1
_In|2—x\+2—x+ C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise D, Question 2

Question:
Find the following integrals:

2(x2+3x—1)
@ | (x+1) (x-1) &

X3+ 2+ 2
(0) | oty o

X2
X2 -4

() | dx

d _[ x2+x+2d
(d) 3- -2

6 + 3x — X2
(€) J X3 + 2x2 dx

Solution:

2(x®+3x-1) A B
@ ey (m-1) =1+ %+1 T -1

= 2%+6x-2= (x+1) (X-1) +A(2x-1) +B(x+1)

x=-1 = -6=-3A > A=2

N lw
N lw

1
X=3 = B = B=1

2(X%+3x-1) ( 2 1
+

. )
oD e &= T IRAE

1
=x+2In|x+1| +37In]x-1] + C
=x+In| (x+1)3&2x-1|] + C

X+ 2P+ 2
(b) X(x+1) =

Pagel of 3
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x+1
x| +2x 42
il

i +x

2-x
C+2P+2 2-x
X(x+1) =x+1+ X(x+1)
_ A
=x+1+ X + x+1

= x3+2x2+25(x+1)x(x+1)+A(x+1)+Bx
x=0 = 2=A = A=2
x=-1 = 3=-B = B=-3

X3+ 2%+ 2 ( 2 3 )
] x(x+1) dx= | \X+1+ _x+1)d(
X2
= 5 +x+2In|x|] =3In[x+1] + C
N P
‘2+X+”|(x+1)3|+c
X2 A B

€ 2 =1+ 32+ %+2
= X2= (x-2) (x+2) +A(x+2) +B(x-2)
XxX=2 = 4=4A = A=1
XxX=-2 = 4=-4B = B= -1

: o f 1 1 )
'JX I\1+x2_x+2jd(
=x+In|x-2| -In|x+2|] + C
-2
:x+InI ZI + C
X+X+2 X2+ X+ 2 B A B
@) 35 e= G (1-x) = "1+ 3 1«

> X2+x+2=-1(3+x) (1-x) +A(1-x) +B(3+x)
x=1 = 4=48 = B=1
X= -3 = 8=4A = A=2

rx+2 ( 2 1)
J 3-2%-x2 =] N —lH g T ) &
= =-x+2In|3+x| -In|]1-x] + C
_ | (3+x) 2|
- _X+|n| 1-x | + C
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C
X+ 2

6 + X — X2 6 + X - X2 A B
) B2 x2(x+2)E;+;+
= B6+X-X=AX(X+2) +B(x+2) +Cx2
x=0 = 6=8B = B=3
X= -2 = -4=4 = C=-1
Coefficientoik® = -1=A+C = A=0
6 + 3x — X2 1

ol xS+ 2x2 = | (%_Hz)dx

X

3
= - ~-In|x+2| + C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 1

Question:
Integrate the following functions:

X
X2+ 4

(@)

&
(b) 2

er
A (1)

cos X
(e) 3+ sinX

sin 2
(3+cosx) 3

(f)

() xe*
(h) cosXx (1 +sinx) 4
(i) se@xtarfx

() sex (1 +tarx)

Solution:

@y=In|x%+4|

dy 1 .
= = X X chain rule
dx 2+ 4 ( )
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1
“—dx= SIn|x>+4] + C

X2 + 4

(b)y:|n|e2X+1|
d_y
= dx e2x+1

&
R :5|n|e2><+1| + C

x & x 2 (chain rule)

(©y= (x*+4) 2

d

di = -2(x2+4) “3x2x (chain rule)
X

mdx 4(X +4) ~ C

1
or 4()(2+4)2+ C
(@y= (+1) ~*
d
> o= -2(&+1) “3xeXx2 (chainrule)
e~ -
e TG (F) TR c

4(e+1)2

(e)y=In|3+sinX|
dy 1 .
= 4 = 3+snx XC0sXx2 (chainrule)

cos X 1 .
J dx= ZIn|3+sinx| + C

3+ sinX
fy= (3+cosx) ~2
d
= di = -2(3+cosk) - ( —sin2<) x 2 (chain rule)
sin2 1
= - + 2

(3+cosZ<)3dX 4(3 cOS ) C

1 + C

or
4(3+cosx) 2
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(g)y=e?‘2

d 2
= ﬁ =& x2x (chain rule)

2 1,2
SoIxedx= e+ C
(hyy= (1+sinx) >
d
> & =5(1l+sinX) 4xcosXx2 (chain rule)

1
S Jcosx(1+sinx) 4dx= 75 (1+sinX) °+ C

(i) y = tarfx

d .
= & = 3tarfx x se@x  (chain rule)

1
.. [ seéxtarfxdx = jtarPx+ C

(j) se@x (1 + tarfx) = se@x + seéxtarfx

oo Ise@x (1 +tarfx)dx= [ (se@x+ seéxtarfx) dx

1
=tanx+ Star’x+ C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise E, Question 2

Question:

Find the following integrals:

@) ] (x+1) (x2+2x+3) 4dx
(b) | coseé2xcot2xdx

(c) | sin®3xcos Xdx

(d) | cosxesM*dx

e
e) J ezx+3dx

® Ix(x%+1) 2 &

Q) | (2x+1)\|x2+x+5dx

2X+1

™ s

dx

SiNXCcoSsx

() | \Imdx

. SinxXcosx
(J) '[ cosX + 3

adx

Solution:

@y= (X¥+2x+3)°

Pagel of 3

> L o5(@+x+3) 4x (2x+2)
=5(x2+2x+3)4x2(x+1)
| (x+1) (x2+2x+3)4dx:1i0(x2+2x+3)5+ C
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(b)y = co2x
d
= ﬁ = 2ot X X ( — coseé2x ) x 2
= - 4cosef2xcot X
1
.. [ coseé2xcotxdx = - 7 cof2x+ C
(c)y = sin®3x

d
N & = 6simM3x X cosX x 3

1
.. [sim3xcosXdx = 35siP3x+ C

(d)y = &
d .
= ﬁ = '™ x cosx

5. [ cosxeSMdx = %+ C

e)y=In|eX+3|

dy 1
= dX_e2X+SX@XX2
e 1
O e SIn|eX+3| + C

Hy= (X+1) ;

d 3

5 3 3
> =5 (X¥+1) 2 xX=5x(x0+1) 2

5

3
LIx(R+1) 2k= £ (R+1) 2+ C

(@y= (@+x+5) 3

d 1
= &:g(x2+x+5) 2 X (2(+1)

. (2x+1 ) 32 + x + 5k = %(x2+x+5) 2+ C

1
2

(hy= (X*+x+5)
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d 1 1
> =35 (X@+x+5) T3 x (2x+1)
_ 1 (x+1)

2\(x2+x+5

1
22 k=2 (@+x+5) 2+ C

\Ix2+x+5
1

(J)y= (cosx+3) 2

& _ 1 _ 1
= = 7 (cosX+3) 2
_ sin 2
~— " V\cosx+3

2 sinxcosx

- \|cosZ<+ 3

sinxcosx 1

1 1
oo Tooszs 3= — 3 (cosx+3) 2+ C

x 2

N—

X ( - Sin X

(J)y=In|cosx+ 3|
o 1 :
= dx ~ cosx+3 X L - sinX
2sin X
cosX + 3

x 2

N—

4 sinxcosx
cosX + 3

SinXcosx 1
) oexa3d®= - 7In|cosx+3| + C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 1

Question:

Use the given substitution to find the followingegrals:

@) [ X1 +xdx;u=1 +x

(b) | \llx—ﬂdx;u:1+x

1 + sinx
CcosX

dx; u = sinx

(c) |

(d) [x(3+2x) 2dx;u=3+2

(e) [ simdxdx; u = cosx

Solution:

(@u=1+x = du=dxandx=u-1

S Ix (1 +x) %dx: J (u—l)u%du

3 1

=] (uz-uz)du
2 5 2 3
= guz-3uz2+ C
2 2 2 3
:E(1+X)2—§(1+X)2+ C
OR =2 (14x) 2 [3(1+x)—5}+c
2 S A
= (1+x) 2 | Xx-2 )+ C

(b)u=1+x = du=dxandx=u-1

L ek | d

uo
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1 1
=] (uz-u~ 2)du
2 3 1
ZEUZ—ZU2+ C
2 3 1
=3(1+x) 2-2(1+x) 2+ C

OR -2 (1+x)% r1+x—31 + C
-3 L |
C

= %(1+x)% (x—z) +

. du _ du
(Qu=sinx = L =cox = dx=

j 1 + sinx I 1+u du
CcOSsX COSX COSX

_ 1+u
- '[ 1—sir?xdu

— J' l+u2du
1-u

(1+u)
I (1-u) (1+u)

du

= |

= -In|j]1-u|] + C
= -In]l1-six| + C

-3
(u=3+2x = du=2dxandx= —

35du
2

I x (34 )

T T
= | (7 T)du

= 28 8 + C
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(e)u=cosx = du= - sinxdx
o Isimdxdx= [ - (1-u?)du
= [ (¥¥-1)a

u3
=3 -u+ C
cos’x
= —5 —cox+ C
OR =75 | co%x—s) + C

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 6 f ... 3/6/201:



Heinemann Solutionbank: Core Maths 4

Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 2

Question:

Use the given substitution to find the followingegrals:
(@) [ x2 +xdx; u? = 2 +x

(b) | ﬁdx;u: \ x

(c) | se@xtanx\(1 + tarxdx; u® = 1 + tanx

X2 + 4

(d) | —dxu?=x2+4

(e) | sed*xdx; u = tarx
Solution:

(@u?=2+x = 2udu=dxandx=u?-2
SoIx(2+xdx= [ (u2-2) xux2udu
= [ (2u*-44%) du

Al
_5—3+C

2 5 4 3
s (2+x) 2-3(2+x) 2+ C

1 du 1 _ 1 dx
bpu=x2 = S =7x" 2 = T =2d
andx - 4 =u? - 4
oy [ — 2 2 _ 4
el e &= T S x2di= [ —o—d
4 A B

u2_4_u—2+u+2
= 4=A(u+2) +B(u-2)
u=2 = 4=4 = A=1
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=Inju-2| -Inju+2| + C
_ | Ix-2 |
_|n| Vx+2 | + C

©ui=1+tarx = 2udu= seéxdx

. [ se@xtanx([1 + tarxdx

=] (u¥-1) xux2udu
= [ (2u*-2u?) du

0 208
=5 -3+ C

2 > 2 3
= c(l+tax) 2 - 3 (l+tax) 2+ C

2 _ 2 udu
(du=x*+4 = 2udu=22dx = . =
(2 + 4 u udu
R R C R
2
:I%du
l'12
= - ,du
A B
= +
u+2 u+2
4 =A(u+2) +B(u-2)
u=2:4 =4A,A=1
u=-2:4=-8,B= -1
_ [ 1 1 )
= | \1+u—2_u+2jd'l
=u+In|ju-2| -Inju+2| + C
\Ix \x“+4-2 |

x2+4+ln \|27+4+2‘ + C

(e)u=tanx = du=se@xdx
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o, [ sedxdx = [ se@xse@xdx
=] (1+u?)du

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise F, Question 3

Question:

Evaluate the following:

(@) [ >X\[x + 4dx

(b) I, %seo<tanx\| sexx + 2dx

1
© I, T useu?=x-1

Z sin

) [ g2 ogdfilet  u=1+coy

@) I o™ (2 +x) 3dx

4 1 . _
O I Ty let u= Vx

Solution:

(@Qui=x+4 = 2udu=dxandx=u®-4
Alsou = 3 whenx=5
andu = 2 whenx = 0.

ST oxXx+4dk= ] ,3(u2-4) xux2udu
= ],3 (2u*-8u?) du

_ 25 8313

= | 54T U 2

_ (2 8 ) (84 _64)
- \5X243—3 XZ7} _KS _3}
=25.2- -8.53

=33.73

=33.7 (3s.f)

(b)u’=sex+2 = 2udu=secxtanxdx
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Alsou = 2 whenx = %

andu = v 3 whenx = 0.

.| ssecxtanx(secx + 2dx = [ ,2u x 2udu
0 V3
I y5%2uldu

C©ui=x-1 = 2udu=dx
Alsou =2 whenx=5
andu = 1 whenx = 2.

1 1
S Tre 12 T x i
_ 2 2u
I1 u+1du
_r2f 2_ )
_Il \2_u+l)d'j

= [2u-2InJu+1]| ]2
= (4-2In3) - (2-2In2)

2
:2+2m§

(dJu=1+co¥ = du= —-sinfdddor —du=sinfddd
Alsou = 1 whend = %
andu = 2 whend = 0.

sin2g T 2sinfcost

Coy = _ £Soeosy v _ [ 1 £U4--2)
"|_1021+c099d9_1021+0099 _jZ_ u du
Use ‘ — ' to reverse limits:

_ 22U_2

|=[,5——du

25 2)

=1 2-7 )

= [2u-2In|ul| 1,°
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(4-2In2) - (2-2In1)
2 - 2In2

(e)u=2+x = du=dxandx=u-2
Alsou =3 whenx=1
andu = 2 whenx = 0.

T (2+x) 3dx= [ (u-2)uldu
J 3 (u*—2u3) du

_ 2 _24713

- | 5 aY 2

_ (243 8l (32 16

- s 2 ) (5 2]

211

= 7= —325

=42.2-325

=9.7

1 1 _ 1 dx
Hu=x2 = du=7x" 2dx = T =2d

and 4 -1=4u-1
Alsou = 2 whenx =4
andu = 1 whenx = 1.

- [ 4—Y o 2_1
I_Il \/X(4X—l)dx_'|‘l 4u2_1X2dJ

2 A B

wZ-1 -1 e
> 2=A(2u+1) +B(2u-1)

1
u= 37 = 2=2A => A=1

1
u:—§:>2:—2B:>B:—1
-2 (2 1)

'I‘Il \2u—1_2u+1)C“

1 1
:[Eln|2u 1] - 5In|21+1|}12
IO TR R
_|_2 | 2u+1 | |1
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 1

Question:

Find the following integrals:
(@) | xsinxdx

(b) | xe¥dx

() | xse@xdx

(d) | xseoxtanxdx

X

dx
Siréx
Solution:

(e) |

d
@u=x = 4 =1

dv

x —SInx = V= —COX

" I xsinxdx = —xcosx— | — cosx x 1dx

— XCOSX + | cosxadx
- Xcosx + sinx+ C

bu=x = =1
Lo s yze
C I xefdx = xe¥ - [ e¥x 1dx
=xef-e&+ C

d
Qu=x = o =1

dv
o =seéx = v=tanx

- [ xse@xdx = xtanx - [ tanx x 1dx
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=xtarx—-In|sex| + C

d
(u=x > 4 =1

dv
o =sextanx = Vv =sex
", | xsecxtanxdx = xseox — | secx x 1dx

=xsex-In|sex+tanx| + C

d
eu=x = d—izl

dv
o =coseéx = v= - coix

5. | —=—dx = | xcoseéxdx
Sinéx

= —xcotx — | — cotx x 1dx
— xcotx + | cotxdx
—xcolx+In|sinx| + C

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 2

Question:

Find the following integrals:

(@) | x2Inxdx

(b) | 3Inxdx

(c) | In?de

d) | (Inx) 2dx

) | (x2+1) Inxdx
Solution:

du 1
@u=Inx = =7

dv X3
2 > v= 73

x3 X3 1

L2 _ X < 1
CIxfInxdx = TInx- ] 3 x X

_x X
= S Inx- [ Zdx

_x x
—3Inx—9+ C

du 1
(b)u=Inx = =%

av _
Ix =3 = v=3X

o, ] 3Inxdx = 3xInx — | 3x x 2 i

X
= 3xIlnx - | 3dx
=3XIhx-3x+ C
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_ Qu 1
(Qu=Inx = v
d _ X~ 2
=X = v= T
Inx 1
J?dX———me—,[——z Xd>(
_ Inx 1 _3
== J 5x 7 %dx
-2
Inx X
= —§+ 2x (-2) + C
Inx 1
= - — - — 4+ C
2x2 452

— | 2 du =92 1
(du= (Inx) = nx x —

dv

&:1 > V=X

1= [ (Inx) 2dx=x(Inx) 2- [xx 2Inx x dex

=x(Inx) 2- [2Inxdx
Letd = | 2Inxdx

_ du 1
u=Inhx = o = x
av _

1
L J=XInx- [2xx ~dx=2AInx-2x+ C
1=x(Inx) 2= Inx+2x+ C

du 1
(eu=Inx = =7

dv x3

&—x+1 = V= T3 +X

'.I(x2+1)lnxdx x(xgg )—I (§+x)xxidx
x @S A

:(3 )Inx—fkg+1)dx
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RN F

= (3+x)Inx—g—x+ C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 3

Question:

Find the following integrals:
(a) | x%e ™ *dx

(b) [ x2cosxdx

(©) [ 122 (3 + 2) °dx

(d) | 2x2sin 2xdx

(e) | x22se@xtar xdx

Solution:

du
@u=x* = . =X

dv

— — X - X
x — ©

> v= —e

= [x%e Xdx= —-x%e " X- | — e Xx 2xdx
= —x%” X+ [ 2xe ™ Xdx

Letd = [ 2xe ™ Xdx

_ du _
u=2x = 4 =

dv

et = v=-e™ %
Sz —eT X Xx- ] (—e™X) x 2
= —2xe X+ [ 2e” Xdx
= - X-2e"%+ C
l= —x%e X—2x%¢ X-2e X+ (C
_ 2 du _
bu=x2 > o =X
dv

dgx — COX =V =SINX
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o 1= [ x2cosxdx = x2sinx — [ 2xsinxdx
Letd = [ 2xsinxdx
du

u=2x = 4 =

dv

g —SInX = V= —COX

S.J= —2xcosx— | ( - cosx) x 2dx
= — 2XcosX + | 2 cosxdx
= —2Xcosx + 2sinx+ C

o1 = X2sinx + 2xcosx — 2sinx + C

Qu=12¢ = — =2«

(3+2%) 6

av 5
x = (3+X) = V= 12

3+%)° 3+%)°
S 1= [12@(3+ 2x) Sdx = 12@ o [ oax B

=x2(3+2) 8- [2x(3+2) Sdx
Letd= [ 2x (3 + 2x) Bdx
du

u=2x = 4 =2

(3+2) ' av 6
V= 12 =  x = (3+ X)
o (3+x) 7 (3+x) 7

(3+x) (3+x)
=x——> -] /7

(32X 7 (3+x) 8
=X 7 - T 7x1s +t C

(3+x) (3+2x) 8
7 + 112 + C,

S1=x2(3+2x) 6-x

du
du=2¢ = G =4

av . _ 1
dx—sm2< = v——20032<
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2x 1
1= [2@sinxdx= - - cosx - | ( )

L~ Ecoslj x 4xdx

= —x2cosX + | 2xcos Xdx

Letd = [ 2xcos Xdx
_ du _
u=x = G =

&:Zcosl = V=sinX
S J=xsin2& - | sin2xdx

1
= Xsin 2 + 50052<+ C

_ 1
1= —x2cosX + Xsin2X + 5CosX+ C'

_ 2 du _
(eu=x* = =

dv

L = 2sexsextanx = v =sedx

o1 = [ x2 x 2seéxtanxdx = x2se@x — | 2xsedxdx
Letd = | 2xse@xdx

_ du _
u=2x = dX—2

dv
o =seéx = v=tanx

o J = 2xtanx — | 2tanxdx
=2xtanx - 2In|sex| + C
o1 =x2se@x - 2xtanx + 2In | sex| + C'

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise G, Question 4

Question:

Evaluate the following:
() [ o"2xe?dx

T

(b) [, zxsinxdx

(©) | o zxcosxdx

(d) [,2 ":(—;(dx

() | glax (1 +x) 3dx
() [ Sxcos (%x ) o

@ I 3sinxin | sec | o

Solution:

1 1
= (Eez'”zlnz) - (O) - [Z@X}O'”Z
_ 4 [ (Lom2 ) _ (o) ]
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_ 3
=2ln2 - 2

d
bu=x > o =1

S osinx > v= - Co
Lo axsinxax= [ - xcosc] o7 - [ { - cosc |
= { - FoosT | - { 0] +f,Fcosax
=0+ [sinX] 42
() (o
=1
@Qu=x = =1
S -cos = v=sinx
[ 2xcosxdx = [xsinx] oz - [ o2 sinxdx
- (tant) () e
=2+ (cos%) —(0030)
1y
u=inx = S=-
S ox2 5 y= -x7L
flzlr;(—;(dx [_lnxx}lz_jlzxix (_X—l)dx
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1 1 1
1
:5(1—In2)

d
@u=x = 4 =1

3_§=4(1+x)3 = V=(1+x)4
STt (L 4x) Sdx= [x(1+x) 4] gt- Th(1+x) Ydx
0 0 0
_(x\_(\_f(1+x)5"|1
= 1 24] 0 -5 o
a2y _ (1)
=16 (5 ) T s ]
31
=16 - 7
=16 -6.2
=9.8
du
Hu=x = =1
S_Z:COS(%X) = V:4sin(%x)
.[OnX COS(%X)C‘X: [4xs|n%}oﬂ_'[on48|n(%x)dx
= (47[Sin%) - (0) + [ 16COSZX}0”
= %+ (16003%) —( 160030)
4 16
= J;+ 3, - 16

_47r\/2 16V 2
OR = >t - 16

=27\V2+8V2-16

du
(Qu=iIn|sex| =  =tanx
dv .
o = SinX = v= - CcoxX
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g IO%siann|seo<| dx = [ — cosxIn | sex | ]0%+ fo
%cosxtanxdx
= (—cos% In} sec%} ) —( —cosOIr{ sec}O) 4
%sinxdx
1 [ z
= - 5In2+0+ ] —COX] 3
1 1
:—Eln2+ ( —E) - ( —1)
:%(l—ln2)

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 1

Question:

Use the trapezium rule withstrips to estimate the following:

@ lin(1+x%)dx;n=6

(b) |, 5V (1+tax) dn=4

2__ 1 oo
© I, (ex+1)dx,n_4

(d) ] _,lcoseé(x®+1)dx;n=4

) [ gt Neotxdx; n=5
Solution:

X 005 1 15 2 25 3
(2) In(1+x%) 00.2230.6931.179 1.609 1.981 2.303

1= [ 3In(1+x%) dx

105! 0+2303+2
2 ~ ' \

~
~

0.223 + 0.693 + 1.179 + 1.609 + 1.98}[ }

_ 1y )
=20 13.673 )
= 3.41825
= 3.42 (3 s.f)
T 27 3 T
X 0L T 17 3

(b)

\|1 +tanx 11.126 1.256 1.414 1.653

| = I0§\|1+tanxdx
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T

=1 1+1.653+ 2( 1.126 + 1.256 + 1.41}1 }

: 1
--I_ 2x

F
L
= ( 10.245 }

1.3410...
=1.34 (3s.f)

X 0 05 1 15 2
() __
\I— 0.707 0.614 0.5190.427 0.345

g+1

- 2 1
= IO ef+1

1

=X 0.5 [ 0.707 + 0.345 + 2( 0.614 + 0.519 + 0.4%7 }
_ 19 A

=3 4172

=1.043

=1.04 (3s.f)

q -1 -050 05 1
(d) cose@ (x2 +1) 1.2091.110 1.412 1.110 1.209

| =] _lcoseé (x*+1) o

N -

. I _~
.

x 0.5 [ 1.209 x 2 + 2( 1.110 + 1.412 + 1.11)) }

N

(9682)
42 (3 s.f)

e) 01 03 05 07 09 11
cotx 3.157 1.798 1.353 1.090 0.891 0.713

| = 10.11' cotxadx

1
Sl= 5 %x0.2 [ 3.157 + 0.713 + { 1.798 + 1.353 + 1.090 + 0.8}91

(
(14134

N—
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=1.41(3 s.f.
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 2

Question:
(a) Find the exact value bt I14xln X dx.

(b) Find approximate values fobusing the trapezium rule with
(i) 3 strips
(if) 6 strips

(c) Compare the percentage error for these twooxppations
Solution:
@1 = [ ;*xInxdx

_ du 1
u=Inx = o = x

v _ _
o =X = V=
I

1
C— .2
..I—szlnx

N

1 1
4 _ 4 = 2 =
1 '[1 2X X xdx

L1 NIk

X2
— Z 4
=8In4 - 2

| I
[ERN

_ 1)
=8ln4- (| 4-75

=8In4 -

(b) (1)

X 12 3 4
xInx 01.386 3.296 5.545

= 5x1| 5545+2( 1.386+3296 |

( 14.909) = 7.4545 = 7.45 (3 s.f.)

(i)

N -
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X 115 2 25 3 35 4
xInx 00.608 1.386 2.291 3.296 4.385 5.545

1
| = 5 x 0.5 ] 5.545 + 2( 0.608 + 1.386 + 2.291 + 3.296 + 4.3}5}

L \
_1r294777 = 7.36925 = 7.37 (3 s.f
=2 29 ] =7 =7.37 (3s.f)
0 , . [7.4545- (8In4-3.75) ] x100 .
(c) % error using 3 strips: 8Ind — 3.75 =1.6% 1d.p.
o _ . [7.376925- (8In4-3.75) ] x100 o
Yo error using 6 strips: SIn4 - 3.75 =04% 1d.p.

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 3

Question:

(a) Find an approximate value for | Olextanxdx using

(i) 2 strips
(ii) 4 strips
(ii) 8 strips.

(b) Suggest a possible value 1.
Solution:

(@) ()

X 005 1
etanx 0 0.901 4.233

~ 1 ( N _
= %05 0+4233+2x090 =5 6.03% = 1.509

(1)
x 0025 05 075 1
etanx 00.328 0.901 1.972 4.233

1
= 3 x025 [ 4.233 + 2( 0.328 + 0.901 + 1.97}2 }
- 10 10635 =1329
8 )

(iii)
X 00.1250.25 0.3750.5 0.6250.75 0.8751
e*tanx 0 0.142 0.328 0.573 0.901 1.348 1.972 2.872 4.233

= Zx 3 |r 4233+2\(
- 2 8
L \
V]
0.142 + 0.328 + 0.573 + 0.901 + 1.348 + 1.972 + 2.872 |
)
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_ L
= 16 |

)

20505} =1.282

1
(b) Halvingh reduces differences by abapt

Differences:

1.5098 ——»
0.18

1.329 ——»
0.05

1.282 ———» )

0.01/2

So an answer in the range 1.25 — 1.27 seems likely.
(Note: Calculator gives 1.26

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise H, Question 4

Question:

(a) Find the exact value bt Iozx\| (2-x) dx

(b) Find an approximate value fousing the trapezium rule with
(i) 4 and
(i) 6 strips.

(c) Compare the percentage error for these twooxppations

Solution:

(@Qué=2-x = 2udu= -dxandx=2-u?
Alsou = 0 whenx = 2
andu = v 2 whenx = 0.

=Ty (2-u?)ux (-2u)du
= IOVZ(Z—UZ)Zuzdu
= IO\/Z(4u2—2u4)du

_ [ 207
= |13 "5 Jo

_ (4x2d2_2x4¢2\ _ (O\
- L3 5 ) L)
1672
- 15
(b) (1)
X 005 115 2

x\|2 -x00.61211.0610

x 0.5 0+2( O.612+1+1.061) }

:
L
5.346 ) =1.3365 = 1.34 (2 d.p.)
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X oé % 1§ % 2

X\|2 -x00.4300.77011.0890.9620

- 1, i ( |
1= 3% 73| 0+2( 0430+0.770+1+1089+096p |
=10 g500) =1417=14202d

=51 ) =L =1.42 (2d.p.)

16
— V2-1.3365
15

(c) () % error with 4 strips = 6 x100=11.4%
15
% - 1.417
(i) % error with 6 strips = 6 x 100 =6.1 %
15

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 1

Question:

The regiorR is bounded by the curve with equatiys f ( x) , thex-axis and
the linesx = a andx = b. In each of the following cases find the exactieabf:
(i) the area oR,

(if) the volume of the solid of revolution formeg botatingR through z
radians about the-axis.

@1 x | = ;oria=0b=1

(b)f(x) =sex;a=0,b= 7

©)f(x) =lnx;a=1,b=2

T

(d)f(x) =secxtanx;a=0,b= "

(e)f (x) :x\|4—x2;a:o,b:2

Solution:
(a) (i) Area =] L Todx = [2In|1+x| ] t= (2|n2) - (Zlnl
)
)

.. Area =2In2
(i) Volume =] ot { 755 | 2ax

:njol (1+4x)2

(1+x) ~*t
-x 4T
4
-z [ T 1+x }Ol
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_ |
L

N
~—
e

VR

= o1
(b) (i) Area =], Tsecxdx
_ I !

= | In | sex + tanx| ], 3

= [In(2+V3)]-1[In(1) ]
" Area =In(2++3)

(ii) Volume =z ], Tse@xdx

=r [tanx]O%
=z[ (V3) - (0)]
= 3z

(©) (i) Area =[ ,2Inxdx

- du _ 1
u=Ilnx = o = X
av _
dx—l = V=X

_ I

1
. Area = | xInx] 212 Tk

= (2In2) = (0) - [x],°
=2In2-1
(i) Volume =z % (Inx) 2dx
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2 du 1
u= (Inx) = —— =2Inxx 7

dx X
d
x -1 = v=x
V= <( L x(Inx) 2] 2= 2] Zx Inx x ~dx ]k
VT L | 1 1 <

=z{[2(In2) 2] = (0) { -2z ;Anxdx
But [ Anxdx=2In2-1  from (i)
V=2r(In2) 2-27(2In2-1)

(d) (i) Area = [ 4 ssecxtanxdx

= [seo<]0%
=(V2) - (1)
. Area =V2-1

(ii) Volume =z ], T se@xtar?xadx

_ [w@rx ] oz
T 3 Jof

(e) (i) Area =[ 424 - x?dx
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Lety = 4—x2)§
= %:2(4_)(2) %x ( —2><) = —3><(4—x2)%
1 3 1
mea = | =3 (498) 3 [f= (0] - { -5x2 )=
8
3

(ii) Volume =z [ ;** (4 - x*) dx
=] o7 (4% - x*) dx

4 X2
:”[Exs‘g}oz
o T(m_@y ()]
L L3 5 ) L") ]
64r
= 15

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 2

Question:

Find the exact area between the cyrvef ( x) , thex-axis and the lines=a
andx = b where:

() _ 4x+3 cm 1
(@)f \xj = (X+2)(2x_1),a—1,b—2

X

m;azo,bZZ

(o) _
(0)f | x | =

4

(€)f(x) =xsinx;a=0,b= 3

(d)f(x) =cosx{2sinx+1;a=0,b= %

(e)f (x) =xe~*;a=0,b=1In2
Solution:

ax+3 A B
@) Gr2) (x-1) = x+2 1 m-1

= 4XX+3=A(2Xx-1) +B(x+2)

X =

N -

5
= 5=3B = B=2

XxX=-2 = -5=-FA = A=1

] _J. 2 4x + 3
carea =) 1”500 (x-1) K

1 2
2 (x+2+ 2x—l) o

[In|x+2] +In|Xx-1] ]2

(Ind+In3) - (In3+1Inl)
In4 or 2In2

X A B

(b) = T

(x+1) 2 (x+1)2
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= X=A+B(x+1)
Compare coefficientof 1=B = B=1

Compare constants: 0A~+B = A= -1
. area =] 2 ———
(x+1)?2

_ 1)
_IO \x+1 (X+1)2jdx

I |
= | Inlx+1] +357 ¢
_f ) (

= kln3+—) - \In1+1)
2
:In3—§

(c) Area =] 2 xsinxdx

_ du _
u=x = I =1

g—zzsmx = V= —COX

g area:[ —xcosx]onE—I %(—cosx)dx
= (—%cos%) - ( O) +I03cosxdx
=0+ [sinx]O%

= (sin%—o)

=1

(d) Area =] O%cosx\|23inx + 1o

3
Lety= (2sinx+1) 2

dy 3 1

1
= = 5 (2sik+1) 2 x2cox=3cosx(2sinx+1) 2

w

1 S 7
. area = | 3 (2sim+1) 2 |0

r
6
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gl
6
2 V3
-
|
_ (12N (12
= 1327 7 (st
_2¥2 1
- 3 3
_2V2-1
= T3
(e) Area =] JN%xe ™ *dx
_ du _
u=x = G =1
d
ﬁze‘x = v=-e X

carea = [ xe X] M2- [ N2( -e”X) dx
= (-In2xe" N2y — (0) + [ /"2~ dx

f

1
- _ = —_a X1 In2
= In2><2+L e "]y

= —%In2+ ( —e"”z) - ( —e"o)

__ 1 1

_ 1y )
- kl_|n2)

N -

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 3

Question:

The regiorR is bounded by the cun thex-axis and the lines= - 8 andx = + 8.
The parametric equations f6rarex = t3 andy = t2. Find:

(a) the area dR,

(b) the volume of the solid of revolution formedentR is rotated through/2radians
about thex-axis

Solution:

(a) Area =], _ _ "~ Bydx

x=t3 = dx= 3t
Alsot = 2 whenx =8
andt = - 2whenx = - 8.

=] _ 23t
I !

= |5 | -2

_ (%) _ [ _ %)
- ls ) L5
192

=

=7rj_223tedt
3t’
:”[7} 7
_ r (3><128\ ( —3><128\ —|
“TLC T ) « 7 )
768
= 77[

© Pearson Education Ltd 2C
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Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercisel, Question 4

Question:

IA

The curveC has parametric equatiors sint,y =sin2,0 < t

(SR

(a) Find the area of the region boundeddwgnd thex-axis.
If this region is revolved throughrZadians about theaxis,

(b) find the volume of the solid forme

Solution:

X=sint = dx=costdt
. area :IOEsiancostdt

= [,22 co<tsintdt

:[—écos?’t}og
(A (2
=0 - T3y
2
- 3

= |, 2 sir*2tcostat

=z O54cos°’tsint x sintdt
o du _

u=sint = o =cog

av .
& =4costsint = v= - codt
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( VA T
V=1 {L [ —sintcos4t]05— IOE - costdt J%

vl o%cosﬁstdt

n]y2 (cost) °xcostdt  Lety=sint = dy=costat

“T YT 3 +y€}01
2 1
= (1-5+5) - (o)
8r
T
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Integration
Exercise J, Question 1

Question:

Find general solutions of the following differenteuations. Leave your
answer in the forny=f ( x) .

@ L - (1+y) (1—&)

(b) g—i =ytanx
(c) co€x j—i = y?sinéx

(d) & =2¢7Y

dy
(€)X° 5 =y +xy

Solution:

@4 = 14y ] [1-2

N Iliydy:I (1—&)dx
In|1+y| =x-x2+ C
1+y:e(x—x2+ C)
1+y=A ex_xz, (A=€°)

2
y=A & X -1

U

I

d
(b) d—i =ytanx

S| yidy: | tanxdx

= Inly| =In|sex| + C
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= In|y| =In]ksex]| , (C=Ink)
= y=ksex

d
(c) co£x & = y?siréx

1, . sirfx
= I;dy_j coLx
= Iy—lzdy:Itar?xdx:I (se@x—l) o
= - yi:tanx—x+ C
~ -1
= Y= tanx—-x+ C

(d) o =2& V=28V

> e_%dy: J 2e¢dx

ie. = [&dy= |2edx
= &=2&+ C
> y=In (2&+ C)

@% g =y+xy=y [ 1+x |

> ] Tdy=[x"2+ o

X

= Inly|] = -x"1+In|x| + C
1
= Inly| -In|x|] =C-
|y 1
= |n‘ X| _C_X
Yy _¢c--+
= x — € X
Y a2 ([ Cc_p )
= X—Ae X \e —A}
1
= Yy=Axe «x

© Pearson Education Ltd 2C
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Integration
Exercise J, Question 2

Question:

Find a general solution of the following differaitequations. (You do not need
to write the answers in the foyn=f ( x) .)

d
(@) & = tarnytanx

XCOSy

- &y _
(b) sinycosx * —  cos

(c) (1+x2 } Y —x (1—y2)

ax
: d
(d) cosysin & = cotxcoseqy

(e) &Y L =x (2+e )

Solution:

dy
(@) g = tarytanx

= = [ tanxdx

I tany
= [cotydy = [ tanxdx

= Inj|siny|] =In|sex| + C=In|ksec| (Ink=C)
= siny = ksex

. dy  Xxcosy

(b) sinycosx ;' = oo

N siny _ I
cosy coszx

= [tanydy = | xse@xdx
= In|sey| = Jxse@xdx
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du
u=x = G =1
d
d—v-se(?x = v=tanx
= In|seg| =xtanx- |tanxdx
= In|sey| =xtanx—-In|sex| + C
( 2 | & (1 _2 )
(c)\1+xj xkly)
> [ ——dy=]
1- y 1+x
1 A B
L2 1y o1y
= 1=A(1l+y) +B(1l-y)
y=1 = 1=2A = A=7
1
y=-1 = 1=8B = B=3
() (5
: + =
-[ L l1-y l+y de '[1+x
1 1 5
= SIn|l+y| =5In[l-y] =35In[1l+x*|] + C
X)
(usmgI oo x=n|f(x) | + O
| 1ry | 2
= In‘l_y| =ln|1+x°| + 2
ity | 2 ) (o= o~ )
= | 1_y‘ —kk1+X ) klnk—ZC)
d
(d) cosysin & = cotxcoseq
cosy _ cotx
= Icose(y '[S|n2xdx
. _ COSX
= Ismycosydy— I sinx Zsinxcosxdx
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1 _ 11 2
= > sinydy = [ 5 coseéxdx
i __1
= - ,c08¥= - Scox+ C

orcosg=2cotx+ Kk

@&ty Laxl2+e )

dx \ )
&y _ A
= e?‘eydx—xk2+é/)
— X
= 12+eydy—fxe dx
du
u=x = G =1
d
—Z:e‘x > v= -e X
SInj2+€&| = -xe X+ [e” Xdx
= Inj2+€| = -xe *-e X+

© Pearson Education Ltd 2C
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Integration
Exercise J, Question 3

Question:

Find general solutions of the following differenteguations:

@ o =ye
(b) 2 =xe’
(c) % =YyCOSX
(d) g—z = XCosy

(e)d—y = ( 1+cosz)cosy

() j—i: (1+cos§’/ } COSX
Solution
@) o =y

= yidy: J dx

dy
(b) g =x&
1 _
= Ieydy—fxdx
= Je Ydy= [ xdx
> —e V= 3%+ C
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dy
(C) g =Yycosx
1
S| yay= | cosxdx

= In|jy| =six+ C
ory = AeSinX

dy
(d) 5 =Xcosy
1
= | g dy=Ixdx
= [seqydy = | xdx

X2

= In|sey+tany| =75 + C
(e)g—i: (1+cosz)cosy
= I$ = | (1+0052<)dx

= Jsegydy= | (1+cosXx) dx
= In|sey+tany| =x+ %sin2k+ C
d

) &z (1+cos§’/ } COSX

1
= | Trcesg @y = [ cosxdx

1
2cogy

dy = | cosxdx
N %se@ydy = [ cosxdx
1

= Stany=sinx+ C

© Pearson Education Ltd 2C
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Integration
Exercise J, Question 4

Question:

Find particular solutions of the following differgal equations using the given
boundary conditions.

(a) j—i = sirkcogx; y = 0,x=
(b) g—i = seéxsey,y=0,x= 7
Y - rcodycodxy= Z,x=0
(€) 5 =2cosycosxy= ,,X=
dy
(d) ( 1 -x2 ) S SXY+Yix=05y=6
( Vdy 2. _gy_ 1
(e) 2 L 1 +X ) & =1l-y";x=5y= 3
Solution:
dy :
(@) 5 = SIXCOSX
= [dy= | sinxco€xdx
cosx
= y= - 73 + C
(5)
y:O’X: % = 0= - 3 + C => C= Zl
11

(b) g—i = seéxsely
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= = dy = | seéxdx
= [ codydy= [ se@xdx
> (%+%cos§}/)dyzfse@xdx

1 1

= Syt ;siny=tanx+ C

orsiny +2y=4tanx + Kk

y=0,x=7 = 0=4+ k = k= -4
C.Siny + 2y = 4tanx — 4

(c) j—i = 2codycox

1
cofy

= [sedydy= | (1+cosX) dx

> ]

dy = | 2cogxdx

1
= tany=x+ 7sinx+ C
x=0, y=75,; = 1=0+ C

1 .
Stany =x+ 7sinXx+ 1

@ (12 | & =xy+y
= (1—x2)j—§: (x+1)y
R Sl et
> Iyoy= g g o

> [ Tdy= [ Tor o

= Injyl] =-In|]l1-x|] + C

1
x=05  y=6 = In6=-In;+ C = C=In3
Sonly|l =In3-In|1-x |
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3
ory = 1-x
dy
(e)2(1+x)&:1—y2
2 1
= 1-y2dy: J T o
2 A B
= +

1—y2 1-y 1+y

= 2=A(1l+y) +B(1-y)
y=1 = 2=2A = A=1
y=-1 = 2= = B=1

)

-

1
\1+y+1—y)dy:-[

= In|l1+y| —-In|1-y|

1+y |
= |n‘1_y|
1
= 1t§ =k (1+x)

1-y = 2

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 1

Question:

The size of a certain population at titris given byP. The rate of increase &f
. d : : : :

IS given byf = P. Given that at timé = 0, the population was 3, find the

population at time = 2.

Solution:
aw
i = 2P

= I&dP=JZdt
= In|P|] =2+ C

> P =Ae
t=0,P=3 = 3=A => A=3
o P=3&

Whent = 2, P = 3¢? = 164

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 2

Question:

The number of particles at tim@f a certain radioactive substancélisThe

N

: . N
substance is decaying in such a way %[at =3

Given that at time = 0 the number of particles I, find the time when the

: .1
number of particles remaining 1N,

Solution:
dN N
a — 3

1 1
= [ gdN=] - d
1
S InIN| = -3t+ C

1
= N=Ae” 3!
t=0,N=N, = Ny=AL = A=N,

1
. — - =t
..N—Noe 3
_1 1_ -5
_ 1

= t=3In2o0r2.08

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 3

Question:

The masM at timet of the leaves of a certain plant varies accortinpe
differential equationci% M - M2,

(a) Given that at time= 0,M = 0.5, find an expression fiM in terms oft.
(b) Find a value foM whent = In 2.

(c) Explain what happens to the valueM ast increase:

Solution:
dm
- _ _ n2
m =M-M
1 1 A B
= j|\/|(1—|v|)0"v|:Ildt but 57wy S Wt Tow
o1 =A(1-M) +BM
M=0:1 =1A, A=1
M=1:1 =1B,B=1
(1 1) _
= KM+1_M)dM—I1dt
= In[M| -In|1-M| =t+ C
> | ol sie
| 1-M [ 7
M t
= Y = Ae
05 0
(@t=0,M=05 = (z=Ae" = A=1

P

1+¢d

M=d-éM = M=
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gn2 2 2
(b)t=Ih2 = M:1+€,n2:1+2:§
C)t— 0o = M= 1 _>%:]_
e t+1

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 4

Question:

The volume of quuic}\/cm3 at timet seconds satisfies
d
- 155- = 2/ - 450,

Given that initially the volume is 300 drfind to the nearest chihe volume
after 15 seconc

Solution:

&y _
~ 15~ =2 - 450

1
2V - 450

1
= av=] - d

1 1
= ZIn[2/-450| = -T7t+ C

2

= 2V -450=Ae” 15
t=0,Vv=300 = 150=A® = A=150

2

"2V =150e” '+ 450
t=15 = 2V=150e 2+ 450
_ 10 o 3
> V= > \e +3}
= V=75(3+e 2) =235

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 5
Question:
. . . . dx 1 .
The thickness of ice mm on a pond is increasing afd ; , Wheee

measured in hours. Find how long it takes the tiesk of ice to increase fron
mm to 2 mmr

Solution:
& 1
a — 20x2

5 [dx= | Hodt

1 t
= 3X3:20+ C

1
t=0,x=1 = §:C
20(3-1)
— =
_ _ 24 )
X=2 = t= 3 \8 1)
140 2

= t= Tor46§

© Pearson Education Ltd 2C
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Integration
Exercise K, Question 6
Question:
L . : . .._dh
The depth metres of fluid in a tank at tinteninutes satisfieg~ = k \ h,

wherek is a positive constant. Find, in termskphow long it takes the depth to
decrease from 9 mto 4

Solution:

ho
1
= |h™ 2dh= | —kdt
1
= 2h2=-kt+ C
t=0,h=9 = 2x3=0+ C => C=6
1
S.2h2 —6= —kt
_ 6-24h
ort = 0
6-2x2 2
h=4 = t= ” =

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 6 k ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
Exercise K, Question 7

Question:
: . e d
The rate of increase of the radiukilometres of an oil slick is given bg:- =

%, wherek is a positive constant. When the slick was fitsterved the radius
r

was 3 km. Two days later it was 5 km. Find, toribarest day when the radius
will be 6.

Solution:

= [r?dr = [ kadt
1

13_
3r =kt+ C

125 1
t=2,r=5 = ZK:?—Q = k:16§

49 1
-

_ r3-27

6° - 27
10 = 3.85...=4days

r=6 = t=

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 1

Question:

.. 3 48
Itis giventhay =x2 + —~,x>0.

(a) Find the value of and the value qfwheng—i =0.

(b) Show that the value gfwhich you found is a minimum.
3
The finite regiorR is bounded by the curve with equatigrx 2 + 478, the lines

X = 1,x =4 and the-axis.

(c) Find, by integration, the areaRfgiving your answer in the form+ glnr,
where the numberg q andr are to be found.

e

Solution:
3 d 3 1
(@y=x2+4"1 = L= x5 a8 2
dy 3 1 4
dx_o = 2X2— ;
> 2
= X2= 3 X x 48 = 32

> x=4,y=22+12=20
= x=4,y=20

3 1
(b) 7 = 3%~ 2 +96x " 3>0forallx>0

. 20 is a minimum value of

3 4
—114(Xz 7)
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X 2 +48In|x| }14

aln alN
(G RN

+

(@)
~—

><32+48In4) - (

i
L
_(
\
2
= + 48In4

© Pearson Education Ltd 2C
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Solutionbank
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I ntegration
ExerciseL, Question 2

Question:

The curveC has two arcs, as shown, and the equations
x =32, y= 2,
wheret is a parameter.

}.‘

(a) Find an equation of the tangenCat the poinP wheret = 2.
The tangent meets the curve again at the gint

(b) Show that the coordinates@fare (3, —-2) .
The shaded regioR is bounded by the ar€@P andOQ of the curveC, and the lind’Q, as shown.

(c) Find the area d®.

0
Solution:
dy
[ -
(@) x dx 6t
dt
Pis (12, 16)

. tangentis y-16=2(x-12) or y=2-8

(b) Substitute = 3t2, y = 23 into the equation for the tangent
> 2a3=6t*-8
> t3-32+4=0
= (t-2)2(t+1) =0
> t=-1latQ(3, -2)
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()

16 16

A T
(1w \ /
0 12 4 12

.

AreaofR=A; - T, +A, +T,
A+ A= Tyde= [ o _fF 28 xetdt= [ _ 212t%t

5 | o_ (12x32y (12
5 )

ST T TS ) T U T s ) TR

. areaofR=79.2-64+1=16.2

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 3

Question:
(a) Show that (1 + sine) 2= % ( 3 + 4sinX - cos & ) .

(b) The finite region bounded by the curve witha&ipny = 1 + sin X, thex-axis, they-
axis and the line with equatior= %is rotated through2about thex-axis.

Using calculus, calculate the volume of the soBderated, giving your answer in terms
of .

£

Solution:

(@) (1+sinX) 2=1+2sinX + sirf2x

1+2sinX+ l(1—coszik\
2 )

1
+ 2sinX — 50034(

NIFRr Nlw

( 3+ 4sinX - cos&k )

(D)V=rly2dx=z[ 2 (1+sinx) 2dx

= 20,2 (3+4sin2<—cos4()dx

= 5| X-2cosx- ysink |2

[ (s o) - {020)
:”5(37”+2+2)

:%(37[+8)

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 4

Question:
This graph shows part of the curve with equatienf ( x) where

()

_ 05, L
X =e + —,x>0.
L") X

Y

Y

0

()
I

The curve has a stationary poiniat a.
(@ Find " (x) .

(b) Hence calculate'f (1.05) andf (1.10) and deduce that
1.05 <a < 1.10.

(c) Find [ f( x) dx.
The shaded regioR is bounded by the curve, tkeaxis and the lines = 2 and
X =4,

(d) Find, to 2 decimal places, the ared&of

e

Solution:
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(a) f' (x } = %e%x— L

X2

(b)f' (1.05) = —0.061... <0
f' (1.10) = +0.040... >0

Change of sign'. roota in interval (1.05, 1.10)

ON (e05><+xl dx=2*+In|x| + C

N—

(d) Area =] Aydx
= [2%%+In|x]| ],

= (2 +1In4) - (2d+In2)
=2¢¢-2el +1In2
=10.0: (2 d.p.

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 5

Question:

(a) Find | xe ™ Xdx.

(b) Given thaty = ”Zatx = 0, solve the differential equation

d_y _ X
eXdx T osiny
Solution:

(@)l = [ xe ™ *Xdx
_ du _
u=x = 4 =1

dv

= _ X — _ Aa—X
 =e = Vv= —eg
= —xe *= | (-e %) dx
iel= -xe " X*-e X+ C
d_y_ X
(b) dx ~ sin

= [sinydy = [ xe™ Xdx
1 Cx -
= - ,c0sFy=-xe X¥-e ¥+ C
x=0,y=7 = 0=0-1+ C = C=1
1
Scosy=xe *+e -1

orcos2y=2(xe *+e X-1)

© Pearson Education Ltd 2C
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Integration
Exercise L, Question 6

Question:

The diagram shows the finite shaded region boubgetie curve with equation

y = %2 + 3, the linex = 1, x = 0 and thex-axis. This region is rotated through 360°
about thex-axis.
Find the volume generated.

yYi

_

Solution:
V=rllydx=n] 3t (x+3) 2dx
=zl (x*+6x2+9) dx

=z [ %x5+2x3+9x }01

Tt Yoo
=T s*t2r9 ) - 0]
5
=5

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 7

Question:

: 1
(a) Find | mdx

(b) Using the substitution = € and the answer t&, or otherwise, find[

1
dx.
1+6&

(c) Use integration by parts to finfdx2sinxdx.

e

Solution:
1 _1 1

(@) X(x+1) — x X+ 1
A S SN S A § 1)
"[x(x+l)dx_j \x_x+1jdx
=In|x| -In|x+1|] + C
e | |
=5 €

b)l=] ——dx u=e€ = du=edx
1+ €

©) 1 = [ x%sinxdx

_ 2 du
u=x = dx—2x

av _

o =SinX = V= - co

1= —x2cosx— | ( —cosx) x 2xdx
= — x2cosx + | 2xcosxdx
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Letd = [ 2xcosxdx

_ du _
u=2x = 4 =
av .
5 = COSX = V=sinx

o J = 2xsinx — | 2 sinxadx
= 2XSinx + 2cox+ C

1= —x2cosx + 2xsinx + 2cox +  k

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 8

Question:

(a) Find | xsin 2dx.

(b) Given thaty = 0 atx = ”Z, solve the differential equatiojir xsin 2<coszy.

e

Solution:

(@)l = | xsin2xdx
du

u=x = G =1

dv

) -1
Ix =sinXxXx = v= > COS X
1 -1
S l= = Ixcosx - | — €0s XdXx
1 1 .
= - 5xcosZ<+ Zsm2x+ C

d
(b) d—i = Xsin XcoLy

= [sedydy= [ xsin2xdx

1 1,
= tany= - 5xcosx+ ,sinx+ C
T 1 1
y=0,x=7, = 0=0+73+ C = C=-7
1 1. 1
J.tany = - SXCosX+ S sinX - 3

© Pearson Education Ltd 2C
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ExerciseL, Question 9

Question:

(a) Find | xcos Xdx.

1
(b) This diagram shows part of the curve with eiquey = 2x 2 sinx. The

shaded region in the diagram is bounded by theegtinex-axis and the line
with equatiorx = % This shaded region is rotated througtr&lians about the

x-axis to form a solid of revolution. Using calculeslculate the volume of the
solid of revolution formed, giving your answer @rrs ofz.

e

Y4
O A i &
2
Solution:
(@)l = | xcos Xdx
_ du _
u=x = =
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dv

o —COSX = v=

N -

sin
R S 1.
Sl = 2s,|n2}<— 2S|n2<dx
X . 1
= Esm2x+ ZcosZ<+ C
b)V=r],2y*dx=n]24xsin’xdx

CoOsA=1-2sifA = 2sifx=1-cosX

wVerfo72x ([ 1-cosk | o

=z 0 2 2xdX = or | 0 2XC0S XdX

= [nx?] 0%—27r [ X;sin2><+ %cosx }0%
:%3—271'[ (%simﬁ %cosn) - (O+

=
4 t7

© Pearson Education Ltd 2C
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ExerciseL, Question 10

Question:

A curve has equation=f ( x) and passes through the point with coordinates

(0, - 1) .Given that f (x) = %ezx—6x,

(a) use integration to obtain an expression for, f(

(b) show that there is a roetof the equation f ( x) =0, such that
141<a<1.4: O

Solution:
(a)f’(x) :%ezx—Gx
= f(x) :%ezx—3x2+ C
f(O}:—l > -1=3-0+C = C= -

o f (x) = %eZX—SXZ— %

(b)f’ (1.41) = -0.07...<0
f’' (1.43) +0.15...>0

Change of sign'. root in interval (1.41, 1.43).

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matherogat#\content\sb\content\c4 6 | ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
ExerciseL, Question 11

Question:

1
2

f (x) =16x2 — Xz,x>0.
(a) Solve the equation ) =0.
(b) Find [ f ( x) dx.

(c) Evaluate] 141‘ ( x) dx, giving your answer in the form+ glinr, wherep, g
andr are rational numbers.

e

Solution:

N -

x|

(a)f(x) =0 = 16X

-2In|x| + C
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224

= 3 - 2In4
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ExerciseL, Question 12

Question:

Shown is part of a curv@ with equatiory = x2 + 3. The shaded region is
bounded byC, thex-axis and the lines with equatioxs 1 andx = 3. The
shaded region is rotated through 360° aboukhxis.

Using calculus, calculate the volume of the sobdeyated. Give your answer
an exact multiple of.

e

Y

Solution:

V=r] 3yfdx=x] 3 (x*+3) 2dx
=x[ 3 (xX*+6x°+9)

:n[%x5+2x3+9x}13

=r | (Blesavar) - (5 v2v0) |
242

=r [ Bfre1-11)
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ExerciseL, Question 13

Question:

(@) Find [ x (x* + 3) >dx
(b) Show that] ,® X—12 Inxdx=1- 2

. 1 1
(c) Given thap > 1, show that] ,P D) (2D X= 3
0o

Solution:

(a) Lety= (x2+3) 6

d
> o =6(2+3) %x2x

1
LIx(+3)%dx= 5 (2+3) %+ C

_ 1
(b)1 = Ile;Inxdx

_ w1
u=iInx = X — x

dv 1 1
®= > V-

e ere(-2) e
S O N
= Te) Tt T e
A
=Tet ") Ty

2
=1- —
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1 A B

(c) (x+1) (x-1) — x+1 T x-1

= 1=A(2x-1) +B(x+1)

1 3 2
x=5 = 1=5B = B=3
x= -1 = 1= -3 = A= -3
2 21
L (3 3 )

PG e &x= 1P LZx—lJ’ x+1 )' o
:[§|n|2x—1| %In|x+1|}lp
Cfr, |1 ]
=13 S 7
_ T (i) ] (1 1)
S LsM U ) ] T (32
_ 1 4-2)

3'”\p+1j

© Pearson Education Ltd 2C
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ExerciseL, Question 14
Question:
() B2 -8x+1 A B C
f X = .=t +
L™ ) T x(x-1) x | x-1 (x-1)2

(a) Find the values of the constaAi8 andC.
(b) Hence find[ f ( x) dx.

(c) Hence show thaf ,f (x ) dx = In (%) _ 2_54
0
Solution:
() _ 5¢-&+1 A B C
(a)f\X}_ZX(X—l)Z_X-l-X_l-I- (X_l)Z

= 5x2—8x+152A(x—1) 2+ZBx(x—1) + 2CX

1
x=0 = 1=2A = A=3

x=1 > -2=2X = C=-1
Coefficients ok 5=2A+2B = B=2

x| Nl
N
_

() (
) Jf | x [dx=1] |
. \

1
= SIn|x] +2In|x-1] + + C

x—-1

(c)f49f (x)dx: [%In|x| +2In|x-1] +

= U Vx(x-1) 2]+ ]

x—-1 4

19
]
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= n{3x64) 45| - [ 2x9) +7 ]
3 x 64 1 1

:In(2x9)+g—§
32 5

=% - %
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ExerciseL, Question 15

Question:

The curve shown has parametric equations
x=5co9,y=4sinf,0 < 0O<2xu.

<]

(a) Find the gradient of the curve at the péirat whichd =

7
(b) Find an equation of the tangent to the curnideapointP.

(c) Find the coordinates of the poRtvhere this tangent meets thaxis.
The shaded region is bounded by the tanB&nthe curve and theaxis.

(d) Find the area of the shaded region, leaving goswer in terms of.

e

Solution:

d_y _ d_y d_e _ 4cosy
(@) &% “d X = " 5sme

[ 4
.. gradient of tangent & = - -

5 4
CLENETNETS

". equation of tangent is
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5V2 542
C)AtRy=0 = x= 5+ 5 =5V2
" Ris (5V¥2,0)
(d)
P
A
V2
Y R
2 S 52
V2
_ 1 (\/ 5N _ 4 _1 5 4 _
ApthAy= X (DN2- 775 ) X =3 X4 XJz =5
A = [ydx= | z%sing x [ _ssiv |
2 \ )

=10/, { 1-cos? | o

[100 - 5sin2)] 4

o

=7 -5
S A - _ (5= o) _
" A=5-A=5- | 5 -5 =10-25

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 16

Question:

(a) Obtain the general solution of the differenéigliation

dy
o =5y >0
(b) Given also thag = 1 atx = 1, show that

2
= - <X<
y= 75 V3<x< V3
is a particular solution of the differentigjuation.

2 x# - V3x# V3

3—x2’

The curveC has equatioy =

(c) Write down the gradient & at the point (1, 1).

(d) Deduce that the line which is a tangenCtat the point (1, 1) has equation
y =X

(e) Find the coordinates of the point where theyir x again meets the curve

Solution:
dy
@) 5 =X
= Iizdy: J xdx
y
1 X2
= —;=E+ C
_ =2 (Lo~ )
oy = X2+ K Kk—ZC)

()y=1,x=1 = 1=73"
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Ly = 2
o 3-x2

forx2# 3 andy>0,ie. —V3<x< V3

(c) Whenx=1,y=1 %is 1

(d) Equation of tangentis— 1 =1 (x—-1) ,ley=x

(e)x:322 > X3+ 3X=20nC-3x+2=0
- X
> (x-1)2(x+2) =0
J.y=Xmeetscurveat ( -2, -2) .

© Pearson Education Ltd 2C
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ExerciseL, Question 17

Question:

The diagram shows the cur@ewith parametric equations

. 1
x=asirt,y=acost,0 < t < =g,

wherea is a positive constant. The pokties onC and has coordinateé

|

Q

|

Q
~—

-y

_,d . :
(@) Flndﬁ , giving your answer in termstof

(b) Find an equation of the tangenQGatP.
(c) Show that a cartesian equatiorCat y2 = a2 — ax.

The shaded region is bounded®ythe tangent & and thex-axis. This shaded
region is rotated throuc2z radians about thx-axis to form a solid ¢
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revolution
(d) Use calculus to calculate the volume of theds@volution formed, giving
your answer in the forrkza®, wherek is an exact fractio 0

Solution:

dy dt - asint 1

dy
(a) a&x — dt < dx — 2asintcos - _ 2 SE€t

(3 ) 1
2

(b)Pis ey %a ) » SO CO$=

= M= - = -1
1
2x —
2
) 1 ( 3 \
tangent 1/ — Ea= _l\x_ Za)
5
or y= —-x+ 7a

2
() sift+coft=1 = §+é:1
or y2=a?-ax

(d) volume =cone x| 3_32dx
4

1 1 5 3 rad
cone :gn(ga)z(za— Za) = o7
vl 34 20x = 7 [azx— %XZ }Eaa
as 3 9 ras
[ (-2) - (3020} ] -3
(& a ras
. Volume =xn \Z 5) = 56

© Pearson Education Ltd 2C
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ExerciseL, Question 18
Question:
(a) Using the substitutiom= 1 + 2X, or otherwise, find
4x 1
—=——dx, x> - =,
(1+2) 2 2

(b) Given thaty = %Whenx = 0, solve the differential equation

X

sirfy

2 dy _
(1+ ) "

e

Solution:
I_

(@) f(1+2X)2
u=1+ 2

d
> S =c&and4=2(u-1)

=] 2(u-1) du

w2 2

= | (ui—u"z)du

1
=Infu] + 7+ C

1
=in|l+Xx| + T35 + C

X

sty
= [sirfydy= |

(b) (1+2x) 2% =

(1+ 2x)2

= [4sirfydy = | m

= [ (2-2cosg)dy=1I
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1

= 2y-siny=In|1l+X| + 75, + C
T T

X:O,yzz => 5—1:In1+1+ C

-2

(SR

S2y—-siny=In| 1+ X| +

NS

1+

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 19
Question:
: . ] 1 1
The diagram shows the curve with equalycmxezx, -3 = X = 3.
. : . . 1
The finite regiorR; bounded by the curve, theaxis and the ling = - ~has

areaAl.

The finite regiorR, bounded by the curve, theaxis and the ling = %has area
A2-

(a) Find the exact values &f andA, by integration.

(b) Show thaA\;: A, = (e—-2) :e.

e

Ml_
. |

Solution:

(a) | xe®dx

_ d
u=x = dx

I
[HEN
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o [ xeXdx = 20 — [ Py = cxe - ~X4 C
2 2 2 4

1 1
Alz—[gxezx—zezx} %0
A S N A WP SN
SR R B Ui S
1 _
:2(1—2e1)

4= )
_ 1
= 4
11 01
p_aTRD ~1_ &2
(b) 7 = - =1-2¢ 1= —
4

SLALA= (e-2) e

© Pearson Education Ltd 2C
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Integration
Exercise L, Question 20

Question:

Find | x%e ™ Xdx.
Given thaty = 0 atx = 0, solve the differential equati%:r 2 -x @

Solution:

| = [ x%e ™ Xdx

_ 2 du
u=x = dx—Zx

o

i

= _A—-X - X
dx_e

= V= —¢€

1= =x%e™X= [ ( —e™X) x 2xdx
= —x%e X+ [ 2xe” Xdx
J= [ 2xe ™ Xdx

_ du _

u=2x = 3 =2

dv _ -

et = v=-e’X

J= —22xe@ X= ] (-e™*) x2

= - e X-2e X+ kK
1= —-x%e X-2%¢"X-2e X+ C

dy - _
== = 26 ~ X = 20~ XY

dx
= [e " ¥dy= [ x%e™ Xdx
1
> -z ¥= —xle X-2xe"X-2e"%X+ C
1 5
x=0,y=0 = -3=-2+ C = C=73

wlo;

1 _ _ _ _
Lze Y =x%eT X+ e X+ 27 % -

© Pearson Education Ltd 2C
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ExerciseL, Question 21

Question:
The curve with equation = e + 1 meets the ling = 8 at the pointl{, 8).
(a) Findh, giving your answer in terms of natural logarithms

(b) Show that the area of the finite region endldsg the curve with
equation y= e + 1, thex-axis, they-axis and the ling = his 2 + é In7.

e

Solution:

(@)8=6X+1 = 7=¢€X
A : _ 1
J.X = 3In7, i.e.h = 3In7

(b)

VA

i
L in7
A

=Y

1
Area = 43 Mydx
1
= [, (e3x+1 ) o

= [ %egx+x }Oé'm
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= (%e’”7+§ln7) - (%+O)
=5 7+m7 ) -3
1
:§(6+In7)
1
=2+ 3In7

© Pearson Education Ltd 2C
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Integration
ExerciseL, Question 22
Question:
(a) Given that
2
X B C
X2 -1 =A+ -1 " x+1°

find the values of the constatsB andC.

(b) Given thaix = 2 att = 1, solve the differential equation

dx 2
” =2 - X2,x>1.

You need not simplify your final answ 0
Solution:

X2 B C
X2_1:A+ x-1 T x+1

> X2=A(x-1) (x+1) +B(x+1) + C(x-1)

)

1
x=1 = 1=28B = B=;

1
x=-1 => 1=-X = C:‘E-

Coefficients ok®: 1=A = A=1

& . (¥-1)
(b) & =2
2
> | Xz_ldx= [ 20t
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1. 1 1 1
x=2,t=1 = 2+ 5Inh =2+ C = C=3Inj3
2 '3 21 3

1 x=11] _ 1

© Pearson Education Ltd 2C
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ExerciseL, Question 23

Question:

The curveC is given by the equations
x=2ty=t
wheret is a parameter.

(a) Find an equation of the normalGat the poinP on C wheret = 3.
The normal meets theaxis at the poinB. The finite regiorR is bounded by tr
part of the curve& between the origi® andP, and the line©B andOP.

(b) Show the regioR, together with its boundaries, in a sketch.
The regiorR is rotated through2about they-axis to form a solic.

(c) Using integration, and explaining each stepaar method, find the volume
of S giving your answer in terms af

e

Solution:

dy _dy odt 22
@ &% & *wx -2 ~t

. atP (6, 9) gradient of normal is

1 1
. equation of normalig-9= - 3 | X-6 ) or y= - 3x+11

N

X

)x=2y=t* = y=7
Bis (0,11
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bt

P (6,9)

N

)

=Y

(c) volume = cone + | ,x*dy

1 2
cone =§n><6 X 2 = 247

nloXedy=m],_ 7%t x 2tdt =z [ S8t3ct
=r[2t*] P=7x2x81=162
. Volume ofS= 186r

© Pearson Education Ltd 2C
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ExerciseL, Question 24

Question:

Shown is part of the curve with equatips e - e~ X The shaded regidris
bounded by the curve, tlxeaxis and the line with equatiorn= 1.

Use calculus to find the areaRfgiving your answer in terms of XE)

V &

-

0 1 X

Solution:
Area = [ 1 (e*-e™X)dx
_ [ %e2X+e‘X 11

|0
1 _ 1
= [z¢ret - (501
1 2
=2 (@ e-3)

© Pearson Education Ltd 2C
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ExerciseL, Question 25

Question:

. . d .
(a) Given that £ = x — sinxcosx, show that(% = sifix.

(b) Hence find] siréxdx.

(c) Hence, using integration by parts, f | xsirexdx. @
Solution:

(a) &y = X — sinxcosx

dy [ [ aipg )]

> 2% =1- co8X + sinx (TSI = 1 - co$x + siréx
— =sirx (using sifx = 1 - co£x)
(b) [sirPxdx=y+C,

X 1 .
=3 - 2S|nxcosx+C1

(c) | xsin?xdx

u=Xx =

O.lO.
H

dv
dx

= SiPXx = v = (b)

2
. [ xsiréxdx = X; -~ %xsinxcosx— | ( X; -~ %sinxcosx } dx

X1 X lj

= 5 — 3Xsinxcosx - 7 2 sin 2xdx
¥ 1 1

= 7 — Xsinxcosx - gcosx+C,

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matherogat#\content\sb\content\c4 6 | ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

Integration
ExerciseL, Question 26

Question:

The rate, in criis ™ 1, at which oil is leaking from an engine sump at ame

t seconds is proportional to the volume of wiemS, in the sump at that instant.
Attimet=0,V = A
(a) By forming and integrating a differential eqoat show that

V=Ae K
wherek is a positive constant.

(b) Sketch a graph to show the relation betwéamdt.
Given further thaV = %A att =T,

(c) show thakT =1In2. 0
Solution:

dv.
@ g = "k V
1
> [ yadv= [ —kdt
= In|V| =-k+ C

= V:Ale_kt
t=0,V=A = V=Ae M (A =A)

(b)

-q_“
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1 1
— - = A = - kT
©t=T,V=3A = 3SA=Ae

= -In2= —-KkT
= kT=In2
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ExerciseL, Question 27

Question:
This graph shows part of the cu@ewith parametric equations
x= (t+1)2y=38+3t > -1
P is the point on the curve where 2. The lineSis the normal t& atP.
(a) Find an equation &
Irlelshaded regioR is bounded b, S thex-axis and the line with equation

(b) Using integration and showing all your workifigd the area oR. 0

y
A S C
P
f',,."'_
R
T N ="
O 1 9 16
Solution:

& & a2 3
@ & T & " 2(t+1) " a(t+1)

AtP (9, 7) gradient of normal is ;x; = -1

. equation of line&Ssis y-7=-1(x-9)
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ley= —-x+16 or y+x=16
(b) Area =] y = 1X = 9ydx + area of triangle shown below

F |

L
Y

16 -9

Joo X" %dx=[,_ 7% (%t3+3) 2 (t+1 ) o

= [ 2(t*+3+6t+6)d

_ [ ig. 1,4 82 1 2

= | Uttt e,

_ (32 16 3 ()
= \5+ 4+3x4+6x2) _\ 0)
= 34.4

1
.. Area =34.4+3 x7=589
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ExerciseL, Question 28

Question:

Shown is part of the curv@ with parametric equations
x=t%y=sin2,t > O.
The pointA is an intersection df with thex-axis.

(a) Find, in terms of, thex-coordinate ofA.

(b) Find < in terms of, t > 0.

(c) Show that an equation of the tangenttatA is 4x + 2zy = 2.
The shaded region is bounded®wand thex-axis.

(d) Use calculus to find, in terms nfthe area of the shaded regio@

VA

=7

A
0 N
Solution:
(@ AtAly=0 = sin2=0 = 2=0orz = t

_ T P
.'.AIS( (;)Z,O)or(j,o)

(SR
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d_y _ 2cos2 _ cos2
0) % =" =

cosrt 1

(c) Gradient of tangent &tis = - = -

(%) (

EITNY

A~
3

N

. equation of tangentisy - 0= -

27°
= my= - X+

or Zty + 4x = 72

(d) Area =Jydx= [, _ = Zsin2 x 2tdt
_ du _
u=t = " =1
dv .
5:23|n2t:>v: - cos2

- cos2

N—

. Area = [ -tcos2] 52 - [42

(=N (Y LT
= *t2) "0 v

P ——

N -

sin
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Integration
ExerciseL, Question 29

Question:
Showing your method clearly in each case, find

(a) | sin®xcosxdx,

(b) | xInxdx.
Using the substitutiot? = x + 1, wherex > - 1,t > 0,

(c) Find | \Ixledx.

(d) Hence evaluatd 3 \|xXT1dX' 0

Solution:

g2

(a) Lety = sirPx = = 3sirfxcosx

1
o, [ 'sifxcosxdx = SsiPx+ C

(b) | xInxdx

_ Qu 1
u=Inx = = 3

1
dX—X = V= 2X
1

1 1
. 1o 1o 1
o [ xInxdx = >X°InX sz x — X

N

X

_ 12 X

©t2=x+1 = 2tdt=dx
= | =dx

Xx+1

2 -1
= | =/ x 2tat
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[ (22-2)
2.3
= 3t -2t+ C

- %(x+1)§—21le+ C
= §\|x+1 (x—2) + C

X 2
(d)jos\leldX: [5(X—2)1X+1}OS
2 4 8
= (3x2) - [ -3) =%
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Integration
ExerciseL, Question 30

Question:

(a) Using the substitutiom= 1 + 2¢, find [ x (1 + 2x¢) °dx.

(b) Given thaty = %atx = 0, solve the differential equation

j—i=x(l+2><2) 5co22y. @
Solution:
2 du.
@u=1+2%* = du=4xdx = xdx= 7
u° ub (1+22) 6
SOJX(l"'ZXZ)SdX:fjdu:Z+C1:T+Cl

(b) & =x(1+22) Scod2y

= [sed2ydy= [x(1+2?) Odx

1 (1+22) 68
= Stan¥y= ",

24 +C,
_r 1i_ 1 _1
y=§:x=0 = 35=%5+C = (C=7
_(1+2¢)° 1
tandy = 12 t o
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ExerciseL, Question 31

Question:

Find | x2In 2xadx.

e

Solution:

| = [ x2In2xdx

_ du 1
u=Inh2x = = = x
a5 s

o =X = V=g
X o1
L= Tinx- [ 3 x
_ X X

= ZIn2x- | Sdx

_ X X
—3In2x—9+ C
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Integration
Exercise L, Question 32

Question:

Obtain the solution of

X (x+2 ) % =y,y>0,x>0,

for whichy = 2 atx = 2, giving your answer in the forgf = f ( x) .

e

Solution:

X (x+2)%:y

i 1
= Iyd=l i ®

1 A B
x(x+2) = x T X+2

= 1=A(x+2) +Bx

1
x=0 = 1=2A = A=3
1
x:—2:>1:—28:>B:—§
1 1
0 (E) (E)\|
Solny = x ~ x+2 | X
\ )
_1 1
= SIn|x] = 3In[x+2] + C
N L (~_ 1 )
Y=Y x+2 N _2|nk)
2k
Xx=2,y=2 = 2=\, = 4x2=Kk
8x 2 8x

"y: X+ 2 or y:x+2
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ExerciseL, Question 33

Question:
(a) Use integration by parts to show that

J o #xsedxdx = %n ~ % In2.
1
The finite regiorR, bounded by the curve with equatips X 2 secx, the line
N
the x-axis.

x = —and thex-axis is shown. The regidRis rotated through/2radians about

(b) Find the volume of the solid of revolution geated.

1
(c) Find the gradient of the curve with equatjon x 2 secx at the point where

-
X= 7

e

=¥

g

Solution:

(@)l = IOEsze@xdx
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= (%) - (O) - [In] sex| ]0%
_z_ [ Y _ o A

= 7 Lkln\/zj (In1
:%—%InZ

byV==xl, Ty2dx =7 | 0 T xse@xdx
2

Using (@) V= 5 - 5In2=1.38(3s.f)

1

1
~ 2S8ex + X 2 secxxtanx

Page2 of 2

A N Nz N i T o_
AtX= 75 = 3 X 7, XV2+ 5 xN2x1=}Y— +}5 =2.05(3

s.f.)
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ExerciseL, Question 34

Question:

Part of the design of a stained glass window isvshd he two loops enclose an

area of blue glass. The remaining area within ¢atangleABCD is red glass.

The loops are described by the curve with parametjuations
x=3cod,y=9sin2,0 < t<2u

(a) Find the cartesian equation of the curve infoinen y2 =f(x) .

(b) Show that the shaded area enclosed by the amd/¢hex-axis, is given by

| 0 2 Asin Zsintdt, stating the value of the consta#nt

(c) Find the value of this integral.
The sides of the rectangdBCD are the tangents to the curve that are parallel to
the coordinate axes. Given that 1 unit on eachrayigesents 1 cm,

(d) find the total area of the red glass.

A ya B
/ X
D C
Solution:
(a)x = 3cod

y=9sin2 = y=18cogsint
= Yy =6xsint
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X

: .
.-COSt_ 3,S|nt— 6X

N

52 it = X Y_z_
cost+sit=1 = g+ 5=1

6
i.e. 44+ y2 = 362
ory? = 4x% (9 - x?)
(b) _
\\
x=1I) r=3
_ It _
r_E t=0
Area =] ydx
_ = 1= 09 qj ( _ : \\
_It:E 9sin2 x L 35|nt)dt

=27] o 2sinAsintdt

(c) 27] , 2sin&sintdt = 54] , 2 sinftcostdt

[ 54sift | =
T Los o’
= (18x1) - (0)
=18

(d) Area of blue glassis 18 x 4 =72

g

S
X
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Area of rectangl = 10¢€
. Area of red glass = 108 - 72 = 36&m
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