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Discrete random variables
Exercise A, Question 1

Question:

Write down whether or not each of the followingigliscrete random variable.
Give a reason for your answer.

a The average lifetime of a battery.

b The number of days in a week.

¢ The number of moves it takes to complete a ganoheds

Solution:

i) Thisisnot a discrete random variable. Time is a continuaurgable.

ii) Thisisnot a discrete random variable. It is always 7, scsdus vary

i) This is a discrete random variable. It is always a wholmber but it does vai
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Discrete random variables
Exercise A, Question 2

Question:

A fair die is thrown four times and the numberiofds it falls with a 6 on the to}y, is noted. Write down all the
possible values cy.

Solution:

y:01234
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Exercise A, Question 3

Question:

A bag contains two discs with the number 2 on tlageh two discs with the number 3 on them. A disdr&wvn at
random from the bag and the number noted. Theislisturned to the bag. A second disc is then difaem the bag
and the number noted.

a Write down the sample space.
The discrete random variab¥eis the sum of the two numbers.
b Write down the probability distribution fot.

¢ Write down the probability function fcX.

Solution:

aS=(22),(23),(3,2),(33)

b
X 4 5 6
PX=x| 1 | 1|1
4 2 4
L x=ap,
cPX=x) =17
> x=5.
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Exercise A, Question 4

Question:

A discrete random variabh¢ has the following probability distribution:

X 1 2

3

4

PX=x)[1 |1
3 |3

k

1
4

Find the value ok.

Solution:

1

:]_—E:
12 12
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Exercise A, Question 5

Question:

The random variabl¥ has a probability function
PX =x) =kx x=1,2,3,4.

Show thak = 1 .
10

Solution:

X 1l 2]3]4
POX = x) |k [ 2k [3k |4k

k+2k+3k+4k=1

10k=1
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Exercise A, Question 6

Question:
The random variabl¥ has the probability function

_1 —_
P =x) =1 x=1,2, 3 4,5.

Construct a table giving the probability distritmutiof X.

Solution:

X 1| 2 3 4 5

PX=x)lol L |1 |[3] 2
10 5 10 5
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Exercise A, Question 7

Question:
The random variabl¥ has a probability function

oy kx x=1,3
P(X_X)_{k(x—l) x=24

wherek is a constant.
a Find the value ok.

b Construct a table giving the probability distrilomt of X.

Solution:

a
X 112|134

PX =x) [k [k [3k [3k

Using the fact that the probabilities add up to 1:

k+k+3k+3k=1

8k=1
k=1
8
b
X 112 3] 4
PX=x)| L | L] 3|3
8 8 8 8
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Exercise A, Question 8

Question:

The discrete random variab¥ehas a probability function
0.1 x=-2,-1

P(X:X): ﬁ x=0,1
0.2 x=2

a Find the value of.

b Construct a table giving the probability distriloumt of X.

Solution:

X -2[-1]o0]1] 2
P(X =x)[0.1{0.1]5 |5 [0.2

The probabilities add up to 1.

0.1+0.1+8+4+02=1

24=1-04
=03

b

X -2]1-1]0|1]|2

P(X =x)[0.1]0.1{0.3]0.3{0.2
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Exercise A, Question 9

Question:

A discrete random variable has the probabilityriistion shown in the table below.

X 0 112
PX=x)|1_ 1
( ) ,-alal;+a

Find the value oa.
Solution:

1 a+a+rl+a=1
4 2

a:l—é:
4

INJI
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Exercise B, Question 1

Question:

A discrete random variabl¢ has probability distribution

X o1 ]2 |3 |4 |5
P(X =x)]|0.1]0.1]0.3]|0.3]0.1{0.1

a Find the probability thaX < 3.
b Find the probability thax > 3.

¢ Find the probability that 1 X < 4.

Solution:
aPX<3)=P0)+P1)+P(2)=0.1+0.1+0.85
bPX>3)=P(4)+P(5)=0.1+0.162
cP(1<X<4)=P(2)+P(3)=0.3+0.306
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Exercise B, Question 2

Question:

A discrete random variabl¢ has probability distribution

X 0 1 2 3
PXx=x{t ([ |L [L
8 4 2 8
Find
aP(1l<X<3), bPX<2).
Solution:
1 5

a P(1<Xs3)=P(2)+P(3):%+§=_

b P(X<2)=P(O)+P(1)=%+Z=_
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Discrete random variables
Exercise B, Question 3

Question:

A discrete random variabh¢ has a probability distribution

X 11213 |4 |5 |6
P(X=x)|0.1|0.1{0.15|0.25([0.3| 0.1

a Draw up a table to show the cumulative distribwfionction Fg).

b Write down F(5). ¢ Write down F(2.2).
Solution:

a

X 112 3] 4|5]|6
F(x[0.1]0.2/0.35]0.60{0.9]|1

b F(5) =0.9
cF(2.2) =02
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Exercise B, Question 4

Question:

A discrete random variable has a cumulative distidim function FX) given in the table.

x |o]1 [2 |3 |4 |5 |6
Fx)[0]0.1]0.2|0.45| 0.5 0.9|1

a Draw up a table to show the probability distribatX.
b Write down PK<5). cFind P(2<X<5).

Solution:

a

X 1 {213 |4 |5 |6
P(X =x)|0.1]0.1[0.25[0.05[0.40.1

b PX<5)=0.5
CP(2<X<5)=0.1+0.25+0.05=(
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Exercise B, Question 5

Question:

5 The random variabl¥ has a probability function

o (kx x=135
P(X_X)_{k(x—l) X=2,4,6

wherek is a constant.

a Find the value of.

b Draw a table giving the probability distributiof .
¢ Find P(2< X < 5).

d Find F(4).

e Find F(1.6)

Solution:

a

PX =x) |k [k [3k [3k |5k [5k

k+k+3k+3k+5k+5=1

k=1
18

b

X 1 2 3 4 5 6

PX=x|L |L [ [ |2 |2
18 |18 [6 |6 |18 |18

cP(25X<5):P(2)+P(3)+P(4)=1—18+%+%=%

d Remember F means the cumulative function

F4)=1-(P(6)+P(5))=1- (1_58 +l_58) - %Org

(This could also be done by adding P(1) P(2) P(8)R(4).)
e 1.6 lies below 2 but above 1. Because thisdiser ete random variable F(1.6) is the same as F(1) Wrﬁel%i
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Discrete random variables
Exercise B, Question 6

Question:

The discrete random variab¥ehas the probability function

01 x=-2,-1
P(X:X): o X

0.3 x

=0,1
=2

a Find the value o

b Draw a table giving the probability distributiofX.

¢ Write down the value of F(O..

Solution:
a
X -2|-110]1| 2
P(X=x)]0.1/0.1|a |a |0.3
0.1+0.1+a+a+0.2 =1

20 =0.6

o =0.3
b

x|-21-1| O 112

P(X =x)|0.1]0.1]0.25{0.25(0.3

CF(0.3)=F(0)=0.1+0.1+0.25=0
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Exercise B, Question 7

Question:

The discrete random variab¥ehas a cumulative distribution functiondr@efined by

0 x=0
FOq) = 1% x=12345
1 x>5
aFind PK < 4).

b Show that PX = 4) is%.

¢ Find the probability distribution fcX.

Solution:

W] N
o~ W
o|loa] b

P(X=Xx)

olNv| -
olrIN
ol W
olr| b
o] ol
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Discrete random variables
Exercise B, Question 8

Question:

0 x=0
2
The discrete random variab¥ehas a cumulative distribution functiondr¢lefined byF(x) = % x=1,2and3

1 X>3
a Find the value ok.

b Find the probability distribution fcX.

Solution:

(x+k)? _
16

a iwhenx =3

2
@+* _,
16

(3+k)2=16
3+k=%4

k =1 (negative probabilities do not exist)

b
X 1 2
FOl4 |2 |1
16 16

So Probability distribution is

X 3
PX=x)| 4|5 | L
16

16 | 16
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Exercise C, Question 1

Question:

Find E(X) and EK?) for the following distributions o.

P(X =x)|0.3{0.3[0.2]0.2

P(X =x)|0.1]0.4[0.1|0.4

Solution:
aEX)=(2x0.3)+(4x0.3)+(6x0.2)+(8x0.2)
=0.6+1.2+1.2+1.6=46
E(X?) = (4% 0.3)+ (16 x 0.3)+ (36 % 0.2) + (64 % 0.2)
=1.2+4.8+7.2+12.8=26
b E(X) = (1x0.1)+ (2% 0.4)+(3x0.1)+ (4 x 0.4)
=0.1+0.8+0.3+1.6=28
E(X?) = (1% 0.1)+ (4x 0.4)+ (9% 0.1)+ (16x 0.4)
=0.1+1.6+0.9+6.4=9
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Exercise C, Question 2

Question:

A biased die has the probability distribution

X 112 |3 |4 |5 |6
P(X =x)[0.1]0.1{0.1]0.2/0.4]{0.1

Find EXX) and EX?).

Solution:

EX)=(1x0.1)+(2x0.1)+(3x0.1)+(4x0.2)+(5x0.4)+(6x0.1)
=0.1+0.2+0.3+0.8+2.0+0.6=4

E(X?) = (1x0.1)+ (4% 0.1)+ (9% 0.1)+ (16 x 0.2) + (25% 0.4)+ (36 x 0.1)
=0.1+0.4+0.9+3.2+10+3.6=182
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Exercise C, Question 3

Question:
The random variabl¥ has a probability function
1

PX=x)=1x
0 all other values

x=2,3,6

a Construct a table giving the probability distrilout of X.
b Work out EK) and E{?3).

c State with a reason whether or notX))? = E(X?).

Solution:

a

X 2| 3| 6

EEEE

b

E(X)=(2x%)+(3x%)+(6x%)
=1+1+1=3

= (03 (p+2) ()
=2+3+6=11

c
(E(X))?=3x3=9

E(X®) =11

Therefore (EX))2 does not equal X?)

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\sl 8 c¢ 3.t

Pagel of 1

3/21/201:



Heinemann Solutionbank: Statistics 1 Pagel of 1

Solutionbank S1

Edexcel AS and A Level Modular Mathematics

Discrete random variables
Exercise C, Question 4

Question:
Two coins are tossed 50 times. The number of hisautsted each time.

a Construct a probability distribution table for thember of heads when the two coins are tossed assaming that
the two coins are unbiased.

b Work out how many times you would expect to get 0r 2 heads.

The following table shows the actual results.

Number of heads (h)|0] 1] 2
Frequency (f) 7122|121

c State whether or not the actual frequencies obtbaupport the statement that the coins are urthi@ee a reason fc
your answe

Solution:

a

Number of headshf|0O |1 |2
PH =h) 0.25/0.5]0.25
b

0.25x50=12.5
0.5x50=25
We would expect to gdthead 25 times and0 or 2 heads 12.5 times each.

¢ The coins would appear to be biased. There wetedamany times when 2 heads appeared and noghnelen 0
heads appeare
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Exercise C, Question 5

Question:

The random variabl¥ has the following probability distribution.

X 1 |2]3|a |5
P(X =x)[0.1]a |b[0.2]0.1

Given EX) = 2.9 find the value ca and the value cb.

Solution:

X 1 |2]3|a |5
PX=x]0.1a|b]0.2[0.1

The probabilities add up to 1 so
0.l+a+b+02+0.1=1
a+b=0.6 1)

and

29=(1x0.1)+(2%) + (3 xb) + (4x0.2) + (5 x0.1)
29=01+2+3b+0.8+0.5
2a+3b=15 (2

multiply (1) by (2)

2a+20=1.2 (3)

(2) minus(3)

b=0.3

sofrom32+0.6=1.2

a=03
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Discrete random variables
Exercise C, Question 6

Question:

A fair spinner with equal sections numbered 1 ts thrown 500 times. Work out how many times it benexpected to
land on &

Solution:

X 112 |3 |4 |5
P(X=x)|0.2]0.2{0.2]0.2|0.2

0.2 x 500 = 100
We can expect it to land on 3 100 tin
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Exercise D, Question 1

Question:
For the following probability distribution
X -1 |0 1 2

P(X =x)

gk | W

N
5 |s |5 |5

a write down EK).

b find Var(X).

Solution:
a By symmetry EX) = 1
b Var X = E(X?) - (E(X))?

E(Xz):%+0+ =3

gl

+4,
5

ull©

(EX)?=12=1
VarX=3-1=2
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Discrete random variables
Exercise D, Question 2

Question:

Find the expectation and variance of each of theviing distributions ofX.

a
X 1 2 3
PX=x)[1 |1 |1
3 2 6
b
X -1 |0 1
Px=x)|1 |1 |1
4 2 4
C
X -2 |-1 |1 2
PX=x)|1 |1 (1 |1
3 3 6 6
Solution:

aMean:E(X):(1x1)+(2x1)+(3x—):1+1+1:1§
3 2 32T

E(Xz):%+2+%:3—

(e AN

2
Varx=3g_(1§) _ 138 121 _17

36 36 36

1

b Mean=E(X) = (—1>< Z) + (Ox %) + (1>< %) =0 (or by symmetry = 0)

E(XZ):(lx%)+(Ox%)+(1x%):%

var X=+-0=1
2 2

c Mean=E(X)=(—2x%)+(—1x%)+(1x%)+(2x%):—%

2
Var X = 21 - (—1) = 21
2 2 4
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Discrete random variables
Exercise D, Question 3

Question:

Given thaltY is the score when a single unbiased die is rofled,E(Y) and VarY).

Solution:

y 1 2 3 4 5 6

PY=y) [t |1 |r [z |1 |2
6 6 6 6 6 6

2
Var x:151—(31) -t
s \°2
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Exercise D, Question 4

Question:

Two fair cubical dice are rolled argis the sum of their scores.

a Find the distribution o$.

b Find EQ).

¢ Find Vars).

Solution:

a

+11|2|3|4 |5 |6

1(2|13|4]|5 |6 |7

2|3|4]|5(6 |7 |8

3|4|5|6|7 |8 |9

415161718 |9 |10

516|789 |10|11

6|718]9]10|11|12

S 2 3 4 S 6 7 8 9 10 |11 |12

PS=9 |1 [2 |2 |2 |2 [&8 |52 |24 |2 (2 [|L
36 36 36 36 36 36 36 36 36 36 36

2+6+12+20+30+42+40+36+30+22+12

b ES) =
©) n
c E(SZ) _ 4+18+48+100+ 180+ 294+ 320+ 324+ 300+ 242+ 144
36
=542
6

VarS=542 - 72 =52
6 6
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Discrete random variables
Exercise D, Question 5

Question:

Two fair tetrahedral (four-sided) dice are rolledi® is the difference between their scores.

a Find the distribution ob and show tha(D = 3) = % .

b Find ED).
¢ Find VarD).
Solution:
a

Diff. |1]|2]|3]4

1 01112]3

2 11012

3 2]1110]1

4 312|110

d 0 1 2 3
PO=d)[t |3 |1 (1L

4 8 4 8

From Distribution Table it can be seen th@ = 3) = %

[

b E(D)=0+§+—+§=11
8 2 4

[ee]

CEDY=0+3+1+11 =01
8 8 2

2
Sl (12) =1
VarD—22 (14) %
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Exercise D, Question 6

Question:

A fair coin is tossed repeatedly until a head appeathree tosses have been made. The randonblegFieepresents
the number of tosses of the coin.

a Show that the distribution dfis
t 1 2 3

P(T = 1)

ER E
2 |4 |

b Find the expectation and varianceT.

Solution:

aP(H):%

PUW=%X%:

I

P(TTH) =

X

X
N
]
|-

N |-
N |-

[N

P(TTT) = s

PT=1)=

N~

P(T=2)=

INJI

PT=3)=

EN

1 1 1 3
E =1Ix=+2x=+3x==1—
b E(T) 2 4 4 4

2
1 1 1 3 11
= —+ —+ = - — ==
Var(T) 1><2 4><4 9><4 (14) 6

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\sl 8 d 6.f 3/21/201:



Heinemann Solutionbank: Statistics 1

Solutionbank S1

Edexcel AS and A Level Modular Mathematics

Discrete random variables
Exercise D, Question 7

Question:

The random variabl¥ has the following distribution:

X 1123
PX=x)|la|b|a

wherea andb are constants.
a Write down EK).

b Given that VaiX) = 0.75, find the values @ andb.

Solution:
a E(X) = 2 by symmetry
b>px)=2a+b=1 (1)

var(X) =EX?) - (E(X))?
=10a+4b- 22
=10a+ap-4=2 @)

10a+4b=4% from (2)

8a+4b=4 from(1)x4

2a :E
4

o 9
1
NP P P olw
|
N
blwm
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Discrete random variables
Exercise E, Question 1

Question:

E(X) = 4, VarX) = 10

Find

a E(2X),

b Var (2X).

Solution:

Remember mean is K and variance is VaX.
aE(2X)=2EX)=2x4=8

b Var (2X) = 22 Var X = 4 x 10 =40
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Discrete random variables
Exercise E, Question 2

Question:

EX)=2,VarK) =6

Find

a E(3X),

b E(3X + 1),

CEX-1),

d E(4 - ),

e Var (3X),

f Var (3X + 1),

gVar (X-1).

Solution:

aE(@X)=3EKX)=3x2=6
bE(BRX+1)=3EK) +1=(3x2)+1F
CEX-1)=EK)-1=2-1=
dE@4-2)=4-2EK)=4-2x20
eVar (3X) =¥ VarX=9x 6 =54

f Var (3X + 1) = F Var X = 54

gVar (X-1)=VarX=6
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Discrete random variables
Exercise E, Question 3

Question:

The random variabl¥ has an expectation of 3 and a variance of 9.
Find

aE(2X+1),

b E(2 +X),

c Var(2X + 1),

d Var(2 +X).

Solution:

aE(X+1)=2EK) +1=(2x3)+1F
bEQ+X)=EX+2)=EK)+2=3+25
cVar(2X+ 1) = ZVar(X) = 4 x 9 =36

d Var(2 +X) = Var(X + 2) = VarX) =9
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Discrete random variables
Exercise E, Question 4

Question:

The random variabl¥ has a meap and standard deviatian
Find, in terms oft ando

a E(4X),

b E(2X + 2),

CE(2X - 2),

d Var(2X + 2),

e Var(2X - 2).

Solution:

aE(4X) =4 EK) = 4u

bE(@X+2)=2EK) +2=2p+2

CE(2X-2)=2EK) -2=2p-2

d Var(2X + 2) = 2 Var(X) = 462 (Remember Standard deviatiorsiso variance is?)
eVar(2X - 2) = 22 Var(X) = 462
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Discrete random variables
Exercise E, Question 5

Question:

The random variabl¥ has mean 2 and variance 9.
Find:

aE@Y+1),

b E(2 - 3),

cVar(3Y + 1),

d Var(2 - 3v),

eE(Y),

f E[(Y - 1)(Y + 1)].

Solution:

aE@RY+1)=3EY)+1=3x2+1F
bE(-3)=2-3E{)=2-3x2=-4

cVar(3y + 1) = 3Var(Y) =9 x 9 =81

d Var(2 - 3) = (-3¢ Var(Y) =9 x 9 =81

eE(Y9) = Var(Y) + [EV]2=9+ 2Z=13
fE(Y-1)(Y+1)]=EY2-1)=EY)-1=13-1=12
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Discrete random variables
Exercise E, Question 6

Question:
The random variabl& has a mean of 20 and a standard deviation of 5.
It is required to scal& by using the transformatid®= 3T + 4.

Find E) and VarS).

Solution:

E(9=E(@T+4)=3EQ +4=(3x20)+464
Var(T)y=5x5=25

Var (S) = Var(:T + 4) = Aar T = 9 x 25 =225
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Discrete random variables
Exercise E, Question 7

Question:

A fair spinner is made from the disc in the diagramd the random variab}erepresents the number it lands on after being
spun.

a Write down the distribution of.
b Work out EK).

¢ Find Var).

d Find E(X + 1).

e Find Var(X - 1).

I:'O

490°

225°R

Solution:

a

X 1 2 3
e
b E(X)=(l><%)+(2><§)+(3x§):2%
ceron2)o (o) or2) -5
1 39

Var(X) = 5% - (25)2 o

d E(2X+1)=2E(X)+1=(2><2%)+1=5%

= —gx 3P g3t
e Var(3X 1)—32VarX—9><64 5,
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Discrete random variables
Exercise E, Question 8

Question:
The discrete variabl¥ has the probability distribution
X -11]0]1 1] 2

P(X=x)[0.2]10.5]0.2|0.1

a Find EK),

b Find Var ¥),

c Find E(%X +1),

d FindVar(%X+1).

Solution:
aE(X)=-02+0+0.2+0.262
bE(X)=0.2+0+0.2+0.468

Var(X) = 0.8 -0.2=0.8-0.04 0.76
c E(1x+1) =lEx)+1= (1 xo.2)+1= (1x1)+1=1i(1.0'6)
3 3 3 3 5 15

2
d Var(1x+ 1) = (1) varx = 1 x0.76= 2 x 22 = 19 ¢ 08y
3 3 9 025 25

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\sl 8 e 8. 3/21/201:



Heinemann Solutionbank: Statistics 1 Pagel of 1

Solutionbank S1

Edexcel AS and A Level Modular Mathematics

Discrete random variables
Exercise F, Question 1

Question:
Xis a discrete uniform distribution over the nunsbgr 2, 3, 4 and 5. Work out the expectation amiamae ofX.
Solution:

n+1 - 5+1 -

Expectation= 3
2 2

variance= *DO=H _ 6+ _,
12 12
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Discrete random variables
Exercise F, Question 2

Question:

Seven similar balls are placed in a bag. The Ihall& the numbers 1 to 7 on them. A ball is drawtobthe bag. The
variableX represents the number on the ball.

a Find EK).

b Work out VarX).

Solution:
an=7

Ex) =214

+
2
b var(X) =w =4
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Discrete random variables
Exercise F, Question 3

Question:
A fair die is thrown once and the random variablepresents the value on the upper face.
a Find the expectation and variancexXof

b Calculate the probability thX is within one standard deviation of the expecta

Solution:
. n+1l _6+1 _ 1
a Expectation= T, < 32
Var(X) = (+1n-1) _7x5 _,11 _, 915
12 12 12
b
X 1 2 3 4 5 6
Px=x[L [r [& [¢ [¢ |z
6 6 6 6 6 6

6=+/2.916=1.7078

Therefore we want between 3.5 — 1.7078 = 1.79223ahd 1.7078 = 5.2078
P(1.7922< X < 5.2078)= p(2)+ p(3) + p(4)+ p(5) = %
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Discrete random variables
Exercise F, Question 4

Question:

Pagel of 1

A card is selected at random from a pack of caotéaining the even numbers 2, 4, 6, ..., 20. ThealdaiX represents

the number on the card.
a Find P¥ > 15).

b Find the expectation and varianceX.

Solution:

a This is a uniform distribution.

X 2 4 6 8
PXx=x| L |||z 1 1 1 1 1
10 | 120 | 10 | 10

P(X > 15) = P(16)+ P(18)+ P(20)= 1_30

b LetR be a uniform distribution over the numbers 1,210.

ThenX = 2R

ER=1"l=-55

Var(R) = (+1n-1) 99 _g1 g,
12 12 4

EX)=2ER) =2x5.5=11
Var(X) = Var(zR) = 22Var(R) = 4 x 8.25 =33
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Discrete random variables
Exercise F, Question 5

Question:

Pagel of 1

A card is selected at random from a pack of caoéaining the odd numbers 1, 3, 5, ..., 19. The WaiA represents

the number on the card.
a Find P¥ > 15).

b Find the expectation and varianceX.

Solution:

y 1 3 5 7 9 11 |13 |15 |17 |19

Pov=y)| L |L |L |L |L |L | |r |L |
10 |10 |10 |10 |10 |10 |10 |10 |10 |10

a P(X > 15) = P(17)+ P(19)= %
bY=X-1 (Xas in previous question)
E(Y)=EX-1)=EK)-1=11-1=0
Var (Y) = Var(X — 1) = Var(X) = 33
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Discrete random variables
Exercise F, Question 6

Question:

A straight line is drawn on a piece of paper. Tihe Is divided into four equal lengths and the segi® are marked 1, 2,
3 and 4. In a party game a person is blindfoldetiasked to mark a point on the line and the nurobtire segment is
recorded. A discrete uniform distribution over e (1, 2, 3, 4) is suggested as model for thisilligion. Comment on
this suggestiol

Solution:

A discrete uniform distribution is not likely to lzegood model for this distribution. The game deiseon the skill of th
player. The points are quite likely to cluster ardthe middle
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Discrete random variables
Exercise F, Question 7

Question:
In a fairground game the spinner shown is used.
It cost 5p to have a go on the spinner.

The spinner is spun and the number of pence shewaturned to the contestant.

—

If X is the number which comes up on the next spin,

a name a suitable model ft
b find E(X),
c find Var(X),

d explain why you should not expect to make mondhiatgame if you have a large number of ¢

Solution:

a A discrete uniform distribution

bn=8
ExX)="t1oys

_(+H(h-1) 63 _ 1
cVar(X) = T 54 or 525

d The expected winnings are less than the 5p ¢
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Discrete random variables
Exercise G, Question 1

Question:
The random variabl¥ has probability function

P(X:x):zille, 2,3,4,5,6.

a Construct a table giving the probability distrilout of X.
Find

b P(2 <X<5),

¢ E(X),

d Var(X),

e Var(3- 2X).

Solution:

a
X 1 |2 |3 |4 |5 |6

p(x = X) 1 2 3 4 i 6
21 21 21 21 21 21

-38,4,5_1
b PE*FPA+PE)= 1+ 51 ¥ 517 2
C E(X):(1xi)+(2x£)+(3xi)+(4xi)+(5x3)+(6x£)
21 21 21 21 21 21
=4ty
=51 43(4.3)
o200~ (ux2)-(1x2)+ (o )1 ) o2 oo-2)
21 21 21 21 21 21
_ﬂ':Z]_
21

2
Var(X) = 21- (41) =21-187 =22
3 5“9

e Var(3- 2X) = Var(=2X + 3) = (-2)2Var(X) = 4 x 2% = 8%
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Discrete random variables
Exercise G, Question 2

Question:

The discrete random variab¥ehas the probability distribution shown.

X -2|-1]0 |1]2 |3
P(X =x)[0.1]0.2[0.3|r [0.1]0.1

Find

ar,

b P(-1<X<2),
c F(0.6),

d E(2X + 3),

e Var(2X + 3).

Solution:
a0.1+02+03++0.1+01=1
r=1-0.8=02

bP(-1) +P(0) + P(1) =0.2 + 0.3 + 0.DF

c

X -2|-110
F(X)|0.1/0.3|0.6{0.8]0.9]1

F(0.6) = F(0) =0.6

d E(X) = (-0.2) + (-0.2) + 0 + 0.2 + 0.2 + 0.3=0.3
E(2X+3)=2EK) +3=(2x0.3) + 336
eEX?)=04+02+0+0.2+04+09=21

Var (X)=2.1-0.3=2.01

Var (2X + 3) = 2 VarX = 4 x 2.01 =8.04
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Discrete random variables
Exercise G, Question 3

Question:

A discrete random variabh¢ has the probability distribution shown in the &abklow.

X 0 2
P(X:X)i 1+b
5 5

a Find the value ob.
b Show that EX) = 1.3.
¢ Find the exact value of Vafj.

d Find the exact value of X < 1.5)

Solution:

0
Px=x| L [blp+
5

gl

b E(X)=(O><é)+(1xi)+(2xi)=0+1%+1=1.3

10 10

c E(x2)=(0x1)+(1xi)+(4x3)=o+3+2=2.3
5 10

10 10

Var (X)=2.3-1.3=0.61

d P(0)+P(1)= % + 1_30 =05
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Discrete random variables
Exercise G, Question 4

Question:

The discrete random variab¥ehas a probability function
k(1-x) x=0,1

PX=x)=<k(x-1) x=2,3

0 otherwise

wherek is a constant.

a Show thak =

ENYE

b Find EX) and show that B®) = 5.5.
¢ Find Var(zX - 2).
Solution:

ak(l-0) +k(1 - 1) +k(2 - 1) +k(3 - 1) = 1

k+k+2k=1
4k=1
k:l
4
b
X 0 2 3
PX=x|1 R S
4 4 2

EX)=0+0+=+3=2
2 2

E(X2)=(0><%)+(1><0)+(4X%)+(9><%) =1+45=55

cVar(X)=55-4=15
Var (2X-2)=4x15=6
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Discrete random variables
Exercise G, Question 5

Question:

A discrete random variabl¢ has the probability distribution,

X
P(X =x)

rr|lo
NP =
O|IRLIN
okl w

Find
aP(l<X<2),
b F(1.5),
cEX),

d E(3X - 1),

e Var(X).

Solution:

a P(1<X52):P(2)=%

cEX)=0+2+14+3=9-42
2 4 8 8 8

d E(3X—1)=3E(X)—1=3§—1=2§

e E(xz):o+l+l+g:2l
2 2 8 8

55

2
=ol_(11) =3
Var(x)—28 (18) o
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Discrete random variables
Exercise G, Question 6

Question:

A discrete random variable is such that each ofdtaes is assumed to be equally likely.
a Write the name of the distribution.

b Give an example of such a distribution.

A discrete random variabk as defined above can take values 0, 1, 2, 3, and 4

Find

¢ E(X),

d Var (X).

Solution:

a A discrete uniform distribution

b Any distribution where all the probabilities aletsame. An example is throwing a fair die.

C
X 0 1 2 3 |4
PX=x|L1 (L |1 |1 |L
5 5 5 5 5
—0+14+2434 % coor2tt g
E(X)—0+5+5+5+5 2(or > 1=2) (OR use symmetry)
dEX)=0+1+24+9,16_¢ (or\/aro()zi(‘r’”)(s‘l) :2)
5 5 5 5 12

Var (X) =6-4=2
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Discrete random variables
Exercise G, Question 7

Question:

The random variabl¥ has a probability distribution

X 1 |2]3|a |5
P(x=x)[0.1]p g 0.3]0.1

a Given that EX) = 3.1, write down two equations involvipgandg.

Find

b the value op and the value df,
¢ Var(X),

d Var(2X - 3).

Solution:
a0.l+p+q+03+0.1=1
p+q=051
0.1+p+3g+1.2+05=3.1
2p+3g=13 2

b2p+3q=1.3 (equation 2)
2p+29=1 (equation 1 times 2B
g=0.3 (equation 2-3)
p+03=0.5

p=02

c

X 1 12 |3 |4 |5
PX=x)10.110.2]0.3]0.3]0.1

E(X)=0.1+04+09+12+05=3.1
E(X)=0.1+0.8+27+48+25=10.9

Var (X) = 10.9- 3.12=1.29
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d Var (2X + 3) = 4 Var X) = 4 x 1.29 =5.16
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Discrete random variables
Exercise G, Question 8

Question:

The random variabl¥ has probability function

o kx x=1,2
P(X_X)_{k(x—Z) x=3,45

wherek is a constant.
a Find the value ok.

b Find the exact value of Kj.

¢ Show that, to three significant figures, \lgrE 2.02.

d Find, to one decimal place, Var- 2X).

Solution:

a

X 1{2 13[4 |5
PoX =x) [k |2k [k [2k |3k

k+2k+k+2k+3k=1

9k=1
k=1
9
b E(X):l+£+§+§+£:§:3£
9 9 9 9 9 9 9
C E(XZ):E+§+1+2+7_5:1_25_13§
9 9 9 9 9

4

2
Var (X) = 13% - (35) = 13.888- 11.864= 2.02 to 3 sig figs

d Var (3- 2X) = (-2)? Var (X) = 4 x 2.02 =8.1 to 1df
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Discrete random variables
Exercise G, Question 9

Question:

The random variabl¥ has the discrete uniform distribution
1
PX=x)= o x=1,2,3,4,5,6.

35
12

a Write down EK) and show tha¥ar(X) =
b Find E(X - 1).
¢ Find Var(3- 2X).

Solution:

a E(X)=35= 3%

E(XZ):£+£+2+1_6+2_5+§:2‘:151
6 6 6 6 6 6 6 6

1)2_91 49 _35
6 4 12
bE(@X-1)=2EK) -1=7-16

C Var (3—-2X) =4 Var ()():4X%:%:11§or11.67t02dp
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Discrete random variables
Exercise G, Question 10

Question:
The random variabl¥ has probability function

(3x 1)

p(Xx) = x=1,2,3,4.

a Construct a table giving the probability distrilout of X.
Find

b P(2 <X< 4),

c the exact value of Kj.

d Show that VaiX) = 0.92 to two significant figures.

e Find Var(1- 3X).

Solution:

a

X 1 |2 |3 |4

PX=x)|2 |5 |8 |1
26 26 26 26

b P(2<X < 4)=P(3)+P(4)= %

CE(X)__ 10,24 44_80_,1
2626 26 26 13

QE(x?)= 2+ 20,12, 10210 1gl0 105
26 26 26 26 26 26 13

2
Var (X) = 10> - (3i) =10.385... -9.467... = 0.92
13 \"13

eVar(1-3X) = (-3)2 Var (X) =9 x 0.92 =8.28
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