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Vectors
Exercise A, Question 1

Question:

simplify
a Ijxk
b Zixk

¢ LkxGi

d ZixFi-j+k)

e 2jx(Gi+j-k)

I Gi+j-kix 2y

g Gi+2j-k)xdi-j+3k)
h (Gi-j+6k)xi-25+2k)
1 (i+5-4dkx2i—-j-k)
i Gi+lox{i-j+2k)

Solution:
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= 5j/k:5{j/k_]=5i *—| Usethe results ixi=jxj=kxk =0

b Gixk=3(ixk)=-3 ixj=k,jxk=i and Lxi=j

¢ kx3=3(kxi)=3 and jxi=-kkxj=—i and ixk=-j
d Gix({i—j+k)=FA=%-3ixj+3ixk

= 27 (ixi)=3(ixj )+ 3(ixk)
= bRl

2i=(3+j-k)=2j=3+2]%j-2jxk
=6(jxi)+2(jxj)-2(ixk)
=—fk— 21

3]

——

(Zi+j-k)=2j =3x2j +x 2§ —kx2j
= 6(ixj)+2(j i )-2(kx])
=6k+21
ijk
(5i+2j—k )x(i—j+3k)=15 2 -1
1-173
= (2x3— (=D (=) (53—l )+ (5= (-1 -2x1)k
= % —16§—7k
ik
(2i—j+6k )< (i-2j+3k)=[2-16
123

=]

=

=((—Dx3-ox{—2i—(2x3-ox1)j+(2x-2-(-1)x 1)k
=9-0j-z2k
%1-3k

ij ok
15 -4
2-1-1
= (5x(=1) ~ (=X (~1))i~ (1X(~1) ~ (-4) x 2)j +(1x~1-5% 2)k
=—%i-7j-1k

i(i+5j— 4k ) (2i—j-k)

ijk

i (Bitk)x(i-j+2k)=[3 0 1

1-12

(0x2-Tx (-1 Ji—(3x2-1x1)j+(3x-1-0x1)k
1—-5 -2k
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Exercise A, Question 2

Question:

Find the wector product of the vectors a and b, leaving your answers in terms of 4 in
each case.

a a=(li+2i+k) b=(i-3k)
b a=(2i-j+7k) b=(i- {+3k)

Solution:

A a=(a+2i+k)b={-3k) 4— TIse the determinant method to

11k find the vector product

axh=1L2 1

10-3

= (2x(-3)—1Ix0)i—(Ax(-3)—1x1)j +(Ax0-2x1)k
=—fi+({34+1))-2k

b S ) Bl A )
e
axb=|2-17
1-A3
= (-1x3-Tx(-A))i—(2x3-Tx1)j+(2x (-A) - (-1)x 1)k
= (TA-3)i+j+(1-24)k
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Question:

Find a unit vector that i1z perpendicular to both 2i—j and to di+j+ 3k .

Find the wector product of the two
given vectors — then divide by its
modulus.

Solution:
Let a=2i—j and b =(di+j+3k) S
1 1k
Then axb =(2-110
41 2
=-S1—-f)+6k

axb iz perpendicular to both a and b,

axb |= J(=3) +(=6)' +6°

- Vi

=9

=0 %(ﬂ <h’ 15 a unit vector perpendicular to both a and b

- Eequired vector is é{—Bi— &) +6k)

Pl 0
3 2 B

Another possible answer 15 —1+—]J—=k_

© Pearson Education Ltd 2C
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Question:

Find a unit vector that 15 perpendicular to both of di+k and j— \f'_Ek .

Solution:

Let a=ditk and b=~ "Ek #+— Find the vector product of the two

1) k given vectors, then find its meodulus,

Then axb =40 1

012

= —i+44/2j + 4k

- 2
Now |axh | = \/(—1]2 +(442) +4°

= ~,|I'i+32+16
- Ji5

=7
=0 %‘—1 +4~,Ej +4k } 1z a unit vector, which is perpendicular to di +k and to

-2k

© Pearson Education Ltd 2C
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Question:

Find a unit vector that is perpendicular to both i—j and 3 +4j-6k.

Solution:

Let a=i—j and b =3i+4j— 6k

&

ij k
Then axb={1-110
34 -6
=61 +6j+7k
Also |axb| = +f62 +62 + 7
= [36+36+49

=0 l—l_li_ﬁi +6)+ 7k ) 13 the required unit vector.

© Pearson Education Ltd 2C
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Question:

Find a unit vector that iz perpendicular to both i +é6j+4k and to Si+5% +8k .

Solution:

Let a=1+6)+4k and b =51+9%)+8k .

ik
Then axh =16 4 — |ijk
593 16 4|= (6xB—4xTYi—(1x8—dx 5)j+ (1x9— 6 x5k

= 1241221k 598
Also |axb | = 127 +12° + (-21)

= i34 1144 1 441

= fiz8

=27

%{IEi +125-21k )= %{éﬁ +43—"7k ) 1z the required unit vecter.

© Pearson Education Ltd 2C
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Question:

Find a vector of magnitude 5 which iz perpendicular to both 4 +k and JE_j+k.

Solution:
S a Z\E‘] i 4+— Find the wvector product of the two
1]k given vectors and compare its
Then axb =14 0 1 magnitude with 5.
0421
= 21— 4j + 442K
f 2 : / \2
But |axb| = V| (—v2) +(-4)* + (44 |
=4 (2+16+432)
=50
= 5.2
1 : :
o axb ) has magnitude 5
ﬁ[ )
%{—ﬁi— 43+ 442k _]= —i—2+/2) +4k is the required vector.

© Pearson Education Ltd 2C
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Question:

Find the magnitude of {i+j-kIx i—-j+k).

Solution:

Let a=i+j—k and b=i—j+k

[E]

F

i k
Then axb =111 -1
=1 1
=0i-2j- 2k
=-2j-2k
So |axh|= (=2 +(-2)
=4 +4
=8 or 2Zor 283 (t03sf)

© Pearson Education Ltd 2C
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Question:

Given that a=—i+2j— 9k, b=5i-2j+k find

a ab

b axh

¢ the unit vector in the direction axh. [E]

Solution:

g St Sl o S0 S,
a ab=(-1)x5+2x(-2)+(-5)=1
=_5-4-5
s
Pa P
b axb=-12 -5
5-21
=-81—24j -8k

¢ Jaxb|=J(-8) +(=24) +(-8)"

=2 (1) +(-3) +(-1)
= 8.1
oo unit wector in direction axh 13

1 : 1 :
—(-hl-2h -k =—{1-31-k
Bm{ ] ) { ] )

w1
© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

Find the zsine of the angle between a and b in each of the following You may leave
your answers as surds, in their simplest form.

a a=3i-4j b=2i+2j+k
b a=j+2k, b=5i+4j-2k
¢ a=5i+2j+2k, b=4i+4j+k

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 5 a 10.t 3/18/201.
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a a=3%—4jb=2i+2j+k
la| =) +(—4) . [bj=y2? +22 + P
=5 =3
ik
axb =|3-40|=—4i—3j+14k
221

sJaxb | =4f(-4F +(=3) +14* =221

If & iz the angle between a and b then

J2210 Jom TTze sinH=%
frmnr= N o1 P T ::]

b a=j+db=5+4j- 2k

|a| =~u’]2+22,|h|=,?52+42+{—2]2

=5 =45
ijk
axb =01 2 |=—10i +10j- 5k
5 4 -2

AJaxb|=f(-10F +(10)} +(=5) =5f(-2)" + 22 +(-1)

=15
If & 1z the angle between a and b then
s]_nH:L:E:l

Joxnfa5 15

¢ a=%5i+2j+2kb=4i+4j+k

la| =5 +2° 427 |b|=4% +4% +7°

=533 =33
ijk
axh =522
441

= —6i+3j+12k =3(-2i +j+4k)

Jaxb|=3f(-2f +1 +4°

=321
If & iz the angle between a and b then
. 321 421
sl =——m—e—=—
WBeaE3 1

© Pearson Education Ltd 2C
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Question:

The line /| has equation r={-7)+A{i+2j+3k) and the line 7 has equation
r=2i+j+k)+u2i—j+k). Find a vector that is perpendicular to both 4 and [,

Solution:

The direction of ine J 15 1+2) +3k | N
1

The direction of line 1, is 2i—j+k
BRI NE Akt ol ] 1, is in the direction 21 —j+k .

A wector perpendicular to beth [ and £, is

in the direction:

1 1 k

12 3=h+5-3k

2-11

Any multiple of (1+)-k) is perpendicular to lines J; and I,

© Pearson Education Ltd 2C
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Question:

Ttz giventhat a=i+3j—k and h =Z2i+uj+vk and that axh =wi—6j -7k,
where %, v and w are scalar constants. Find the values of w, v and w.

Solution:
1)k 4+— Calculate the wector product of a
axbh =(13-1 atd b, then equate coefficients of
T 1,jand k.

=(Fv+u)i—-(v+2)j+{z—-6)k
But axbh =wi1-§) -7k
=0 equating i, j and k components gives
ru=w @

v+2=46 6
w—6=-7 @
From @ v=4

From 3 u=-1

From M w=12-1 iew=11
Sou=-1,v=4 and w=11.

© Pearson Education Ltd 2C
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Question:

Giiven that p =ai—j+4k , that q =j—k and that their vector product

qxp = 3i—j+&k where @ and & are scalar constants,

a findthe values of @ and &,

b find the value of the cosine of the angle between p and q

Solution:
1]k
a qxp=|01 -1
a—1 4
=51 —a)—ak

But qxp=31—j +bk z0 equate
components of 1, J and k.
~La=1—from j component.
—a =54 —from k component.
Lh==1

Soa=1and &=-1

rq

Ipllal
pg=ax0+{-1xl+dx(-11=-5

lp|= .‘|'c:c:*+{—]]2 +4' =8 asa=1
o] = +(-1] =42
=5

ncosf=—— =
Cos J‘EN{E

b TIse cosf =

i)
6

© Pearson Education Ltd 2C

TTze zealar product and the definition
_a'b
lall® |

Maote that this gives the obtuse angle
between the wectors. The cosine of the

; : 5
cotresponding acute angle will be g
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Question:

Ifaxh=0,,and a=2i+j—k, and h =31+ 1j+ pk , where 1 and u are scalar
constants, find the values of 4 and p.

Solution:

a=zi+j-kbh=31+4)+uk

; +— Ifthe vector product of two wectors is
Given axb =10

zero, then one iz a multiple of the

Thiz implies that a is parallel to b Sl
te. a=ch where ¢ 15 a scalar constant. '
F 2N (30
1 |=| ie
| =1) | pe
S0 as 30 =2
2
C 1
3
P 2 R
Al=—d= A==
3 2
Also—1= E,l.' = U=—=

Alternative method

ik

axb =[2 11| = (p+2)i— (20 +3)j+(2.—3)k
34U

Butaxb =0, 0+4i=020+3=0,24-3=0

;‘vﬁ.=§ and ,u=—§.

© Pearson Education Ltd 2C
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Question:

Ifthree vectors a, b and e satisfy a+h+c=0, show that

axh=hxc=cxa

Solution:

Givenn a+h +e=10
Take the wvector product of this with a

ax{at+b+c)=ax0 g

ieaxata<bh+axe =0

Liultiply a+h +c=0_ firstbya
and then by .

But axa=0 and axc=—cxa
saxb—cxa=0
te. axh=cxa

Thiz time multiply equation # by b, using vector product.

bx{a+b+c) =hx0
Sbhxa+bxb+bhxc=0

EBut bxa=—axb and hxb =0
SL—axh+04+hxe=0
Sbhxe=axh

S0 axb=bxc=cxa

© Pearson Education Ltd 2C
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Question:

Find the area of triangle QAL where O 15 the origin, A iz the point with position vector

a and & 1z the point with position wector h, when
a=i+j—4k h=21-j-2k

Solution:

&= 1_+*P_4k’h SE +— Find the vector product of aand b
1] k and uee the formula
axb =1 1-4
2-1-2
= —fi—f6)—3k

arﬁa=l|z|-h|.
2

“Jaxh | = (-6 F +(-6) +(-3)’

=51

=9
. 1
SoArea of triangle =5 |axh|
=45

© Pearson Education Ltd 2C
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Question:

Find the area of triangle QAE, where & 15 the origin, A 15 the point with position vector

a and 5 15 the point with position wector h, when
a=3i+4-3k h=2i+j-2k

Solution:

a=3i+4j-5kb=2i+j 2k

TTze the formula that area of

triangla=%|ﬂ-h|.

1—_
ijk
saxb =345
2 2
= —%i—4j-3k
| axb|= (-3 +(~4)* +(-5
=50
=507
SoArea of triangle=%|ﬂ/h|
_5f2
2

© Pearson Education Ltd 2C
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Question:

Find the area of triangle QAL where O 15 the origin, A 15 the point with position
vector a and & 1z the point with position wector h, when

2 2
a=|2 h=| &
0 -9
Solution:
£ TR
a=|3|and h=| &
0 -
1]k
Soaxh=|23 0
26 -9

=-271+18]+ 6k =3(-51+ 6]+ 2k

|axb | =3,)(=9) +6 +22
=3/121

=33

sobrea of tnangle= % iZ=165

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Find the area of the triangle with vertices A0, 0,04, 5(1,-2.1% and C'(2,-1,-1).

Solution:

£ 1
-2
L 1)

£ 90
-1
-1

. s . . 1 —= —
Ap S e Useareaofmangle=§|ﬂ_8-ﬂ[f|.

Area of triangle =%|E/E|
i) k
ABxAC =1-2 1
2=1-1
=314+3)+3k

cohrea of tnangle = %m@z +3¢ +32

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

Find the area of triangle AR, where the position vectors of 4, 5 and Care a, band ¢

respectively, in the following cases:
i a=i-j-k b=di+j+k,c=4i-3j+k

0 1 2
i a=|{1|bh=|0|c=| 0
2 2 =10

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 5 b 5. 3/18/201.
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Page2 of 2

—_—

AE =h—-a
=3i+2]+2k

. —

First find AF and E then calculate
their wvector product.

Ezf—ﬂ
=3i-2j+2k

Ammfmmghwc:%pﬁyﬁﬂ
i j k
32 2
322

oo | =

=%Ha+m—mkn

=|h -6k |
=52
= 2.f13
£ 0 1 £igN
u a=|1[b=|0|andc=| 0
2_.- 2,- -.__10_.-
(1) 2
AB =b-a=|-1|md AC=c-a=| -1
0 -1z
1] k
L ABxAC=|1-1 0
2-1-12
=121+123+k

Soarea of triangle ABC = élﬁ/ﬁl

|ﬁ+ﬁ+%k|

© Pearson Education Ltd 2C
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Question:

Find the area of the triangle with vertices A(1,0,2), 8(2,-2,Mand C'(3,-1,1).

Solution:
F9N (1) (1)
AB=b-a=|-2||0|=| -2
0 2 ] \ —2
D
AC=c—a =|-1|-0|=|-1
-.1 ! -.2.- -._1.-
ijk
ABx AT =1 —2 =2
i ()
= (i-3j+3k

- Area of triangle ABC = %|—3j +3k|

R0

© Pearson Education Ltd 2C
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Question:

Find the area of the triangle with vertices A ( — 1,1, 10.5{1,0.2Y and {0,347

Solution:
fZ1V (1) £
a=| 1 [b=|0|and e=| =
1 2 4
£ 2 13
s AB=b-a=|-1|amd AC=c—a=|2
\ 1 i '.3.'
11k
~ABxAC =|2-11
123
=-ti—-+3k

- Area of triangle ABC = %|—5i — 5 + k|

=§|—i—j+k|

=§J{—1f+{—1f+1ﬂ

5
=27
2«!’

© Pearson Education Ltd 2C
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Question:

Find the area of the parallelogram A 50D, shown in the figure, where the position
vectors of 4, Band Dare i+j+k, —3i+4j+k and 21 —j respectively.
B ',

A D

Solution:
1 _2) £ 9 — —
y Find AR and AD and calculate
a=|1|b=| 4 |and d=|-1 |EE|
1 Y 1 0
[ ey
~AB=b-a=| 3 |and AD=d-a=|-2
1 31 k
So ABxAD=|-4 3 0
1 -2-1
=-G1—-4)+3k

| ABxAD | = (3] +(4) + 5
=50
=52

=0 area of parallelogram ARCD = 5«4‘5.

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

Find the area of the parallelogram A8CD, shown in the figure, in which the vertices A,
Fand D have coordinates (0, 2, %), (2,1,-1) and (1,

/ / rl
A n

&, &) respectively.

Solution:
OV (2 1Y
a=|5|b=| 1 |mdd=|6
-.3.- ! -1 ! -.6.-
nAB=b-a=|-4 |mdAD=d-a=|1
= 3
ijk
LABxAD =|2-4 -4
il 2
= —8i—10j+ 6k

JABxAD| = yf(-8) +(-10) + 6
= /200

=1042

cobhrea of parallelogram = 10«,@

© Pearson Education Ltd 2C
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Exercise B, Question 10

Question:

Find the area of the parallelogram ASCD, shown in the figure, where the position
vectors of A, B and Dare j.i+4) +k and 21+67+ 3k respectively.

/ / tl
A i

Solution:
0 1 2 ——= —=
. Find AL and AD and then use area
a5l = dafmdd s of parallelogram =|EE|
5, [:I ) LY 1 s N, 3 )
(1) (5
AB=b-a=|3|and AD=d-a=|5
13k
AExAD =[131|=4i-j-k
253

The area of ABCD =| ABx AD|= \(42 =y w1y
- Jig
=32
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Exercise B, Question 11

Question:

Eelative to an origin &, the points P and { have position vectors p and g respectively,
where p =a(i+j+2k) and q =a2i+j+3k) and @ > 0. Find the area of triangle

QPQ. [E]

Solution:

p=cali+j+2k).q=al2i+j+3k)
ijk
Prq =|a ala
2a & 3a

=a'i+a’j-a'k

coArea of tnangle OF0 = %| A1+a‘j-a’k |

! & 1P+ +(-1)

2
[

e |

ol

© Pearson Education Ltd 2C
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Exercise B, Question 12

Question:

a Show that the area of the parallelogram ABCT 15 alse given by the formula
|(b-a)x (c-a)]|.

b Shew that (h—a)x(e—a)=(b—a)x(d—a) implies that (bh—a)x (c—d) =10 and
explain the geometrical significance of this vector product.

Solution:

+— Draw a diagram and divide the parallelogram
inte two triangles by drawing the line AC. Find
the area of triangle A8C and deduce the area of
B the patrallelogram.

Area of parallelogram ASCT = 2xarea of tnangle ASC
:2/%|ﬁ/ﬁ|
=| AB < AT |
4s AB=(b-a) and AC =(c—a)
Area=|{b—a)x{c—a)|

b (h—a)<(c—a)=(b—a)<({d-a)
Sfb—api(c—a)—(b-a)p(d-a)=0
~(b-a)<[(c—a)-(d-a)] =0
te(b—a)pe—d) =0
This implies ABFx DC =0
e AR isparallel to DO

© Pearson Education Ltd 2C
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Exercise B, Question 13

Question:

a Show that the area of the parallelogram ABCD is alse given by the formula
| (b—a)x(c—a)].

b Show that (b—a)x{c—a)=(b—a)=(d—a) implies that (b —a)={c—d)=0 and

explain the geometrical significance of this vector product.

Solution:

=

) C
g *+— Draw a diagram and divide the parallelogram
into two triangles by drawing the line AC Find
the area of triangle A8C and deduce the area of
B the parallelogram.

Area of parallelogram A5CD = 2xarea of trangle ABC

=2x%|ﬁxﬁ|

= | AB % AC|
As E=-h—ﬂ- and E='f—ﬂ'
Area=|lb—aix{c—a)|
].l l]_‘l—ﬂlXI(‘—:{u:lh—ﬂuxl[l—ﬂ.

Sdh—aixic—al—(b—aix{d—ai=10
-h—ﬂnxl:-c—ﬂ-—wl—ﬂ-:l =10
telb—aixic—di =0
This implies ABx DT =0
1e. AF 1z parallel to DT
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Question:

Given that a=5%i+2j—k,b=i+j+k and ¢ =5i+4k
find

a a(hxc)

h h-icxa)

c c iaxh).

Solution:

a a=si+zi-kb=i+j+tkc=3i+4k +— Calculate the wector product in the
11k bracket first, then perform the
bxe=111]=4i—-j-3k scalar product on the answer,
304
sadbxe)=(51+2j-k){d1-3-3k)
=20-242
=21
b ijk
cxa=[30 4 |=-5B1+23)+¢ck
o 2-1
Shefexa)=(i+)+k ) (—B+23)+ 6k )
=-—34+23+6
=21
c 1]k
axb=pP2-1=a-6+3k
111
Soec(axb)=(3i+4k ) (Zi-6j+3k)
=54+12
=21
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Exercise C, Question 2

Question:
Given that a=i—j—2l,b=2i+j—k and ¢ =21—-3j-3k
find a- (bx ). What can vou deduce about the vecters a, b and ¢

Solution:

a=i—j—2kb=2i+j-k c=21-3—5%

ik
bxe =2 1 =1l|=-Hi+&8j—&k
2=3-5
sa(bxe)=(i—j—2k)(-Bi+8—8k) If a(bxe)=0 thenais
=—8—8+1// perpendicular to bxe.
=0

ais parallel to the plane containing b and ¢ (in fact a= lh + gf).
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Exercise C, Question 3

Question:

Find the volume of the parallelepped ASCDEFGH where the vertices A, B, Dand B
hawe coordinates (0, 0, 0%, (3,0, 10, (1, 2, W and {1, 1, 3 respectively.

H G
‘/ 7
D
J.'/"C
A B
Solution:
ijk
ABx AD =30 1|=-2i+j+ 6k
120
Then AE-(ABxAD)=(i+j+3k) (-2i+j+6k)
=—2+1+18 "
=17

s The wolume of the parallelepiped 12 17,
Alternative method:

g & 8| (113
Weolume = b By B (=301

dydydy| (120
=1(0-2)-1(0—-1)+3(6-0)
=17

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 4

Question:

Find the volume of the parallelepped ASCDEFGH where the vertices A, B, Dand B
have coordinates (1,0, 10, (3,0, -10,{2,2,0% and (2, 1, 2) respectively.

H G
E ] '
D
1= C
A B
Solution:

a=-i+kb=3i-kd=2i+2jamde=2i+j+2k
Ezh—a=4i—2k,ﬁzd—a=3i+2j—k +— Find the wvectors in the directions

atel E:@—ﬂ=3i+j+k IEP, J‘i—BP aﬂd_fq_DF and use these
it the triple scalar product.

211
SWolume = (4 0 =2
32-1
=3(0+4)-1(—2+6)+1(8-0)
=12-2+%8
=13
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Exercise C, Question 5

Question:

A tetrahedron has vertices at A(1, 2, 33, B4, 3,4, C(1, 3, 1y and 203, 1, 4). Find the

volume of the tetrahedron.

Solution:

a=i+2j+3k,b=4i+3j+dk,e=i+3 +k +— ]

and d=3i+j+4k
“AB=b-a=3i+j+k
AC =c-a=j-2k

and AD =d-a="2i-j+k

Uze volume of

tetrahedron =%| a-{b=e)|.

311
Volume of tetrahedron = l 01-2
2-11
1 . : .
. g {3{1—2]—]{U+4J+]{D—2]}‘
1
o g{‘3‘4‘2}‘
_ _E‘
&
_ _E‘
2
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Vectors
Exercise C, Question 6

Question:

A tetrahedron has wertices at A2, 2,10, B(5,-1,2), C(1,1,3) and 203, 1, 4.

a Find the area of base BCO0.
b Find a unit vector normal to the face B0
¢ Find the volume of the tetrahedron.

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 5 c 6.f

Pagel of 2

3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:

dah 78 (3
a b=|-1]e=|1|andd=|1 | Find BCxBD and use this for
2 | 3 | [ 4 | partz a and b
(=20 0
BC=c-b=| 2 |and BD=d-b=| 2
L 1) oy
Butareaof;gr:*ﬂ:%|ﬁ-g_ﬂ’|
ijk
BCxBD =|221
022
= 2i +4j—4k
- Area of ABCD = 12429 +4 (4]
=3

b The normal to the face 500 15 1n the dwection of E/B’_ﬁ 1e. in the direction
21+4—-4k

As |2i+dj—dk|= 2 +42 + (-4}

=6

The unit vector normal to the face is é{ 2i+4) -4k

1
=_1+2)-2k)
3 ] y
£ 9
¢ (Given also that a=| 2 |, the volume ofthe +—— R B ﬂ{ﬁ/ B—D“l
| 1} '

to answer patt ¢

tetrahedron ABC'D is é\ 24 (BCxED)

A
ﬂ=ﬂ—h =| 3
-1
:.‘Jolume=l[—2+l2 +4} =E: 21
& 3
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Exercise C, Question 7

Question:

A tetrahedron has vertices at A0, 0,00, B{2,0,0, (1, \.'{_ 2,00 and D[ %

iz

a Show that the tetrahedron iz regular,
b Find the volume of the tetrahedron,

Solution:
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J— [ p W2
a |AB|:2|AC|:./12+(J§):2 -~

A tetrahedron iz regular if all of
itz edges are the same length

7 (2 / 2
|E|=\/12+‘§ +—2§% =\/1+l+—4'6:2

3 9
|'_1‘|
BC = |3 |and| BC = f(-17 +(V3) =2
i I:]|
4
i 0 R \ 2
BD = V3 and|ﬁ|=\/(—1f+‘ﬁ‘+‘&‘
3 3 | 3]
26
[ &5
0
2 F )
| 2 |waimie | 2] (8]
26
S
33

All 6 edges have the same length and the tetrahedron iz regular.

20 0
1
b volumezglﬁ 0

3 26

b

3003

1/2/[2\'!1_8]
3

&
%/3&6

N

—t

L] o
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Exercise C, Question 8

Question:

A tetrahedron OABC has itz vertices at the points C(0, 0,00, 471, 2,-17, 8(-1.1,2) and
2, -1,10.

a "Write down expressions for AF and AC interms ofi,j and k and find ABx AT,
b Deduce the area of triangle 4 5C

¢ Find the volume of the tetrahedron. [F]
Solution:
a a=1+2)-kb=—+)+2k c=2i—)+k

AB =b-a=-2i—j+3k
AC =c-a=i-3+2k
i jk
AB AT =|=0/=13
R
=7i+7j+7k

b Area of triangle ABC = %| ABx AT |
R
g

I
~1

] A= | —

&

x

[\J ‘

¢ Wolume oftetrahedron is | %E 1@ EH

=l|{—i—2j+k]-[?i+?j+?k]| +—| Tou may use your answer to patt a
6 atid formm the triple scalar product

wdd —a-{ﬁ/ﬁm} or —h-{E/ﬁ\I ar
& J

7 —c-(ABxAC)

3
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Exercise C, Question 9

Question:
The points A, B, T and I have position vectors
a={2i+3) b=0CGi—j+k) c={-2j-k) d=(2i—3+3k) respectively.

a Find AEx BC and BDx DC .
b Hence find
1 the area of triangle A5
i the volume of the tetrahedron ABCD [E]

Solution:

a a=(2i+j)b=Gi—j+k)e=(-2j-k)d=(2i—j+3k)
AB=b-a=i-2j+k, BC=c—b=(-3i—j—2k)

ik
LABxBC =|1 -2 1
o
=5—j-Tk
Also BD=d-b=—i+% DC=c—d=(-2i—j—4k)
ik
ZBDxDC=|-10 2
g’ A
= 2i-8j+k
b i ﬁreaofmgc=%|ﬂ-ﬁ| : R
i) | AE xBC |=| BA=BC|)
2
=%J25+1+49
=il los
2
5
SN
2(

i Volume oftetrabedron ARCD = %|Elﬁ EI|
s %||j—i+2k]-|j—5i+j +7k)|

:B
é
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Vectors
Exercise C, Question 10

Question:

The edges OF, 00, OF of atetrahedron OFPQR are the vectors a, b and ¢ respectively,
where

a="czi+4j

b=2i-j+3k

c =4i-2j+3k

a Ewaluate (hxe) and deduce that &0F i3 perpendicular to the plane OO R

b Write down the length of OF and the area of triangle OO'R and hence the volume of
the tetrahedron.

¢ Verify your result by evaluating a- (hxc) . [E]
Solution:

a a=2+4,b=21—34+3k,c=h-27+3k
1]k
bxe=[2-13
4 -2 5
=1i+2j
As ﬂ=2{h/f'],ﬁ 15 perpendicular to @ and to ﬁ% ie. OP is perpendicular
to the plane QQOF

b |OP|=a|= 27 +47 =20=245

Area of OQR=%|]J/C|

=%«f12+22
_¥
2
1
S Wolume of tetrahedron = g/base #height +—— TJse volume of
1 .
tetrahedron = — basexheight .
=l/£/2£ 3
302
e
3
240
e afbxe)=2-13=2-(4x-2)=10
4 -25

or a-(bxc)=(2i+4j)-(i+2j)=2+8=10

This 1z &xvolume of tetrahedron so verified.
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Exercise D, Question 1

Question:

Find an equation of the straight line passing through the point with position vector a

which 15 parallel to the vector b, giving your answer in the form rxh=¢ , where ¢ 15
evaluated:

a a=2i+j+%k h=3+j-2k
b a=2i-3k b =i+j+5k
¢ a=4i-2j+k  h=—i-2j+3k

Solution:

= [1~_{zi+j+2k_]]-{3i+;i—2k.]=':'

. 1] k 4+— In each case ¢ 12 obtained by
LrxfGi4j-2k) =21 2 calculating axh
31-2

ierx(3i+j—2k)=—4i+10j-k
b [r—(2i-3k)[x(i+j+5k)=0
ijk
srx(i+j+5k)=1{20-3
11 5
srx(i+j+5k)=3-13+2k
e [r—(4i-2j+k)]x(-i-2j+3k)=0
i jk
rx(-i-2j+3k) =[4 21
-1-23
=—4i-13-10k
e rx(-i—2j+3k)=—4i-13j-10k
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Vectors
Exercise D, Question 2

Question:

Find a Cartesian equation for each of the lines given in question 1.

Solution:

x—2 y-1_=z-12
£ 1 e

=1

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

Find, in the form (r —a)xbh =0 an equation of the straight line passing through the
points with coordinates

a (1,2,2,064 3

b 3,4,1,&,3, D

c (—2,2,60,03,7.11

d 4,2,-4.(1,1,1

Solution:
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a The line 13 in the dwection

(B ERY 08 +— Ineach question one selution 15 given but there are
4 =3 =] 1 anumber of alternatives. Either given point may
5 5 _3 bg sub stituted for a and any multiple of the
direction wector may be used az b,
(1] (50
The equation s [r—| 3 ‘ 1 |=0
3 =
b The line 1z in the direction
(AN (3Y (1)
30— 4 =] -1
T 10
The equation 1 [r—| 4 -1 =0
L12]] =iy
¢ The line is in the diwection
PO pen gen
Tl 2 |=|2
11 & ]
(o] (5
The equation is |r—| 2 S|=0
6 E
d The line 15 in the direction
1N 4y (=33
11— 2 |=[-1
1 g 3
(1] (=3
The equation iz [r—| 1 ‘ -1|=0
1 E
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Exercise D, Question 4

Question:

Find a Cartesian equation for each of the lines given in question =

Solution:

x—lzy—3:z—5:jv

3 1 =3
b x—3=_y—4=z—]2=jv
1 -1 =7
c x;2:y;2:z;6:£ oras i+j+k iz also in the direction of the line

xti=y-—2=z-6=Q
x—4=y—2=z+4=;
3 1 -5

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

Find, in the form (r —a)xh =0 an equation of the straight line given by the equation,

where A is scalar

a r=i+j—-2k+A2i-k)

h r=i+4+AEH+j-2k)

¢ r=3i+4)—4dk+121i-2j-3k)

Solution:

a [r—(i+j-&)[x(2-k)=0
b [r—(i+4))]<(3i+j-Tk)=0
¢ [r—(3i+4j-4k)]x(21-2j-%k)=0

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Find, in the form
1 rxb=c, and also in the form
i r=a+th_ where £ 1z a scalar parameter, the equation of the straight line with
(x=3)_ O+ _(22-3) _ 1
5 3 '

Cattesian equation

Solution:

=3 ¥+l 2z-3
5

When =i

The direction of the line, b =2i+3j + gk
A point on the line has position vector

ﬂ=3i—j+Ek.
o

i 3 i) { 3 Yoo 3 3
a ~rx| 2i+5+-k |:‘ 3i-j+-k H 2i+5)+2k
b 2 ! 5 2 LAY 2 !
ijk

|z _q3

=313

3

25 3
ol i '|=—9i—§j+1?k
2 2
R 3.
b r=3i—j+§k+z| 2i+5j+§k

orr =3i—j+§k+s{4i+10j+3k]
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Vectors
Exercise D, Question 7

Question:

Civen that the point with coordinates (z, ¢, 1) lies on the line with equation

2 g8

rx| 1 |=| =7 |, find the values of p and g
3 =3

Solution:

Az (p.g.1)lies an the line with equation

(2) (8] (P) (2] (8 ) — Find the vector product of
rx|1|=|=7|then | g |x|1|=|-=7 (2 £ o [ 80
3 -.__3_.- 1 3 -.__3 g |and | 1 |and equateto | =7 |
(Y (2Y ( 2g-1) 1] 13 ] =)
But|g [x|1|=]2-3p _ '
1 3 I W 2q
(221 (&)
L 2=3p = |7
\p-2g) -3

1 3g-1=8=4g=73
a=3p=-T=p=3
1ee p=3and g=73
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Vectors
Exercise D, Question 8

Question:

1 —1} 1 Hint: Let a=aji+a,j+axk
Given that the equation of a straight line is rx| 1 [=| 2 |, and zet up simultaneous
-1 1 ecuations.

find an equation for the line in the form r = a+tb | where £ 15 a scalar parameter.

Solution:

The line with equation

Fn pin
r=| 1 |=| 2
\ _1 J \ 1 )
£ 13
has direction i +j—k,1e | 1
=1
It passes through apoint (&, a,,a;) where
(a ) (1Y) (-1)
I ¥ B b Let a=ai +a,) +ak and set up
Al simultaneous equations. These
%)\ 1) (1) equations have an infinite number of
[—a,—a; | (1) solutions so let @ =0 and find a,
Le| ata; [=| 2 and .
L Ty T

Let oy =0, thenas @ +a, =2 and & —a, =1 this implies that @, =2 and o, =-1
s A0,-1,2) lies on the line.

=o the line equation may be written as

r=—j+2k+:{i+j-k)

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Find, in the form r-n = p, an equation of the plane that passes through the point with
position vector a and is perpendicular to the vector n where

a a=i—j-k and n=2i+j+k

b a=i+2j+k and n=5i—-j-3k
a=2i—-3k and n=i+3j+4k

d a=di-2j+k and n=4di+j-3k

[x]

Solution:

a  r(2i+j+k)=(i-j-k)(2i+j+k)
=2-1-1
ier (2i+j+k)=0

b or(5i-j-3k)=(i+2j+k)(5i—j-3%k)
=507
ier (5i-j-3k)=0

e v (i+3j+4k)=(2i-3k) (i+3+4k)
=2-12
per (i+3j+4k)=-10

d r(d4i+j-5k)=(4i-2j+k) (41+]-5k)

=16—-2-5
ter-(di+j-3k)=3
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 2

Question:

Find a Cartesian equation for each of the planes in question 1.

Solution:

a 2x+y+z=10

b Sx—y-32=10
x+5y+dz=-10

d dx+y-5z=9

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 3

Question:

Find, in the form r =a+1h +pc an equation of the plane that passes through the
points

1)

b
c
d

(1,2,00,(3,1,-1) and (4, 3, 2)
(3.4.10,(-1,-2,0) and (2, 1, 4
(2,-1,-13,(3,1,2) and (4,0, 1)
(—-1.1,3),(-1,2,5) and (0, 4, 4.

Solution:

d

Let a=1+2),b={Z1+j-k)-{1+2j)=21—]-k
and e={H+3+2k)-(i+2j)=3+]+2k
sr=i+2j+ A2k )+ ul(G+j+ 2k )

Let a=3%i+4j+kb=—i-2j—(3i+4j+k)=—di—6j-k
and ¢ = 2i+j+dk—(3i+4j+k)=-i-3 +3k
Ar =3+ +k+ A(—di-6j -k )+ p(-1-3j+3k)
orr=3i+dj+k+A (di+6j+k )+ u(—1-3+3%k)

Tet a=2i—j—kb=3i+j+2k—(2i—j—k)
—i+2j+3k

and e=di+k—(2i—j-k)=2i+j+ 2k

Sr=2i—j-k+A(i+2+ 3k )+ p(2+j+2k)

Let a=—i+j+3k,b=—i+2j+5k—(—i+j+3k)
=j+2k

and c=4j+4k —(-i+j+3k )=1+3j+k

sr=—i+j+3k+A(j+2k)+uli+3+k)

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 4

Question:

Find a Cartesian equation for each of the planes in question 3.

Solution:
1]k 4— Find the equation in the form
a IMNormal to plane is in direction 2 -1 -1|=—-1-T73+3k r-n=a-n using a from
31 2 euestion 3 and finding n=hx¢
o L. LN, : from question 3.
o Equationis v-(—-7j+3k)={1+2) ) (4 -7+ 3k

In Cartesian form: —x—7y+5z=-15
of x+7Fy—50z=15

1 jk
b Mormal to plane is in direction |4 & 1|=201-13;—-6k
—-1-33
s Equationis v (26-13— 8k )= (G +4)+k ) (21i—-13j -6k )
te 2la—13y—6z=63-52-6
1e 2lx—-13y—fz=23

1]k
¢ Mormal to plane 15 in direction |1 2 3|=1+4) -3k
212
s Equationis v(i+4j-3k ) ={21—j-k ) {i+4j -3k )
=2-4+3
1e. x+dy—2z=1
1)k
d Mormal to plane iz in direction |01 2|=-01+ 21—k
131
5 Equatienis r-(—5i+2j-k)=(-i+j+3k ) (-5i+2j-k)
=5+2-3

1e. —Sx+z2y—z=4

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 5

Question:

Find a Cartesian equation of the plane that passes through the points
(0,4, 20, (1,1, 2yand (-1,5,00

b (1,1,00,{2,3,-3) and (3,7,-2)

c (3.00,20-1andid, 1,3

d (1,-1,60.03.1,-2) and (4, 1, 0.

=1

Solution:
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Find tweo directions in the plane and
take their vector product to give a
normal to the plane.

fi X ot e ol paegs
]
a |1l|-|4d4|=[-3|and| 5 |-[4]|=] 1
2l 2] o]0 L O ) 2] k=2
are two directions in the plane.
1] k
The normal to the plane 15 n where n=[1 =3 0
-1 1 -2

ten=+i+2)-2k and Z+j-—k iz also normal to

plane.

o Equation of plane is v-(Gi+j-k)=(4j+2k ) G+j-k)

1e. 3x+ty—z=2

b 2i+3j-k—(i+j)=i+2j-%k and A +7j-2k —(i+j)=2i+6] -2k are two

directions in the plane.
1] k
The normal to the plane 1s n where n=|1 2 -3
26-2
teen=1h-4+k and H1-2)+k 15 also a normal
s Equation of plane is
r (7Ti-2j+k)=(i+j) (7i-2j+k)
e Jx—2y+z=35

¢ (2i-k)-{3)=—--k and (di+j+3k)-31=1+j+3k are two directions in the

plane.
1]k

The normal to the plane 1s n where n=|-10-1|=1+2) -k

113
The equation an of the plane iz
r-(i+2j-k)=3-(i+2j-k)
Lx+Z2y—z =3

d Two directions in the plane are:
A+)-2k—(i—j+6k )= 2i+2)- 8k and
di+j—(i—j+6k ) =3+2j- 6k

The normal to the plane 15 n where
1] k
n=|22-8=h-123-2k
326
The equation of the plane 1s
r{4h-12)-2k)=(1—)+6k ) (d1-125-2k)
=4
te dx—liy—2z=4 or dx—by—z=2

© Pearson Education Ltd 2C
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 6

Question:

Find, in the form r n = p | an equation of the plane which contains the line [ and the
point with position vector a where

a Jhasequation r=i+j—2k+A2i-k) and a=4i+3j+k

b fhasequation r=i+2Zj+2k+A2i+j-3k) and a=3i+5j+k

c Jhasequation r=2i—j+k+ A0+ 2j+2k) and a="71+8j+6k

Solution:
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a The line has direction 21—k, and this 1z a direction in the plane.
Another wector in the plane is H+3j+k—{i+) -2k

Page2 of 2

e 3i+2j+%k

The notmal to the plane iz in direction

1e n=2i—9% +4k the plane.

#+— The equation of the line includes the
SR o : position vector of another point on the
(2i-k )={31+2j+3k) plane and includes a direction vector in

.~ The plane has equation

ro(Za-9+dk )= (h+3+k ) (-9 +4k)
Ler-(2i-9+4k) =8-27+4
ter-(2i-9+4k) =-15

b The line has direction (21+j -2k
Another wector in the plane is A+5j+k—(i+2j+2k)
ie (21+3-k)
1jk
o the normal to the plane 15 |2 1 =3|=FRi—4)+4k
23-1
- Equation of the plane is
ro(Bi-43+4k )= (Zi+5+k) (Si—-4+4k)
=24-204+4
=8
ter-{Zi—-j+k)=2

¢ F1+8)+6k iz the position vector of a point on the plane. +—
21— +k 1z the position vector of another point on the plane.
The wector joining these pointz is 51+ 92 + 2k

This lies 1n the plane.
A zecond vector which lies in the plane 13 1+2) +2k.

Yeouneed 2 directions in the
plane. One 1s the direction of
the line. The other 15 the vector
joining the two points that are
given inthe plane 1.e. {7, B, &)

and (2,-1.1).

1jk
The normal to the plane n={59% 5

122
1e-n=81-93)+k
oo The equation of the plane is

re(a-o+k) =(+E+6k ) (a-5+k)
=56—-40+6

sre(f-5+k) =22

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 7

Question:

Find a Cartesian equation of the plane which paszses through the point (1, 1, 1) and

containg the line with equation

1 2

Solution:

=2 y+4 =z-1

The line 15 in the direction 51 +j+ 2k . This lies in the plane.

(2,—4,1) 1z a point on the line. This alse lies in the plane, as dees the point (1, 1, 1.

FY (1Y (1)

First obtain the equation of the
plane in the form r-n =a-n, then
convert to Cartesian form.

—
=4 || 1|=| -5 |15 a direction in the plane.
1 1 s
1] k
The normal to the plane n ={1-3 0
31 2
=101 -2 +16k

2. The equation of the plane iz
r-(-10i-2j+16k ) = (1+j+k )-(-10i— 25+ 16k
e —10x—2y+1éz =4

This 15 a Cartesian equation of the plane.

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 1

Question:

In each case establish whether lines J and I, meet and if they meet find the

coordinates of their point of intersection:

a / has equation ¥ =i+3+ A(1—-J+3k) and X has equation
r=—i-3+2k+pi+j+2k)

b/ has equation r =3i+2j+k +Ali+j+2k) and I, has equation
r=4di+3+u-i+j-k)

¢/ has equation r=i+3j+3k +A{2i+3j+k) and [, has equation

r=i+2%j+2%k+,u(i+j—2k)
{In each of the above cases 1 and 4 are scalars)

Solution:
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a The line § hasg equation

FON PN £ N
y|=| 3 |+4 -1
lz ) 1ol 5]

and the line I, has equation

v R, R T
¥ |=|-3|+ull
lz] 1 2] |2 ]

These lines meet when

e 1HAE 4 @
3—A=-3+n @

Sh=2+2u @
Add equations (D and @
d=-4+20u

L2 =28

te =4
Substitute into equation ()

Jl+A=-1+4

le: A =2

Substitute A = 2 into equation for line §

~xy,2)=(3,1,10)

substitute 1 =4 inte equation for line /)

Sz i=EA10)

So the two lines do meet at the point (3, 1, 100

file://C:\Users\Buba\kaz\ouba\fp3 5 f 1.h

Tze column vector form for clarity, Put
the two equations equal and compare x, ¥
and z cotmponents. Then solve
simultanecus equations.

N (1Y (=1 (1)
3HAl-L = -3 [+u| 1
o) L5 ) 2]

L2 )
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FaN FEN N
b /) has equation | ¥ |=| 2 [+ 4| 1 | and
e |:4~| PR
£ has equation | ¥ [=| 3 |+| 1
= l A g -1
3V (1Y (4) (=1}
These lines meetwhen | 2 [+A[ 1 |=| 3 [+u| 1
'.1.' '.2.' '.U.' ._1.'
ite. 3+Ai=4-u @ = AR re
2+h=3+p @
1+2L=-n @
Add equations (D and @
L5+ 2A=7
ie:d =1
Substitute into equation (0
L3+Hl=4—p
e u =10

Substitute A =1 into equation for line i
Hrom)=11.2 3

Substitute [0 =0 into line Z:

s Feyim)=14.3:0)

This 15 a contradiction and the lines do not meet.
[NB. 4=1and u=0 do not satisfy equation @ abowve.]
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R 9
¢ /) has equation | ¥ |=|3 H+A| 3
Z; \ 5 ! \ 1 /
o Tl 1
L, has equation | v [= 2% +ul 1
\ = ) 1 _2 !
by 2 1 1
L omeets [ when | 3 |+A| 3 |= 215 e 1
) AL e -2 |
S e i )

ite. 1+42A=1+pu @

3+3ﬁ,=21§+y &

5+},=21—2y @
2

Subtract equation (D from equation @

il
2
i 1
le. A =—=
2
Substitute inte equation (1)
s-1=14+p
e u=-1
Substitute A =—1§ into equation for line 4

i 1 ] 4
sx vz .]=‘l. 0,15,45 |
substitute 1 = -1 inte equation for line £
1
E 2

i ‘1".
.‘.[x,y,z]=‘l 0,1 45 |

i !
=o the two lines do meet at the point 0,1%,4%

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 2

Question:

In each case establish whether the line / meets the plane 7 and, if they meet, find the
coordinates of their point of intersection.
a lr=i+j+k+A-2i+j-4k)
Tr GA-4+2k)=16
b Jir=2i+3-2k+Ali+j+k)
HFri+j-2k3=1
¢ Jr=i+j+k+(2j- A
For (Gi-j-6k) =1

(It each of the abowe cases 1 iz a scalar)

Solution:
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a The line meets the plane when

[(1-24)i+(1+A)j+(1-4A)k] (3i—4j+ %)=16

ie 3(1-24)=-4(1+ A )+2(1-40)=16 Azzume that the line meets the
S3-6A-d-4i+2-BA=16 plane and perform the scalar
W jerruide product. Solve the resulting
equation to find the value of A . If

te.—184 =15 there is no value for A, then the
A= _E line does not meet the plane,
18
.. =5
e A =—
&
substitute into the equation of the line
. [, 10 5 200
sy z)i=l 14—, 1-=,1+—
%) ‘ 6" 6 6 )
:‘ 23,1,41 |
\ 36 3]

b The line meets the plane when
[(2+A)i+(3+A)j+(-2+A)k ] (i+i-2k)=1
ie (2+A)+(3+A)-2(-2+4) =1
L24+A4H34+A+4-24 =1
L=
This 15 a contradiction.

There are no values of A for which the line meets the plane.
The line 15 parallel to the plane.

¢ The line meets the plane when
[i+(1+24)j+(1-2A)k] (3i-j—6k)=1
res {2160 -24%) =1
e 3-1-2L-6+124 =1

n10A-4 =1
.1

S ==

2

substitute into the equation of the line

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 3

Question:

Find the equation of the line of intersection of the planes I and Ff where

a fI hasequation r- (3i—-2j—-k) =5 and ff has equation r- (4i-j-2k) =5

b [ has equation r- (5i—j— k) =16 and II haz equation r (161 -5j—4k) =53
¢ i has equation 1 (i—-3j+k) =10 and fi has equation r- (4i-3j-2Zk)=1.

Solution:
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The planes have equations

Zx—2y—z=5ad @
dx—y—2z=5 @
Multiply D by 2 then subtract @

Ezxpress the equations of the

planes in Cartesian form then
eliminate one of the variables
(x,yor z) from the equations,

L2x=3v =1
543y
LK =
2
Substitute thiz inte (1)
543y
L
5+3y)
Ecich ) W
2
_ 5+5y
2
Let v=4.
Thenx=5+3f d :5+5,H
2 2
o 5 o 5
Le. A= 32 and A= 52
2 2

The planes have equations
Sx—y—2z=16 @O
adléx—5Sy—dz =53 @

Multiply equation (0 by 5 then subtract equation @&

SO9x—tz =27
x_2?+62_9+22
G 3
Substitute into equation (D
942z
T i S B
{(9+2z)
Ly=35 —2z—16
A
3
Let z=4
Then x=9+2f" and y=4ﬁ"“3 and z=4

file://C:\Users\Buba\kaz\ouba\fp3 5 f 3.h

*+— Express the equations of the

planes in Cartesian form then
elitninate one of the variables
(x, v or z) from the equations.
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;x_3=£il=z=x

g
3

=
3

This 15 the equation of the line of intersection.

In vector formm:
2.4 )
r={a1-jl+4i -1+=3+k
|- 3 7!

¢ The planes have equations

x—3v+z=10 @ .

anddx—3y—2z=1 @
Subtract equation (D from equation @
L3x-3z=-0

e Gl A
Substitute into equation (D
Lz=3-3y+z=10

1.3y =2z-13
0513
e 3
Letz=4
Then x=24A-3 and y= 2f.;13 and z=4
+13
‘x+3_"y 7 .

===k

1

L] b

Express the equations of the

planes in Cartesian form then
eliminate one of the variables
(x,yor 2) from the equations

This iz the Cartesian form of the equation of the line of intersection

The vector formm 15

e I
r=|-3i-—j|[+Ali+Zitk
3 Z i

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 4

Question:
Find the acute angle between the planes with equations r- {i+2j—-2k) =1 and
r-(—4i+4+7k) =7 respectively.

Solution:

The angle & between the two normal vectors 1+2) -2k and —41 +43+7k 1z given by

cosf = {1_+ 2]__ s {_%14—4_] i) First find the angle between the

|i+2) -2k || -4i+45+ 7k | two normal vectors,

~ —4+8-14
(P2 (2F Y + 4+ 7

10
NENET

_ 10

27

The acute angle, o, between the two planes iz such that
o +68 =130°
S0 cost = —cosh
_ 10
27
Lo =683 (3:f)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 5

Question:
Find the acute angle between the planes with equations r- (3i-4j+12k) =9 and
r-(5i—12k) =7 respectively.

Solution:

The angle & between the two normal vectors 51— 4)+12k and 21—12k 15 given by

cost = {Bi__ 4j_+12k ) {5_i wide) <+— First find the angle between the
|31—4j+12k [|51-12k | two normal vectors.
_ 15-144
JF (4] #1285 4 (-12)
=g
169 J165
129
169
The acute angle o between the planes 15 such that o +6 =180°
=0 Ccoscl =—cogf =E
169

Lo =402 (3sf)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 6

Question:

Find the acute angle between the line with equation r =2i +j — Sk + Wi+ 45+ 7k)
and the plane with equation r- 21+ —2k)=13.

Solution:

ling -
4+— Find the acute angle between the

given line and the normal to the

plane
normial

Y, plane, then subtract from 507

plane
/
;

Let & be the acute angle between the line and the normal to the plane.

(4i+4j+7k) (2i+j-2k)

Then cosf

4P P (2)
B4+d—14
NGNG
o
27| 27
Let & bethe angle between the line and the plane.

Then & +o =90

Soosing = cosH=—

o =425 (35f)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 7

Question:

Find the acute angle between the line with equation r=—1-7j+13k + 15+ 4§ - 12k}
and the plane with equation r- (4i-4j-7k)=9.

Solution:

Let & be the acute angle between the line and the normal to the plane.
(31+4j—12k ) (di—4)-Tk )

Thencosf = - -
VB +(-12) £ +(=4T +(=7)

= w 4+— Find the acute angle between the
"-"{@JB_I given line and the normal to the

o 80 plane, then subtract from 907
139

_ 80
117

Let ¢ be the angle between the line and the plane.
Then #+o =30°
Sosino = cosH =ﬂ

117
s =43.T7 (35.£)
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 8

Question:

Find the acute angle between the line with equation (r =3 {—H -] +4k) =0 and

the plane with equation r = 1di —j-k)+ pidi- 53+ k).

Solution:

First find anormal o to the plane
1] k
n=ih—j-kyxEh-5-zk =14 -1-1
4 -5 3
=-B1-16) 16k
=0 asimple normal to the plane 12 1-2j— 2k

Let & be the acute angle between the line and the normal to the plane,

Then u:-::-sH=| (—i-T)+4k) (1+ 2+ 2k)
a7+ Ty 4 A2

Let & be the angle between the line and the plane.
10

Then & +o =90 z0 sint£=cosH=—?.

_|4-14+8
REEEE

no =217 (3af)

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 9

Question:

The plane 7 haz equation v (10 +10j+ 23k) =81,
a Find the perpendicular distance from the origin to plane

b Find the perpendicular distance from the point (—1,-1,4) to the plane 1f.

¢ Find the perpendicular distance from the point (2, 1, 2) to the plane 17,

d Find the perpendicular distance from the point (6,12, -9 to the plane fT

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 5 f 9.h

Pagel of 3

3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:

a The length of the normal vector 101+ 10§+ 23k is /10° +10° +23° =729 = 27

%{mi +105+ 22k ) 15 a unit vector normal to the plane.

The plane has equation
r-(10i+10j+ 23k ) = 81

or T -i[10i+10j +23k)= Al =3

21 27

o The perpendicular distance from the origin to the plane is 2.

b A plane parallel to m through the point {—1,—1,4) has equation

1 . . .
(100 +10§+ 23k )= (mi—j+4k ) —(10i + 10§ + 23k
1 2?'[ i+10j )= 1—i=] ,127'[ i+10j )

_clo_10 5
Zh SEETET

72

-

R

=3

; : ;s : 5 gz
o The perpendicular distance from the origin to this new plane 1s 25.

The distance between the planes 1z 3-2 % =

k)| —

. The perpendicular distance from the point {—1,—1,4) to the plane 7 i3 %

¢ A plane parallel to m through the point (2, 1, 3 has equation
1 ; b bl :
1'-5{10i+10j+231{]= {2i+j+3k]-ﬁ{10i+10j+23kj

20 10 &9
2121 2

: : = : 5 g
o The perpendicular distance from the origin to this new plane is 35

2 2

~ The distances between this plane and 7 15 3—-3=—

3

oo The perpendicular distance from (2, 1, 3 to o iz %
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d A plane parallel to & through the point (6,12, -9 ) has equation

r 2—1?{10i+10j+23k]={6i+12j—9k ]-%{10i+10j+23k]

_ 60, 120 207
LT VT

_ 2

-

=-1

s The perpendicular distance from the origin to this new plane iz 1, in the opposite

direction
. The distance between this plane and 7 iz 3—(-1)=4
s The perpendicular distance from (2, 1, 2 to m 12 4,

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 10

Question:
Find the shortest distance between the parallel planes.
a r(i+6-7k)=55 and r- (61 +6] - 7k) =22
b r=3i+4j+k+Adi+k)+ pBi+3j+2k) and
r=14+2j+ Ak +A0G +l)+u{d -9 -k)

Solution:
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a The distance from the erigin to the plane v-(61+6j -7k )=155 is

55
\[62 +6 +(-7Y

]
- ﬁ <4— First find the distance from the
55 origin to each plane, then
e subtract.
11
= 3

The distance from the origin to the plane v (61 +6j—7k) =22 iz

~ The distance between the planes 13 5—-2=3

53
JE 6 +(-7)

b r=3i+4j+k+Ai{di+k)+u{8i+3+3k)

The normal to the plane 15 n where

—|

Express the equations of the
planes in the form r-n=a-n

n =(di+k p<{8i+3j+3k)
1jk
=4 01|=-3-43+12k
533
s Equation of plane may be written
r{-s5-4+12k)=G+4+k ) (-5-4) +12k
ter-(—31-43+12k )= -13

)

-13

The distance from the origin to this plane 1z

J3F + (-4 +122

The second plane

r=14+2j+2k +A (3 +k )+ {8 - % -k ) has normal n where

ijk

n=|0 3 1 |=éi+8j-24k

I the normal

Thiz shows it 15 parallel to the first plane as

vectors are parallel.

o Equation of second plane may be written
ro(6i+8j—24k ) = (14i+ 2j+ 2k ) (61 +8) — 24k
ler-(6i+8j— 24k )=52orr-(—3i—4j+12k )=-26
—26

=2

The distance from the origin to this plane i3

JBE 4+ (-12)
. The distance between the two planes 13 —1-(-2)=1.

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 11

Question:

Find the shortest distance between the two skew lines with equations
r=i+A(-3-12+11k) and r =3I —j+k+ p(2i+6j -3k}, where 1 and p are

scalars.

Solution:

{a—c)(bxd) ]

The shortest distance 1z found by using the formula TTse the formula for

_ e shortest distance between
a—c=1—(A-j+k)=-2i+j-k skew lines.
bood ={-31-12)+11k )< {21+ 6) -k )
1 ] k
=-3-1211
2§ =
=—t1+7)+6k

(=2i +j —k)- (~6i +7j+6k)
J-6) +7 +6
s

Jizl
—
11

. shortest distance =

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 12

Question:

Find the shortest distance between the parallel lines with equations
r=2i—-j+k+A-3-4j+5k) and r=j+k +p(-3i—4j+ k), where 1 and py are
scalars.

Solution:

Let A be a general point on the first line and B be a general point on the second line,

9% Fiay
then AB=|+2 |+¢| -4 .where t=u—4.
T B +— Find the minimum value of the

gquadratic by using calculus, or

Let the distance A5 = x then :
completion of the square.

2= (—2-3) +(2—4¢) + (% f

=2 —4f +50¢*

(i 2
The minimum value of x° cccurs when 5=E.

S AL g
25 625
_1s8
25
Lx= = or 281 (3af)

5
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Vectors
Exercise F, Question 13

Question:

Determine whether the lines /| and /, meet. If they do, find their point of intersection.

Ifthey do not, find the shortest distance between them. (In each of the following cases
A and 4 are scalars.)

a [ has equation r=i+j+ A2i—j+5k) and [, has equation
r=—i+j+zk+p2i-5j+k

b} has equation r =2i+j -2k + 421 - 2j +2Zk) and L, has equation
r=1—j+2k+puli-j+k)

¢} has equation ¥ =i+j+3k+ A2i+j— 2k} and [, has equation
r=—i—j+k+puii+j+k)

Solution:
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a Agsume that § and [, meet.

(1+24Y (—1+2u)
Then | 1-4 |=| 1-5u
54 ST
LE: -

1+24i=-1+2u @
1-A=1-5u &
Sh =2+ 3
Add @ +2x @
~3=1-8u
1

1el=——

4
Substitute into equation ()

i =ain
2

RN
4
But for these values of A and o equation @ does not hold true. There is a

contradiction.
.. The lines do not meet.

They must be skew so the shortest distance between them 1s calculated from the
formula

{a—c)(bxd)
b x|

‘Wherezi—c = 21—k and

11k

b=xd=|2-15

2-51

= 24i+8j— &k

21—2k (241458 -8k |

S Distance = 2 L Ee AL e 4Nfﬁo 1.21

= = t
sfF+4(-1) | BT 1

b Assume that 4 and [, meet:

((2+24 ) ( 1+u )
1-24 |= —1—,1:‘
=2+ 24

| 3+p |
te. 2+2i=1+pn @
1-2h=-1-u @

—24+2L=3+pu @
Adding equations (D and @ gives 3=0

This 15 a contradiction.
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- Lines do not meet,
The lines are in fact parallel as 21 —-2)+ 2k iz a multiple of 1 -3 +k .

The distance between them is found by considering A on line J; and
Bonline i,
Then AB = —i—2j +5%k +¢(i—j+k)
|AE P=5* = (-1+¢) + (=22 +(5+¢ )
=1-2¢+£ +4+4:+2* +25+10: +¢°
= 30+12¢ +3°

d(x*)
{ f o

The minimum value of x* occurs when

st =30-24412
=18

nx =J18=32 or 4.24 (35.5)

¢ Let 4 meet [, then
(1+24) (=1+p)

o
1+A [=|-1+1 | &
5—2&) k 2+,uJ @

Subtract @ — &

Then A =10

Substitute into equation (D
Then p=2

But 4 =0, 1 =2 does not satisfy equation @
So the lines do not meet,

They are skew.

(a—c)(bxd)

Tzing the formula distance =
[bxd |

a=¢ =21+ 2j+3k
bxd ={21+j—-2k )=<{i+] +k)
=&-41+k
‘{21+2j+3k']- (i—-d+k)
J?ﬂ{—4f+ﬁ
-8+43

coshortest distance =

=3

21~
T [
h

0.196 (35.£)
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 14

Question:

Find the shortest distance between the point with coordinates (4,1,—1) and the line
with equation
r=3i—j+2k+puZi—j—-k), where 4 15 ascalar.

Solution:

Let.A be the point (4,1,—1) and B be the point
(3+2t,—1-£,2—¢) which lies on the line. bindyhiewdistacebenmctn

i (4,1,-1) and (3+2¢,—1—2,2—¢)
Then BA=a-h : :
at a point on the line.
=[4-(3+2),1-{-1-2),-1-(2-¢)]
=[1-2¢,2+2-3+¢]
A|BAP = (1-20 +(2+1) +(-3+¢)°
=6 — 61 +14

|ﬂ| 15 a rminimum when |ﬂ [ is minimum

Thiz minimum walue can be found by calculus or completion of the square.
| BAP =6 —¢)+14
; 2
= 6‘ £— | +14-%
4

2| o=

. o 1
This 12 a minimum when #=— and

| AP =ttt e
5 0

— 1
s BA| = 125 =354 (3s.£)
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise F, Question 15

Question:

The plane I has equation r {i+j-k) =4
a Show that the line with equation r =21 +3 +k+ -1+ 2j+ k) lies in the plane

7
b Show that the line with equation r =—1+2) +4k + A{—1+ 2]+ k) 15 parallel to the

plane JI and find the shortest distance from the line to the plane.

Solution:

a Theline r=2i+3+k+A(—+2j+k) +—— Checl that the line iz
passes through the peint (2, 3, 1) perpendicular to the normal t-g
The point (2, 3, 1) also lies on the plane the plane and check that the line
r(i+j-k)=4 as 2x1+3x1-1=4 and plane have a common point.

=0 the line and plane have a point in common,

The line iz in the direction —1+2j+k.

This direction 15 parallel to the plane as it 15 perpendicular to the normal 1+j—-k |
as —Ix14+2x1+1x-1=0.

Az the line alzo has a comimon point with the plane it lies in the plane.

b Theline r=—i+2j+4dk +A({-i+2j+k ) iz al
Faned v At 2j+k) is also =how that there 1z a point on the

parallel to the plane as its direction 15 -1+ 2] +k line which does not lie on the plane.

which s perpendicular to the normal to the plane

{zee a).
The point (-1,2,4) lies on the line. It does not lie
onthe plane as (—i+2j+4k ) (i+j-k)
=-1+2-4
=-3
=4
:. This line is parallel to the plane m but lies on the plane r-(i+j-k)=-3

4—{-3
The distance between the two planes 13 ¥= i

liti-k| 3
: , T3
o The shortest distance from the line to the plane 15 2 =404 (351
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Solutionbank FP3
Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 1

Question:

Find the shortest distance between the lines with vector equations
r=Gi+g—k and r=%-2j-k+i(i—- 2j+k)

where g, £ are scalars, [E]

Solution:

+— Write the first equation in the
formr=3i-k+g

(a—c) bxd)
b |

TTze the formula

with a=31-kb=jc=%-2)-k and d=1-2j+k .
Then a—c=—68i+2j
and hxd=1-k

(—6i+2j) (i-k)

B+ (1)

.. The shortest distance is

-7
o
= 3./2 or 4.24

© Pearson Education Ltd 2C
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Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 2

Question:

Cbtain the shortest distance between the lines with equations
r=(G3s-3i—-g+is+1k

and r=3+im+{% -2 +k

where g, £ are parameters, [E]

Solution:

{a—c)bxd
TTze the formula |————
|bxd |
with a=-31+k,b=31—j+k c=21-2)+k and d=1+2j
1]k
Then a—ec=—6i+2j and bxd=2-11
120
=-2i+]+7k

(=6i+2j) (=2i +j +7k)
JE2F B+ T
_12+2

o shortest distance =

_.
[
2= 5

—
Ny

%

orl 81 (3s1)
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 3

Question:

The position vectors of the points A, &, O and D relative to a fized origin &, are
(= +2k), -3 +3k), (21— 2§+ 7k) and (j+2k) respectively.

a Find p = AExCD.
h Calculate E-p.

Hence determine the shortest distance between the line containing A5 and the line
containing C0) [E]

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp3 5 g 3.f

Pagel of 1

3/18/201.



Heinemann Solutionbank: Further Pure Mathematie®: Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 4

Question:

Eelative to a fized origin &, the point M has position vector —d1+j -2k

The straight line / has equation rx OM =5i—10k .

a Ezxpressthe equation of the line Jin the form r = a+dh , where a and b are constant
vectors and ¢ 15 a parameter.

b Verify that the point AN with coordinates (2,3, 1) lies on [ and find the area of

AOMN [E]

Solution:

a b=0M=—di+j- 2%k
Let a=m++2k
Then as a represents a point on the line
A+y+zk={—di+j—-2k)=5-10k
1 3k
te. |z ¥ z|=m-10k
—4 1 -2
=2y —z)i+(2x—4z)j+(x+4y )k =51-10k
Compare coefficients
—2y—z=75 o
2x—4z=10 @
a+dy=-10 @&
Let x=2 zay
Then from equation @ dy=-12 . y=-3

Also from equation @ 4 - 4z=0 . .z=1
5 (2,-3,1) is one point on the line.

[Any walue that you take for x will give a point on the ling ]
=0 equation of line may be written

r=2i-3+k+A(-4i+j-2k)

b It has already been shown that (2,—3.1) lies on the line.

AreaiOM=%|ﬁ/ﬁf|=%|5i—le|

S5+ (-107

S5 or 559 (3£

| e R e (S
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Vectors
Exercise G, Question 5

Question:

The line [ haz equation ¥ =i—J+ A1 +2j+3k) and the line [, has equation
r=Zi+j+k+uldi-j+k).

a Find a vecter which is perpendicular to both [ and J,.

The point A lies on [ and the point B lies on [, Given that 45 15 also perpendicular to
4 oand I,

b find the coordinates of 4 and 5. [E]

Solution:

a A vecter perpendicularto 4 and [ iz

ik
(i+2§+3)<(2i-j+k)=|1 2 3
2-11
= 5i+5) -5k
b AZ=h-a
(2+z2py ( 1+4
=| 1-u ‘— ~1424
| 1+u ) | 34
(1420 -4 )
= 2—,1.'—245,‘
| 1+ —34 ]

Asthis is perpendicular to [ and to 4, it is a multiple of (i+j-k)
Sl+Zu-A=2—-pu-2i=3u+i=1 @
and1+2u—A=—{1+pu-31)=3u-4Li=-2 @
Subtract T —@

Then 5,5.:3:-5,22

Substitute into equation (D),

Then 3p = I—E
B

I =—

15

; . ; .31 .4) : : :
»o A s the point with coordinates | 12, 2, 1= | and B 1z the point with
L5057 s

coordinates

i i
4 13 2
2—,=,1= |
L1515 15 )
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Vectors
Exercise G, Question 6

Question:

A plane passes through the three points 4, B, O, whose position vectors, referred to an
origin & are {(1+3]+3k), G+ +4k), (21 +43+k) respectively.
a Find in the form i+ +#k), a unit vector normal to this plane.

b Find also a Cartesian equation of the plane.
¢ Find the perpendicular distance from the origin to thiz plane. [E]

Solution:

a AB=(3i+j+4k)—(i+3j+3%k)

=2i-2)+k
AC = (2i+4j+k)—(i+3i+3k)
=i+j-2k
A wvector normal to this plane A8 iz in the direction ABxAC .
1] k
re |22 1|=31+3+4k
11 -2

(3i +5j +4k)

_ . 1
A unit vector normal to the plane 13—
N R

=L013i+5j+4k]

70

b The equation of the plane may be written as

r(3i+5+4k )= (i+3)+3k) (3i+5)+4k )
=a+15412
=20

1e 3x+oy+4z=730

¢ The perpendicular distance from the origin to the plane is

30 30 —30"@—3@

NN ST '
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Vectors
Exercise G, Question 7

Question:

a =Show that the vector 1+kis perpendicular to the plane with vector equation
r=i+g+i{i—-k).

b Find the perpendicular distance from the origin to this plane.

¢ Hence or otherwizse obtain a Cartesian equation of the plane. [E]

Solution:

The plane with vector equation

r=i+sj+{i-k)

is perpendicularto 1+k, as (i+k)j=0 and (i+k){i-k)=1-1=10
The plane also has equation

r-{i+k)=i{i+k), asiis the position vecter of a point on the plane.

te. r{i+k)=1

The perpendicular distance from the origin to this plane is =—=— o

Q707 (53 :1£)
The Cartesian form of the equation of the plane 1z x+z=1

© Pearson Education Ltd 2C
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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 8

Question:

The points 4, & and C have position vectors 1+] +k, m—2)3+k and 3+ 25+6k

respectively, referred to an origin O,

a Find a vector perpendicular to the plane containing the points 4, B and O

b Hence, or otherwize, find an equation for the plane which contains the points A, B
and O, in the form ax +dv+ez+ad =10

The point 2 has coordinates (1, 5, &)
¢ Find the velume of the tetrahedron ARC D, [E]

Solution:

a AB=0F—0A=(5i-2j+k)-(i+j+k)

=d41-3
AC =0C-OA=(3i+2j+ 6k )—(i+j+k)
=21+j+3k
Perpendicular vector to the plane is in direction
1]k
ABx AC =4 -3 0|=-15i—- 20§ +10k
213

b The equation on of plane containing A, 5 and ' 15
r(-15i-20j+10k )= (i+j+k) (-15i-20j +10k )
1e —1ax—20p+10z = =25
of 3x+dyv—2z-5 =10

¢ Volume of tetrahedron ABCD =

145 (a5 E_}‘
AD=0D0-0A4=(i+5j+6k)—(i+j+k)
=4j+%
- Volume = %|{4j+5k]-{—15i—20j +10k )|
=l|{—80+5oj|
6
=15
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Vectors
Exercise G, Question 9

Question:

The plane 7 passzes through A(3, -5,-1), B(-1,5,7 and C(2,-3,00.
a Find ACxBC .
b Hence, or otherwize, find the equation, in the form r-n = p, of the plane fF.

¢ The perpendicular from the point (2,3, -2) to ff meets the plane at P. Find the
coordinates of P, [E]

Solution:

a AC=c—a=(21-3)-(3i-5-k)

= -i+2j+k
BC=c-b =(2i-3%)-(-i+5+7k)
= 3-8 -7k
ik
ZACxEC =12 1|=-6i-4j+2k
3 -8-7

b Equation of the plane 7 iz
r-(—-6i-4j+ik)=(3i-5-k) (-6i—4j+2k)
=-18+20-2
=10
or v-(3i+2j—-k)=0

¢ The perpendicular from (2,3,-2) to m has equation
r=21+3j-2k+A{G+2j-k)
This meets the plane 7 when
(2434 0+ (3+24A )+ (-2-A)k) (A+2j-k)=0
1 3(2+43A )+ 2(3+24)-1(2-A) =0
1eldi+14 =0

LA =-1
o eubstitute into equation of line
r=-i+j-k

.. Foot of perpendicular is at (-1,1,-1)
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Vectors
Exercise G, Question 10

Question:

Griven that & and (' are the points with position vectors p and q respectively, relative
to an origin O, and that

p=3i—-j+7k
q=2+j-k,
a find pxq.

b Hence, or otherwizse, find an equation of the plane containing &, F and () in the
form ax+bhyt+ez =4 .

The line with equation (r —p)*q =0 meets the plane with equation v - (1+j+k)=2
at the point T
¢ Find the coordinates of the point T [F]

Solution:

a pxq={3i—j+2k)<(2i+j-k)
1] k
=|3-1 2
21 -1
=—1+7j+3k
b The equation of the plane iz
r-(-i+7j+5k)=Gi—-j+2k ) (-1+7j+53k )
e, —x+7y+oz=10
¢ The line equation may be written in the form
r=3i—j+2k+Ai{2i+j-k)
This meets the plane r-(i+j+k)=2 when (3+24 )+ (-1+A)+(2-A)=2
ite. 2A+4=2
sLA=-1
substitute into the line equation
Then r=i—2j+3k
The coordinates of point Tare (1,-2,3)
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Exercise G, Question 11

Question:

The planes [ and Ff are defined by the equations 2x +2y—z=9% and x— 2y =7

respectively.
a Find the acute angle between I and I, giving your answer to the nearest degree.

b Find in the form r=u=v an equation of the line of intersection of I and 73 [E]

Solution:
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a The normals to the planes are
n, =Zi+2j—-k andn, =1-2j
The angle between the normals 15 8 where

sooge TG oo 2x1-2x2

llng | 22 22 -1y 1 +(-2)

_nh

s The acute angle o between the planes iz given by cosc e

te o =727 =7% (nearest degree)

b The planes have equations 2x+2y—z=9 @
andx—2y =7 @
Add D+ @
Then 3x—=z=16
z+16&
e
Alse from equation @
e
1
Let x=4
7
_g y+s
Then D= 1 =Z+16=£‘L
1 3 3

This may be written

1~/|ri+%j+3k "|=|"_—;j—15k "|/"'i+%j+3k |
1] k
i.e1~/|ri+%j+3k "|= U—%—lé
| Ll
2

=|"%’“+8 "|i—16j+§k
— 25 e
) z
1/ i+%j+3k :]=[:—§i—]6j+§k |
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Exercise G, Question 12

Question:

A pyramid haz a square base QPR and vertex & Eeferred to O, the points B, O, &
and 5 have position vectors OF =21, 00 =2i+2j, 0B =2j.05 =i +j +4k .

a Ezxpress B interms of 1, ] and k.

b Show that the vector —4) +k 15 perpendicular to O and 25

¢ Find to the nearest degree the acute angle between the line 50 and the plane OSF.
[E]

Solution:

a P§S=05-0P
=i+j+4k—2i
=-1+)+4k
b (4j+k)(i+j+4k)=—4+4=0
sy +k 15 perpendicular to oF .
Also (j+k)-(—i+j+4k)=—-4+4=0
s +k iz perpendicular to PS.
¢ —4) +k 1z normal to the plane OSF
S =0g-08
=2i+2j—(i+j+4k)
=i1+])—4k
The acute angle & between @ and the normal to the plane 1z given by
(—+k)(1+)—4k)
JAP 47 P 4P 4 (-4)
-3 8

NTN TN TN

The angle o between the line 5S¢ and the plane OSF 12 such that o +6 = 90° and

cosf =

50 8Nt = ———== and o =27 (nearest degree)

VI7418
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Exercise G, Question 13

Question:

The plane T has vector equation

1Y (4Y (3
r=|3 4|l |+v| 2 |, whereu and v are paratmeters.
4 2 !
oY (20
The line D has wector equation v=| 1 [+Z[ 3 |, where { is aparameter,
-3 —4

a Show that [ is parallel to ff
b Find the shortest distance between L and fF.

Solution:
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a The normal to the plane I7 1z in the direction (d+j +2k) - Gi+2)-k)

ijk
ie |41 2|=-51+10j+ %
Brons]

The line £ 15 10 the direction 21+ 3)—4k
A (-01+10)+5k) - (21i+ 3 -4k =0
the line £ 15 perpendicular to the normal to the plane.

Thus L is parallel to the plane f7,
b The line £ passes through point (2,1, —32)

The perpendicular to plane wthrough (2,1, — ) has equation
r=21+3-3k+4 (-5 +105 + 5k}

The equation of the plane may be written
ro{(—o+10j + 3k =0+ 3 +4k) (o +107 + 5k

=45
This perpendicular meets plane 7 when
((2-501+(1+10% 3 +(=-3+50) k }{—51+10j +2k) =45
te —104253+10+100% - 154 258 =45

Le 150h=60= =§

: i 2 . :
substitute A = = into the equation of the perpendicular.

Then r=5-k

Le. The perpendicular to T from (2,1,—3) meets the plane at (0,5,-1)

.. Shortest distance from L to ffis

J(2-0) +(1-5] +(-3-(-1)

= Jd+16+4
= f24 =26 or 4.90
ar
10 R
Take pointd on | 53| and Bonl | 1
=y =5
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—?.

Distance =|E-ﬁ|

In| = (=57 +10% +5* = 150 = 5./6
{—1)

1
=—| 2
N
B
TR E 12
~Distance = — || -2 || 2 |[=—=x12=—2 =2E =4.90
V6| | 6 6
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Exercise G, Question 14

Question:

Planes ff and JI have equations given by
Hor2i-j+k)=0,

Lor-a+5+3k)=1.

a Show that the point A(2,-2,%) liesin £,
b Show that ff is perpendicular to I

¢ Find, in wector form, an equation of the straight line through 4 which iz
perpendicular to 1.

d Determine the coordinates of the point where this line meets 1.
e Find the perpendicular distance of A from JJ.
f Finda vector equation of the plane through A parallel to I [E]

Solution:
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a (2i-2§j+3k) (i+5+3k)=2-10+9
=1
5(2,-2,3) lies on the plane [T,
b (2i—j+k)(i+5j+3k)=2-5+3
=10
o the normal to plane [T is perpendicular to the normal to plane 11,
M1 s perpendicular to T4,
e 1=21-2j+3k+A(2i—-j+k)
d This line meets the plane 1] when
[(2+2h)i+(-2-A)j+(3+A)k ] (2i-j+k)=0
ie. d+4A4+2+ 443+ 4=0

ie 6A+9=0
; 3
S ==
o
: i 3 =g B
substitute A =—§ into the equation of the line: then r=—1 _E] + 21\

i !
te The line meets Il atthe point | —1,—%,2 |

e The distance required iz

$E—P4M | —Z- |——\yﬂ3—§ J-+2 +Z——JB%

3.67 (35.£)

for(2i—j+k)=(2i-2j+3k) (2i—j+k)
=4+42+3
ier (Zi-j+k)=9
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Exercise G, Question 15

Question:

The plane [T has equation 2x+ y+3z =21 and the origin 15 & The line  passes

through the point F(1,2,10 and is perpendicular to 17

a Find a vector equation of 7

The line / meets the plane ff at the point AL

b Find the coordinates of AL

¢ Find OPxOM .

d Hence, or otherwize, find the distance from F to the line OM, giving your answer in
surd form.

The point & 15 the reflection of P in ff

e Find the coordinates of (0 [E]

Solution:
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a r=i+2j+k+Ai{21+j+%k)
b Thiz line meets plane I'T when
(1+24) 2+(24+A4)1+(1434)3=21
te. 14A+7=21
te. A=1
Substitute A =1 into the equation of the line J.
Then v =31 +3) +4k
2o Mhas coordinates (3, 2, 4

¢ OPxOM =(i+2j+k)x(3i+3+4k)
=5i-j-3k
d AreaofJ.OPM=%|5i—j—3k| a0

1 X 2
=— 57 +(-1) +(-3
2\( (—1) +(=3)

- %@ i
135
CoDistance from Fto line O = 12
= | OM |
2
1
_ = 35
NPT
_35
34

e PM= A+3+dk-(1+2)+k)=2+7+3k
MO =2i+jt3k
AndOQ = OM + M0 ="5i+4j+ Tk
£ has coordinates (5, 4, 7)
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Exercise G, Question 16

Question:

With respect to a fixed origin &, the straight lines [ and [, are givenby
Lor=i—-j+A(2i+j-2),
Lovr =1+ 2)+2k+ pi-31+4k ),

where 1 and g are scalar parameters

a Show that the lines intersect.

b Find the pozition vector of their point of intersection.

¢ Find the cosine of the acute angle contained between the lines.
d Find a wector equation of the plane containing the lines.

Solution:

a The lines / and 7, intersect if

(1+247Y (1-3u)
-1+A =] 2
|2k 2+4u |

hawe consistent selutions.
e 2A=-3n @

A=3 @
amd—2i=4u+2 @
Substitute A =3 from @ inte (D, then u=-2
Check in equation @ A =3 and u =-2 satisfy equation @

.. the lines intersect

b Substitute 4 =3 into equation of §
Then r="1+2)—¢k

This iz the position vector of the point of intersection.

¢ Let & bethe acute angle between the lines.
(2i+j—-2k ) (-3i+4k)
szﬂz +(-2) (-3 +4

Then cosf =

= ‘ﬂ
925
14

15

d r=i—j+A{2i+j-2k)+u{-3i+4k) iz a vector equation for the plane.

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp3 5 g 16.t

[E]

Pagel of 1

3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 17

Question:

Eelative to an origin &, the points 4 and 5 have position vectors a metres and

b metres respectively, where

a=h+2),b=21-7-3k

The point O mowves such that the volume of the tetrahedron OABC i3 always 5m’ .
Determine Cartesian equations of the locus of the point [E]

Solution:

Let O be the point with position vector x+)j+zk .
The volume of the tetrahedron JART 15 given by
Yy z
1
=52 0
&
2-1-3
1
=g[—6x+15y—92_]
As the volume is 5m°,
.‘.%[—6x+15y—92 )=5
e —6x+15y—9%z=730
of 2x =53y + 3z +10=10, which is the locuz of the point T
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Question:

The lines Iy and £, have equations r=a; +5b, and r = a, +b, respectively, where

a =3i-3j-2k, b;=j+2k,

a, =Bi+3], b, =3+4)-Zk

a Werify that the point P with position vector 3 —j+ 2k lies onboth L) and L,

b Find by xb,.

¢ Find a Cartesian equation of the plane containing 2y and L,

The points with positien vectors a; and a, are A4 and A4 respectively.

d By expressing ﬁ and @ as tultiples of by and b, respectively, or otherwise,
find the area of the triangle P44, [E]

Solution:

a Equation ef [ is
r=3-3-2k+A(j+2k)
When A=2r=31-)+2k 3o Flieson I
Equation of Z, 1z

v =8i+3j+p(5i+45-2k)

When p=-1r=3-j+2k. 5o Flieson k.
1]k
b byxb, =01 2|=-10i+10j-5k
54 -2

¢ The normal te the plane iz in direction of by xb,. 5o —2i+2j—k 15 a normal
- Equation of plane is
r{—Zi+Zj-k)=(3-3-k ) (-Z21+2j-k)
=—H-6+2
L=2x+2v—z =-10
SA2x— 2y +z =10 iz a Cartesian equation of the plane.

d AP =(3i-j+2k)-(3-3-2k)=2j+4k =2b,
AP = (3i-j+2k)— (8 +3j)= (-5i-4j+ 2% )=b,
Areaof PA A =%|Tp/ﬁ>" = %phl <, |

=|byxby |

.2

= J(-10) +(10 )} +(-5)
= J225
=15
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Question:

With respect to the origin & the points A, B, C have position wectors
aitn—j3—3k),al—-h +4) -k}, a(t— 2)+11k) respectively, where @ 15 a non-zero
constat.

Find

a awector equation for the line SO,

b awvector equation for the plane OAE,

¢ the cosine of the acute angle between the lines &4 and OF

Chbtain, in the form r-n = p , a vector equation for f7 | the plane which passes through

A and 1z perpendicular to 8C
Find Cartesian equations for
d the plane IF,

e the line O

Solution:
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a E=a{ﬁi—2j+11k]—a{—4i+4j—k]
=ag({%i-6j+12k)
- wector equation for the line B0 1s
r=a{di+4j-k )+ia({%i-6j+12k)
b A vector equation for the plane QAR 1=
r=a({5i—j—3k )+ia(5i—j—3k )+ pz{—di+4j-k)
¢ Let the acute angle between OA and Q5 ke 8
a-1-3k)a{-h+d-k
Then cosH=|a{ il Jal AL )
| ax25+1+9a 16 +16+1
-1z

RNENE
12
RN =N 5

The plane through A, perpendicular to BT has equation
r(%i—-6j+12k J=al(5—-j-3k )-(51-6j+12k

ie v (%-6j+12k)=15

of v-{3i—2j+4k )=5a

=0.353 (3 5.£)

d The Cartesian equation for this plane ff 15 3x -2y +4z=12a
e The Cartesian equation for the line 5C comes from

[ x) [=da) [ 9
¥ = | da |+A] ba
5\ Z ) \ _a I \ 12a )
x+da  yv—-da =z4+a
= = = Aa
8 -6 12
x+da v—-4da z4a
or = = =A
3 -2 4
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Question:

In a tetrahedron ABCT) the coordinates of the wertices &, O, 22 are respectively
(1,25, (2,3 3, (3, 2,4). Find

a the equation of the plane BCD

b the sine of the angle between 5 and the plane x+ 2y +3z=4

IF AT and AL are perpendicular to 80 and BC respectively and if AF = JE_E find the

coordinates of the two possible positions of A

Solution:
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BC = (2i+3%+3k)—(i+2j +3k)=i+j
BD=(3+2+4k)—(i+2j+3k)=2i+k

1]k
~BCxBD=|110
201

=i-j—-2% 4— This 1z normal to the plane 500

. The equation of the plane 5000 13
r(i—j—Zk)={1+2j+3k ) {1—-j-2k)
=1-2-6
=7
Thiz may be written x—y—2z+7=10

Let the required angle be o . Then sin o =cos® where 6 is the acute angle
between AC and the normal vector 1+2) +3k

i) E+2ik)
SRR EoA

3
N

Let A have coordinates (x, v, z).

Then AC=(2-xji+(E-y)+(3-2z)k
Also AD=(3-x)i+(2-y)j +(4-2z)k
Az AC 15 perpendicular to B0, AC - BD=0
L2{2-x)+0{3-y)+1{3-z)=0
Llx+z=7 @

Az AD s perpendicular to BT, AD-BC=0
SE—x)+ 12—y )+0(4—2)=0

Soos

=0.567 (3sL)

Lx+ty=5 @
Also AB=.J26 .

a(x=1F +(r -2V +(z-3) =26 @

Substitute z =7 —2x and y=5-x from equations () and @ into equation @

Then (x—1) + (3—x) +(4— 2x)’ =26
S6xt =245+ 26=26
~bx(x—4)=10
Lx=0ord
When x=0,yv=3 and z =7
When x=4, y=1and z=-1
- The two possible positions are (0, 3, 7 and (4,1, 1)
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