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Differentiation
Exercise A, Question 1

Question:
Differentiate with respect to x.
sinh 2x

Solution:

i {sinh 2x)= 2cosh 2x
dx
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Differentiation
Exercise A, Question 2

Question:

Differentiate with respectto x.

cosh 5x
Solution:

d - :
—(n:osh 5x)= —————— xZsinh 2x
dx {cosh 2)

sinh 2x 1
=-2 ®

COS2X  COSZ2X
= —Ztan 2x sechdx
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Differentiation
Exercise A, Question 3

Question:

Differentiate with respect to x.
tanh 2x

Solution:

%(tanh 2x)= Psech?2x
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Differentiation
Exercise A, Question 4

Question:
Differentiate with respect to x.
sinh 2x

Solution:

i(sinh 3ij= 3cosh 3x
dx
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Differentiation
Exercise A, Question 5

Question:

Differentiate with respectto x.
coth 4x

Solution:

i(coth 4x>= —dcosech?dx
dx
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Differentiation
Exercise A, Question 6

Question:

Differentiate with respect to x.

sech 2% 4—un | 1

Hint: zech 2x=
cosh 2x

Solution:
i(snsn:h 2x>= _—12:& 2sinh 2x
dx {cosh 2x)
sinh 2x 1
=-2 ¥
cosh2x coshZ2x
=—Z2tanh 2xsech2x
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Differentiation
Exercise A, Question 7

Question:

Differentiate with respect to x.
e sinh x

Solution:

d (e sinhx)=—-e" sinh x+e " cosh x
dx

= e (cosh x—sinh x)
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Differentiation
Exercise A, Question 8

Question:
Differentiate with respect to x.
x cosh 3x

Solution:

%(x cosh 3x>= cosh3x+ 3xsinh 3x
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Differentiation
Exercise A, Question 9

Question:

Differentiate with respect to x.
sinth x

3x

Solution:

I
3x 3x
_ xcoshx—sinh x

25

d [sinhx]_ cosh x B sinh x
dxl 3x
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Differentiation
Exercise A, Question 10

Question:

Differentiate with respect to x.
x* cosh 3x

Solution:

i[xg cosh 3x:| = 2xcosh 3x+ 2 % 3sinh 3x
dx

= x(2|:osh 3x+3xsinh 3xj}
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Differentiation
Exercise A, Question 11

Question:

Differentiate with respect to x.
sinh 2x cosh 3x

Solution:

—(sinh2xcosh3x)= Zcosh 2xcosh 3x+sinh Z2xx 3sinh 3x
ci: inh 2 h3 2cosh 2 h3 inh 2xx 3snh 3
= Zcosh Zxcosh 3x+ 3sinh 2xsinh 3x
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Differentiation
Exercise A, Question 12

Question:
Differentiate with respect to x.
Ini{cosh x)

Solution:

* sinh x

d
— |1 h =
dx( s xj cosh x

=tanh x
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Differentiation
Exercise A, Question 13

Question:

Differentiate with respect to x.
sinh x*

Solution:

i[sinh x3:|= Ixtcosh &

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp3 3 a 13. 3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise A, Question 14

Question:

Differentiate with respect to x.
cosh® 2x

Solution:

%(coshj 2x:l = Zcosh 2x2sinh 2x
=4dcosh 2xsinh 2x
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Differentiation
Exercise A, Question 15

Question:

Differentiate with respect to x.

ceh
E-:x

Solution:

d .
—[ec“hx)= sitth xe ™"

dx
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Differentiation
Exercise A, Question 16

Question:

Differentiate with respect to x.
cosechy  #— 00 |

1

Hint: cosech x=— :
sinh x

Solution:

%(cosechx)=

dx

sinh x

d 1 _ O-1lxcoshx
sinh® x

= —coth zcosechx
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Differentiation
Exercise A, Question 17

Question:

2
If y=acoshax+bsinh sx , where @ and b are constants, prove that —“J;=?zzy.

Solution:

y=acoshax+hbsinh nx
Differentiate with respectto x

Yo ansinh #x+xhcosh 2x

4* -

EJ; = an’ cosh nx+bn° sinh #x
= (cz cosh ax+bsinh ?ex:j

dz}’ _ .1

3 2
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Differentiation
Exercise A, Question 18

Question:

Find the stationary values of the curve with equation ¥ =12cosh x—sinh x

Solution:

y=12cosh x—sinhx

di: 12sinh x—cosh x

At stationary values d_y =1
dx
O0=1Zsinhx—coshx

coshx =12sinh x

i =tanh x
12

x=tanh™ —

12
x =0.0835

The stationary walue 15 therefore ¥ = 12c0sh 0.0835 —sinh 0. 0835
=12.13
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Differentiation
Exercise A, Question 19

Question:

2
Giiven that ¥ = cosh 3xsinh x| find d—‘:;.
dx

Solution:

¥ =cosh 3xsinh x

E =3sinh 3xsnh x+cosh 3xcosh x

2

E‘f =Ycosh 3xsinh x+ 3ainh 3xcosh x+3snh 3xcosh x +cosh 3xainh x

=10cosh3xsinh x+6anh 3xcosh x
= 21:5 cosh 2xsinh x4+ 2sinh 2xcosh xj
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Differentiation
Exercise A, Question 20

Question:
2y
Find the equation of the tangent and normal to the hyperbola prr - v =1 atthe point
(16 cosheg, d sinh g
Solution:
dy
dy dg dcoshg  coshg
dx E lésinh g  dainh g
dey

Equation of tangent

: h
y—dsinhg = L

—16cosh
4sinhg(x e qj

dysinh g—16sinh® ¢ = xcoshg—16cesh®y
dvsinh g — xcoshg =16[sinh2g—cosh2g>
dvsinhg — xcoshg =-16

of xcoshg—dysinh g =16

Equation of normal

y—danhg = m(x—lﬁcoshg)
cosh g

1.e. yooshg —4sinh goosh g = —4xsinh g +64 sinh g coshg
1.e. yooshg +dxsinhg = 68sinh goosh g
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Differentiation
Exercise B, Question 1

Question:

Dnfferentiate

ol o oA T

i
]

arcosh 2x
arsinh (x+1)
artanh 3x
arsech x

arcoshx”
arcosh 3x

xarcoshx

., %
arsinh —

E*Barsinhx
arsinh x arcosh x

k arcoshx sechx

1

x arcosh 3x

Solution:
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a Let y=arcosh2x then cosh y=2x

Differentiate with respect to x

: dv
hy—=2
sin ydx
dy 2
dr sinhy

= #but cosh y=2x
JJeosh? y—1
dr 424 -1

b Let y=arsinh(x+]) then sinh y=x+1

dy
cosh y—=1
s dx
d 1
dx  coshy

= ;but sinh ¥=x+1

..||'sinh2 y+1

dy 1

so =
dx q,||'(x+1j2+1

¢ Let y=artanh3x

tanh v = 3x
a_dy _
sech yE—B

dy 3
ax sech®y
dy 3
dx _1—tanh2y
dy 3
dx 1-94°
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d Let y=arsechx

sechy = x
1
=x
cosh
1 =zxcoshy

Differentiate with respect to x

: dy
0 =cosh v+ xsinh v —
Y ydx

. dy
xsinh y— = —cosh
¥ o ¥

dy  —coshy
dx xsinh ¥
1
B xtanh ¥

1

- 1
x[l —zech 23:)5
-1

- 1
x[l—xz}i
e Let y=arcoshx®

Let t=x* y=arcoshs

dx di WJif -1
b __
dx -1

f y=arcosh3x
Let t=3x y=arcoshs

dE 3 dr 1
O N
dv 3
dr  foxt-1

g y=x’arcoshx
di = Z2xarcoshx +

&
P
LR
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X
h y=arsinh =
& 2
Let i=§ ¥y =arsinhi
d_1 &_ 1
dr 2 & W4
dv 1
dx 2
v f] +1
2
_ 1
x+4
i y= e“zarsinhx
3
di = 3xge*33rsinhx+ %
2 +1
j ¥y =arsinhxarcoshx
di = ! arcoshx + arsinhx
dx = +1 -1

k v = arcoshxsechx
dy 1

sechx—arcoshxtanh xsechx

=sechx ! —arcoshxtanh x
-1

1 v =rxarcosh3x

d
iR arcosh3x+xx

3
SJaxt -1
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Differentiation
Exercise B, Question 2

Question:
Prove that
d
a —/(arcoshx)=
dx -1
h g {attanhx) =
dx -z
Solution:
a ¥ = arcoshx
coshy =x
. dy
sinh y— =1=
&
dy 1 1

but cosh y = x s0

1
dx -1
h ¥ = artanhx
tanhy ==x

dy
sech?y = =1
o

b 1 1

dx _sechzy_l—tanhgy
tut tanh y = x so

dr 1

dr 1-x
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Differentiation
Exercise B, Question 3

Question:

) d
Given that ¥ = artanh [%J . prove that {4- ™ )ay =2e".

Solution:
y—a.rtanhex
2
Letf,:? ¥y = artanht
d e dy 1
& 2z & 1-f
Then d£= lzxe—
de 1-¢ 2
_ 1 xex
WEARE
2
Ex
__ 2
4—e*
4
dy 27
dr  4-g*F

4—g*" oL 2e”
[t
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Differentiation
Exercise B, Question 4

Question:

Giiven that ¥ = arsinhx , show that

]

3
(1+x2)ix—‘);+3x
Solution:

y=arsinh x

D 1

=(x"+1) 2
dx 41
Ay 1 -2
yz_gl:xz'i_l) 2)-(2?:
—X
- z
(x* 1)
R 1
&y —1(x2+])2—§(x2+1)2><2x><—x
a2 2 +1)°
1 3
3R E DT (2T +))?
(x* 4+1)°
3 1

o 3
2

5
(17 4D
4 3x 1
(F+nid= ;- :
(2 4+1? (F24D2
:_3xﬁ d

dx*  dx

& Py g
.-.(1+xf*)?‘;+3x?;’ %:0
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Differentiation
Exercise B, Question 5

Question:

2
If y=(arcoshx)?, find %

Solution:

¥ =(arn:oshx)2

d_y = Zarcoshxx
dx

—L

-
-
= 2[}:2—1;1 *arcoshx

42 _3 . 1
—“J; = —szz—lj 2 2xarcoshx + 2[2:2 —131 Ty, —
=1
_ —Zzarcoshx 2
B £l -1
(#-1F
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Differentiation
Exercise B, Question 6

Question:

: _ . 12 _ .
Find the equation of the tangent at the point where x= ﬁ oft the curve with equation

y=artanhx.

Solution:

12 1.1 1
y=attanhx xr=— y=—1n[£]= ln25=1n3

13 2 \1-x) 2
b1 1 169
dx 1-x 12% 25

5]
Tangent iz

1690 12

RS L [
(y=1n3) Eﬁ[x 13]
25y - 250 5= 169x—156
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Differentiation
Exercise C, Question 1

Question:

Given that y = arccosx prove that

dy 1

dx 1-x*

Solution:

V= arccosx

COsSyY =X

SIICE COSY =X
dr -1

&
iy
|
;1
[ =]
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Differentiation
Exercise C, Question 2

Question:

Differentiate with respect to x
a arccos 2x

x
b arctan —

arcsin 5x
arccot x
Arcsec x
arccosec X

o[
arcsin | ——
x—1

E’L‘[’CCEZ?IS.'K:2

Lo T - — T |

L]

et arccosx
arcsin xcogx

S

2
k x"atccosx
| B

Solution:
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a Let y=arcosZx
Let i =2x y=arcost

then ﬁ:z d_y= 1
dx e 1-¢2
di: —1 ¥ 3
dx fl-g2
_ -2
145

LEta‘,:% ¥ = arctans
d 1 4 1
dr 2 dt 144
dy 1 1 1 2 2
dr 1+£ 2 [ xJ 4420 24
20 1+—
4
c Let y = arcsin&x
sny =3x
dy
cosy— =3
ydx
dy 3 3
dx  cosy \l{l—sinjy
_ 3
1-9x°
_ 3
1-94°
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d Let y=arccotx

coty==x

dy

2
—cosec’y— =1
ydx

dy -1
dr  cosec ¥
-1
_1+c:ot2_y
-1
R
e Let v =arcsecx
seCy = X%
d
secytan_y£=l
dy 1
E B sec ytan »

1

sec yqfzect y—1

1

xfxd =1

f Let y=arccosecx

COSECY = X
dy

—cosecycot y— =1
ooty ]

dy -1

dx  cosecycoty

_ -1
- cosecy\,(cos ecty —])
-1

Jr-“l'x2 -1
, x
g Let y=arcs1n[—]
x—1
x

Hny = ——
x=1
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dy 1 e

1 -1
b ¢
x? (x—17

1 -1
\/(x—l)z—x’ (x-1)
(x=1)
1
-afl=2x, =1
2T " (x=1)
~1

B (x—1)1-2x

h Let _)‘r=3|:rcc-c:us:xj

i Let v=ce"arccosx

x x
= E CCOsA—E

E 1— x*

e E"[arl:l:osx— ! ]
nf1 =%

j Let w=arcsinxcosx

k Let y = x"arccosx

2 1

i = 2xarccosx— X
dx

= 2xarccosx — =
1—x

x
= x| 2arccosx —
[ 1=x* ]

1 Let y= g™

&le

cm.'m:r
1+x
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Differentiation
Exercise C, Question 3

Question:
dy
If tan y = xarctan x, find —.
dx

Solution:

tan ¥ = xarctanx

d x
sec? yi = arctanx + 5
dx 1+x

dy 1 x
—_— = 7 arctanx + p
dr sec” ¥ 1+x

1

x
=ﬁ[arctanx+ 2]
1+x (arn:tanx:l T+x
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Differentiation
Exercise C, Question 4

Question:

Given that y = arcsin x prove that

2
(1—x2)jx—f—xii—;=0 [E]
Solution:
¥ = arcsnx
d£= 1
dx 1-x°
PO
dg_y_[]—glzl—le ¥ —2x
]
dx [«.fl—xz)g
1
_{1-2)7
(-4
I S
\f]—lezl—x:*:l

d* d
lzl—xz)ﬁ = xa’v

2
(l—xzjlg—x% =0
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Differentiation
Exercise C, Question 5

Question:

Find an equation of the tangent to the curve with equation y=arcsin 2x at the point

where x=—.

Solution:

19 1 . [2] T
=arcsihsx X =— = arcin| — |= —
d % & 4%
dr J1-ax \(1_% N
Tangent 13
e S
Y -
3

ng——ﬂ6 =4x-1
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Differentiation
Exercise D, Question 1

Question:

Given y=rcosh 2x, find @
dx

Solution:

¥=cosh2x

dﬁ = Zsinh 2%
dx

© Pearson Education Ltd 2C
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Differentiation
Exercise D, Question 2

Question:

Differentiate with respect to x.
a arsinh 2x

b arsinhx®

x
¢ arcosh—
d xlarcosh2x

Solution:

file://C:\Users\Buba\kaz\ouba\fp3 3 d 2. 3/18/201.



Heinemann Solutionbank: Further Pure MathematieB?:

a y=arsinh3x

Lett =3x y=arsinhé

d_, y_ 1
dx di Af?+1
dx 4 +1

3

~9x 41

b y=arsinhx®

Leti=x" y=arsinht

dx dt Lfe2 41
di: ! xax
ds #+1
_ 2%
= +1
x
C =arcosh —
4 2
Let i = % ¥ = arcosht
d 1 & 1
de 20 dt 2 _q
dy 1 1
= o
dx P21 2
_ 1 _ 1
2 s
5 x__] _sz 4

d y=xlarceshlx

d
s 2xarcosh2x+ 1 %
dx

2

45—

b

= 2x[arcosh2x+ . J

axt -1
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Differentiation
Exercise D, Question 3

Question:

Given that y = arctan x |, prove that
dy 1
dr  1+x°

Solution:

y=arctan x

then tan v = x

tan y = x
dv
2
gect y—=1
ydx
dr 1
dr  secty
butsec? y = 1+tan® y =14 2*
eyh 1
50— = -
dr 1+=x
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Differentiation
Exercise D, Question 4

Question:

Given that y= {arsinhx)? prove that

2
(1+x2)%+x%—2=0

Solution:

¥= (arsinhx)2
dy E(arsinhle
dx Jrt+1
1 = .
wdxt +1= (22 +17 2% 2x% Zarsinhx
O e A
z 3
(\;xz +1)
4 =
[xz +1)E“:‘ =2- 2.7.’[.7.’2 +1:| 2 arsinhx
= E—Xd_y
dx

]
(#° +1}%+x%—2 =0
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Differentiation
Exercise D, Question 5

Question:

Given ¥ = Scosh x—3sinh x
a find d_y
dx

b find the minimum turning points.

Solution:

¥ =1Sceshx—3sinh x

di: Ssinhx—3ceshx

: - ey
At mazimum and minimum ==

0 =%snhx—3coshx

Jcoshx = Sanhx

Z =tanh x
;r:=;51rl:anhE
)
1 +x
Tze artanhx = —In| ——
2 1-x
]
1 g
=_ln| 3
! 2n[§]
x=lm4
2
=ln2
1 1
y=b3723

= turming pointis (n2, 4)
2
d—);: Scoshx—3sinhx=dat x=1ln2
dx
2

d : i o
K}; =0at (o2, 4) o this pointis a minimum
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Differentiation
Exercise D, Question 6

Question:

Given that y = (arcsinz)® show that
2
(1—x2)d—f—x@—2=o

dx
Solution:
y=(arcsinx)2
E=2(a:r|:sinx) L
WJ1- 2
1 2 : 1 aIm g
djy 2w ] =X 1-x —Zarc:smxxEl:l—x:l ¥ —2x
-z
o z
(1-7)
[] xgjd—y—E xx2ar|:51nx
1 Jr::l2
—2+xd—y
dx
) dy —2=0
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Differentiation
Exercise D, Question 7

Question:

Differentiate arcosh (sinh 2x)

Solution:

¥ =atcash (sinh 2x)
Lets =znh 2x  y=arcoshs

E = Zcosh 2x E = !
dx dt i1
dy 1
= = ¥ 2cosh 2x
dx i -1
_ 2cosh 2x
enh?2x—1

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fp3 3 d 7.t

Pagel of 1

3/18/201.



Heinemann Solutionbank: Further Pure Mathematie®: Pagel of 1

Solutionbank FP3

Edexcel AS and A Level Modular Mathematics

Differentiation
Exercise D, Question 8

Question:
a b
Given that ¥ = x—arctan x, prove that d—“‘:‘ =2x ]_d__y
dx dx
Solution:

»__ 1
dx 1+
Ay (0-2x)
2 =0- —
|:1+x :l
- 2x
(1+2 )
2
=2x[]—[1— 12]]
1+ =
a 2
d_J:_g []_@]
dx dx
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Differentiation
Exercise D, Question 9

Question:

X

N .

Differentiate arcsin

Solution:

¥ = arcsin

x
A+ 2
x .
¥ =arcsiné
NIES'

1 1
1(]+x2)5—%(]+x2) Ix2xxx
B A+

Let £=

v 1
A f1—¢

&l &

2

dy 1

dx Jfiog
1 gu+£—fq
——[(H-f) i

2
-
14=x

o O V!
. R e

1 1
(14247 — 21425 5]
1+

+x
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Differentiation
Exercise D, Question 10

Question:

. . & .
“how that the curve with equation y=sech x has —"-:‘=CI at the point where
dx

x=Zlnp and state a value of p.

Solution:
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¥y =zechx

di = —tanh xsechx
dx

d2
—“‘;f = sech®zzechx + tanh x(—tanh xzec x)

3 2
=sech’x—sechxtanh” x

= snan:hm:seu:h2 x—tanh® x}

sechxlzl—tanhz x—tanh? x}
= sechx(l- 2tanh® x)
2
TWhen d—‘y—
Ax*
] =sn3|:h:Jr:|:1—2tanh2 le

so tanh® x = %:‘: tanh x = +—

N7
x_artanm%_mm[fj

—
+

-

b | —
—
|

,
-i-.l
b 8-

1l

[+

.I_:_L

=
Bic

)

~a

T2 QF—J
ﬁ+1 «_E+1
T2 Qﬁ—lxﬁﬂ

(o

2-1

e

= —I—l]n

“
=i121n(~4"§+1)2

=+In [d@+l) p=~2+1{Hote p= u'@— lis also acceptable.)
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Differentiation
Exercise D, Question 11

Question:

. : P .
Find the equation of the tangent and normal to the hyperbola —— _Jf_z =1 at the point
i

[

{2 cosh g, & sinh g).

Solution:

x=acoshg y=hsinhg

dy  hcoshg

dx a sinh g

brash g

Equation of tangent y—&sinhg = (x—acoshg )

a sinh g

aysinh g —absinh®g = xbcoshg—abcosh®g
ayvsinh g — xbcosh g +cch:'|:|:-::-sh2 g — sinh® q:l =10
aveinh g —xbooshg+ab =0

atsinh g

Equation of normal y—&sinhg =— (x—acoshg)

brooshg
bycoshg—4?sinh groshg = —axsinhg +a’sinhg coshg
axsinh g +&vcosh g —sinh g coshg[a2 +b :I =10
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