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Edexcel AS and A Level Modular Mathematics
Exercise A, Question 1

Question:

For each of the following functions, f(x), find '(x), {"(x), f"(x) and {"'{x).

a e b (1 + x)" Cc xe* d In(1 +x)
Solution:

fr{x} f#{x} f”‘l[.'k']l fiui{x}
a | 2e™ 2%p% = 4o 23 = Bex 2ne>
bln(l+x)" Vinm-1D1+x)"2|nn-1n-2)(1+x)"3 n!
C |ef + xef e + (e + xe) 2e* + (e + xef) = e + xef net + xe*

= 2¢* + xe*

di(l+x)"! —(1+x)? _L—]JL—EJH +x)"*=2(1 +2)7? |(=1*"(n - DI(1 +2)™
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Exercise A, Question 2

Question:

e 545 o , _ o
a Given that y = ¢ ™, find an expression, in terms of y, for o

[
dOy 2
b Hence show that | = | = p
Id']'” In| !
Solution:
o dy | dy . . s b
ay=et¥ go— =3t ¥ —— =3t - = 3led*+d and so on.
dx dx* dx?
. + S Wy
It follows that — = 3"e~** = 3% asy =" "™,
dx" i ;

dsy
b — =3y

dx® ;

Whenx =1n(3) =In3-2 y = e2+3037" = g2 x g¥n3™" = g2 x @nd" = {%' — | Aselm =g

by 2 :
S0 | — I = 3% X '-{"." =g~
dx® ;) 3
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Exercise A, Question 3

Question:

Given that y = sin® 3x,

d e
a show that Y = 3 sin 6x.
dx

b Find expressions for dy d Evd dly
‘And express ( ,—=and —,
F o2 dx? dax
I dy)
¢ Hence evaluate l:. i

Solution:

- . ; dy
a y =sin®3x = (sin 3x)*, 50 o—

da
= 3 sin Gy
dy ~diy o diy
b — = 18cos6x, — = —108sin i, —
dx- ot dx
[diy| _
c |-—| =—64Bcosm= 648
\dxt/ =

© Pearson Education Ltd 2C

= 3(2sin 3xcos 3x)

2(sin 3x)(3 cos 3x)

.]l“ 7=
Use du? _ e -1du
e dr

648 cos tx

Use sin24 = 2sinAcos A,
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Exercise A, Question 4

Question:

fix) = x%e~™.
a Show that f"(x) = (6x — 6 — x%)e™", b Show that f"™(2) = 0,

Solution:

a f'{x) = 2xe~¥ — xle"
!'r:[_.l.:l = ﬁze—.l e {._:'._'E'E:‘_l xla -.L] — t,—.x'l:z 4x 4 _l._’_:l
f"x)=e*(—4+2x)—e¥2 —4x + x*) =e¥—-6 + 6x — x%)
bf"xy=e¢e*(6—-2%)—e —-6+6x—2xY)=e"12 - 8x + 29
so f"(2)=e (12 - 16+ 4)=0
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Exercise A, Question 5

Question:

Given that y = sec x, show that

diy \ [ d*y)
—= = 2 sec’x — secx, |==3), = 11V2
d_l-— \ th' 'l 1

Solution:

dy
a Given that y = secx, so-—— = secx tanx

dx

dy : =
E‘—, = secx(sec’x) + (secx tanx)tanx ~——— Use the product rule,
do?

= secx(secixy + tan’x)

= secx(sec’x + sec’x — i}-—{ Use 1 + tan’A = sec® A,

= Z2secixy — secx
d3y X

b 1‘--. = fhsecex(secx tanx) — secx tanx

dx?

= secx tanx(6seciy — 1)

Substituting x = = in d <:_.
o BX= 31N gy
'd;}‘] . 5 o B 5
|53, = (V2162 = 1) = 1112
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Exercise A, Question 6

Question:

Given that y is a function u[ x, show that

for -

d® ;.2
- (V=)
dx? -

d? d?y (dy|”
a = '| = Jpy—— + 2
dx= W 3 dx= ! lll' .'|
. d d?y
b Find an expression, in terms of y, il and - J
' dx dx?’
Solution:
dy dy
a ye) = i =2y —
1:41t ) ‘u” ]d,r Y dx
g o d |" d , dy dy
dx? ) h d.r de
@ d [, &y ,(dy
o) = = | 2y —= + 2| =] |
v dx? () = | 1}va; \dx/ |
[ dly | dy  dy +2 , dy 5 dy|
| :_1.1 de " dx? “dx T dx?)
= ol 99 L 2 4Y]

“Wad T e " g
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Exercise A, Question 7

Question:

Given that f(x) = In lx + v1 + x?}, show that

ayvl +x2f'(x)=1, b (1+x2)(x) +xf'(x)=0,
c (1 +x%) f"x)+ 3xf"(x) + f'x) = 0. d Deduce the values of £'(0), £"(0) and £"{0).
Solution:

—_—

fix) = Inlx + v1 + 2%}

a fx) = 1 wl]+—% | Use i_l[lnu} = TEM

x+(1+x) | vl + .t‘:‘}_ld dx dx”

] s VO = &d+x| ]
e

N ]

So ..-[”l' + 29 f'(x)=1

b Differentiating this equation w.r.t. x, using the product rule
1 + x2) f"(x) + L f'(x) = 0
Vi1 + x2)

So (1 +x)f"x) +xf'(x) =0 Multiply through by (1 + x7).

¢ Differentiating this result w.r.t. x
(1 + x5 (x) + 2xf"(x)) + {F'(x) +xf"(x)] = O
giving
(1 4+ 2" (x) + 3xf"(x) + f'(x) = 0

d o) =—1_ =1
v+ 0

Using (1 + x*)f"(x) + xf’'{x) = O with x = O and {'(0) = 1
f10)+ 0)1)=0=f(0)=0

Using (1 + x5)f"(x) + 3xf"(x) + {'(x) = 0withx =0, f(0) = 1 and {"(0) = 0
f(0) + (0)(0) + 1 =0=1"(0) = —1
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Exercise B, Question 1

Question:

Use the formula for the Maclaurin expansion
and differentiation to show that

a(l-x'"=1+x+2%+ ... +x+..
x xr, x
+ 1) = e R DR ..

h l‘tl x) 1 + 2 8 ]5

Solution:

afixy=(1-x)"1 s> f(0) =1
ffix)=—-(1-x)3-1)=(1-x)"2 = f1(0) =1
ffix)==-2(1 — 3 -1)=2(1 —x)° SN 0 B
(x)=-3.2(1-x"%-1)=3.2(1 —x)* = "(0) = 3|

General term: The pattern here is such that f'x) can be written down

fx) =r—1).:2(1 —x)""* V=71 —x)""*1V = {00} =1
S 2 i o), f7(0)

Using f(x) = £(0) + 1"(O)x + %x L R ?x’ + ...
( =1 = - 2 2 .f] . -2 r
(1-x)'=1+x+5x+. .. +t52'+. .. =1+x+x*+.. +x'+

Ly r.
b fix)= (1 +x) = (1 +x)* - f(0) = 1

f'(x) = +(1 +x) 7 » (0] = 4

f"(x) = 3(—3(1 + x) > f1(0) = —1

f(x) = 3(=(—=3)(1 + x) - £7(0) = 3

Using Maclaurin’s expansion

i = I % I___
\"3) ., &),

1 3Eos

JI+x)=1+1x+
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Exercise B, Question 2

Question:

Use Maclaurin’s expansion and differentiation to show that the first three terms in the series

,
expansion of e*"* are 1 +x + 5.,

Solution:

a fix) = et « f(0) =1
f'{x) = cosxein® 0 =1
f'(x) = cos?xedn¥ — sinx eHn? s £(0) = 1

Substituting into Maclaurin’s expansion gives

WS X — e - - _]_ ._}:
¢ B2 R +2!_1 o g

=14 1,5 4
= ] ba +5xc 4,
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Exercise B, Question 3
Question:
2t . il

a Show that the Maclaurin expansion for cosx is 1 — 57 T ] +: ik {=1) [-'%';—}-1- + i

b Using the first 3 terms of the series, show that it
gives a value for cos 30° correct to 3 decimal places.

Solution:

a flx) = cosx > f(0) =1
f'(x) = —sinx L () = O
{"(x) = —cosx = f"(0) = —1
f*'(x) = sinx = "0) =0
f"(x) = cosx . f"(0) = 1

The process repeats itself after every 4th derivative, like sinx does (see Example 5).
Using Maclaurin’s expansion, only even powers of x are produced.

A = [_I} 2 1 .4 _'[_Hf | 2

cosx =1+ — 5T el :E-l T e o0
¥ b 2r

1% +‘.+.,.+ 1)y 2+ ..
2l T
x:_ x! _
b Usingcosx ~ 1 = 5 4— withx = = :mmt be in radians)
2 4
cosx=1- 2 + -%-1—?13{—11 = ().86605 ... which is correct to 3 d.p.

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Using the series expansions for ¢* and In(1 + x) respectively, find, correct to 3 decimal
places, the value of

ace b En{;:l

Solution:

a Substituting x = 1 into the Maclaurin expansion of €', gives

'3=1+1+‘|‘+L|+j§f

1 .,
21 " 3! Tyt

1 1
+ =+ =
5 & T

The approximations, to 4 d.p. where necessary, using n terms of the series are

3 | 4
2.5 [3.&{35?

1 2
1 | 2
Soe=2718(3d.p.)

H 5 6

2.7083 | 2.7167

7 | 8 | 9 | 10 |
2.7181 | 2.7183 | 2.7183 z.m_'-;_‘

Approx.

b Substituting x = 0.2 into the Maclaurin expansion of In(1 + x), gives

(0.2)* (0.2 (0.2)} (0.2 (0.2)° (0.2)" _

[6Y - —
e =0 =g 3 i "3 6 7

The approximations, to 4 d.p. where necessary, using n terms of the series are
il 3 | 4

5
0.1827 | 0.1823 __1;},182__:5J

1 | 2
0.2 | 015

Approximation

SoIn(g) = 0.182 (3 d.p.)
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Exercise B, Question 5

Question:

Use Maclaurin’s expansion and differentiation to expand, in ascending powers of x up to
and including the term in x?,

a e b In(1 + 2x) c sinfx

Solution:

a fix) = e, " x) = ¥

So f(0)y=1, £'(0) = 3, £(0) = 32, £(0) = 3%, £(0) = 3*

i T ’ _4_3'1' 3 = &, ; 34
fix) =e*=1+3x 4 X+ 3—!:4‘ + 4—]-x4+
el 9% 9% 27 s % R < S b N 2 L
=1+ 3x 4 5 T+ 2 xt+ .,.‘f\c}tt.ihlhlh] + 3x 4 3 +- 3 + 3 g oo
b As fix) = In(1 + 2x), fi0)=In1=0
. 7 .
f{.‘:.‘} = I _:21; =2(1 + 2.1:} I. f'(0) = 2
f"(x) = —4(1 + 2x)72%, "0y = —4
" (x) = 16(1 + 22)73, f"(0) = 16
f"(x) = —96(1 + 2x)°4, ™) = —96
i =4) ., (18 -96
Soln(l1+2¢)=0+ 2x + l—j-!--]x- + —3-;3,1" -+ [—4:-1].::"
R 3 . . P} 2 A sk 24
=2y — 2x* + &f — 4x* + ... [ Note: thisis 2x — i“-ﬂ : .-” 1 -T]
3 2 3 4
¢ fix) =sinx fity=10
I'{x) = 2sinx cosx = sin 2x ' =10
f"(x) = 2cos2x 0y =2
"(x) = —4sin2x 0y =0
[™(x) = —8cos2x f"(0) = -8
2 e L i 23 (—8) 4 L X!
Sofix) =sin‘x =0+ 0x + 2[:r + Ox? + 3 ‘xt+ L =x2 = 3 + ...
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Exercise B, Question 6

Question:

Using the addition formula for cos (A — B) and the series expansions of sin x and cos x,
show that

i i 1 | x, xd 2 -
sy —Sl=—7|1l4+x -+ 4+=2+...
e T 76 "2
Solution:
.y | TV e Spal i x e Iy : . )
a cos(x — 3 | = COSXCOS| :i'l + sinx sin| 4‘| ‘ Use cos(A — B) = cos A cos B + sin Asin B.
=1 (cosx 4+ sinx)
J2
— xt iy | [ - v

1

11 ooxt oy ox
=] 4+ x - — =
W 2 | 2 {'} 2";' :l

© Pearson Education Ltd 2C
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Exercise B, Question 7

Question:

Given that f(x) = (1 = x)*In(1 — x)
a Show that f"(x) = 3 + 2In(1 — x).
b Find the values of f{(0), (0, £"(0), and £"(0).

¢ Express (1 = x)° In(1 = x) in ascending powers of x up to and including the term in x*.

Solution:

a fix)=(1—-x)In(1 — x)

9 o A=) '
f'ix) = (1 —x)* X T 2(1 —x)(—=1)In(1 — x) Use the product rule.

=x-1-2(1 -2In(1 —x)

Mx) = 1 ZIH - x) X ]E_T]'% -Infl=-x)1=1+2+2In{l =x)=3+ 2In(1 — x)

b f*(x) =

Substituting x = 0 in all the results gives

f(0) =0, f(0) = -1, f(0) = 3, f"(0) = -2

3 [_2 o1
ij‘ <+ _—].'[" y L

cfx)=(1-x¥In(l =x)=0+(=1)x + 5 i

= —x+'l"£--%3:‘

2
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Exercise B, Question 8

Question:

a Using the series expansions of sin x and cos x, show that

JI 3 ].-"
= o= 2pd o 2L 4
Isinx—4dxcosx +x = 21 ]2”t
b Hence, iind the limit, asx — 0, of dsinx — ii—l CUSNTT

Xt
Solution:

a Using the series expansions for sinx and cosx as far as the term in a°,

sink=x-—%2+%X - =x-lx+ Laxf—
.:I -,.II' s 1 20}
: L o | !
s S — s P — i 2 Load
cosx =1 2|+_“ ] 3 ¥ +“1
S0 3sinx — 4xcosx +x -ju.——r +],” sl — 4x
o — 3x% + o xS — dx 4+ 2
3siny —4dxcosx +x = :’.1‘ - l',"rrr-* -

b 3sinx — 4xcosx + X _ 3 17
%

Hence, the limit, asx — {}, is

Ll =

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

Given that fix) = In cos x,

a Show that {'(x) = —tanx

b Find the values of £'(0), £"(0), £"(0) and £"'(0).

¢ Express In cos x as a series in ascending powers of x up to and including the term in x*.

d Show 1hai uslng the first two terms of the series for In cos x, withx = ? gives a value for

Ian |:] +

L‘;{ I

Solution:

a fix) =Incosx =0y =0
. 1 1 du] |
f'lx) = —— X (—sinzx Inu) ===— = f{(0) =0

\ cosx ! ] d. 1 ] ndx)
= —tanx

b Mix) = —secix — (D) = —1
["(x) = —2secx(secxtanx) = —2sec’xtanx = "0} =0
f"(x) = —2|sec*x(sec*x) + tanx(2sec®x tanx)) s f7(0) = =2

¢ Substituting into Maclaurin’s expansion

= =
Incosx = 0 + Ox + E___Jt + Oxd + E___p__u.; .
Y
g g
- i :—l-l.l_.‘]‘_ilil
d Substituting x = Lms ln'j.l S\ie) 12'25[’;'
but In[.L_} =In2 '=-'1n2,
Wa/ =
. | - 2 -
s0—=in2==-T_—_ T 4
2% 216 122
m at . .
In2 = 7% + 5= using only first two terms.
| ol
= 2]
5\ *+ 96)

© Pearson Education Ltd 2C
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Exercise B, Question 10

Question:

Show that the Maclaurin series for tan x, as far as the term in x°, isx + }.r-‘ - -I-“'g.'r“.

Solution:

a fix) = tanx = f(0) =0
f'(x) = sec’x » 1(0) = 1
f"(x) = 2secx(secxtanx) = 2secixtanx = {"(0) =0
f""(x) = 2|sec’x(sec’x) + tanx(2sec’xtanx)| - f7'0) = 2

= 2(sectx + 2sec’xtan’x)
"™x) = 2([4sec’ x(secxtanx)} + 2{sec’x(2tanx sec*x) + tan‘x(2sec*xtanx)} = f"(0)=0

as tan(0) =0
= |hsectxtany + 8sec’xtan®x
= 8secixtanx(2secix + tan®x)

f""(x) = 8sec’xtanx(4sec*xtanx + 2tanxsec’x) + 8(secix + 2sec’x tan’x)(2sec’x + tanx)
= ") = 16as tan(0) = 0
seci() =1

Substitute into Maclaurin’s expansion gives

arimee e fwg Dty 2t 0 3, 165,
tanxy =0 + 1x + 2-!.1- - ET:C* - .:1.]._:.‘ : .§E__r +
3 .133 2 &
=x +% + 255+ ..
Rk SR

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise C, Question 1

Question:

Use the series expansions of ¢%, In{1 + x) and sin x to expand the following functions as far as the
fourth non-zero term. In each case state the interval in x for which the expansion is valid.

_!r b e >f e¥
{._D L:I'
c el d In{1 —x)
¢ sin |’;J f In(2 + 3x)
Solution:
S (—x»* (—x)®
_ . I Al s ATl
=] —x4+ -+ ... valid for all values of x
2 (8]
e e - (4x)*  (dx)’
b —— e =1+ (dx) + =7 + =1 +
=1+ 4x + 8x2 + % valid for all values of x
c elty=pxef= u{l +x +°: 7 + % % + l valid for all values of x
1 |
(-x)?  (-x)P  (—x) )
dIn(l —x)=(—x) - + —— + F i [F1<=x=1]
2 3 4
l>x= -]
g 2 3 4 i
e | 2 |2 |. 2 |
¢ ﬁm[?} = }— TR St
x x x* x’ . ,
— = -|- - A S .'.': i -'E "‘
5”38 ' 3830 618 l?t} valid for all values of x
£ In(2+ 32) = Inf2(1 + 3F)} = 1n2 + 1n(1 + 3%)
m 2] 2 |
(2= E:1
31: 2 2 Ja
= In2 + %7 5 t—3—+ =1 5 < 1
_ 3x _ 9x* | 9xt 2 :
—[[12+? H+_+ ~F<E=ES

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

a Using the Maclaurin expansion of In(1 + x), show that

||'||'.1 L 1| = P
\ x|

| 4
lx +2
1 =

4 t:“ i || -1<x<]1.
1 g 5 !

-1<x<1.

b Deduce the series expansion for En]l |' —]1—4:-11-'; '

¢ By choosing a suitable value of x, and using only the first three terms of the series in a,
find an approximation for In| %| giving your answer to 4 decimal places.

d Show that the first three terms of your series in b, with x = gives an approximation for
In2, which is correct to 2 decimal places.

Solution:
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P i _
aln(ll+x)=x 2+i 3 c ” l<x=1
O S . N
In(1 — x) x 53 i 3 - l=x<1
1 +x B B
In(]_x In(1 +x) — In(1 — x)
_ gt bt e @ xd b gb
SEmmp e E Ty |(B=p=ok
_ Rad* o 2%3
2.t+-3—+ T + .

£5
"2[I+T+?+

As x must be in both the intervals =l <x=land -1 =sx < 1
this expansion requires x to be in the interval -1 <x < 1.

T 1 —x) 1 —%)

l1+x ' W i

1TA) = LB S, e T R
inlnll.l:l ) [x 3 5 s 1<x=<1

ing (152} = 2 gives 3+ 3x =2 -
cSnlungl-I_x) S8ives3 +3x=2-2x

Sx = -1

This is a valid value of x.
xr=-02

"2
So an approximation to Er‘||I J is 2[ —.2 — U‘%[-E = E]-{_]%EE:]

2(—0.2 = 0.0026666 — 0.000064)
—0.4055 (4 d.p.) This is accurate to 4 d.p.

Py e
d In '|.'|:.1 —x) with x = £ gives Inv4 = In2

(0.6 (0.6)°
3 T %

=~ 0.687552 ... = 0.69 (2 d.p.) |[Using the series in a gives In2 = (.7424...]

soln2 = 0.6 + Use the result in b.
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Exercise C, Question 3

Question:
Show that for small values of x, e — o7f = g + Ix2,
Solution:

; (2x) (2x) ;
e =1 + 2% e =14+2¢+ 224+ 34

2! 3!
(=x¥  (=x) Y o

x = ) . 1X 1 — 4 - L

s 21 3 RS

SoeX — ¢ F =z 3x 4 %

(4]

© Pearson Education Ltd 2C

x?, if terms x? and above may be neglected.

Pagel of 1
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Exercise C, Question 4

Question:
a Show that 3x sin 2x — cos 3x = —1 + Sx? — 2t — .,
b Hence find the limit, asx — 0, of | 3x sin 2x SAALE 3x + li.
| xe
Solution:
. . 2x)? ; .

a 3xsinZx = .‘Ix‘lilr.l - [T | : = fx* — 4x* +

o (3x)*  (Bx)* | 9.2 27 .4

i . 3 gl f : 27 4 |

S0 3xsin2x — cos3x = 6" — 4xt + ... —=| l — x4+ ?.L - |

4. 21 B

b 3xsinZ2y —cos3x +1 _ 21 _ 59

o 3 x* + terms in higher powers of x
x? 2

X

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:

Find the series expansions, up to and including the term in x*, of

a In(l +x— 2x%

b In(9 + 6x + x%).

and in each case give the range of values of x for which the expansion is valid.

Solution:

alnl+x-2x=In(1 —x)(1 + 2x) =In(1 —x) + In(1 + 2x)

In[i—.rh=—.r—‘%—-_————..._. -1l=x<1

- . e e 1 |
In{l + 2x) = (Z2x) 5 3 3 , SRy
o
=2x — 2x° + 8‘; 4xt
Soln(l +x—2x*)=1In(1 —x) + In(1 + 2x)
w52 7 17} L RO RO
= 5 + ek + ..., s XS5 (smaller interval)
b In(9 + éx + x°) =In(3 + x)* = 2In(3 + x) = 2In 3(1 + '§| = 2{|n 3+In(1+ '};|]|
(%Y (5) (%)
The expansion of In(1 + %) is = (£) =23~ 4 30 230 4 -1<¥s<1
x_ xt  x x
=r = -3<x=3
3 18 81 324 t
SoIn(9 + 6x + x?) = 2(In3 + ln[ 14 *;',]r
- 3 4
-Olrid 4 22 X2 3 ~3<x<3

© Pearson Education Ltd 2C
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Exercise C, Question 6

Question:

a Write down the series expansion of cos 2x in ascending powers of x, up to and including
the term in x*.

b Hence, or otherwise, find the first 4 non-zero terms in the power series for sin® x.

Solution:
a cos2x =1 = &, @) (20 @) |
- l 2: '“ f}l. H! J'
=] D2 %1_4 4x° 28
- 3 45 315

b Using cos2x = 1 — 2sin’x,

2ct a0 2

2sinfx=1-cos2x = 252 — 3 - a5 " a5 T
" . t -4 Pl -5
S0 sincx =x° - -'-1;‘5;- + ::— = {1';

[Alternative: write out expansion of sinx as far as term in x7, square it, and collect together
appropriate terms!|

© Pearson Education Ltd 2C
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Exercise C, Question 7

Question:

Show that the first two non-zero terms of the series expansion, in ascending powers of x, of
In(1 +x) + (x — 1)(e* — 1) are px* and gqx*, where p and g are constants to be found.

Solution:

- X o xt
alnfl+x)=x—-—=+5-—-=+
2 3 4
E-eE-D=@—-Dx+T+E+5 4 )
: S Tl
SR S o R LWL
— S e S I e N e S S
*TET S TR oy
) -3 4
A A
:_-rd___+'7'+---+r
27378
s lmI_FrH_H"_]”E'\_Hz[""f‘x 2 .'|+|'—r+'_+t+-.".4._ |
] Sl TR T S B D T
zr{ _r-l 2 I
=__—+, ) = — = e
308 P=34= "3

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

a l-'.xp&mi: S10%:in ascending powers of x as far as the term in x*, by considering the
product of the expansions of sinx and (1 — x)™~

b Deduce the gradient of the tangent, at the origin, to the curve with equation y = {Th_me}' :

Solution:

a Only terms up to and including x* in the product are required, so using
i x3 . fe facd
sinx =x =37+ ... (next term is kx°)

and the binomial expansion of (1 — x) ¢, with terms up to and including x”.
(It is not necessary to use the term in x*, because it will be multiplied by expansion of sinx.)

) 2 (%) ; (—x)*
(1 —=x)==1+(-2)—x)+ (—2) h:I}u + (=2} (=3—4)—7—+ s
2! 3!
= |+ 24 224 +
. 3 \
So —SX__ (X4 1 +2c+37 +4i 4 )
(1 —x)p7 | 6 /
I i fxd 4 '
=x+22+ 30 + 4t + L -+ L
\ O 3 /
3 i
= x + 222 + ]f" T - 2
&
s e 3 4
l] V= .—5"‘1‘1 - = X + 2:{'—1‘ .+ l?x -}- M_ ol
) (1 —x)° B 3
d : ;
So d: = 1 + 4x + higher powers of x = at the origin the gradient of tangent = 1.

© Pearson Education Ltd 2C
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Exercise C, Question 9

Question:

Using the series given on page 112, show that
a (1-3x)In(1+2x) = 2x — 82 + 23 — 12x% + ..,

led 4 at 4 ..

[&]

b eXsinx=x+ 232 +

c(l+xd)e*=1-x+22— 2"+ 2t + .,

Solution:
{ - i | -
a(l-3)n(l+2x)=(1-3x) (2% — 2x“+ H% o e : (see Qda)
f ) ] i " :
=|2x— 222 + 3‘% = dxt + ) = (6% =6 + Bxt = L)
. 26
= 20 - 82+ P — 1264+ ..
> I (2x):  (2x) (2x)? T '
2 2rciny =41 +(2x) F o 4 2L 1 My =4 ] r terms x4
b e~ sinx l1 (Zx) 51 3 3 [ 3 | [only terms up to x|
i X 21 9 3 \ { a3 i
=1+ 2 + 2x2 + ﬂ—+ 2 4 ._.||.r—'3‘-- + e ]
\ 3 3 I 6 -
g A st [ w3 oA Y
=(x+22+ 283+ ) ¢ [~ _E )4
Ii_l X X 2 + Il, 3 3
v+ 22+l g g
5]
c 1l +xP)e*=(1+x)ie™
e T o FTA AYRE) xR X
—1+§3 +{_§.||- E|Zr + ] 1 X+t
f -2 f b -
=11 +‘%~‘1 bl ] ~r+‘%-—¥_ 4-;}144 |
et w12 1 1.3 1 1 _ 1) 4 |
=1-x+x2—2x0+ 1yt
3]

© Pearson Education Ltd 2C
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Exercise C, Question 10

Question:

_x
a Write down the first five non-zero terms in the series expansions of e 2,
w ] T

b Using vour result in a, ind an approximate value for J e 2dx, giving your answer to
5 ) | : 53

3 decimal places.

Solution:
NN = (B B <
o R | & | ) 2
a ¢ _]+|.__'2'.|+ 51 + 3 + il + ..
2 - ]
A Ok SR O A
2 g 48 3584
| |
b Area under the curve = e "de=2( e dx
L] ¥
- ] 3 7 o 1 .
o= XL X L X ) Integrrate the result from a.
el R R S 4 ¢
2(* 6 40 336 3456 l.. l
< 7l 1.1 _ 1 . 1
~2|1=5* 30 " 335 * 3330

= 1.711 (3 d.p.)

© Pearson Education Ltd 2C
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Exercise C, Question 11

Question:
3p* - 3)

~—5 ! + ... where P is a constant.

a Show that e™ sin 3x = 3x + 3px* +

b Given that the first non-zero term in the expansion, in ascending powers of x, of
e sin 3x + In(1 + qx) — x is kx*, where k is a constant, find the values of p, g and k.

Solution:
[ uw} [;rxi |/ (3x)* ‘.
a eMsindx = l] +(px) + 47— 1 '_'f_i'[_ |H ) = o L y
px: . pixd G '
o i +._.__+—-—+ (33— —+ ...
|I px 3 ||, X 3 :'
3pix? .
_|4,_1-+-1p.1 +—F’2--—+ I|-|-II——j1r—+ |
3(p* - '?}x
= 3x + 3px® + - 5

(gx )’
b In(1 + gx) = |{£|'r'C] _‘ii ¢ [_‘f_?_

3 )
3 12 — 3 I.! '_?._Tl 51-'i
Soesin3x + In(1 + gx) —x = 3x + 3px* + d; 5 % g% — IIT 1 le — 5+
_ [ @\, (37 o).,
=2+ ¢ + |.'§P - 7]:-- g lI.T + T EJLJ\: + .

Coefficient of x is zero, so g = —2.

Coefficient of x* iszero, so3p—2=0=p = ::

a o . - E L] i |; . §
Coefficientofa* =2 -2 - 2= - sok = -/

© Pearson Education Ltd 2C
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Exercise C, Question 12

Question:

f(x) = e~ ¥ gin x, x =0

a Show that if x is sufficiently small so that x*and higher powers of x may be neglected,
2

fx)=1+x+ =

: 3

b Show that using x = 0.1 in the result in a gives an approximation for f{(0.1) which is

correct to 6 significant fiigures.

Solution:
A o Inx — ¥ ¢ L_..—Il'u-' = g% W t‘I” 1 ].J'H'lﬂg i+ b= o L:-"
=¥ ¥ x| using ei"* = k
=8
x
- 5 W g § & - - v
er—Inxginy =& H%U—'E, and so, using the expansions of e* and sinx,
' e | { %3 '
|1 +x+%+ €t |lx— )
¢ . L A ] \ !
fix) =e*"In¥giny = - x>0
. 2 yd \ { x2 \
=[1l+x++2 4+ |11 =2+ ...
| 2 £ -ll' £ |
( P ik WO 1 O . :
=|14+x+=+2| - + = | ignoring terms in x* and above.
| 2 &) | | & ) 5 &
=1+x+ 1:: There is no term in x°.

A1 of
b f(0.1) =5 ;”fﬂ = 1.103329...

which is corect to 6 5.t

© Pearson Education Ltd 2C
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Exercise D, Question 1

Question:

a Find that Taylor series expansion of vX in ascending powers of (x — 1) as far as the term
in(x— 1%

b Use your answer in a to obtain an estimate for v1.2, giving your answer to 3 decimal places.

Solution:
a fix)=vx = f(a) + f'(a)x — a) + F;;”ix —a)* + f";:':”]:x = i)+ fa:';”:.r —ayt+ ..., wherea = 1
flx) = v fil) =1
f(x) = ;—:1: ; f(1) = %
frx) = —d1x 7 1y = 1
3 3
i"(x) = ga. (1) :g
f ) = - ]];1 f"(1) = — :;
Sov@=1+1 %cx 1) - T]E"E 12 4 ﬁj_.;l“ 1) — m];—_“:.u - 14 + ...
=1+ %LT = L) %:x = 1) +1—qu =) -]%u; S U 2
barixl+§um—%mmf+ﬁm2r—£wum4

&

1 + 0.1 — 0.005 + 0.0005 — 0.0000625
1.095 (3 d.p.)

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

Use Taylor's expansion to express each of the following as a series in ascending powers of
{(x — a) as far as the term in (x — a)*, for the given values of a and k.

alnx (a=e¢ k=2) btanx (a=3 k=3 c cosx (a=1,k=4)

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:
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All solutions use the Taylor expansion in the form:
ey (r)
£x) = @) + F @)@ — a) + & '}( ay+ % ( Dev — e r'!:"}(x —a) +
a Letfix)=Inx then fla) = fle) = lne =1
r — I r - P = ]
f'(x) = f'{a) = f'(e) =
f(x) = -1 f(a) = f"(e) = — %
X* e
| __]_'
1 \" & | 2
So0fx)=lnx=1+ Etx —8)+ 2—‘“ = ) e, S
e 2e°
b Let f(x) = tanx then f(a) = ff%rj =3
I A, o cr gy
fx) = sec’x ’r{:.-}—f(_-:-.,'-}--sl-
f"(x) = 2sectx tanx f"(a) = I"[l;-] = 2(4)(vV3) =83
f"(x) = 2sec’x + 2tanx(2 sec’x tanx) ™ (ay = 1" ﬂj = 2(16) + 4(4)(3) = 80
So flx) = tanx = V3 + 4(x — T + B,;, (x -2 + 5= F) +-
_ T R AT D < Y- | YOV /4 ¥
= V3 +4fx - ?] + 4v3 (x _L_{J + (% - 3'| + ..
¢ Let f{x) = cosx then fla)=1{1)=cos1
f'(x) = —sinx f'{a) = (1) = =sin 1
f"(x) = —cosx f"(qa) = (1) = —cos 1
f"(x) = sinx " (a) = ""(1) = sin 1
f™(x) = cosx "(a) =f"(1)=cos 1
50 flx)=cosx=cosl —sinlx—1)- 0 “{x - 1)+ Bin “g 1) + - [0S 1't:i: -1+ ...
2 (& 24
© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

a Use Taylor's expansion to express each of the following as a series in ascending powers of
x as far as the term in x*.
T 4 " I
i cos(x+ 7] ii In(x+5) iii sin (x — 7|
b Use your result in ii to find an approximation for In 5.2, giving your answer to
6 significant figures.

Solution:

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

Given that y = xe*,

: d"y :
a Show that — = (n + x)e".
dx”

b Find the Taylor expansion of xe* in ascending powers of (x + 1) up to and including the
term in (x + 1)%

Solution:
ay=xe' — =xe'+e*=e'x+1) Product rule.
) dx -
d?y :
S=xe"+ef+eF=e*x +2)
dx”
d'y : ,
—= =xe* + 2¢* + ¢ = eHx + 3)
da?
- irr ]
Each differentiation adds another e*, so rpr il U x)e*.
So for f(x) = xe?, f"(x) = (n + x)e".
b Using the Taylor series witha = =1, f(=1) = —e”!, {(=1)=0,f"(=1) =¢"!

f"(—1) = 2e~!, f"(—1) = Je!

3 4 '
__'J‘"][J. + 1Y%+ |'

. . i G . 3
S0 xe* =J.="]'.—] +0(x+ 1)+ 21!-1.1’ + 1)+ ‘_E!t.r + 1) + |

l_ ; 13 _] . &g '[
3(1 + 1)+ + 81_,1 + 1)

e ‘=:—| + %{.r-* 1)? +

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

a Find the Taylor series for x? In x in ascending powers of (x — 1) up to and including the
term in (x — 1)%

b Using vour series in a, find an approximation for In 1.5, giving your answer to
4 decimal places.

Solution:

a Letf(x) =x'Inx thenasa =1 fla) =f(1)=0
f'{x) = 3xcInx +x* X ; =x%1 + 3Inx) f'ia) = f'(1) =1
f"(x) = x* K: + 2x(1 + 31Inx) =x(5 + 6lnx) f"fa) =f"(1) =5
f""(x) =x X ‘;—" + (5 + 6Ilnx) =11+ 6lnx f""(a) = £"'(1) = 11
f(x) = © f"(a) = f"(1) = 6

X

Using Taylor, form ii

fix)=x*lnx=0+ l{x — 1) + %EI - 1)+ %[r - 1) + jﬁ{x — 1y + ...
—@-D+2e-12+de—1p+la-1t+..
. 6 4"
b Substituting x = 1.5 in series in a, gives
27 £ L2 2 4 1l in e 1 iy
- In1.5 0.5 + £(0.5)% + == (0.5)° + ${(0.5)* + ...
HJHI 0.5 2(&] J+" (0.5) 4“*\}

0.5 + 0,625 + 0.22916... + 0.015625 (= 1.369791...)
So this gives an approximation for In 1.5 of ;. (1.369791...) = (.4059 (4 d.p.}

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

Find the Taylor expansion of tan (x — a), where @ = arctan (), in ascending powers of x up to
and including the term in x~°.

Solution:
Let fix + a) = tanix — ), sothat f{x) = tanxand a = —a
As a = ;:rn_'tun[ ‘; |, tan @ = j and cos a = il
fix) = tanx fla) = f(—a) = tan{—a) = —ff
. " . . 2
f'{x) = secix f'{a) = f'(—a) = ::’
16
: ) : 3 (25\(_3) (75)
1"'- b YT anx Mla) = (= :zi. o B i
(x) = 2sec’xtan "(a) = f"(~a) = 2| 72 )|~ 5 Iljz}
Using the form ii of the Taylor expansion gives
| = 75 'II
f (311 3, 25 32/ a4
X -+ = {: " —_ & ’ = —— 4+ —X + ek -+
flx + a) = tan(x — arctan| 7| | 3+ 1g” TR
3 . 25 75 a
== k= oyt 4
-1r 16 14

© Pearson Education Ltd 2C
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Exercise D, Question 7

Question:

Find the Taylor expansion of sin 2x in ascending powers of (x — ;-Tl up to and including

. 4
the term in (x — :—:| :

Solution:
a fix)=sin2x and a = {E
¥
— (T R
fix) = sin 2x fla) =f = 5iN= = =
(x) (a) = =) =y
f'{x) = 2cos2x f(a) = #{ T| = 2 cos| ﬂ-} =
Ve V3
f"(x) = —4sin 2x f"(a) = I'"[f] = —45';:1[.1_'] ==-2v3
\ 6/ \ 3/
[f""(x) = —8cos2x f""{a) = " :| = —8cos| :r| = —4
f(x) = +165sin 2x (q) = 1}: = 16sin .;'3;'] =873
- ; e _ 3 Ao At T _{_2“%} _1?--’ 1_'”. . i f8l.3i _
So f(x) = sin 2x = 5 1{x hl TR i 3T \* T ) + T =% +
x-‘g m ey il 2 mh3 \._E. w
= +1{x—=|—=v3[x —= — =X — = + === =]
2 | f | I' 5] -l 3 I' 5] -| 3 l- )

© Pearson Education Ltd 2C
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Exercise D, Question 8
Question:
Given thaty = —]
Vi1 + %)
: [dy [ d?y)
a find the values of == | and |-—= |
\dx/,
b Find the Taylor expansion of TII-_' in ascending powers of (x — 3) up to and including
) + X)
the the term in (x = 3)-.
Solution:
a Giveny = 1 - (1+x y4(= value of y whenx = 3) = i
0+ x) 2
dy 1 dy 1 o1
—tae Il . |_'|——_ o — -
dx 2“ *) \dx /3 ?XH 16
dy 3 [ d=y 3
= + 3 A = 2w L =
i AL, &= 4 %32 " 128
b 50 using
' 3 L - (d"y |
flx) = {(3) + £'(3)(x — 3) + E_-m[ff S § e with f*(3) = \t -}-.I
2! \dx' /3
E I I N 7 Z 2
TFn 2 mtl 3) t ol 34
© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Pagel of 1

Find a series solution, in ascending powers of x up to and including the term in x*, for the

i ; o " dy
differential equation Eh_‘} =x+ 2y, giventhatatx =0,y =1and -

Solution:

4
'

: .. dy : 2
Differentiating i_:; = x + 2y, with respect to x, gives
- Axs

Differentiating @ gives

1

; _— . d
Substituting x, = 0, ¥, = 1 into —
dx-

[ d3y) [ d%y)
=] =0+ 2(1),50|=5] =2
|!. iL'):" _|” I. LI.T ,|”

(|
Substituting | i; } = % into @) gives

i

T I+ & i ,
Substituting |- :' = 2 into (2) gives
\dxs/p

Y . -
= x + 2y, gives

P

dx

dty dy
— =1+ 2_;.
da? d
d*y 42

?} = zt TI
lat dx?

i o

=1 2|n_'3-.| =2

22)=4

So using the Taylor expansion in the form where x, = 0, i.e. ii

{ i {2} ] {2} T {‘4'}
ar = ] Ee |%.;|,1' -+ : Aoy + 'J_I_I't.- + FIJ

¢ \2 r

© Pearson Education Ltd 2C
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Exercise E, Question 2

Question:

N . - ,odsy  dy dy
Fhe variable y satisfies (1 +x2) —5 + x--=0andatx =0,y = 0and - = 1.
¢ VAarian L_} SdAtIsnes [ T+ X ]{ 3 X 1 at x ,_‘|r dIg Lll'

Use Taylor's method to find a series expansion for y in powers of x up to and including the term
in x*,

Solution:
5 Y dy
Differentiating (1 + x- l =+ x e = (), gives
dy? dy dy dy 5 dy’ d’y dy
(1+23) 2 =+2—S+x-—+==0 @ e (LEgtl—+ 385+ — =1
da? da? de?  dx dy? de?  dx
: —_— [y | dy m [ d2y)
Substituting x = 0 and | — linto (1 +x%)—5 -—=— =0, nu.l—— =0
& | dx /| | dac? d_ § =l
Substituting x = 0 I; dy .I| = 1and| ay | =o0into (D gives | 4] - -1
g ' "d:l. 'I|| - '-ti.l':m '?‘ 1.‘{'“
S0 using the Taylor expansion in the form ii,
“+]+1H _,_+1—1h_,|+ o o
¥ = T zlx Tr vrn =X F
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Exercise E, Question 3

Question:

S : s . .y :
Given that y satisfies the differential equation Qe +y—¢"=0andthaty =2 atx =0, find
a series solution for y in ascending powers of x up to and including the term in x°.

Solution:

dy diy dy
Differentiating ?LE +y—e¥=0,gives —5+ s =0 @

dx? * dx
Differentiating () gives :E + :1; -e¢t=0 @
Substituting x; = 0 and y; = 2 into S_:r +y —e* =0, gives I:. g; :|” +2-1=1{,s50 !3{;” = -1
Substituting x = 0, | j} ::'U = —1 into @ gives |Iir1|“ +(=1)=-(1)=0s0 | ;I;:I” =3
Substituting x = 0, Ilfiu{ :|“ = 2 into @ gives | :i:: .|“ +(2) = (1) =0so0 I:i_;‘}: :|” = =1

Substituting into the Taylor series with x;, = 0, gives

(2) (=1} .
-X

_‘nf=2-F[—I].:r+zl-x--+T R
2 'l:'i
=72 =X+t -,
6
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Exercise E, Question 4

Question:

Use the Taylor method to find a series solution for

d:’. d ] {i
d'i.f + d; +y=0,giventhatx =0,y =1 and dx =2,
giving vour answer in ascending powers of x up to and including the term in x*
Solution:
d% 1 ;
UlffLr{_ﬂlE:!T!I'lg s +X %:_ + y = 0 with respect to x gives
diy diy dy dy L dty diy dy
"+.X' Cleat e . AT BT =“ ! N '_+x,‘l'+2...‘.=n
det  Tdx? dx  dx @ R T T dx
Differentiating @ gives
diy dly  d* = 4 d*y o dly d: *}' d%y
— 4 x— =0 : e — 4+ x— 4 =0
dat e L'LI" dx? @ dx* dx? d?
; i dy —— dy ;
Substitutingx =0,y =1and E =2ir d.rh-’- ;1.1’ y =0 gives
|,d '}_l t.t }I
=53] +0@2)+1=0= --—?5 = -1
iLl' I \da? I/
[ dwv [ d2y )
Substituting x = 0, lt%-'l., = 2 and ll_;:u_i I|II = —1into @) gives
i‘}r
| | +0(-1) +2(2) =0, ml——-l = —4
VX g dxtly
(dy [ d¥y) (dy|
Substituting x = 0, | == , =2 |-—| ==-land |—| = —4into Ve
8 I' |'.d_‘.'3 ' |'. E.'III o @ &5
d L "_F
— | +0(—4)+3(-1)=0, 50
Ildx ) + ) | s Ij

Substituting into the Taylor series with form ii, gives

1) (—4) (3}

y=1 +2.1r+——-x +--§T-x"‘+ il i
% o ]
=1+ -dx2-23+ 14
S o = 5 3% tg¥
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Exercise E, Question 5

Question:
dy dy
The variable y satishes the differential equation 2 + ’J—E = 3xy,andy = 1 and
1 (05 A L
Y —latx=1.
dx

Express v as a series in powers of (x — 1) up to and including the term in (x — 1)".

Solution:
d*y Lh d'y d*y dy
Differentiating — + = 3xy gives —= + 2—= = Jx—=—+ 3v¥
B R “dx Y8 dx? dx? dx v ©
: [ dy | dy dy
et P § z o = -] info— + 2—— = !
Substituting x, = 1, y, = 1 and lld.r J|I 1 1nu:£ . S 3xy s,mf. |
d [ d>y)
Substituting x, = 1, y, = 1, |} | = -1 and |———' = 5 into (@ gives | bt S 10
dx 1 1 Llx '

Substituting into the form of the Taylor series form i, with x, = 1, gives

(5) :—if}}t

y=1+(=Hlx -1+~ 1)% + TR 1) 5
=y e Ty D N
=1-—(x-1) o 1) 3 1)}

© Pearson Education Ltd 2C
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Exercise E, Question 6

Question:

Find a series solution, in ascending powers of x up to and including the term x*, to the
d?y dy dy

differential equ Lr + 2y Yae T y*=1+gx, given thatatx =0,y = 1 and E = 1.
Solution:
dy dy |,

Differentiating P + 2y = + y* = 1 + x, twice with respect to x, gives

d*y d%y dy\”  , ,dy

+ 2y— +2 + 3yl =1

dic? d.x | Y dx @

dly diy ,dy | %y d_} d’y (dy|*

Y 49 + 3y? =0

dx? Y d_~ dx ' cl? | d:r.' | a2 Y e T Y -'l @
Substitutingx =0,y = 1 and oA 1 into dy + 2y dv =1 + x gives | | =2
h b gXx=UY=14d Ei_]. = {I -__- a:- g ey o
T [dy | [ d¥y) dy 4
Substituting y = 1, |-.+.h' .J'“ = land| G2 _:|U -2 into @ gives | & “ = ()

dy| [ d?y) [ diy| [ diy)
Substituting y = 1, =1, |5 =2, |—=| =0into ives (—2 | =12
< Slas h }II | -[.1 'I I-.LIJ.'" 0 |-=.1.'CE Iq; e @ g ¥ '.ltf' '|12I
2 ( 21 4
S0, using the Taylor series form ii, y = 1 + 1x + [j‘ y? 4 {i—]lﬁx (r %x Fiid
AT
r=1+x—-x2+2xt+ ...
soy=1+x—% 2:-.

© Pearson Education Ltd 2C
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Exercise E, Question 7

Question:

(1+ 2.1-:% =x + 2y

d’y d?y d_y
a Show that (1 + zx]E_‘ + 41—y Lh:_— - 4||Lu

i . . . dy , .
b Given that y = 1 at x = 0, find a series solution of (1 + 2x) I. =x + 2y?, in ascending
J e .

powers of x up to and including the term in x?.

Solution:

: oad dy g
a Differentiating (1 + ?"ﬂt‘i_lt: = x + 2y* with respect tox

| 1}* dy dy
Ty 1 il
l“ Y f.r— T 211.1. A4 4‘}6&' @

Differentiating @ gives

[ diy dy| | [, d%] | @2 2ol dy |\’
111 + 2.1:1&-'1‘j + Eﬁl}?.ur] =)= :4 =z + 4| Ej’,’{.ll [
dly d2y dy|
—--, — — = il |
1+ 2=+ 41—z =4 ) @

h}

dy
b Substituting x, = 0and y, = 1 into (1 + beai =x + 2y° gives | = ]

Substituting known values into @ gives

Ay [y
" +2(2)=1+41)2)=|-=5] =5
| ll { I tr"-'llj
Substituting known values into @ gives 'd.x:*' =4(2)* =16
dy ~"nJ1|,I o [ diy)
Sousingy =y, + | ax ), l 31| ._ + .3||| T3, ||
—1+2e+ 3024060 —qhopade 8y
y=1+2x z!x 3> 1+ 2x 54 3%
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Exercise E, Question 8

Question:

Find the series solution in ascending powers of (x - ?'r up to and including the term
i r mid . EE P . . Ll_}" Y. . m
in {x— 7} for the differential equation sin x dx Ty cosx =y given thaty = v2 atx = e

Solution:

: W, : 5 -
Differentiating smx’:{‘} + ycosx = y= with respect to x, gives

f d2y dy| | dy ! dy
[sinx—= + mﬁx;r + | —=ysinx + rmx;'l| =2y— @®
' dx? dx/ "\ dx | “dx
IR i dy : dy
orsinx—= + 2cosx—— — ysinx = 2y—
L de - “dx
e iy 4 PR ¢ 3 1 [dy) = | :
Substituting x, = ¢, ¥, = v2 into sinx—= + ycosx = y° gives —| |T, + V2 XK ==2
4 dx V20087 7 V2
.|P.-'I
50 { —:-J - = V2
dx/ 3

Substituting x, = _T, My = V2. r'L__lI f| = 2into® gives
el g

1 '[l{vll (1Y, = o 1) ]
- + V2) = = = F2)V2) )
[yl [ dy) 5
so |L(%) +2-1=4]=(%2). =32
|v2 \dx=/3 J \dx* /3
TR T . i - A4 dy L = Xo)? | L]J}'.'
Substituting all values intoy =y, + (x — I“”-{EJJ } ST Eri.'l_l-_
e e T m o, N2 me
gives the series solutiony = v2 + V2 {x - Ilﬂ PSR g e

© Pearson Education Ltd 2C
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Exercise E, Question 9

Question:
e 5 .l 5 . . d‘.'lr'l ; ¥
lhe variable y satishies the differential equation i X% =iy =),
L
a Show that i
d’y dy dly dy _[dy|
i ——=-—-2y=--2x=0 if -—=-2y—S5 -2 = 2.
de? “dx dx de? ~ “ldx)

dly dly dy dy
b Derive a similar equation involving - = -, and y.
dr?’ de?’ dx?' d

¢ Given also that atx = 0, y = 1, express y as a series in ascending powers of x in powers of x up
to and including the term in x*,

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:
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2 oo oy i - . dy dy
1 ) £ e ¥ o AR A == 3 A T o —_ =
a i Differentiating x* — y* = 0 with respect to x, gives 7 zy( -2x=0 @

dly 1%y
ii l]ll"h.rentmtmg(Dyvmdr! — 2y {1.1-2 Z[ ] -2=0

Lody | ody d}*\"_
S0 o EJF Z[E] =2 @

b Differentiating @ gives gx‘}: }'j:: ri:]lj.r{ ( ][:;3}
dy dy  dy  d%
S0 —t — — G ¥ == ()
O oo Yot @ ®
e dy .
¢ Substituting x, = 0, ¥, = 1, into = x% = y? =0 gives
dy }')
Al = ’ = ﬂ At =
l{ix;l., 0=1 Sn[ &) 1

Substituting x, = 0, ¥, = 1, ‘ y] = 1 into @ gives

[ d?y) (d 33!]
SN~ 2(1)(1) - 20) = 0,50 [ =2 | =
|m__:_)" (1)(1) = 2(0) = 0,50 | =5

Substituting y, = 1, (j—xJ [g' = 2 into @giw's
AT

|f d{y} - 2(1)(2) — 2(1)* =2, 5{1'

a4y _1’]
-.dx*.“ LI.I:

Substituting y, = 1, (d\‘]

| T
} 1 [EL;?’” = 2 and [:_]%)” = § into @ gives

L

kel _ [dty)
2|~ 2(1)(8) — 6(1)(2) = 0,50 (== | =28
i)~ 201(8) — 6(1)2) = 0, ¢ \.dx"J..

Substituting these values into the form of Taylor’s series form ii, gives
4347

@) -’-+LH}x5+[2m =14+t + S+ 20t +

¥= v g 37 76

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:

dy . '
Given that cos x 1__1' + ysinx + 2y* =0, and that y = 1 at x = 0, use Taylor’s method to
c ]
show that, close to x = (), so that terms in x* and higher power can be ignored,
Lly2 _ 36,3
yol—2x+ T

Solution:

. B dy : : .
Differentiating cosx E!:; + ysinx + 2y* = 0, @ with respect to x, gives

d2y /br },d‘( , dy
- sing== + ycosx + siny== + 6y* — = (),
Toz ~ SIFEC F ycosx + siny o+ 6y o 0, @

Differentiating again

dly . d¥ dy dy fdy|
0sX —= — sinx—= — ysinx + .l‘--—+l.‘:|'—-+12 =0
cos e Ir P ysinx + cos o &2 |I ] @
Substituting x, = 0, y, = 1 lnmﬁ}gu‘.‘.s.lI I| + 2(1) =10, m| | = =2
X g
W, [dy , :
Substituting x, = 0, y, = 1, |— = =2into @ gives
- '-(.‘Lt'” &
| -| 1"—
‘ "\ +1+6(1)=2)=0, ml _-1 =11
'.{ N U
dv (d2y) . .
Substitutingx =0, y = ) -2, |==] =11 into @ gives
\dx= /g '
[ diy)
|_..‘; + (1)(=2) + 6(1)(11) + 12(1)(—2)%, mg——\ ~112

Substituting these values into the form of Taylor’s series form ii,

givesy=1+ (-2)x + u_x" 1 {_Hzix.-: n

Al
y=1-2x+ -!-'- x? - ";’x‘ -
Ignoring terms in x* and higher powers, y = 1 — 2x + ]—2]— X o ‘“’.—ffﬁ

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

Using Taylor’s series show that the first three terms in the expansion of (x - _T cot x, in

: &, f i | mid : a3
owers of (x — =7, are (x — - 2(x - A=
powers of | X 4_|_<I‘k|_1 1) (X 4| [ X -ll
Solution:
fix)=cotxanda = _’E
fix) = cotx sof[ )= 1

\2)
f'{x) = —cosec’x f'[Z)= -2
Yy
f"(x) = —2 cosecx (—cosecxcotx)

= Z2cosecZxcotx 1'".: :: |= 4
Substituting in the form of Taylor

, = . £"(a) .

Hx) = fHa) + (@) x — a) + 5 @+

otx =1+ (-(x—-T\+ -7y 4

Cot. )| -l-l 2,_[, _;Il

So (x - %T']mnx = (x —":T] — 2% - %T]‘ + 2(x — %’ + ...

© Pearson Education Ltd 2C
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Exercise F, Question 2

Question:

a For the functions fix) = In(1 + %, Aind the values of £(0) and {"(()).
b Show that £"'(0) = 0,

¢ Find the series expansion of In(1 + e*), in ascending powers of x up to and including the
term in x*, and state the range of values of x for which the expansion is valid.

Solution:
a fix) =In(1 + &%) s0 f(0) = In2
f'fxr — et " — ] — I = ] - {1 + L...'I.I"l 1'[(}] = l
: 1 4 g* 1+ e* 2
o i e T - H oA ]
So ix) = ——= — or use the gquotient rule 0y = =
'S0+ e ' ‘ D=3
X 2al &l 25X .
b ("(x) = t..l i) e _“'[.I il s Use the quotient rule and chain rule.
{1+ &%

_ (1 +eef((l + ) — 264 _ eX(1 — &%)

. f"(0) = 0
"] + Ll.l"]-l {1 % 9_1-}{ !

¢ Using Maclaurin’s expansion:

W) = ...E x_“..
In(l + e*) =In2 2+8 F o

The expansion isvalid for-1<e*=1=0,¢*=1 soforx=0.

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:

a Write down the series for cos 4x in ascending powers of x, up to and including the term in x".

b Hence, or otherwise, show that the first three non-zero terms in the series expansion of

sin? 2x are 4x? — Loxt + 1306,
Solution:
a cosdr = 1 (4x)" | (4x)*  (4x)° |
T 21 7 4 6l
= ] - 82 4+ 32yt 23646
45
b cosdx = 1 — 2sin? 2x,
50 2sinf2x =1 — cosdx = 8x2 - Eﬁ. + @1 -
3 45
sin 2x = 4x? — l,h.r" + I-Zﬁ’x"
3 45

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:

Given that terms in x° and higher power may be neglected, use the series for e* and cos x,

to show that e+ = g/ | — L |
2 6/
Solution:
s . A A = x& ot
Usinge*=14+x+ += 4+ = 4+ ., andcosx=1-—"24+ = —
5 2 6 " 24 ‘ 2 24
T A x x!
g F =gl & Wli=ge 2gwt
(_x?) 1 22 ‘f_ x - R——
¢l + | 5 | + 2—[ 5 | + _1 t53 %+ nO other terms required
£2 o) ] xt |
=l —=+=+ 1+ 2=+ .t
2 B I 24 |
2 o 4 [ z
= P X I ] X
=gl —=+=+ +.ogp=81 %+ by
| 2 ! 24 | | 2 f

© Pearson Education Ltd 2C
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Exercise F, Question 5

Question:

dy ; 2
=2+x+sinywithy=0atx = 0.
dx
Use the Taylor series method to obtain y as a series in ascending powers of x up to and

including the term in x*, and hence obtain an approximate value for y at x = 0.1.

Solution:
dy {dy |
—=2+x+siny and 2, =0,%,=0 so|l==] =2
e o 0 JU0 @ -l'.i]. I
- d?y dy
Differentiating qves —— =1+ cosy-=
8 o 5 dx- “dx @
Substituting x,=0,y,=0, |—- | = 2 into @ gives | —--I =3
'.P
. dly d%y [dy|*
Differentiating @) gives — = cosy—5 — siny| - |
L@ da? * da? “dx | ®
dy ) { diy) [ d3y)
Substituting v, =0, 2, 1—=| =3into ives I =3
8 u | 1.1 |:] I-d.l'_.'| @H '!. i |
i _ L|‘|-" x2( d%y) o[ diy)
Substituting found values intoy =y, + .,'lll + 2 | ==
s o LA |'lf |IJ Ndy? .|” 4'1 Lh‘* |

P

y=2x+ o+

B Lad
e
P | s

At x=0.1,y = 2(0.1) + 5(0.1)* + 3(0.1)* = 0.2155

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:

Given that |2x| < 1, find the first two non-zero terms in the expansion of

In|(1 +2)%(1 — 2x)] in a series of ascending powers of x.

Solution:

In[(1 +x)*(1 — 2x)] = 2In(1 + x) + In{1 — 2x)

X~ X X
S) PR g W

i 3 4
=2 —x'+ixd —xt —2x - X
e — Qe — T s

© Pearson Education Ltd 2C
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Exercise F, Question 7

Question:

Find the solution, in ascending powers of x up to and including the term in x*, of the

o : . dy dy , dy
differential equation — — (x + 2) =+ 3y =0, given thatatx =0,y = 2and =~ = 4.
da= de i dx
Solution:
d{}f x4+ 2 L'i_'lr' Ty = ) (D
de2 7 Tdx Y
o - . dly dy dy  _dy
Differentiating ryes —— — (¥ + D)—=— -+ 3J=—=0
ating O g dx® : d?  dx | dx @
¢ s o S . R
Substituting initial data in @ gives |-—=| =2
I‘.. T" I||

T , .| d¥y
Substituting known data in @ gives | il | = —4
VX !

4]

oxe.  4g?

21 3!

S50 y=24+4x+

¢}

= 2+ 4x + a2 — 227

© Pearson Education Ltd 2C
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Exercise F, Question 8

Question:

Pagel of 1

Use differentiation and the Maclaurin expansion, to express In(secx + tan x) as a series in

ascending powers of x up to and including the term in x°.

Solution:

fix) = Inisecx + tanx)

HUL' x I;:l nx +- H‘L\“‘J o _ secx ‘ lﬂ nx 4 sed _]-:]'

) = e o e =%eCX
secxy + lanx secx + tanx
f"lx) = secxtanx
f"'(x) = secxsec’x + secxtanxtanx
_1'-':

Substituting into Maclaurin's expansion givesy = x + 5 i

© Pearson Education Ltd 2C
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Exercise F, Question 9

Question:

Show that the results of differentiating the following series expansions

e l-.‘! . x.i Ir
e*—I+ETE+,,.+H+,,.,
v = 1 . I % L .7 (=) i+ |
inx=x—=—xl+ LS — T} F_— "~ 4l + ..
MMX =X =¥ T 5% — % @r+ 10"
ad - £ - 2F
osx=1-%+% X 4 (=124
qoex FTRMTIS F 20
agree with the results
¢ [ R 8 e o d ooy oo
a - (e*) = e b d.);mml] Cosx C 4r (cos x) sin x
Solution:
d d{ x2 23, ox X xr* '
a g¥) = l+ax4+ =4+ 4= B e i + 4 el PO
el e 21 T3 T T e
2, 3t 4xd ir+ 1L
=1 4424 = +
et et ta o+ 1)
B I.T ‘ri X’
—I+.r+-2,+.3.!+ +r|—
= @
d . d [ .T" x.’% I::J + 1 |
—(inx)=—(x -5 +=— ..+ (-1)f—aan + L
b e =glE=a g SRy .-
3x? | Syt 2r + 1)x*
= G i A S, o .
3 TS O TR 1Y
B B .I.': x-l B b _ x.'-:.l R
= ] 3 + TR + ...+ {=1) [-é}ﬂ + ... = COSX
d Li | x." x4 xh x.‘.r ; _.r.‘.'r--." \
c 08X) = —|1-+= ==+ .. +(-1) +(=1)y*t —= L
A ) L TR T B SVem Y erra )
- | 2 dxt_ 6t _qy2e (=1)+ ! (2r + 2)x2 *!
| 2! 4! 6! (2ry! (2r + 2)!
S x2r+1
=+ = (=1t 4
31 5 S T Y
_—Il—-]1‘+ L s — =l x4 | = —sinx
3 51 (2r + 1)! i :
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Exercise F, Question 10

Question:

d'\bn Ll‘h.' d'&'
——+y-=x,atx=1,y=0,—=2.
dx? Yix ! } dx

Find a series solution of the differential equation, in ascending powers of (x — 1) up to
and including the term in (x — 1)".

Solution:
d*y dy
3 .:.\ -+ LY e X @
dxs - dx
. d*y dy dty dy [dy £
Differentiating —< +y-—=x, gives —=+y -—S +|—=]| =1
e dxz  *dx e dad 7 dx? | dx | @
, o . . "d-'y'l
Substituting initial values into @ gives | Iy =1
¥ -—||
Substitutin | dy) 2 and |I 4y I| 1 into @ gives | dy | 3
Sulby rl=—] =2; | = rives | —=| = =3,
& W/ Ldxs/, B Lt

Using Tavlor's expansion in the form with x, = 1

O ) O, i P P
Yy=0+20 - D5k - 1D+ 50— 1) +...

=2w-D+2-12-Jw-1P+..
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Exercise F, Question 11

Question:
a Given thatcosx =1 — x s .., show thatsecx =1+ x° o —‘:‘--.1"' o
21 ' 4l 2 24
b Using the result found in a, and given that sinx = x — =~ + 1—[ — ..., nd the first

%l
three non-zero terms in the series expansion, in ascending powers of x, for tan x.

Solution:
a You can write cosx = 1 — {‘%— = ;1 + ... |; it is not necessary to have higher powers
11
. 1 1 | = _ X \|
SeCK = ——— = ; o i e
COSX ;o l.__,;__ _x ) | | Z 24 r
\2 24 -

Using the binomial expansion but only requiring powers up to x*

wer= 1+ cof- (5 - 5+ P2 - (5 -5+
=1 |? |— + higher powers of x
=1 +'g 21 o
b tanx = —:i—%i = sinx X secx

=|1:—:+;’—r ;||1+%"-+%x4+ |
=1 + ‘g—i-%x-*—g-ﬁx*+g+q
=s+ (3 =5k * 55~ 12t o)
=X —1‘—;—%1“ -
=X 4-%+%J:"-I
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ExerciseF,

Question:

By using the series expansions of e* and cos x, or otherwise, find the expansion of
¢ cos Jx

Solution:

Using e

e Cos 3x

Question 12

in ascending powers of x up to and including the term in x*

sl i e 08 and cos 2 — (3x)°
=14+x+ 51+ 30 4+ ..andcos3x=1- a1 + ...
f ¥2 gl f Oy? |
= +3x4+—=4+—+4% e I
(1rae 1=+
( (2 9x2\ | [x}  9x3) "
:‘] + x4+ | = | + — |+.....'
. V2 2/ \ b 2 J
y 3.
=1+x— 4x — 1{ R

© Pearson Education Ltd 2C
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Exercise F, Question 13

Question:

dy L dy . dy
——+x*—+y=0withy=2atx=0and——-=1atx=0.
da? ax Y Tl : dx

a Use the Taylor series method to express ¥ as a polynomial in x up to and including the
term in x*
dly _

e 0.

b Show that atx = 0,

Solution:

2 L dsy o Ldy : .
a Differentiating T‘ﬁ + t(—ﬁ +y=0 @ with respect to x, gives
C

diy dy d2y dy
— t 2 + = + xP = =
da? dx (ke dx @

= 1 into @ gives |I -LL; | = =2
'-1.]-.1"' |

i

Substituting given data x, = 0, ¥, = 2 and |;I—}rl

: - (dy 1y
Substituting x, = 0, ld_r] =1 and | =2
b LH

diy! . . [
R = = rivee | 2] = =
L2 _L:n ~int @ BIves Lt -lqi !

[dy | 2 [ d*y\ S diy)
) 4228, 24

So using Tavlor series y = v, + x| -= Y (P —|-—] +
& R Vi) PO T V) P TR Vi)

- T_"l'
y=2+x—x—-—"+.
- G

b Differentiating @ with respect to x gives

L T i , F ) ERYS
R W S L. AR L S . AR T o

— e it . ; =
dx? dx? dx dx? de?  da?
e [ dy [ d2y) [ diy) - :
. 5 T = }I AL —— f_:_ = - i | e = = T.’_I
Substituting x = ( | o ]” I, |\ & _.|” 2 and \dx ), 1into @ gives
diy 1ty
atx=0-—"=+2(1+(-2)=0,50—==0
clac? (1) +{=2 [ da?
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Exercise F, Question 14

Question:

Find the first three derivatives of (1 + x)® In(1 + x). Hence, or otherwise, find the expansion
of (1 +x)*In(1 + x) in ascending powers of x up to and including the term in x*.

Solution:

flx) = (1 +2%In(1 + x).

1

f'{x) = (1 + .1']"'--|-—¢—r +2(1 +x)In(1 +x) = (1 +x){1 + 2In(1 + x)}
; [ 2 \

t'lx) = (1 +x]:-]—:—1_ | + {1+ 2In(1 +x)} =3 + 2In(1 + x)

Ty = | it ....||

£(e) |i + X/

f(0) =0, (0 =1, f(0) =3, f(0) =2

Using Maclaurin's expansion

) :* H ¢
(1+xFIn(l+x)=0+(1x + -;[-.1'- + :a- R
— 3 2.4 ] -3
=X + j,‘{' 1 :-i:l g e T
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Exercise F, Question 15

Question:

a Expand In(1 + sin x) in ascending powers of x up to and including the term in x*,

b Hence find an approximation for f" In(1 + sin x) dx giving your answer to
F 5 0
3 decimal places.

Solution:
L

a In(1 + sinx) = Inj{1 + [x — 2

3T
e 2} 1. 2 1f. _x3 o % :
_|I.'t _;7;_1+| il:'[' 3—!+ | +_§|,'I. $+ | El‘t ?1- | -
- _1{.z_ x* | P . -1 : A BT
=lx-F+.|-5(a?-F+..]+36+..)- 2@ +..) noother terms necessary
2 A +
=x-X +L L 4
2 5] 12

2 2 xt X a7 ! d ;
sE-EpE Flo_g _ T4 ~ T = 0.116 (3 d.p.
[2 6 24 60ly 72 1296 @ 31104 266560 242 P/

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise F, Question 16

Question:

a Using the first two terms, x + 1;- in the expansion of tan x, show that

AnY — i -!_: 41‘_= 3
£ 1 _142.2-}...

b Deduce the first four terms in the expansion of e ™"* in ascending powers of x.

Solution:

PR X

a fix)=en*=¢ 3 et X e’ (As only terms up to x* are required, only first two terms
of tanx are needed.)

B - f ) -~
=|1+x+ T o R s g +.|n0 other terms required.
x Xt x \
= i R Tt
\! R B
l+x+%5 4%
2 2

b e tn¥ = etni~1l 5o replacing x by —x in a gives
- X
a—lan st — s i -_ =
L 1 X 5
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Exercise F, Question 17

Question:
NE AN I'Iﬁr +y=0
dx vdx/

1]'.}f
a Find an expression for
da?’

. dy
Given thaty = 1 and E =latx =0,
b find the series solution for y, in ascending powers of x, up to an including the term in x*.
¢ Comment on whether it would be sensible to use your series solution to give estimates
foryatx = 0.2 and at x = 50.

Solution:

a Differentiating the given differential equation with respect to x gives

diy  dy diy d diy  dy
P 41 v ay | v ‘.+ Y

& il S8 — ={}
Y dy?  dx dx? Li'(-' dy®  dx
. ij"'!r" 1 I,;h.l [ Ll_’-llp -|’
5 —_— = — | .{_ + ]- |
¢ ¥ |dx |7 dx? /)
b Given thaty, = 1, | | Latx =0,
L1-r":r
(99) & ap+ay=0, ml 'l =2
\dx? /o 0 -
f .l'. P
And (23] = = ((DB(=2) + 1), ‘=ﬂ|d ), =
o v 4 {“2# 2 4 S d = o :’-r
50 y=1+(1)x -T.r .Tﬂx + . ..o=1+x- +E-+...

¢ The approximation is best for small values of x (close to 0): x = 0.2, therefore, would be
acceptable, but not x = 50.
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Exercise F, Question 18

Question:
2 4
a Using the Maclaurin expansion, and differentiation, show that In cosx = —‘-’;- — ;':2 =
b Using cos x = 2 cos? |;| — 1, and the result in a, show that
32 ot
Infl +cosx)=1In2 - - = <+
(L J 1 96
Solution:
a f(x) = Incosx f{0) =0
s —SIOX o ¥ _
f"(x) = —sec*x (0) = =1
f"(x) = —2sec’xtanx (=0
["x) = —2sectx — dsecZx tanx 0y = =2

Substituting into Maclaurin:

xt x? xt A
ey = [ — e o [T o = - :
Incosx = | ]:12! | "4{ 3 ¥

b Using 1 + cosx = 2cos?| ; I, In(1 + cosx) = Ir12ms-’i‘§':. =In2 + 2In cns{f;:.

 l

so In(1 +cosx)=1n2 + 2{—5( %) - ] !

| i
212) 71zl

LI DT S - A
| o | In2 T A

b

4]
B2
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Exercise F, Question 19

Question:

a Show that 3* = ¢find,

b Hence hind the first four terms in the series expansion of 3%,

¢ Using your result in b, with a suitable value of x, find an approximation for V3, giving
vour answer to 3 significant figures.

Solution:

a Lety=3thenlny=In3*=xIn3 = y = e¢fni g0 3* = g*in}

b F="=1+Ein3d)+——;

=1+xIn3 + =

i

(xIn3)%

(xIn3)?

3!

6

In3 . (In3)° N (In3)°

g -=i- '-;\::_ L +
c Putx 3.1..'; ] 7 g

© Pearson Education Ltd 2C
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Exercise F, Question 20

Question:

Given that [(x) = cosecx,
a show that
i f'(x) = cosecx(2 cosec’x — 1)
ii f"'(x) = —cosec x cotx(6 cosec’x — 1)
b Find the Taylor expansion of cosec x in ascending powers of (x — f] up to and including

¥ 1 | = ﬂ""
the term [x 1)

Solution:

a flx) = cosecx
f'(x) = —cosecxcotx

—COSECX (—Ccosec’x) + cotx(cosecx cotx)
cosecx (cosec’x + cot’x)

cosecx [cosec*x + (cosec’x — 1))

= cosecx {2cosectx — 1)

i f"(x)

ii f"(x) = cosecx (—4 cosec?x cotx) — cosecxcotx (2cosecix — 1)
= —cosecx cotx (6 cosecixy — 1)

Yy e f Y ! wf Ty - wef TN 3
b fiml-:l—\z,Tl:._‘-Jl——x?..fll'_ﬂ-—3\2.[- I'.-I}“_H\?"

|d_v L & I.l:.,]" | nd

Substituting all values intoy =y, + (x — x,) + ... withxy=T

\dx /5 2 \de?/s 4
Y (R . T _L1'3'~2.“I, oz (—11v2), i
cosecx = v2 —c—uzhlx——_t-] () +'_'3]—'_.x—1] + ...
VB =B =Ty B2y w2 1WVZ w3
Vi x..|:.?.‘ -l'l 3 (¥ 1) 6 I._‘ _1'| i
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