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Exercise A, Question 1

Question:

d*y dy
—— 4+ 5=+ 6x=10
a2 Vdx

Solution:

dy  _dy
—=+5=—+6y=0
clx” dx s
The auxiliary equation is
m+sm+6=0
(m+3Nm+2)=0

m=-3or-2

So the general solution is y = Ae™™ + Be™™,

© Pearson Education Ltd 2C

2ay '
The auxiliary equation of a -d-“, + b dy +¢gy=0
dx? dx
is am?® + bm® + ¢ = 0. If @ and B are roots of
this quadratic then y = Ae™ + Be™ is the
general solution of the differential equation.
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Exercise A, Question 2

Question:

2 o
dy _ ody |

—53 12y =0
Q?  dx 7
Solution:
d2v dv Find the auxiliary equation am?® + bm + ¢ =0
o Sd_;x' +12y =0 and solve to give two real roots e and B.
General solution is Ae™ + Be*,

The auxiliary equation is
m—=8m+12=10
m=6)m-2)=0

m=20r6
So the general solution is y = Ae™ + Be™,

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

d=y N 2f~|.}_’ B

T 15y =0
dx® dx -

Solution:

3 : Find the auxiliary equation and
déy  _dy e : .

7= + 2 L - 15y =0 solve to give 2 real roots a and .
x X General solution is Ae™ + BeP*,

The auxiliary equation is
nmt+2m-=15=10
(m+5)(m-=3)=0

m=-=3o0r3
So the general solution is y = Ae ™ + Be™,

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

dy ,%{J.‘]..’ 2

— = 28y =10
dx- dx -

Solution:

4 , Find the auxiliary equation and
dey  _ dy : .

2 3—-28y=0 solve to give 2 real roots a and .
x by General solution is Ae™ + Bef*,

The auxiliary equation is
mt=3m-28=0
(m=7)(m+4)=0

m=7or—4

So the general solution is y = Ae™ + Be ™,

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:
diy dy
4+ = —12y =0
dxs dx '
Solution:
d--‘t. + t-j'!" - 12y =0
dr®  dx '

The auxiliary equation is
m+m-12=0
(m+4)im—-3=0

m=—40r3
So the general solution is y = Ae™™ + Be™,

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

dy _dy
4+ 52 =

—2 4+ 52L=0

dx- dx

Solution:
124 .
Y . sY o
dx dx

The auxiliary equation is
m* + 5m =10

mim + 5) =10 The auxiliary equation has
two real roots, but one of
them is zero. As Ae™ = A, the

m=0or -5

S0 the general solution is general solution is A + Bef*.
y=Ae™ + Be ™
=A+ Be ™ . | NB. There are other methods of

solving this differential equation.

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:
dy  _dy
I—=+7—=+2y=0
da- dx '
Solution:
diy dy
3—=+7=42y=10
dx= dx -

The auxiliary equation is
It +7Im+2=0

)

(3m 4+ 1)(m + 2)

m=—+or =2

]

y=Ae ™ + Be ™ is the general solution.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise A, Question 8

Question:
dy _dy
4— —7=—-2y=0
dx® dx '
Solution:
d':"."' = ?d-.k.’ —2y=0
dx? dx ’

The auxiliary equation is
dm* —Tm—-2=10

(dm+1)im—-2)=0
m= —or 2
So the general solution is y = Ade™ + Be™,

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:
d>  dy
6—S———-2y=
de®  dx
Solution:
i Find the auxiliary equation
& dy _dy 2 =0 | and solve to give two distinct

dx? dx | real roots e and B, The general

o i i solution is y = Ae** + BeP*,
lhe auxiliary equation is

Gt —m—2=10

(Bm=22m+1)=0
3 |
m=zor—;

X

So the general solution is y = Ae”™ + Be

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

1..’. i ]
1592 - 72 _ 2y =0

£l

dx=

Solution:

159 _ 79 _ 59
dx” dx )
The auxiliary equation is
1Smé = Tm—2=0
sem+1)(dm—=2)=0
| |

= —1lr=
m ﬁ[F':

S0 the general solution is

y = Ae™ + Be®,

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics

Exercise B, Question 1

Question:

2o o
Y o,

— 1 T Zﬁu =)
dx- dx N
Solution:
d?y dy .
— 4+ 10 ‘ 4+ '_25}- =) - n -
dx- dx I'he sm.\c]tmr}-' equation has

repeated roots and so the general
. solution is of the form (A + Bx)je™,
m=+ 10m+ 25 =0 where a is the repeated root.

The auxiliary equation is

(m+5(m+5=0 or (Im+5¥=0
m = —5 only.

So the general solution is

¥y = (A + Bx)e ™.

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

dy dy

dx- dx -

Solution:
dy dy | .
— — 18-=+8ly=10
- dx .

The auxiliary equation is
m* — 18m + 81 = 0

(m—=972=10

m = 9 only.

So the general solution is

y = (A + Bx)e™.

© Pearson Education Ltd 2C

The auxiliary equation is m* — 18m + 81 = 0,

which has repeated roots and so the general
solution is of the form (A + Bx)e™, where a is
the repeated root.
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Exercise B, Question 3

Question:

Solution:

dy _dy
+2=+y=0
" Ca Y

The auxiliary equation is
m+2m+1=0
m+1)(m+1=0 or m+1¥=0
m = —1 only.
So the general solution is
¥ = (A + Bx)e™.

© Pearson Education Ltd 2C
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The auxiliary equation is
m? + 2m + 1 =0, which
has repeated roots and so
the general solution is of
the form (A + Bx)e™, where
a is the repeated root.
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Exercise B, Question 4

Question:

d%y dy .

— — 8=+ 16yv=10

dx- dx N

Solution:
dsy dy
_'.:' — . A + ][}1’ = {]
dx- dx -

The auxiliary equation is
m* — 8m + 16 =0
(m—4)* =10

m = 4 only.

The general solution is y = (A + Bx)e™.

© Pearson Education Ltd 2C

The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
where a is the repeated root,
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Exercise B, Question 5

Question:

@y
dx?

dy
+ 14—+ 49y =0
dx .

Solution:

d*y dy
— 4+ 14-=+ 49y =(
dx- dx N

The auxiliary equation is The auxiliary equation has
., . repeated roots and so the general
m=+ 14m + 49 =0 S
solution is of the form (4 + Bx)e™,
(m+ 7)) =10 where a is the repeated root.

m = —7 only.

So the general solution is

¥y =(A+ Bx)e ™.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise B, Question 6

Question:

d3y dy
16~ + 8- 4
)d.r-’ dx -

Solution:
d=y dy

16—2+8L+y=0
dx? dx -

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
solution is of the form (4 + Bx)e™,
(4m+1)*=0 where a is the repeated root.

16w +8m+1=10

m = —+ only.

So the general solution is
¥y=(A+Bx)e ",

© Pearson Education Ltd 2C
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Exercise B, Question 7

Question:

d3y dy
— — .-‘._}r=r}
da- dxe -

Solution:

dy | dy
4—=-4=+y=0

& Ca Y

The auxiliary equation is The auxiliary equation has
repeated roots and so the general
dm> —4m+1=0 e
solution is of the form (A + Bx)e™,

(2m—-1°=0 where a is the repeated root.

m = 1 only.

So the general solution is
y = (A + Bx)e”.

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:
d%y dy
— + 20 .‘} + 25); =
dx- dx '
Solution:
d*y ~dy
42 L 20 L asy =0
dx- dx :
The auxiliary equation is The auxiliary equation has

repeated roots and so the general
solution is of the form (A + Bx)e™,
(2m+ 55 =10 where a is the repeated root.

din* 4+ 20m+ 25=10

m=—21=—2only.

So the general solution is
=

¥=(A+Bxle ™,

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:
d3y dy
— - 24—+ 9% =0
a2 Cax Y
Solution:
dy dy
16—=—24-~+9y =0
a2 a7
The auxiliary equation is The auxiliary equation has

repeated roots and so the general

lom? — 24m+ 9 =0 e

? solution is of the form (A + Bx)e™,
(4m—3)°=0 where a is the repeated root.

3
m = only.
So the general solution is
y = (A + Bx)e®.

© Pearson Education Ltd 2C
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Exercise B, Question 10

Question:

d2y dy
4+ W3I=—+3y=0
da? Y dx Y

Solution:

dy =dy

—_ V33— + .‘h-" =1

dx® de *
The auxiliary equation is The auxiliary equation has

) I : repeated roots and so the general
m-+ 2Vadm+ 3 = A
i - . solution is of the form (A + Bx)e™,
(m+v3)y>=0 where a is the repeated root.

m=—v3

or using quadratic formula:

So the general solution is

y = (A + Bx)e "™,

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

Solution:

9Y ¢ 25y =0
chr ;
The auxiliary equation is
m:+25=10
m= =5i
The general solution is

¥ =AcosSx + Bsin 5x.

© Pearson Education Ltd 2C
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The auxiliary equation has
imaginary roots and so the
general solution has the
form A cos wx + B sin wy,
where A and B are constants
and where iw is a solution
of the auxiliary equation,
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Exercise C, Question 2

Question:

d%y
— + Blyv =10
dx- Y

Solution:

dyy . _
— + HU- =)
chr
The auxiliary equation is

nE+81=0

m = *9j

The general solution is

y = Acos9x + Bsin 9x.

© Pearson Education Ltd 2C
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The auxiliary equation has
imaginary roots and so the
general solution has the
form A cos ax + B sin wr,
where A and B are constants
and where iw is a solution
of the auxiliary equation,
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Exercise C, Question 3

Question:

d%y
. '_‘ -+
dx-

Solution:

dy
dx?

The auxiliary equation is

vy =1()

2+ 1=10
m= =i

The general solution is

}J == _.\ L‘“HI - H'ﬁjn X

© Pearson Education Ltd 2C
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The auxiliary equation has
imaginary roots and so the
general solution has the
form A cos wx + B sin wx,
where A and B are constants
and where iw is a solution
of the auxiliary equation.
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Exercise C, Question 4
Question:
dy

=+ 16y =0
da- *

Solution:

9

LAy ;
9— + 16y =0
dx-
I'he auxiliary equation is

OmE+ 16 =1

2 . 15
me = 5

and M= +3]

. The general solution is

y = Acosix + Bsinix.

© Pearson Education Ltd 2C
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The auxiliary equation has
imaginary roots and so the
general solution has the
form A ¢cos ax + B sin w,
where 4 and B are constants
and where iw is a solution
of the auxiliary equation.
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Exercise C, Question 5
Question:
d*y dy

— 4+ 4=+ 13y=0
dx- dx -

Solution:
d%y dy

T W

- + 13y=10
dx- dx '

The auxiliary equation is

e+ 4m+ 13 =10
o -4 + 16 — 52
.
And m=—-2 % 3i

The general solution is

vy =e *(Acos3x + Bsin3x).

© Pearson Education Ltd 2C

The auxiliary equation has
complex roots and so the
general solution has the form
e™ (A cos g + B sin gx),
where A and B are constants
and where p * ig are solutions
of the auxiliary equation.
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Exercise C, Question 6
Question:
dy

d%y
—— e = n
e i el

Solution:
dey _dy

~+8=+17y=0
dx* dx '

The auxiliary equation is

e+ 8m+ 17 =0

-8B+ v64 — 4 X 17

Pagel of 1

m =

= —4
4

The general solution is

y = e (A cosx + Bsinx).

© Pearson Education Ltd 2C

I+

4

I
7

¥

2

4

The auxiliary equation has
complex roots and so the
general solution has the form
e (A cos g + B sin ),
where A and B are constants
and where p * ig are solutions
of the auxiliary equation.
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Exercise C, Question 7
Question:
d>y  dy

=) 4y sy =0
e Y

Solution:
d’y dy

L —4-—=+5y=0
dx- cx y

The auxiliary equation is The auxiliary equation has
complex roots and so the
general solution has the form

m=2xtv16—20 e (A cos g + B sin ),
2 where A and B are constants
T ) i and where p * ig are solutions
2 of the auxiliary equation.
=2*]

y = e (Acosx + Bsinx).

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

d2y dy
EX 1202 4 109y =0
dx? dx :

Solution:

2 .
99 4 209 + 109y = 0
dx= dx :

The auxiliary equation is
m* + 20m + 109 = 0

I

_ —20 * 400 — 436
2

_ =20+ V=36

2

= =10 + 3i

The general solution is
1\! =

© Pearson Education Ltd 2C

e 11

(A cos 3x + Bsin 3x).

Pagel of 1

The auxiliary equation has
complex roots and so the
general solution has the form
e™ (A cos g + B sin g),
where A and B are constants
and where p * ig are solutions
of the auxiliary equation.
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Exercise C, Question 9

Question:

diy  _dy
oY _ ¢ L :

— v =10
dx® ax Y
Solution:
ddy _dy
9-—=—-6-—=+5y=0
dx? dx Y

The auxiliary equation is
9m* —6m+5=0

Pagel of 1

6+V36—4xX9%x5
29

m =

_6+\-144
18

1 + 2i
3

The general solution is

1. e
y = e*(Acos3x + Bsin 3x),

3

© Pearson Education Ltd 2C

The auxiliary equation has
complex roots and so the
general solution has the form
e™ (A cos qx + B sin gx),
where A and B are constants
and where p * ig are solutions
of the auxiliary equation.
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Exercise C, Question 10

Question:
d2y dy
—+V3i=+3y=0
dx2 v drx )
Solution:
d¥y  =dy

=+ vV3—+3y=0
dx’ dx '

The auxiliary equation is

mt+V3m+3=0

I+

m= —

—y3k

The general solution is

& .
y=e 2 {Acos 3% + Bsin =%).

© Pearson Education Ltd 2C

w2

et |

2

—3 + 3i
7

Pagel of 1

The auxiliary equation has
complex roots and so the
general solution has the form
e™ (A cos g + B sin qx),
where A and B are constants
and where p * ig are solutions
of the auxiliary equation.
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Exercise D, Question 1

Question:

d?y dy
2 462+ 5y =10
2 - (JLLI + = ]

Solution:

d*y dy
+5y=10
ax?” Cdx Y *

First consider

Find the mmplemontary function, which

: '
51?3: + 6 {; +5y=0 is the solution deTy + 623

try a particular integral y = A.

+ Sy = 0, then

The auxiliary equation is

m+o6m+5=10
im+53m+1)=0
m=-=5or -1

So the complementary function is y = Ae™ + Be™,

d
yl],

The particular integral is A and so o

d.”.
E{f = 0 and substituting into % gives

S5A=10
A=2
The general solution isy = Ae™ + Be ™ + 2.

© Pearson Education Ltd 2C
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Exercise D, Question 2

Question:

€Y _ Y 4 12y = 360

de®  dx .

Solution:
dy _dy .
= — B 12y = 36x *
cx- da

First consider the equation
d*y dy
._."'_.I = H._.‘.. =+ 12'}' = “.
dx= dx ’

The auxiliary equation is

mt—=8m+12=0

(m=6)(m=2)=0
m=6o0r2
So the complementary function is y = Ae™ + Be™. Try a particular integral

of the form A + px.

The particular integral is y = A + px

50 Y _ M, d?‘}: =0
dx dx
Substitute into #.
Then —8up+ 124 + 12px = 36x.
Comparing coefficients of x: 12 = 36, andsou =3

Comparing constant terms: —8u + 124 =0
2

andas u = 3 S =24+ 120 =0 = A
2 + 3x is the particular integral.
The general solution is
y = Ae™ + Be* + 2 + 3x.

© Pearson Education Ltd 2C
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Exercise D, Question 3
Question:
d’y dy

B + = 12y = 12e”

Solution:

dy dy g
— + = — 12y = 12e™ &
dx-  dx -

First consider the equation

The auxiliary equation is
m+m—12=10
im+4)im=31=0
—4 or 3

m

So the complementary function is y = Ae™ + Be™. Try a particular integral
of the form Ae™.

The particular integral is ¥ = Ae®™

dy ; diy
= = 2)e” and —= = 4Ae™
dx da

Substitute into #.
Then 4ae™ + 2Ae™ — 12Ae™ = 12e*
i.e. —6Ae™ = 12¢™
A=—2
—2e™ is a particular integral,
The general solution is

y=Ae ¥ + Be¥ — 2¢%,

© Pearson Education Ltd 2C
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Exercise D, Question 4

Question:

dy

Iy
Yo _1sy=5
dx? :

dx

Solution:

ddy _dy
o I L T
de? T dx 4 *

First consider the equation

d?y | dy
+2=-15y=0
dv?  dx ‘

The auxiliary equation is
m*+2m=15=0
im+5m-3=0

m=-=5or3

So the complementary function is y = Ae™ + Be™, Try a particular integral
The particular integral is y = A ik

d_dy_,

de  da?
Substitute into +.
Then -15A=35
i.e. A= —_.l..

—% is the particular integral.

The veneral < 1 1% = y e _
T'he general solution is y = Ae ™ + Be &

© Pearson Education Ltd 2C
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Exercise D, Question 5

Question:

T3~ 8g + 16y =8x +12

Solution:
d3y dy

E‘{'_j_aa:;_'_tﬁ}':ﬂx-i_ 12 %

First consider the equation

d3y dy
—= -8+ 16y =10
dx” dx '

The auxiliary equation is

m*—8m+ 1la=10

(m=-42=0
m = 4 only.
So the complementary function is y = (A + Bx)e™. The auxiliary equation
) has a repeated root so
lhe particular integral is y = A + px the complementary
dy d2y function E;m the form
=g and —= =10 (A + Bx)e™,
dx dx-

Substitute in %.
Then 0—8u+ 16A+ 16px =8x + 12

Equate coefficients of x: lopw =8
=1

~

Equate constant terms: —8p + 164 = 12

Substitute g = 1 s =4+ 16A=12
16A = 16
and A=1

| 4 2x is a particular integral

The general solution is y = (A+ Bx)e™ + 1 + :x

© Pearson Education Ltd 2C
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Exercise D, Question 6

Question:

dy  _dy

— 4+ 2=+ y= 25 cos 2x

a? Cax Y

Solution:
ﬂ_l,r + 293 +y=25c052x *%
dax= de

: d=y dy

Solve —=+2=+y=1(
da” dx Y

The auxiliary equation is
m +2m+1=0
0
-1 only.

(m+ 1)%

m
50 the complementary function is ¥ = (A + Bxje ™.

The particular integral is y = Acos2x + psin2x

dy ;

W = —dxsindx+ 24c0s 2%
dx

d%y :

—= = —4Acos2x — 4usin 2x
dx-

Substitute in %.

Then (—4Acos2x — 4usin 2x) + 2(—2Asin 2x + Zpcos 2x)

+ (ACOs2x + usin2x) = 25¢0s2x

Equate coefficients of cos 2x;
Equate coefficients of sin 2x: —3u—4r=0
Solve equations @and @: 3X @ +4X@= —-25A=75
A=-3
Substitute into®@ 9 + 4u =25 . p=4|checkin @]

The particular integral is y = 4sin2x — 3cos 2x

General solution is ¥ = (A+ Bx)e™ + 4sin 2x — 3 cos 2x.

© Pearson Education Ltd 2C
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The complementary
function is of the form
y = (A + Bx)e™.

The particular integral
is Acos 2y + wsin 2y,

- +4p=25 @
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Exercise D, Question 7

Question:

d%y

—= + 81y = 135e*

dx? Y

Solution:
d—f + 81y = 15¢™ &
dx-

. d’y
First solve —5 + 81y =0
Irst solve A2 3

This has auxiliary equation The auxiliary equation
) has imaginary roots,

m>+81 =0 so the complementary

o= +9i function is of the form
Acos wx + Bsin wx.

The complementary function is y = A cos9x + Bsin 9x.

The particular integral is y = Ae™

Then E!‘I = 3Ae™ and L!—1 = Qre™
dx dx-
Substitute into .
Then 9ie™ + 81ae™ = 15e¥
90Ae™ = 15¢™
50 A= 'J" =

L#]
The particular integral is e
The general solution is y = Acos9x + Bsin9%x + ;i-ll;_"“.

© Pearson Education Ltd 2C
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Exercise D, Question 8

Question:
d?y :
— + 4y =sinx
dx? Y
Solution:
d? g
d_xy-; + 4y =sinx %
= d?
First solve _j: + 4y = 0.
This has auxiliary equation The complementary
. function is of the form
m+e=0 A cos wx + Bsinwx, as

the auxiliary equation

m= x2i
has imaginary roots.

The complementary function is ¥y = Acos2x + Bsin 2x

The particular integral is ¥ = Acosx + usinx
% = —Asinx + pcosx

and j_:f = —ACOSX — usinx

Substitute into .

Then —Acosx — psinx + 4(Acosx + wsinx) = sinx

Equate coefficients of cosx: 3A=0
A=0

Equate coefficients of sinx: 3u=1
r=3

S0 the particular integral is %sinx

The general solution is y = Acos2x + Bsin2x + %sinx.

© Pearson Education Ltd 2C
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Exercise D, Question 9

Question:
d>y  dy .
—_— g Sy = 251 —
02 -lLLI + 5y = 25x2 -7
Solution:
9y 4V 5y =2522—7 =
a? Cax Y
dd  dy
First sol —4—=+5=0
irst solve 0 i Y

This has auxiliary equation

m—4m+5=10

4 +16 - 20
2

=2+ 2i

m=

The complementary function is y = e*(A cos 2x + Bsin 2x)

The particular integral is ¥ =A+ px+ vx?
dy
— = pn+ 2vx
g
d?
and dTJJ =2v

Substitute into %.

Then 2v— 4u— 8vx + 5A+ Sux + Svx? =25x2 -7

Equate coefficients of x: Sv=25=>v=S5
coefficients of x: Su—8r=0=u=8
constant terms: 2v—4pu+ S5A = -7

10-32+ 5A=-7
SA=15=A=3

So the particular integral is 3 + 8x + 5x?

The general solution isy = e™(Acos2x + Bsin 2x) + 3 + 8x + 5x2.

© Pearson Education Ltd 2C
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The P is of the form
¥y=A+ px + vx?
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Question:
dy _dy :
—= — 2=+ 26y=¢"
dx? dx v
Solution:
d*y dy :
_l; _ __.‘?_ - 2{_3.'!"' — {a-'l ES
dx- dx '
d*y dy :
First solve —=—-2-=+ 26y =10
dx? dx Y
This has auxiliary equation The auxiliary equation

has complex roots and

s0 the complementary
2+ A=A XIE fu;‘tctiun is of the form

m= 5 e (A cos g + B sin gx).

mr=2m+26=10

_2: /=100

2

1

=1]=*

(¥,

the complementary function is ¥ = e'(A cos 5x + Bsin 5x).

” , : . dy

he particular integral is Ae*, so T‘" = Ae* and
dx
d*y
—= = Aet
ij_r_

Substitute into equation .

Then Ae*— 2Xe* + 26Ae* = e
i.e. 25Ae* = ¢
=

A=

The particular integral is 5-e*.
The general solution is

¥ =e'(Acos5x + Bsin 5x) + ;-];t"‘.

© Pearson Education Ltd 2C
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Question:

a Find the value of A for which Ax?¢* is a particular integral for the differential equation
dy dy .
— — 2— +y = ¢
dx* de

b Hence find the general solution.

Solution:
d’y dy
a—==—2=+y=¢e p
dx- dx
Given y = Ax?e* is a particular integral The auxiliary equation
has equal roots and so
dy-_ AxZe® + 2Aver the complementary
dx function has the form
d%y y = (A + Bxje=
o7 = Axlet + 2hxe” + 2Axe” + 2he”

Substitute into #.

Then (Ax?+ 4Ax + 2A)e* — (2Ax? + 4Ax)e* + Axle® = e

2Aet = ¢
— 1
A=3
Soy = 1x%* is a particular integral.
: dy dy
b Nowsolve —=-2—+4+y=1(
dx- :
This has auxiliary equation m* —=2m+ 1=10
(m—1¥=0

m =1 only

So the complementary function is (A + Bx)e”

The general solution is y = (A + Bx + Lxd)et,

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:
dyy _dy
— 4+ 5=+ by = 12¢* y =1 and
& P T Y . )
Solution:
d*v dy
— F+5=—4+6y=12¢" =»
dx? ar Y
Find complementary function.
Auxiliary equationis m® + Sm+ 6 =0
m+3)n+2)=0
m=-3or-2

complementary function is y = Ae ™ + Be ™
Then find particular integral
Lety = At

-

dy dy
: and —5 = Ae*
(lx! -

Then == = et

Then (A + 5A + 6A)e* = 12¢*
12Ae" = 12¢"
A=1

Substitute into #.

S0 particular integral isy = ¢*

General solutionis Ae™ + Be ™™ + e =y ¥

Buty =1whenx =0 A+B+1=1
Le A+B=0

by . ;

Y 346 = 2B 4 @

dx

ly :

Y~ Owhenx =0 ~34A-2B4+1=0

dy

3A+2B=1

From @ B = —A, substitute into equation @

IA-2A=1=A=1

B=-1
Substitute these values into §

X

The particuar solutionis y=¢ ¥ —e > + ¢

© Pearson Education Ltd 2C
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dy
;:n‘ =
T atx =0

Solve the equation to find the general
solution, then substitute ¥y = 1 when
x = ( to obtain an equation relating
A and B. Obtain a second equation

dy
by using T (yatx = 0, and solve to

find A and B.
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Exercise E, Question 2

Question:
dy  _dy _ dy
4+ 2= = 2 )y = 2 3 ~ =fpatx=0
o 2L1x 12¢ h] Zmddx O atx
Solution:

d?y

d—xj + 2% = 12&'11. *

Find complementary function (c.f.):
Auxiliary equation is m* + Z2m =0
mm+2) =0
m=0or -2
cfis y=Ae"+ Be™
= A+ Be™

Particular integral (p.i.) is of the form y = Ae™

3

Y ooper, T o

dx d?
Substitute into .
Then (4A + 4A)e™ = 12e*
ie. 8aeX =12 = A = % = %

p.i. is 2™

- . N x . = J' M
General solutionis y =A + Be™™ + Je™ ¥

Buty =2whenx=0 . 2=A4 +g+§
i.E’. .-"!| + B = % (D
dy e 4 i
— = —2Be™™ + 3e”
dx
dy
=6whenx=0 . 6=-2B+3

)

-2B=3=B=-3

Substitute into equation ® A -

I pales
Il
Py bl

Substitute A and B into ¥

The particuar solution is y=2-3F+ 3

© Pearson Education Ltd 2C
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The general solution is
y=A+Be ¥ + 3%,

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2
Edexcel AS and A Level Modular Mathematics
Exercise E, Question 3

Question:

d?y dy dy 1
—_— = — = o= n i — = = =
o dx 42y = 14 ¥ and r atx =0

Solution:

dy dy
—=—-=——42y=14 » - ) 1
e dx Find the general solution, then
- P— Sy = i S0 s e T 5
Find c¢.f.: The auxiliary equation is “"‘,,'m boundary condition:

’ to find the constants A and B.
m—-—m-—42=0

m=7Im+ 6 =0

m=—6or7
cf.is y=Ae ™+ Be”

Find p.i.: The particular integral is ¥ = A. Substitute in #.

—42) = 14
A=—1
The general solution is y = Ae *+ Be™ — 5 ¥
Whenx =0,y =0 L 0=A+B-1
A+B=3 ©
dy X
& = —6Ae™ + 7Be”
dx
dy
Whenx =0, -—=1 . l=—-6A+78B
d‘r [ ]
ie: -6A+7B=1 @

Solve equations @ and @ by forming 6 X @ + @

Substitute into® . A+ 1= ls A=
Substitute values of A and B into ¥
¥ =1e"™ + le™ — Lis required solution

]

© Pearson Education Ltd 2C
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Question:

1%y 3 s dy
l—:'_:+‘-)‘}’= 16 sin x y= Iandd;“r=ﬂat.t=ﬂ

Solution:

dy
C]IE

+ 9y = 16sinx *

Find c.f.: The auxiliary equation is The auxiliary equation has
imaginary roots and so the
m+9=0 D S
complementary function has the
m= *3i form y = Acosax + Bsin ax.

The c.f.isy = Acos3x + Bsin 3x

Find p.i. usey = Acosx + psinx

dy .
_— = + k
= Asinx + pcosx
d?y

== —ACOsx — wsinx
dx? w

Substituting into # gives
—ACOSX — usinx + 9Acosx + 9usinx = 16s5inx
Equating coefficients of cosx: BA =0 = A =0
sinx:8u=16=u=2
The particular integral is y = 2sinx

The general solution is y = Acos3x + Bsin 3x + 2sinx ¥§

Given alsothaty = latx =0 - 1=A4A
j—i = —3Asin3x + 3Bcos3x + 2cosx

. dy :
U51nga=&‘-atx={} ;. 8=3B+2 - B=2

Substituting A and B into ¥
y = cos 3x + 2sin3x + 2sinx is the required solution.

© Pearson Education Ltd 2C
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Exercise E, Question 5

Question:

l.' ' 1 i
49 D

= , . dy
- +W=s5nx+4cosx y=0and-==0atx =0
dx” dx ' : dx

Solution:
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d d .
4‘:%' + 4&'? + Sy =sinx + 4cosx ® The auxiliary equation has complex roots and
so the complementary function has the form
Find c.f.: the auxiliary equation is ¥y = e™(Acosgx + Bsingx).

dmt+4m+5=0

Thecf.isy = e ™ (Acosx + Bsinx)

The p.i.is y = Acosx + psinx

dy

—_— —}‘ i +

% sinx + pcosx
d? i
E{ = —Acosxy — upsinx

Substitute into #
Then —4Acosx — 4usinx — 4Asinx + 4pcosx + SAcosx + Susinx = sinx + 4 cosx
Equating coefficients of cosx: A+4p=4 @
sinx: u—4r=1 @
Add equation @ to 4 times equation @
17p=17=pn=1
Substitute into equation ® . A+4=4=A=0
p..isy =sinx
The general solution is
y= e ¥ (Acosx + Bsinx) + sinx §

Asy=0whenx =10

0=A

y = Be™Fsinx + sinx

d .

d_;ry = Be *cosx — jBe” “sinx + cosx
As j—i=ﬂwhenx=ﬂ

0=B+1=8=-1
Substituting these values for A and B into  §
y = sinx (1 — e *%) is the required solution.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2

Solutionbank FP2

Pagel of 1

Edexcel AS and A Level Modular Mathematics

Exercise E, Question 6

Question:

A% _qdx 4 oy =2 -3 x=2and ¥ = 4 whent =0
de? dt dt

Solution:

d% _ ¥ | or — 2t -3 4
de? dt

Find c.f.: the auxiliary equation is
m*=3m+2=0
4]

lor2

(m—=2){m-=1)

I

s 3
c.f.isx = Ae' + Be™

Thepdi.isx = A+ ut, == = u,

Substitute into % to give —3p + 24 + 2ut =2t - 3

Equate coefficients of t: 2p =

ta
=
]

Equate constant terms: 2A —3u =-3 . A=0
The particular integral is t.
The general solution isx = Ae' + Be” +t ¥

Given thatx=2whent=0 . 2=44+B8 @

Also = — Ae' + 2B + 1
dt
s ?l;:c =4whent=0 . 4=A+2B+1

A+2B=3 @
Subtract @-Q@=E5=1
Substitute into . A =1
Substituting the values of A4 and B back into ¥
y=¢ +el 4+t

© Pearson Education Ltd 2C

This time t is the independent
variable, and x the dependent variable.
The method of solution is the same as
in the questions connecting x and y.
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Exercise E, Question 7

= =] whent=1()

Question:

'-"{;"f— 9x = 10 sin ¢ x =2and dr _
di- dt
Solution:

d’x _

= — 9x = 10sint =%
dr

Find c.f.: auxiliary equation is
m—-9=0
m==3
cf. isx = Ae’ + Be™

p.i. is of the form x = Acost + psint

% = —Asint + pcost
die _ —Acost — wsint
T

Substitute into equation %.

Then —Acost — psint — 9Acost — 9usint = 10sint

Equate coefficients of cost: -, —10A=0=A=0

Equate coefficients of sint: . —10uw=10= pu= -1
p.i. is —sint

General solution is x = Ae* + Be ™ —sint ¥

When t=0,x=2 s 2=A+B @
dX _ a4 _ apa-3t _
a 3Ae 3Be cost

When t=0,%%=—-1 - -1=34-3B-1

tdt
0=34-3B @

Solving equations ® and @, A =B =1
Substitute values of A and B into §
x = ¢ + ™ — sint is the required solution.

© Pearson Education Ltd 2C

The particular integral is of
the form Acost + wsint.
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Exercise E, Question 8

Question:
d—t = 45-1-‘3: + 4x = 3t x =0and de _ | whent=10
dr- dt dt
Solution:
2
i'jl—r';; - 4% + 4x = 3te” % The complementary function
¢ has the form x = (A + Bt)e®.

Find c.f.: auxiliary equation is
m* —4m+4=0
(m—22=0
m = 2 only
of. isx = (A + Bt)e”
Find p.i.: Let p.i. be x = At’e™

Then ¥ = 2are? + 3are™

2 .
X _ 42 + 6ALeY + 6ALH + 6ALeY

Substitute into .
Then (4A + 12A8 + 6AL — SAF — 12AF + 4A)e* = 3te™
6A=3=A=

2

pi.isx = % te
General solution isx = ((A + Bt) + 3'}e* §

But x=0whent=0 - 0=A4

£ 2[A + Bt + 1f]e? + B + 3*]e*

dt
As %=lwhenr=[]andﬁ.=[]
| =B

Substitute A = 0 and B = 1 into ¥
Thenx = (t + 5’ Je* is the required solution.

© Pearson Education Ltd 2C
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Exercise E, Question 9

Question:
259% 4 36x = 18 x=1land ¥ = 0.6 whent=0

clt- dt
Solution:
259% L 360 =18 &
Find c.f.: auxiliary equation is The auxiliary equation has imaginary

25mZ +36 = 0 runtﬁ a_nd SOX = Acosal + Bsin wl

is the form of the complementary
e = _jﬁ_:_: and m = + '_;'i function.

cf.isx = Acosgt + Bsinzt
Let p.i. be x = A, Substitute into %
Then 36A=18
A=18=1
General solution isx = Acosft + Bsin2t + 5§

Whent=0,2x=1 - 1=A+i=2A=1=05

— 0 el by 4 B h i
T sAsin ot + zBcos 2t

When t = 0, dr _ 0.6 . 0.6=32B
dt -
B=0.5= '

Substitute values for A and Binto ¥

Then x=:(cosst+sinzt+ 1 |
3 1
2 ] 5 !

© Pearson Education Ltd 2C
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Exercise E, Question 10

Question:

+ 2x = 2t x=1and dx

== - =3whent=10
di- dt dt

Solution:

dx _ ,dx = 92
T ZdE-I-Zx 2t %

Find c.f.: auxiliary equation is
m=2m+2=0

]}1:2:\'—'4_8:11'1

2

S T PR, iy p—_— . : :
e U s L The particular integral has
Let p.i. be x = A + ut + pf? the formax = A + ut + v,

3 E —
then =i + 2wt
dx
=2
de g

Substitute into %
Then 2r— 2 (u + 2vt) + 2(A + pt + vt?) = 282
Equate coefficients of t: 2r=2 = p=1
coefficients of t: —-4r+2u=0 = pu=2
constants: 2v—=2u+2A=0 = A=1
piisx=1+2t+ ¢
General solution isx = e’ (Acost + Bsint) + 1 + 2t + t2 §
But x=1whent=0 .. 1=4+1 .. A=0

As  x=RBe'sint+1+2t+£

t:—J;=Bc"cnsf+Be‘sinr+2+2r
1.
As df-jnhmr 0
3=B+2
B=1

Substitute A = 0 and B = 1 into the general solution ¥

x=e'sint+1+2t+ 2 or x=ce&'sint+(1+ 12

© Pearson Education Ltd 2C
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Exercise F, Question 1

Question:

: |.'-||. 'IL11II
2= 4 61>+ 4y =0

% dx dx

Solution:
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d dy {h
= 4 4y =)
Asx = ¢, ‘_‘h_: = pit =
i
From the chain rule dy _ dy y dx

diu  dx * du

dy dy
ik R
dYy dy
A0 du? du' d.r)
dy dy dx
}< *
du dx xd.r— du
& rzd_:l}'
du dx?
,dy _d¥y  dy

X = - X
dr* du? du

Use the results @ and @ to change the variable in #

%y dy  _dy ., _
. d* 'F d
€. + 4y =10
e d:# du 4 ¥

This has auxiliary equation
m:+5m+4=0
(m+4)im+1)=0
i.e. m=—4or —1
The solution of the differential equation f is
y=Ae M+ Be™

But e'=x
- |
e X =¥
and e ¥ =x""= —1;
1:'
-A_ B
Y xt 2

© Pearson Education Ltd 2C
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dy dy
First express x = as — and
Irs L\[ re Idx dl d“ 1
Ay  dy  dy
l{ﬁ::? " di?  du’
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Exercise F, Question 2

Question:
A%y dy
—= + 5x-—= + 4y
Yo T
Solution:
L A P
" TV
dy dy dly d%y dy dy dy
As x=¢" x-=-=-> and x*—S5=_—5—-_* Use x—==-* and
dx du dx?  de?  du de du
(See solution to question 1 for proof of this.) ~d_~’_}: d_—_}! d_}*_
dv?  du®  du
Use these results to change the variable in #. Ensure that you can
_d“;f_ﬂ;}_’ +5 4y = 0, prove these two results.
du®  du du
dzy

dy
du2+4 +4=0 ¥

This has auxiliary equation
m +4m+4=0
(m+2)2=0
m = =2 only
The solution of the differential equation ¥ is thus
y = (A + Bu)e™

As x=¢' - e W=yx"? =12
X
and n=Inx

y = (A + Blnx) xxlz

© Pearson Education Ltd 2C
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Exercise F, Question 3

Question:
A%y dy
22— + 6=+ 6y =0
dx- dx ¥
Solution:
3 d:}'l tt / i ,-k-] ' L—h.
RoT A 6y=0 # Use 222 =2 ang
dae dx de  du
T dy dy il dy d% dy 2 dy _ *-['.3:' _dy
Asx=e" x—=L = Zanda’—==—= — = o E s
de  du dx* du?  du dx du?  du |

{See solution to question 1 for proof of this.)

Use these results to change the variable in %,
dy dy  _dy .
- 1} + 6 t1l {‘{}' ={)
du* du dit

dy |, _dy
Llfﬂ v tl!}I by =0
This has auxiliary equation
m*+5m+6=0
(m+2)(m+3)=0
m=-2or-—3

The solution of the differential equation ¥ is thus

y=Ae™¥ 4 g~
As X=e'p = x P "!T
X
and I
x?
Y= ":1 = H
Y r_:‘ ‘r{

© Pearson Education Ltd 2C
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Exercise F, Question 4

Question:
d*y dy
x—= + 4x—— 28y =0
dx? dx -
Solution:
L d%y dy :
x- 1’, ¥ ax s - 28y=0 =%
dx® dx :
dy dy A7y dify  dy
Asx=e" x—=—andx—-=— — —
de  du dx* du?  du

Substitute these results into equation #

dy dy . dy

Y _9 149 oy =0

da®  du du
2y _dy _
Y3 _28y=0 ¥
dus ]

This has auxiliary equation:
m+3m—-28=0
(m—+7)m—4)=0
m=-=7or4

y = Ae "+ Be" is the solution to §.
Asx=geH - e'"=

and i

© Pearson Education Ltd 2C
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i dy  dy
Use x— =— and
dey du

.2 d’y _d% dy

dy?  du? du
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Exercise F, Question 5

Question:
A%y dy
X—=—dx——14y=0
dx? dx !
Solution:
5 d: 4 dy iy vy
e E 42— 14y=0 = use 22 =% and
da* dx : de  du
vy — ey W, g ody Ay dy UL
o Tdr du 0 da? die? du de?  du*  du |

Substituting these results into % gives

& _d_, b

J - — 14y =0
dut du du ;

e, 9X_s¥_q14-0 %
du- dut :

This has auxiliary equation:
m —=5s5m-14=0
e. (m=7)m+2)=0
m=7or =2
The solution of the differential equation ¥ is

y = Ae™ + Be™*"

But x=¢ . M=%
= o 2 ]
and e '=x"=—=
X’
y = Ax? + -fi
T*

© Pearson Education Ltd 2C
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Exercise F, Question 6

Question:
dy dy
x—=+3x=+2y=
-
Solution:
diy . dy
x% 1’? FL 42y =0 %
dx” dx :
dv dy d? d¥y dy
Asx = i_._u'l‘ x 1 = ‘|.- and 3'3 - !;I = % = e
dx i dx? du? du

Substitute these results into % to give:
d’y  dy dy
y_dy, b

s 3-L +2y =0

du?  du du '

i d%y dy

e, —+2=+2vy=0 ¥
du? du

This has auxiliary equation:

m*+2m+2=0

L

=-1%i

The solution of the differential equation ¥ is thus

y=¢"[Acosu + Bsinu|

_.'"‘ll_‘j -': — L,..‘rr L"“ i — .t, 1 — :rl
and n=Inx
y = xl [Acosinx + Bsinlnx]

© Pearson Education Ltd 2C

Pagel of 1
Lo dy dy
Use x— =—=— and
de  du
2 d’y _d¥y dy

dx?  de?  du
A proof of these
results is given in the
book in Section 5.6.

file://C:\Users\Buba\Desktop\further\Further Purathbematics 2\content\sb\content... 3/3/201:



Heinemann Solutionbank: Further Pure 2 Pagel of 1

Solutionbank FP2

Edexcel AS and A Level Modular Mathematics

Exercise F, Question 7

Question:

Use the substitution y = i to transform the differential equation

d’y ly
rE; + {2 — -tx}a—; — 4y = 0 into the equation —Lf}{ 4%: = (.

a

; d dy o : .
Hence solve the equation th} + (2 — 4x) 1_1 — 4y = 0, giving y in terms of x.
e C

Solution:
z% o — oo dy  odMy
y = Zimplies xy =1z Find — and —= in
s L I C L - L.]J.__:
Lh' o 0L terms of 92 dl‘lLl d? ".
Tde Y dx dx )
dy  dy  dy g2
Also ‘1'—' f O d
de?  dr dx da?
The equation xdn"‘t + (2 - 4:::}':':Irr — 4y =1{)
dx~ dx
; : g - JfdE -
becomes 2o g2 —y|—4y=1{()
dx? l-.{Lr * | '
i.e. dz _ 4514‘!:(} *
dx? dx
The equation % has auxiliary equation
m* —4m =10
mim—4) =0
i.e m=~0or4
z = A + Be™is the solution of %
But z=uxy
xy = A + Be*
- f‘! i E oL
J =g Tt
© Pearson Education Ltd 2C
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Exercise F, Question 8

Question:

Use the substitution y = “ to transform the differential equation
X

Ay .y , ; 4 .
==+ 2x(x + 2)=— + 2(x + 1)*y = " into the equation d <+ E-L-if +2z=8"%
dx- dx 2 dx
: . %y ~.dy _ ; g s , =
Hence solve the equation x- 13 + 2x(x + ?:}-hj + 2(x + 1)y = e™*, giving ¥ in terms of x.
dx® ¢

Solution:
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V= -/_r implies z = yxlorxty =z Express dz and kf in terms
Y= ; 2 ( dx-

, dy dz P L L5 O,

222 4 9y = U2 @ of == and —— respectively.

de " T @ de " de?

Also  x? d_-‘}: + 2% v . 2x dy +2y=92 ¢
dx? da de 7 dx?

The differential equation:

d?y d , ~ .
x2 "' + 2x(x + 2) Yy 2(x + 1)*y = €™ can be written
dx” dx ¥
[ d3y dy \ . L dy ' -
¥4+ dx—+2y|+[2=+dxy|+ xy=¢"
ey el Rl e i e
Using the results @ and @
d*z dz ) ="
== 4224 2zr=¢
dx? dx ¥
This has auxiliary equation
m+2m+2=0
-2+ ¢4 -8
=
’ 2
m=-1=*xi

z=¢ " (Acosx + Bsinx) is the complementary function
A particular integral of ¥ is z = Ae™
%=—Ae*’ and %=.&
Substituting into ¥
(A =24+ 2 )™ =¢™
A=1

g™

So z = e™ is a particular integral.
The general solution of ¥ is
z=e " {Acosx + Bsinx + 1)

But z = x%

Y

© Pearson Education Ltd 2C

'1_1- - - - - a - .
:_—) (Acosx + Bsinx + 1) is the general solution of the given differential equation.
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Exercise F, Question 9

Question:

Use the substitution z = sin x to transform the difterential equation

oy

dy . dy . : _ e . : .
Cos x—= + sin x— — 2y cos’x = 2 cos’ x into the equation — — 2y = 2(1 — 2°).
o dx dz*
_ dy . dy . S { : :
Hence solve the equation cos .1'—1-—__, + sin 'r_lf — 2y cos’x = 2 cos” x, giving ¥ in terms of x.
dx® ¢ i ;

Solution:

file://C:\Users\Buba\Desktop\further\Further Purathematics 2\content\sb\content...
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o et drmendias OF TSP 1 N - dy :
z = sinx implies Y4 = cosx Find = in terms of — and find
I dx dx dx
dy . dy d
dy _dy o 13 In terms of 2 and dy
dey dz ) C 7 7
dy d% . . dy .
And — = —= cosix — = sinx
dy? d#? 1z
a
= . Ty . dy q g
lhe equation cosx —5 + sinx—— — 2ycos'x = 2cos’x
clx- dx
d* L dy . dy Z
becomes cos*x _}, — cosxsiny — + cosxsinx s 8 2ycos’y = 2cos’x
dz* dz dz

Divide by cos’x gives:
d2y

—= — 2y = 2cos’x
7~ % = 2cos’x

=21-22% [as cos?’x = 1 — sinx =1 — 27

d..
First solve i A 2v=10
dz? :

This has auxiliary equation
m—2=0
m=xy2

=2z
'

The complementary function is y = Ae'* + Be

Lety = Az" + uz + vbe a particular integral of the differential equation ¥.

. dy d?y
hen D=oaz+p and S2=2
lhen i Az + @ an i A

Substitute into ¥

Then 24 = 2(A22 + pz + ») = 2(1 = 2

Compare coefficients of 2 =2A=-2 - A=1
Compare coefficients of z: =2 =10 R TR
Compare constants: 2A—2v=2 . pv=1(

2% is the particular integral.

The general solution of § is

y = Ae'® + Be™ 4 22,
But z = sinx

y = J__lLL.,-.EMII.r + Be-" S0X 4 gin?y

© Pearson Education Ltd 2C
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Exercise G, Question 1

Question:
- : ST _dy  dy
Find the general solution of the differential equation —5 + =~ +y =0
) dx®  dx
Solution:
d®y  dy | " JoT : .
=+ =+y=0 l'he auxiliary equation has complex
de? - dx roots and so the solution is of the
Auxiliary equation is form y = ™ (A cosgx + Bsin gx).

m+m+1=0
—1+yT—4
7

+ L3

2

m=

The solution of the equation is

y=¢e *|Acosx + Bsiniix |

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:
- : < e . diy dy
Find the general solution of the differential equation —5 — 12> + 36y =0
) dx- dx '
Solution:
d’y dy | .
'13.'”2 = lzd; +36y=0 The auxiliary equation has a repeated
¢ solution and so the solution is of the
The auxiliary equation is formy = (A + Bx)e™.

m = 12m+36=0
(m—6)72=0
m = 6 only
The solution of the equation is

¥y = (A + Bx)e™.

© Pearson Education Ltd 2C
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Exercise G, Question 3

Question:

= : . : < . d¥y
Find the general solution of the differential equation 1. -4 =
- -

Solution:
dy  4dy ~0
de?  dx

The auxiliary equation is
m? — 4m =0
mim—4) =0
m=0or4

The solution of the equation is
y = Ae™ + Be*

= A + Be®

© Pearson Education Ltd 2C

The nu.\'jliur}-‘ t-qu;!tiun
has two distinct roots,

but one of them is zero.

Pagel of 1
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Exercise G, Question 4

Question:

; ; ; d-y 5 . dy
Find y in terms of k and x, given that 1._ + k*y = 0 where k is a constant, and y = 1 and fr =]
' dx- d

atx = 0.

Solution:

dy ., = e .

de T ky=0 lhe auxiliary equation has

imaginary solutions and so the

The auxiliary equation is general solution has the form

g y=Acosax + Bsin ax. A and
B B can be found by using the
m= x ik boundary conditions.

The solution of the equation is

y = Acoskx + Bsinkx. [This is the general solution.|
But y=1whenx =0

1=A+0=A=1

y = coskx + Bsinkx

g—i = —ksinkx + Bkcoskx

ody : _
Also e 1l whenx =0
| =Bk=B=1

k

¥y = coskx + %sinkx.

© Pearson Education Ltd 2C
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Exercise G, Question 5

Question:

; 5 o : . dy  _dy ' _ dy

Find the solution of the differential equation — — 2= + 10y = 0 for whichy = 0 and == 3 at

de®  dx : dx

x =10

Solution:

d’y  2dy . = e

3 = LL + 10y =0 lhe auxiliary equation has

. : complex roots and so the

This has auxiliary equation general solution is of the form

r= e (Acos gx + Bsingx).

m*=2m+ 10 =0 el 0 gx)

=2.__'_L."_1‘_-4‘ﬁ
2

=1=*3i

m

The general solution of the equation is
¥ =¢e" (Acos3x + Bsin 3x)

As ¥y =0whenx =0,
0=A+0=A4=0

¥ = Be'sin 3x

dv
Y 3Be' cos 3x + Be'sin 3x
dx
vy

Also Y- Iwhenx =0
dx

3=38B+0=B=1

y = e*sin 3x is the required solution.

© Pearson Education Ltd 2C
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Exercise G, Question 6

Question:
LAy

3 i . . dy 3 ; . ;
Given that the differential equation Hx_— < 4:— + 13y = ¢* has a particular integral of the form

Le

ke* determine the value of the constant k and find the general solution of the equation.

Solution:
dy 4dy . :
e ].i_}f={sl *
de®  dx
First find the complementary function (c.f.): Use the fact that the general
| "t 9 solution = complementary
the auxihary equation s function + particular integral.
m—=4m+13=0 '
_4+16-52
s
=2=3i

Thect isy= e™ (Acos 3x + Bsin3x)
Let the particular integral (p.i.) be y = ke™

dy _ ., x diy _ .o
Then o 2ke and 2 dke,

Substitute in % to give
(4k — 8k + 13kje™ = ™
ie. 9ke™ = e*
k=1

The general solution of ® isy = c.f. + p.i.

[

i.€. ¥ = e™ (Acos3x + Bsin 3x) + je™.

© Pearson Education Ltd 2C
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Exercise G, Question 7

Question:

Given that the differential equation T2 Y= 4¢* has a particular integral of the form kxe*,

determine the value of the constant k and find the general solution of the equation.

Solution:

d? .

_‘}; —-y= 4pt *

dx*

First find the c.f. Use general solution = complementary

function + particular integral.

The auxiliary equation is
m-1=0

m= =1
The c.f. isy = Ae™ + Be™

Let the p.i. be y = kxe*

- dy :

T'hen —= = kxe* + ke
e e €

i2
EIE = kxe* + ke* + ke*

Substitute into .
Then kxe* + 2ke* — kxe* = 4e*
k=2
So the p.i. isy = 2xe*
The general solution is y = c.f. + p.i.
y = Ae* + Be™ + 2xe*.

© Pearson Education Ltd 2C
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Question:
iy dy

RE
The differential equation —5 — 4-—
1 dx dx

a Find the complementary function.

+ 4y = 4e™ is to be solved.

b Explain why neither Ae* nor Axe” can be a particular integral for this equation.

¢ Determine the value of the constant k and find the general solution of the equation.

Solution:
dy | dy :
= — 4 + 4y = de™ «
dx” de ¢
a First find the c.f.
The auxiliary equation is The auxiliary equation has a
7 s repeated root and so the c.f. is
m--=4m+4=0 . : ;
) of the form y = (A + Bx)e™.
(m-—=2¢=0
i.e. m =2 only

The c.f. isy = (A + Bx)e™
Iy Ty . . . . '.l""}" {.hnj
b Ae™ and Bxe™ are part of the c.f. so satisfy the equation T - 43 + 4y = 0.
dx?
The p.i. must satisfy %.
c Let y=kx'e™
dy

~ = 2kx%e™ + 2kxe®
dx

1 r o T3 3
SV = qkxe™ + dkxe®™ + 2kx X 20% + 2ke™

Substitute into %
(4kx? + 8kx + 2k — Bkx? — 8kx + 4kx2)e™ = 4e*

¥ 3.

2ke™ = 4e™
K=2
So the p.i. is 2x"e™
The general solution is y = (A + Bx + 2x%)e™,

© Pearson Education Ltd 2C
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Exercise G, Question 9

Question:

% ny : . d¥y : : ; i

Given that the differential equation ? + 4y = 5 cos 3t has a particular integral of the form
RTE

k cos 3t, determine the value of the constant k and find the general solution of the equation.

- : ; — — . dy
Find the solution which satisfies the initial conditions that when £ =0,y = 1 and HF = 2.

Solution:
d’y
=5 +t4y =3c0s3! *
der -
The p.i. is y = kcos 3¢ The auxiliary equation has imaginary roots
iy sothecf isy = Acoswt + Bsinwt. 't' is the
_T = —3ksin 3t independent variable in this question.
at
d*y .
—= = —Qk cos 3t
dt:

Substitute into %
Then —9kcos 3t + dkcos3t = 5cos 3t
—5kcos 3t = Scos 3t
k=—1

The p.i. is —cos 3t.

The c.1. is found next.

The auxiliary equation is m* + 4 = 0.

m= *2j

Thec.t.isy = Acos2t + Bsin 2t

The general solution is y = Acos2t + Bsin 2t — cos 3t

Whent=0,v=1 L l=A-1=A=2
dy , e
Eif = —2Asin 2t + 2Bcos2f + 3sin 3t
When t = 0, tii: =7 o 2=2R=R8=1

y = 2cos2t +sin2f — cos 3t

© Pearson Education Ltd 2C
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Exercise G, Question 10

Question:

2 o . . dly _dy ; : ;
Given that the differential equation ETT‘—: = E + 2y = 4x + e* has a particular integral of the

form A + px + kxe*, determine the values of the constants A, g and k and find the general
solution of the equation.

Solution:
d%y dy ;
—— — 3=+ 2y=4x +e" =%
dx- de &
PLisy=A+ ux + kxe™ Find the complementary function and add
by to the particular integral to give the general
oy ¥ ' 1 s =
- = u+ 2kre™ + ke solution.
dx ¥
Ll'jl'r' 3 P
1.1.’ = 2kx X 2e™ + 2ke™ + 2ke™
dx?

Substitute into .
Then (4kx + 4k)e™ — 3u — (6kx + 3k)e™ + 2A + 2ux + 2kve™ = dx + ™
ke™ + (2A — 3p) + 2ux = 4x + €™,
Equating coefficients of e™:  k = 1
w2u=4=sp=2
constants; 2ZA — 3u=0=>A=3
¥ =3 + 2x + xe™ is the particular integral.

The auxiliary equation for % is

m*—=3m+2=0
0
lor2

I

im—=2ym-=1)

m
The c.f. is ¥y = Ae* + Be™
The general solution is y = Ae" + Be™ + 3 + 2x + xe™.

© Pearson Education Ltd 2C
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Exercise G, Question 11

Question:
< . . s - , dy  _dy > = : ;
Find the solution of the differential equation 16— + 8-= + Sy = 5x + 23 for which y = 3
dx* dx '
dy . _ - ;
and h = 3 at x = (1. Show that y = x + 3 for large values of x.
[§
Solution:
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1627+ 8P 4 sy=5x+23  ©
dx= dx o ; . i
I'he particular integral is
The auxiliary equation is of the form y = Ax + p.
16m*+8m+5=0
-8 i =320
32
T, [ V=256
T 23
=T a1
= —1x1j

The cf.isy = e+ (Acossx + Bsinix)
Let the p.i. bey = Ax + p.

L1 &y
dx G
Substitute into @

= {)

BA + 5Ax + 5u=5x + 23
Equate coefficientsofx: . SA=5=A=1
constant terms: A+ S5p=23=>pu=3
Thepi.isy=x+3
The general solution is ¢.f. + p.i.

e y=e ¥ (Acosix + Bsingx) +x + 3,

As  y=3 whenx=0
A=A43=4A=0
y = Be *sin x+x+3
dy Y _1
s i ElBe *cosgx — tBe singx + 1
dy
As ——~=3whenx =10
: o

=3B+1=B=4
y= -Ilf:'i"ﬁin%x +x+3
Asx —o0,e ¥ —=0; . y—=x+3
y =x + 3 for large values of x.

© Pearson Education Ltd 2C
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Exercise G, Question 12
Question:
dy

E : g . . dey
Find the solution of the differential equation l':" L
dx?

— 6y = 3 sin 3x — 2 cos 3x for which
dx b

y = 1 atx = 0 and for which y remains finite for large values of x.

Solution:
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dy d : :
dx-;—cg—(w=35m3x—2::033,1: *

The auxiliary equation is

m—m—-6=0
im=31m+2)=0
m=3o0r—-2

The ¢.f.is y = Ae® + Be ™.

Let the particular integral be y = Asin3x + pcos 3x.

Then = 3Acos3x — 3usin 3z
dx
l_’
Y = —9xsin3x - 9ucos 3x
dx

Substitute into  #%

Then —9Asin3x — 9ucos3x — 3Acos3x + 3usin3x — 6Asin3x — 6pcos 3x

= 3s5in3x — 2Zcos 3x.
Equate coefhicients of sin 3x:
-9A+3u—-6A=3 ie 3Ju—15A=3

Equate coefficients of cos 3x:

-9 —3A-6pu=-2 ie. -—-15u-3A=-2

i

Solve equations @ and @ to giveA = — - = TI,

3
Pl isy = + (cos 3x — sin 3x)
The general solution is
y = Ae™ + Be ™ + 1 (cos 3x — sin 3x)
Asy=1whenx=0,1 =A+B+:
A+B =2
As y remains finite for large values of x,
A=0D
g=3

£}

i3

+ 1 (cos 3x — sin 3x)

l}r s ﬁ e
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The particular inegral is
¥ = Asin3x + pcos 3x.
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Exercise G, Question 13

Question:

2 ;
Find the general solution of the differential equation {-‘:r-'-? + 2-‘—%} + 10x = 27 cos t — 6 sin L.
dr C

The equation is used to model water flow in a reservoir. At time t days, the level of the water

above a fixed level isxm. When t = 0, x = 3 and the water level is rising at 6 metres per day.

a Find an expression for x in terms of f.

b Show that after about a week, the difference between the lowest and highest water level is
approximately 6 m.

Solution:
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a

b

2
?I_tf-i- 2?1_-:74. 10x = 27 cost — 6sint %

The auxiliary equation is
m +2m+10=0

-2+ v4 - 40
2

= —1=*3i

m=

The c.f.isx = e™' (A cos3t + Bsin 3t)

Thepi.is x = Acost + psint

% = —Asint + pcost
2
g—rf = —Acost — psint

Substitute into %

Page2 of 2

—Acost — usint — 2Asint + 2ucost + 10Acost + 10usint = 27 cost — 6sint

Equate coefficients of cost:  9A + 2u = 27
sint:  9u — 2A = —6.
Solve equations @ and @ to give A = 3, u = 0.

The p.i.isx = 3 cost.

The general solution isx = 3cost + e (Acos 3t + Bsin 3t)

But x=3whent=0: - 3=3+A=A4=0

x=3cost+ Be "sin 3t
dr _
dt

o &
WImnr—D,dt 6

6=3B=B=2

x = 3cost + 2e'sin 3t

After a week t =~ 7 days. .. e '—0.
x = 3jcost

The distance between highest and lowest water level is 3 — (—3) = 6m.

© Pearson Education Ltd 2C

—3sint + 3Be "cos 3t — Be 'sin 3t

In part b if tis
large, then e™" — 0.
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Exercise G, Question 14

Question:

a Find the general solution of the differential equation
d%y dy
¥+ 4x— + 2y = Inx, x>0,
dx= dx '

using the substitution x = ¢*, where u is a function of x.

Pagel of 2

b Find the equation of the solution curve passing through the point (1, 1) with gradient 1.

Solution:
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a letx = €' then dx _ o
du
dy _dy  dx _ .dy_ dy B dy
o= W M = el Y = : = e
and & du e e xd.r Find o in terms of x and o and show
2 2
dy _de, dy, 4y dx that 3Y =¥ Z::1:hm substitute
dir  du dx de? * du du? d.r d;r
dy d2y into the differential equation.
=x-=+ x> —=
dx dax?
x2§:y+4x{(g+2y Inx_:-::_y"}- “izll‘?:+2y— Inx =u =
The auxiliary equation is
m>* +3m+2=0
(m+2)yim+1)=0
= m=-1or-2
The c.f.isy = Ae™ + He‘z"
&y _
Let th be An + =(
ctthepl. bey = Au P’_}du " di?

Substitute into %
A+ 2 u+2pu=u
Equate coefficients of : 2A=1= A =1

constants: 3A+2u=0 . w= —'f

The p.i.isy = u -3

The general solution isy = Ae™ + Be™" + Ju — 3,
Butx = e" — u = Inx.

_]=1

2_ 1
Eande - =

xZ

Alsoe ™ =x U= 2

The general solution of the original equation isy = 2 + % +3lnx - 3.
; x x

bButy-]“hen =1

1==-A=-2B+3=A+2B=—} @

Solve the simultaneous equations @ and @ to give B = =2} and A = 4.

. SR

The equation of the solution curve described isy = e 3

] _— =
+§lnx r
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Exercise G, Question 15

Question:

dy ; . . X Ll

d:l_ + ¥y cos® x = cos® x e"*, by putting z = sin x, finding the
dy
dx

. . d¥y

Solve the equation —5 + tan x
dx

solution for which vy = 1 and =Jatx =0,

Solution:
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o dz _ gy el
= e ~ =L ¥
Z =sinx & cosx and T COSX
dZy _  dy d% _ dz
dT— _ESIHLK‘FCOSQ‘:@XE
2
. $51nx+ cos? xdy
dz dz?
2 .
c g+ tanx j—i + ycos?x = cos?x e"* ¥
d?y dy dy
) = + bt R 2 29 = cOS2x €7
= COS xdzz sinx o tanx cosx P Y COS*X = COS“X €
d2y .
= — 4y =g %
dz? Y

The auxiliary equation is m* + 1 = 0 = m = =*i

Thecf.isy = Acosz + Bsinz

dy _ d’y _
The p.i.isy = Ae’ :a‘d = Ae’ and — 02 = A€’

Substitute in % to give
20’ =" > A=
The general solution of ®# isy = Acosz + Bsinz + %ez.

The original equation ¥ has solution

sinx

y = Acos(sinx) + Bsin (sinx) + le

2
But y=1whenx =0

ee 1 |
1=A+1ls4=1

e cosx (—Asin (sinx)) + cosx(Bcos (sinx)) + %cosxe“”x
dy
As —===3wh =0
S when x
. 1 2wyl
3=B+;=>B=2;

y = 3cos (sinx) + 3 sin (sinx) + 1 e
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