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Proof by mathematical induction
Exercise A, Question 1

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .

N
> r==n(n+1)
2

r=1

Solution:
1

n=1LHS =Y r=1
r=1

RHS = %(1)(2) =1

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk
K1
ie. > r=Zk(k+1).
r=1 2

With n = k+ 1terms the summation formula becomes:

k+1
S =1+2+3+=+k+(k+1)
r=1
1
= Sklk+ )+ (k+1)
:%m+nm+a
:%(k+l)(k+l+l)

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it iosvn to be true fon=k+ 1 . As the result is truedcr 1 tisinow
also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 2

Question:
Prove by the method of mathematical induction ftlewing statement fon 0 z* .

3-102049)2

Ms>

r

ENE

1

r

Solution:

1
n=1;LHS = Y ri=1
r=1
1,2.2 1
RHS ==(1)°(2)"==4)=1
;W2 =2
As LHS = RHS, the summation formula is true for 1
Assume that the summation formula is truerferk
K 1
ie. Y r3= Zk2(k+1)%.
— 4
r=1
With n = k+ 1terms the summation formula becomes:
k+1
> r3 =B +2%4 334> +k3+ (k+1)°
r=1
= %kz(k +1)2+(k+1)°

(k+ 1)2[k2 +A(Kk+ 1)}

E N N e N e Y

(k+ 1)4(K2 + 4k + 4)

(k+1)%(k+2)?

(k+1)4k+1+1)2

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerior 1 tisinow
also true for aln = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 3

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .
d 1
Sr(r-1)= 5n(n+1)(n—1)
r=1
Solution:
1
n=1LHS = > r(r-1)=1(0)=0

r=1

RHS = %(1)(2)(0)= 0

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk
K 1
ie. Yr(r-1)= Skk+ DK-1).
r=1

With n = k+ 1terms the summation formula becomes:

kilr(r ~1) =1(0)+2(1)+ 32+ = +k(k-1) + (k+ 1)k
- :%k(k+ 1)k~ 1)+ (k+ 1k

- %k(k+ D(k-1)+3]

- %k(k+ Dk +2)

- %(k+ Dk +2)k

= %(k+1)(k+1+1)(k+1—1)

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerffior 1 tisinow
also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 4

Question:

Prove by the method of mathematical induction fttiewing statement fon 0 z* .
(1x6)+(2x7)+ (3% 8)+ > +n(n+5) = %n(n+1)(n+8)

Solution:

n
The identity(1 x 6) + (2x 7) + (3x 8+ = +n(n +5) = %n(n +1)(n+8) can be rewritten a3 r(r +5) = %n(n +1)(n+8)
r=1

1
n=1LHS = Y r(r+5)=1(6)=6
r=1

_1 R
RHS = 2(1)(2)(9)= 5(18)=6

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

k
ie. Z r(r+5)= %k(k+ 1)(k +8).
r=1

With n = k + 1terms the summation formula becomes:

k+1
Zr0+® =1(6)+2(7)+3(8)y+ = +k(k+5) + (k + 1)(k + 6)
r=1

k(k+1)(k+8)+ (k+1)(k+6)

= Z(k+ DIk(k + 8) + 3(k +6)]

wlrk wlk

=Lt 1f K2+ 8k + 3+ 18]

wlkrwlFwFEwlFeow

(k+ 1)[|<2+ 11k + 18}

k+1D)k+9)k+2)

(k+1)(k+2)(k+9)

(K+1)(K+1+1)k+1+8)

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it ®wvn to be true fon =k +1 . As the result is truedor 1 tisinow also
true for alln = 1andn 0 Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 5

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .

n
> r@Er-1)= n2(n+1)
r=1

Solution:

1
n=1LHS =Y r@r-1)=1(2)=2
r=1
RHS =2(2)=(1)(2)=2

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

k
ie. Y r(3r -1) = k%(k + 1).
r=1

With n = k + 1terms the summation formula becomes:

kilr(Sr —1) =1(2)+2(5)+3(8) = +k(3k - 1) + (k+ 1)(3K + 1) - 1)
r=1

=kqk+1)+ (k+1)(ZK+3-1)

= k2(k+ 1)+ (k+1)(3K+2)

=(k+ 1)[k2+3k+2}

=(k+1)Kk+2)k+1)

= (k+1)°(k+2)

= (k+1)%(k+1+1)

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerior 1 tisinow
also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 6

Question:
Prove by the method of mathematical induction fttiewing statement fon 0 z* .

1

n
S -1P°= En(4n2 -1)

r=1
Solution:

1
n=LLHS = Y @r-1P=¥=1
r=1

I DROIUNEE DU
RHS = Z(1)(4-1)= (1)@3)=1

As LHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk
K 1 1
ie. Y (2r - 1)? = Zk(ak?- 1) = Zk(2k + 1)(2K - 1).
r=1 3 3
With n = k+ 1terms the summation formula becomes:
k+1
Y @ -1 =2 +F+54 2 +2k- 12+ (2K +1) - 1)

r=1

- %k(4k2— 1)+ (2k+2-1)

= %k(4k2— 1)+ (2k+1)?

= LK+ 1) (2 - 1)+ 2k + 1)
(2K+ 1)[k(2Kk— 1) + 3(2 + 1)]
(2K + 1)[2k2— K-+ 6k + 3]

(2K + 1)[2k2+ 5k + 3}

(2k+1)(k+1)(2k +3)

(k+1)(2k+3)(&k+1)

(k+1)2k+1)+1[2(k+1)-1]

wWlkRPrWwPFRPWIFPWIPWIRPWIRFPWIFP®

(k+ 1)[4(k +1)2- 1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it losvn to be true fon =k+1 . As the result is trueder 1 tisinow also
true for alln = 1andn 0 Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 7

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .

n
Y=o
r=1

Solution:

1
n=1;LHS = Y 2" =2'=>
r=1
RHS =22-2=4-2=2
As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk
k
ie. > 2 =212
r=1

With n = k + 1terms the summation formula becomes:

+
kzlzr R S S (S
r=1

— 2k+l_ 24+ 2k+l

=2 -2

— 2](2k+1) -2

=k+l_o

ZokHI+l_,

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerffior 1 tisinow
also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 8

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .

Z”:4r-1_ AN-1
r=1 3

Solution:

1
n=1;LHS = Y 4 1=4=1
r=1

4-1

RHS = —— =1
3

wlw

As LHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk

4-1

k
ie. Y 471= .

r=1

With n = k+ 1terms the summation formula becomes:

k+1
z 4r—1 :40+41+42+ > +4k—1+4k+1—1
r=1

A W)
3 3
K143
- 3
_4d)-1
T3

K

Aa9-1
3

~ 4k+1_ 1
3

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerior 1 tisinow
also true for aln = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 9

Question:

Prove by the method of mathematical induction ftlewing statement fon 0 z* .

n

Sr(ry=(+1)!-1

r=1

Solution:
1

n=1LHS = > r(r)=1(1H=1(1)=1
r=1

RHS =2!-1=2-1=1
As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

k
ie. Y r(r!) =(k+1)!-1.
r=1

With n = k+ 1terms the summation formula becomes:

k+1
dDor(rl) =1@H+22N)+3@ N+ = +k(k!) +(k+1)[(k+1)1]
r=1
=(k+1)!-1+k+1)[(k+1)
=k+1)I+(k+1)[(k+1)1]-1
=(k+1)![1+k+1]-1
=(k+1)!I(k+2)-1
=(k+2)!-1
=(k+1+1)!-1

Therefore, summation formula is true wheak + 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerfior 1 tisinow
also true for aln > 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise A, Question 10

Question:
Prove by the method of mathematical induction fttiewing statement fon 0 z* .

2n 1
3 r?=2n(@n+1)@n+1)
r=1

Solution:

2
N=1;LHS = Y r?=2+22=1+4=5
r=1

_1 1o
RHS = Z(1)3)(5)= (15)=5

As LHS = RHS, the summation formula is true foe 1

Assume that the summation formula is truerferk

2k 1
ie. Y r?= SK(@k+ 1A+ ).
r=1

With n = k+ 1terms the summation formula becomes:

2k+1)  2k+2
r2= > 2 =12+ 224 P > k24 (2k+ 1)2 + (2k + 2)
r=1 r=1
= i+ 1)+ 1)+ 2K+ 1)+ 2K+ 2)
3

= %k(Zk +1)(4k+ 1) + 2k + 12 + 4k + 1)

= %(Zk +1)[k(4k+1)+3(2k+ 1) +4Kk+ 1)2

= Lo+ 1)K+ 7k + 3] + 4+ 12

WlkRPrWwPFRPWIPFPWIPWIRFEWIPRP®

(2K + 1)(dk + 3)(k + 1) + A(k + 1)°
(k+ 1)[(2k + 1)(4k + 3) + 12k + 1)]

(k+ 1)[8k2+ 6k + 4k + 3+ 12k + 12]

(k + 1)[8K2 + 22k + 15]

(k+1)(2K+3)(4 +5)

(k+ )2+ 1)+ 1][4k+1)+1]

Therefore, summation formula is true whenk + 1

If the summation formula is true far=k , then it lo8vn to be true fon =k+1 . As the result is truedoer 1 tisinow also
true for alln = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 1

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .

8" - 1is divisible by -

Solution:

Letf(n) =8" -1, wheren O Z" .

0 f(1) = 81— 1 = 7, which is divisible by 7.
O f(n) is divisible by 7 whem =1 .
Assume that fon=k ,

f(k) = 8K - 1is divisible by 7 fok 0 Z* .

0 f(k+1) =g+l-1

=gkg-1
=g -1
O f(k+1)-f(k) =[8(8)-1]-[8%-1]
=8(@E)-1-8+1
=789

0 f(k+ 1) = f(k) + 7(8

Pagel of 1

As both fk) and7(8k) are divisible by 7 then the sum of thesetevms must also be divisible by 7. Thereforg f§

divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shokat f(n) is also divisible by 7 whem=k+1 . Asniis

divisible by 7 whem = 1, f(n) is also divisible by 7 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 2

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .

3" - 1is divisible by ¢
Solution:
Letf(n) =32 -1, wheren O Z* .
0 f(1) = 32 - 1=9-1=8 which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k
f(k) = 3% - 1is divisible by 8 fok 0 z* .
0 f(k+1) =KD 1

=2

=2

= 9@y -1

0 f(k+1)-f(k) =[9(3)-1]-[3%-1]
9@y -1-3+1
= 8(3)

O f(k + 1) = f(k) + 8(3%)

Pagel of 1

As both fk) and8(32k) are divisible by 8 then the sum of thesetevms must also be divisible by 8. Thereforg f§

divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been sholat f(n) is also divisible by 8 whem=k+1 . Asniis

divisible by 8 whem = 1, f(n) is also divisible by 8 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 3

Question:
Use the method of mathematical induction to prinesfollowing statement fard z* .
5"+ 9" +2is divisible by
Solution:
Letf(n) =5"+9"+2, wheren DO Z" .
0 f(1) =5+ 9+ 2 = 5+9+2 = 16, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .
Assume that fon=k ,
f(k) = 5K + 9¥ + 2is divisible by 4 fok 0 z* .
0 f(k+1) =51k le2
=55 +okdt+2

=55 +9(d) +2

O f(k+1)—f(k) = [5(5%) +9(dK) +2] - [5% + 9K + 2]
=505 +9(d) +2-5K-gK-2
= 45) +8(d)
= 4[5 +2(9)9

0 f(k+ 1) = f(k) + 4[5% + 2(9)]

As both fk) and4[5k + 2(9)k] are divisible by 4 then the sum of thesetewmms must also be divisible by 4. Therefore f
(n) is divisible by 4 whem =k+1 .

If f(n) is divisible by 4 whem =k , then it has been sholat f(n) is also divisible by 4 whem=k+1 . Asniis
divisible by 4 whem = 1, f(n) is also divisible by 4 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 4

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .

2*" _ 1is divisible by 1!

Solution:

Letf(n) =2*" -1, wheren D0 Z* .

0 (1) = 2*M -1 = 16-1 = 15 which is divisible by 15.
O f(n) is divisible by 15 when=1 .

Assume that fon=k

f(k) = 2* - 1is divisible by 15 fok 0 z* .

0 f(k+1) =286
_ oAk

=2k A1
=16(2%) -1

0 f(k+1)—f(k) =[16(2%)-1]-[2% -1]
=16(F*)-1-2%+1

= 15(8)

O f(k+1) = f(k) + 15(&)

Pagel of 1

As both fk) and15(é<) are divisible by 15 then the sum of thesetevms must also be divisible by 15. Therefong i

divisible by 15 whem =k +1 .

If f(n) is divisible by 15 when=k , then it has been shdwat f(n) is also divisible by 15 when=k + 1
divisible by 15 whein = 1, f(n) is also divisible by 15 for an > 1andn 0 z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 5

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .

#""14 1is divisible by -
Solution:

Letf(n) =321+ 1, wheren O Z* .

0 (1) = M1+ 1 =3+1=4, which is divisible by 4.
O f(n) is divisible by 4 whem =1 .

Assume that fon=k ,

f(k) = 31+ 1is divisible by 4 fok 0 Z* .

0 f(k+1) =32& D149
- @k+2-1,
=3%1x24q
= 9(32k_1) +1

0 f(k+1)-f(k) = [9(32‘“1) + 1} —[32‘“1 + 1}
9(32"‘1) +1-3%1_q
= 8(32"‘1)

0 f(k+1) = f(K) + 8(32k‘1)

Pagel of 1

As both fk) and8(32k‘1) are divisible by 4 then the sum of thesetevmms must also be divisible by 4. Thereforg f§

divisible by 4 whem =k +1 .

If f(n) is divisible by 4 whem =k , then it has been shokat f(n) is also divisible by 4 whem=k+1 . Asniis

divisible by 4 whem = 1, f(n) is also divisible by 8 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 6

Question:

Use the method of mathematical induction to préwesfollowing statement for 0 z*
n3+6n2 + 8nis divisible by :

Solution:

Letf(n) =n3+6n2+8n, wheren>1 and 0 z* .

O (1) = 1+6+8 =15 which is divisible by 3.

O f(n) is divisible by 3 whem =1 .

Assume that fon=k ,

f(k) = k3+ 6k + 8k is divisible by 3 fok 0 Z* .

0 f(k+1) =(k+1)3+6(k+1)>%+8(k+1)
= k3+ 3k2+ 3k + 1+ B(k2+ 2k + 1)+ 8(k + 1)
=k3+3k2+3k+1+6k%+12k+6+8k+8
= k3+ k2 +23k+ 15

O f(k+1)—f(k) = [k3+9kZ+ 23k + 15] - [k3+ 6k2 + 8K]
= 3k2+15k+ 15
= 3(k2+5k +5)

0 f(k+1) = f(k) +3(k2+5k+5)

Pagel of 1

As both fk) and3(k2+ 5k+5) are divisible by 3 then the sum of thesetewms must also be divisible by 3.

Therefore ff) is divisible by 3 whem=k+1 .

If f(n) is divisible by 3 whem =k , then it has been shokat f(n) is also divisible by 3 whem=k+1 . Asnis

divisible by 3 whem = 1, f(n) is also divisible by 3 for an = 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 7

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .
n3+5nis divisible by |

Solution:

Letf(n) =n3+5n, wheren=1 and 0 Z* .

O f(1) = 1+ 5= 6, which is divisible by 6.

O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = k3+5k is divisible by 6 fok 0 Z" .

0 f(k+1) = (k+1)%+5(k+1)
=k3+3k2+3k+1+5(k+1)
=k3+3k2+3k+1+5k+5
=k3+3K%+8Kk+6

O f(k+1)-f(k) =[k3+3k?+8k+6] - [k>+5k] Letk(k+1)=2mmOZ", as the
— 32+ 3K+ 6 product of two consecutive integers

must be even.
=3k(k+1)+6

=3(2m) +6
=6m+6
=6(m+1)

O f(k+1) =f(k) + 6(m+ 1).

As both fk) andé(m+ 1) are divisible by 6 then the sum of thesetevms must also be divisible by 6. Thereforg f§
divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been sholat f(n) is also divisible by 6 whem=k+1 . Asniis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise B, Question 8

Question:

Use the method of mathematical induction to prinesfollowing statement fard z* .

2".3" — 1is divisible by 1

Solution:

Letf(n) =2".3" -1, wheren 0 Z* .

0 f(1) = 223W -1 =2(9)- 1 = 18- 1= 17, which is divisible by 17.
O f(n) is divisible by 17 when=1 .

Assume that fon=k

f(k) = 2€.3 - 1is divisible by 17 fok 0 Z* .

0 f(k+1) =212k _q
= XME) B2 -1
= X3 ©)-1
=18(X ) -1

0 f(k+1)—f(k) = [18@(.32'() - 1} —[2".32" - 1}
=18(X ) -1-K 341
= 17(*. 3

0 f(k+ 1) = f(k) + 17(%.3%)

Pagel of 1

As both fK) and17(i<.32k) are divisible by 17 then the sum of thesetevms must also be divisible by 17.

Therefore f) is divisible by 17 when=k+1 .

If f(n) is divisible by 17 when=k , then it has been shdwat f(n) is also divisible by 17 whem=k + 1
divisible by 17 whem = 1,f(n) is also divisible by 17 fdrm> 1andn 0 Z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 9

Question:
fn)=13"-6" noz*.
a Express fok 0 Z" f(k+1)-6f(k) in terms &f simplifying your answer.

+

b Use the method of mathematical induction to pritnae f(n) is divisible by 7 for aln 0 Z™.

Solution:
a

flk+1) =131+l
=1¥1d-é¢d
=13(1%) - 6(69

0 f(k+ 1) - 6f(k) = [13(1?5) - e(ek)} - e[1é< - sk}

= 13(1%) - 6(64) - 6(1F) + 6(6)
= 7015

bf(n)=13"-6", wherenO Z* .

O f(1) = 13" - 6" = 7, which is divisible by 7.
O f(n) is divisible by 7 whem =1 .
Assume that fon=k

f(k) = 13 - 6 is divisible by 7 fok 0 z* .

From (a)f(k + 1) = 6f(k) + 7(1%)

Pagel of 1

As bothé6f(k) anc?(l’ok) are divisible by 7 then the sum ebéhtwo terms must also be divisible by 7. Theedfo) is

divisible by 7 whem =k +1 .

If f(n) is divisible by 7 whem =k , then it has been shdhaif(n) is also divisible by 7 wher=k+ 1
by 7 whem =1 f(n) is also divisible by 7 foralb 1 amd Z* y mathematical induction.
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Proof by mathematical induction
Exercise B, Question 10

Question:
g =5"-6n+8n02Z".
a Express fok 0 Z" g(k+1)-25gk) in terms & simplifying your answer.

b Use the method of mathematical induction to pritna gn) is divisible by 9 for aln 0 Z*.
Solution:
a

gk+1) =52K*D _gk+1)+8
=K 2 _6k-6+8
= 25(5K) - 6k + 2

0 g(k+1)-25gK) = [25(52") — 6k + 2} - 25[52k —6k+ 8}

= 25(5K) - 6k + 2 - 25(5) + 150k — 200
= 144-198

b
g(n) =5""-6n+8 wheren 0 Z" .

0 g(1)=5° - 6(1)+8 = 25— 6 + 8 = 27, which is divisible by 9.
O g(n) is divisible by 9 whem =1 .

Assume that fon=k

g(k) = 5% - 6k + 8 is divisible by 9 fok 0 Z* .

From(a), gk+1) =25gk) +144n- 198
=25gK) +18(&h—11)

As both25gk) and8(&h-11) are divisible by 9 then the sum esthtwo terms must also be divisible by 9. Theeefor
g(n) is divisible by 9 whem =k +1 .

If g(n) is divisible by 9 whem =k , then it has been shdahatg(n) is also divisible by 9 when=k+1 . A¢) is
divisible by 9 whem = 1 g(n) is also divisible by 9 fdfr a> 1andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise B, Question 11

Question:

Use the method of mathematical induction to prénaes" - 3" is divisible by 5 for aln 0 Z".

Solution:

f(n) =8"-3", wheren0 2" .

O f(1) = 8t -3 = 5 which is divisible by 5.
O f(n) is divisible by 5 whem =1 .
Assume that fon=k ,

f(k) = 8¢ - 3¢ s divisible by 5 fok 0 z* .

O f(k+1) =gtlogk+l
=gkgl-3 3
= 8(8) -3(3)

0 f(k+1)-3f(k) = [8(8“) - 3(é<)J - 3[8" - 3"}

= 8(8) - 3(F) - 3(84) + 3(F)
= 5(&)

From (@) f(k + 1) = f(k) + 5()

As bothf(k) ands(sk) are divisible by 5 then the sum ekthtwo terms must also be divisible by 5. Theefa) is
divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shdhaitf(n) is also divisible by 5 when=k+1 . A®) is divisible
by 5 whem =1 f(n) is also divisible by 5 for alb 1 amd zZ* y rhathematical induction.
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Proof by mathematical induction
Exercise B, Question 12

Question:
Use the method of mathematical induction to prmm32”+2 +8n-9is divisible by 8 for aln 0 Z*.
Solution:
f(n) = 322 +8n-9, wheren 0 Z* .
0 f(1) =PW*2481)-9
-9 +8-9=81-1 =80 Which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,
f(k) = 3%*2 + 8k - 9iis divisible by 8 fok 0 Z* .

flk+1) =32& D281+ 1)-9
= @K 22 g+ 1) -9
=32 (21 gk+8-9
=9 +gk-1

0 f(k+1)-f(k) = [9(32'”2) +8k- 1} —[32'”2 +8k- 9}

=9(@*2) +gk-1-3%+2_gk+9
=8P *?)+8

= 8[32“2 + 1}
0 f(k+1) = f(k) + 8[32'“2 + 1}

As bothf(k) and{32k+2 + 1} are divisible by 8 then the sum ekthtwo terms must also be divisible by 8. Theesfoj
is divisible by 8 whem =k+1 .

If f(n) is divisible by 8 whem =k , then it has been shdhaitf(n) is also divisible by 8 whern=k+1 . A®) is divisible
by 8 whem =1 f(n) is also divisible by 8 foralb 1 amd Z* y mathematical induction.
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Proof by mathematical induction
Exercise B, Question 13

Question:

Use the method of mathematical induction to pran2®" + 3°"~2 is divisible by 5 for aln 0 .
Solution:

f(n) = 26"+ 322 wheren 0 7+ .

0 (1) = 28M+ 32M-2 = 6 4 P = g4+ 1 = 65 which is divisible by 5.

O f(n) is divisible by 5 whem =1 .

Assume that fon=k ,

f(k) = 25K + 3%=2js divisible by 5 fok 0 Z* .

0 f(k+ 1) - 26(k+l)+32(k+1)—2
— 26k+6 + 32k+2—2

= F() + P(7?)
= 64(2%) + o2

0 f(k+1)—f(k) = [64(26k) + 9(32‘“2)} - [26'< + 32k‘2}
6 4(26k) N 9(32k—2) _ ok _ g2
= 63(2%) + 832
= 63(2%) + 63(3%~2) - 55(3*2)
_ 6{26k . 32|<—2} _ 55(32k—2)
O f(k+1) =f(k)+ 6:{26k N 32k‘2} - 55(32"‘2)
= f(K) + 63f(k) - 55(32k‘2)

= 64f(K) - 55(32'<‘2)
0 f(k+1) = 64f(k) - 55(32'<‘2)
As both 64f k) and—55(32k‘2) are divisible by 5 then the sum of thesetemms must also be divisible by 5. Therefore
f(n) is divisible by 5 whem =k +1 .

If f(n) is divisible by 5 whem =k , then it has been shdhaif(n) is also divisible by 5 whern=k+1 . A®) is divisible
by 5 whem =1 f(n) is also divisible by 5 for ale 1 amd zZ* y rhathematical induction.
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Proof by mathematical induction
Exercise C, Question 1

Question:

Given thatu,1 = 5u, +4, Uy =4, prove by induction that=5" -1
Solution:

n=1u= 5-1=4, as given.

n =2 uy =5 -1 =24, from the general statement.

anduy = 5w +4 = 5(4) + 4 = 24, from the recurrence relation.
Souy, is true when =1 and also true when?2

Assume that fon=k thaty =5-1 is true fior z*

Then uq =5u+4
=5(s-1) +4

=5*1-5+4
=5l

Therefore, the general statementz 5" - 1 is true whek + 1

If unis true whem =k , then it has been shown that 5" -1 alds true whem=k+1 . As, istruefor=1 and 2
thenu, is true for ath>1 and0z* by mathematical indoicti
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Proof by mathematical induction
Exercise C, Question 2

Question:

Given thatly,1 = 2u, +5, i = 3, prove by induction that=2"*2 -5

Solution:

n=1u=2*2-5=8-5=3 as given.

n=2up= 2*-5=16-5=11, from the general statement.
andu, = 2u; +5=2(3)+5 = 11, from the recurrence relation.
Sou, is true when =1 and also true when?2

Assume that fon=k thaty = 2*2-5 s true fior Z*

Thenugq =2u+5
= 2(2"‘“2 - 5) +5

=2k*3_10+5
_k#1+2

Therefore, the general statemegtz 2"*2 -5 is true wheR + 1

If unis true whem =k , then it has been shown that 2"*? -5 alde true when=k+1 . As, istruefo=1 and
n=2, thenu, istrue forah =1 and0Zz* by mathematical inihrc
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Proof by mathematical induction
Exercise C, Question 3

Question:

Given that,,1 = 5u, -8, iy = 3, prove by induction thaf=5""1+2
Solution:

n=1u=51+2=1+2=3 as given.

n=2up= 5 14+2=5+2=7, from the general statement.

andu, =5u -8 =5(3)-8 =7, from the recurrence relation.

Sou, is true when =1 and also true when?2

Assume that fon=k thaty, =5"1+2 s true for z*

Then ugq, =5u—8
- 5(5"‘1+ 2) -8
=11, 10-3

=542
_ k11, o

Therefore, the general statemeptz 51 +2 is true wheR + 1

If unis true whem =k , then it has been shown that5" 1 +2 alds true when=k+1 . As, istruefor=1 and
n=2, thenu, istrue forah>1 and0Zz* by mathematical inihrc
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Proof by mathematical induction
Exercise C, Question 4

Question:

n _
Given thatu,+1=3u,+1, up =1, prove by induction thaf= %

Solution:
n:],ulz%:zzlasgiven.
n=2upy= Tl = % = 4, from the general statement.

anduy, = 3w +1=3(1)+1 =4, from the recurrence relation.

Sou, is true when =1 and also true when?2

K _
Assume that fon=k thaty = % is true flor) Z*

Thenug+1 =3u+1

:{§_1+1
2
_(3@3)-3 L2
- 2 2

_ o342
2
Fg

2

N-1

Therefore, the general statement: is true wheR + 1

n_
If upis true whem =k , then it has been shown that % alss true when=k+1 . Ag, istruefo=1 ame2
thenu, istrue forath>1 andOZz* by mathematical indoiati
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Proof by mathematical induction
Exercise C, Question 5

Question:
Given that,+o = 5up41-6Uny, =1, up=5 prove by induction that= 3" - 2"
Solution:
n=1u= 3-2'=3-2=1 as given.
n=2uy=3-22=9-4=5 as given.
n=3 uz= 3°-28=27-8=19, from the general statement.
andug = 5u, - 6uy = 5(5) - 6(1)

=25-6 =19, from the recurrence relation.
Sou, istrue when=1n=2 and also true when3
Assume that fon=k and=k+1 ,
bothy, = 3 - 2€ andy . = - 2%*1 are true farD z*

Then uc+p = SUc+q~6U

o
+
=
|
3]
N
=~
+
=
|
N
—
>
—_
g
~—
+
W
—
.
—_
N
ES
~=

Therefore, the general statementz 3"-2"  is true whek + 2

If uyis true whem=k and=k+1 then it has been shownupat3" - 2" is also true when=k+2
n=1,n=2andn =3, them, istrueforal>1 amdlz" by mathemaiicdliction.
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Proof by mathematical induction
Exercise C, Question 6

Question:

Given thatin,» = 641 - 9uy,, U= -1, Uy =0, prove by induction that= (n-2)3"*
Solution:

n=1u=(1-23"1=(-1)1)=-1, as given.

n=2uy=(2- 2)32_1 = (0)(3)=0, as given.

n=3uz=(3-2)3 1= (1)(9)= 9, from the general statement.

and uz =6uy—9u =6(0)—9(-1)
=0--9 =9, from the recurrence relation.

Sou, istrue when=1,n=2 and also true wnen3
Assume that fon=k anad=k+1 |,

bothy, = (k-2)3&1

andug,; = (k+1-2)F11 = k- 1)F are true fk O z* .

Then Ugrp = 6Us1 -
= 6((k - 1)3“) - 9((k - 2)é“1)
=6(k- 1)(3“) - 3(k- 2).3(3“‘1)
=6(k- 1)(3*) - 3(k- 2)(3‘<‘1+1)
=6(k- 1)(é<) ~3(Kk- 2)(3'<)

- (3k)[6(k ~1)-3(k-2)]
- (3k)[6k— 6-3k+6]

= 3k(¥)

_ k(3k+1)

= (k+2-2)(3+27)

Therefore, the general statements= (n- 2)3"'1 is true wheh + 2

If upis true whem=k and=k+1 then it has been shownuhat(n-2)3" Lis also true when=k+2 . Asg, is true
forn=1,n=2andn = 3, then, is true for alb1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 7

Question:

Given thatun,o = 7up+1- 10Uy, = 1, up = 8 , prove by induction thag= 2(8") - 21
Solution:

n=,Luw= 2(50)—(20) =2-1=1,as given.

n=2uUy= 2(§) - (21) =10-2=8,as given.

n=3;uz= 2(52) - (22) =50-4 = 46, from the general statement.

anduz =7ux—10u =7(8)—10(1)
=56-10=46, from the recurrence relation.

Sou, istrue when=1,n=2 and also true wen3
Assume that fon=k anad=k+1 |,

bothy, = 251 - k1

andugq = 2(8 17 - K+ 1=1- 289 - K are true faro z* .

Then uc+p = 7u+q~ 100

- 7(2(é<) - 2k) - 1o(2(é<‘1) - 2k‘1)

= 14(5") - 7(2") - 2o(5'<‘1) + 10(2"‘1)
=14(3) - 7(2)-4(3)(37) +5(2)(27)
-1 4(5k) _ 7(2k) _ 4(5k—1+1) + 5(2k—1+1)

= 14(5") - 7(2") - 4(5") + 5(2")
-G

_ 2(5k+1) _ (2k+l)

_ 2(5k+2—l) _ (2k+2—l)
Therefore, the general statemeqtz 2(5" %) -2"1 s true whek + 2

If upis true whem=k and=k+1 then it has been shownuthat2(5"%) - 2" Lis also true when=k+2 . As, is true
forn=1,n=2andn = 3, then, is true for aib1 andn 0 z* by mathematical induction.
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Proof by mathematical induction
Exercise C, Question 8

Question:

Given thaty,o = 6up+1—- U, U =3, Up =36, prove by induction thgt= (3n - 2)3"
Solution:

n=1;u = (3(1)-2)(3) = (1)(3) = 3, as given.

n=2;up = (3(2)- 2)(F) = (4)(9) = 36, as given.

n=3;u3=(3(3)- 2)(33) = (7)(27)= 189 from the general statement.

and ugz = 6uy—9uy = 6(36)— 9(3)
=216-27 =189, from the recurrence relation.

Souy, is true when=1,n=2 and also true when3

Assume thatfon=k and=k+1 ,

bothuy, = (3k-2)(&)

andug.1 = (3 +1) - 2)(3*Y) = 3k + 1)@ are true fk O Z* .

Then ucp = 6Uc+1— 9
= 6((3k + 1)(é<+1)) - 9((3k - 2)(3“))
=6(3K+ 1)31(3k) —9(%- 2)(3“)
= 18(%+ 1)(3*) ~9(x-2)&)
- 9(é<)[2(3k+ 1)- (3k-2)]
- 9(é<)[ek+ 2-3Kk+2]
- 9(é<)[3k +4]
- 32(é<)[3k +4]
= 3+ 4)(3?)
= (Bk+2)- 2)(3“*2)

Therefore, the general statements (3n-2)3" is true wheh +2

If upis true whem=k and=k+1 then it has been shownuhat(3n-2)3"is also true when=k+2 . Ag, is true for
n=1,n=2andn = 3, them,, is true for a1 andn 0 Z* by mathematical induction.
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Proof by mathematical induction
Exercise D, Question 1

Question:
Prove by the method of mathematical induction tiewing statement fon 0 Z* .
(1 2)”: (1 2n)
01 01
Solution:
1
n=1:LHS :(é i) :(é i)
e [y 1)-(3 3
As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

e (5 -2 %)

With n = k+ 1the matrix equation becomes

()7 -0
=526 2)

:(1+0 2+2k
0+0 0+1)

£

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shoto be true fon=k+1 . As the matrix equation is tfoen = 1, it is

now also true for an>1 andn O Z* by mathematical inductic

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\fpl 6 d 1.f

3/18/201:



Heinemann Solutionbank: Further Pure

Solutionbank FP1

Edexcel AS and A Level Modular Mathematics

Proof by mathematical induction
Exercise D, Question 2

Question:

Prove by the method of mathematical induction tiewing statement fon 0 Z* .

(3 —4)”:(2n+1 ~4n )
1 -1 n -2n+1

Solution:

1
—1- _(3 4Y _(3 4
n=swms =(3 - (3 )

21)+1  -4(1) )_ (3 -4)

RHS =[ 1 —2m+1°\1 1

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

o (3 —4)k:(2k+1 4k )
\1 1 Kk -2k+1)

With n = k+ 1the matrix equation becomes

(3 —4)'“1 =(3 —4)"(3 —4)
1 -1 1 -1/ \1 -1
:(2k+1 -4k )(3 —4)
k —2k+1\1 -1
:(6k+3—4k —8k—4+4k)
3k-2k+1 —-4k+2k-1
:(2k+3 —4k—4)
k+1 -2k-1
_(2(k+1)+1 -4k+1)
Tl (k+1)  —2k+1)+1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shoto be true fon=k+1 . As the matrix equation is tfoen = 1, it is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 3

Question:

Prove by the method of mathematical induction tiewing statement fon 0 Z* .
(2 0)”: 2" 0
11 2"-11
Solution:
2 0y'_(2 0
n=1tms =(2 O)'=(2 9)

T

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

ie.(2 0)k:[ 2 0
11 X-11

With n = k+ 1the matrix equation becomes
SRR
11 11/\11
:( * o](z o)
k-1 P\ 1L

:[ 2 +0 o+o]

2FY-2+1 0+1

_( 229 0]
& -1 1

2k+1 0
:(2k+1_1 J

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shoto be true fon=k+1 . As the matrix equation is tfoen = 1, it is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 4

Question:
Prove by the method of mathematical induction tiewing statement fon 0 Z* .
(5 —8)” _ (4n+ 1 -8n )

2 -3 2n 1-4n

Solution:

1
.y _(5 -8y _(5 -8
n=1;LHS _(2 _3) _(2 _3)

_(4D+1 -8(1)\_{(5 -8
RHS ’( 2(1) 1—4(1)j‘(2 )

As LHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (5 —8)k=(4k+1 -8k
"\2 -3 2k 1-4k)

With n = k+ 1the matrix equation becomes

RN
2 -3 2 -3/ \2 =
:(4k+1 -8k j(s —8)
2k 1-4k)\2 -3
:(20k+5—16k -32k - 8+ 24k
10k+2-8k -16k-3+12k
:(4k+5 —8k—8)
2k+2 —4k-3

_(Ak+1)+1 -8(kk+1)
Tl 2kk+1) 1-4k+1)

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shoto be true fon = k+1 . As the matrix equation is tfoen = 1, it is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise D, Question 5

Question:
Prove by the method of mathematical induction tiewing statement fon 0 Z*
(2 5)” _ (2” 52" - 1)]
01 0 1
Solution:

1
—1- (2 5y _(25
=sis =(2 9= (29

RHS = [21 52 - 1)] (0 1)

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

e (2 i)k - [20" 5(2‘1— 1)]

With n = k+ 1the matrix equation becomes

Y -GICY

K (K- 1)] 2 5)

0+0 0+1

-5
|
(21( ) 5(é<)+5(2k) 5]
|
%

2% +0 5(F) +52- 1)}

0

ok+1 5(21)(2k) 5]
0

o+l 5(é<+l) 5]

_ [2‘”1 5(2”1— 1)]

0 1

Therefore the matrix equation is true whmenk + 1

Pagel of 1

If the matrix equation is true for=k , then it is shoto be true fon=k+1 . As the matrix equation is tfoen = 1, it is

now also true for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 1

Question:
Prove by induction th" - 1is divisible by 8 fon 0 Z*.

Solution:

Letf(n) =9" -1, wheren O Z" .

O f(1) = 9t - 1 = 8, which is divisible by 8.
O f(n) is divisible by 8 whem =1 .
Assume that fon=k ,

f(k) = 9 - 1is divisible by 8 fok 0 Z* .

0 f(k+1) =9¥*1-1

=okgl-1
=99 -1
0 f(k+1)-f(k) =[9(9K) -1]-[9¥-1]
=9@)-1-9K+1
=8(9)

0 f(k + 1) = f(k) +8(9X)

As both fk) and8(9k) are divisible by 8 then the sum of thesetevmms must also be divisible by 8. Thereforg
divisible by 8 whem =k +1 .

If f(n) is divisible by 8 whem =k , then it has been sholat f(n) is also divisible by 8 whem=k+1 . Asniis
divisible by 8 whem = 1, f(n) is also divisible by 8 for an>1 andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 2

Question:

The matrixB is given byB = (é g) .

aFindB? ands® .
b Hence write down a general statement&®r  pfarz*

¢ Prove, by induction that your answer to b is correct

Solution:

2_ _f1 o\f1 o\_(1+0 0+0Y_(1 O
B”=BB ‘(o 3)(0 3)‘(o+o o+9)‘(o 9)

83=-82 :(1 O)(l o):(1+o o+o):(1 o)
0 9/\o 3/ "\o+0 0+27/ "\o 27

b AsB?= (3 302j ands® = [(1) 3%] , we suggest thalt = (é ;j

1
—1- (1 0y _(10
v=ss =(2 9= (2 9

s <3 349

As LHS = RHS, the matrix equation is true for= 1

Assume that the matrix equation is truerferk

k
ie.(1 o) =[1 Oj
03 "lo &
With n = k+ 1the matrix equation becomes
RN
0 3 0 3/ \0 3
_(1 0 (1 0)
“lo F)\o 3
_(1+0 o0+0
“lo+0 0+3F)
(1 0
“lo ¥+t
Therefore the matrix equation is true whenk + 1

If the matrix equation is true fin =k, then it is shown to be true fn = k+ 1 As the matrix equation is true fn = 1, it is
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Proof by mathematical induction
Exercise E, Question 3

Question:

n
Prove by induction that for0 z* , th3t (3r +4) = %n(Sn +11)
r=1

Solution:

1
n=1LHS = > (Br+4)=7
r=1

_1 _1 _
RHS = 2(1)(14)= J(14)=7

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk
K 1
ie. > (Br+4)= Ek(3k+ 11).
r=1
With n = k + 1terms the summation formula becomes:
k+1

> (Br+4) =7+10+13+=+(3k+4)+(3(k+1)+4)
r=1

NP NP NP NRNR NP NP

k(3k+11)+ (3(k+1)+4)

k(3k+11)+ (3k+7)

[k(3k+11)+2(3k+7)]

[3k2+ 11k + 6k + 14]

[3k2+ 17k + 14]

(k+1)(3+14)

(k+1)[3(k+ 1) +11]

Therefore, summation formula is true wheak + 1

Pagel of 1

If the summation formula is true far=k , then it svn to be true fon =k+ 1 . As the result is truerior 1 tisinow

also true for aln > 1andn O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 4

Question:

A sequencey, Uy, ug, Ug, 2 is defined Iy, q=5u,-3(2"), =7
a Find the first four terms of the sequence.

b Prove, by induction fan 0 z* , thap = 5" +2"

Solution:

aup+1 = 5un - 3(2"

Given,u;=7.

Up = 5up - 3(2) = 5(7)- 6= 35— 6 = 29

Uz = 5Up — 3(2) = 5(29)- 3(4) = 145- 12 = 133

Uy = 5u3— 3(2) = 5(133)- 3(8) = 665- 24 = 641

The first four terms of the sequence are 7, 29, 633.

b

n=1u=5+2=5+2=7, as given.

n=2 uy=5+22=25+4=29 from the general statement.
From the recurrence relation in part (&)= 29

Sou, is true when =1 and also true wien2
Assume that fon=k y, = 5<+2¢ s true farg z*

Then ugq =5uK - 3(é<)
= 5(5¢ + 2¢) - 3()
= 5(5) + 5(2) - 3(%)

= gh(5K) + 242%)
_ gkt Skl

Therefore, the general statemept=5"+2" s true whek + 1

If upis true whem =k , then it has been shown that 5" +2" alds true when=k+1 . A, istruefo=1 and2
thenuy, is true forath>1 and0z" by mathematical indoicti
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Proof by mathematical induction
Exercise E, Question 5

Question:

The matrixA is given byA = ( 9 16) .

-4 -7

a Prove by induction that” = (8” +1 16 ) foroz*
-4n 1-8n

The matrixB is given byB = (A1

b Hence findB in terms oin.

Solution:
a
n=1;LHS = (_94 }?)1: (_94 }?)
o <5 20109

As LHS = RHS, the matrix equation is true for 1

Assume that the matrix equation is truerferk

ie (9 16)k=(8k+1 16k
" \-4 7 -4k 1-8k/)

With n = k+ 1the matrix equation becomes

(9 16)k+l :(9 16)k(9 16)
-4 -7 -4 -7) \-4 -7
_(8k+1 16k (9 16)
-4k 1-8k\-4 -7
:(7Z<+9—64k 12&+16-11%
-36k—-4+3% -64k—7+56K

_( 8k+9 16k+16
-4k-4 -8k-7

_(8kk+1)+1 16k+1)
_[—4(k+1) 1-8(k+1)

Therefore the matrix equation is true whmenk + 1

If the matrix equation is true for=k , then it is shoto be true fon=k+1 . As the matrix equation is tfoen = 1, it is
now also true for ath>1 andOz* by mathematical indurcti

b
det@) = (8n+1)(1-8n) - —64n2

=8n-64n%+1-8n+64n2
=1
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—_(an-1_1(1-8n -16n
B = (A) _1( 4n 8n+1)

_(1-8n -16n
SOB_( 4n 8n+1)
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Proof by mathematical induction
Exercise E, Question 6

Question:
The function f is defined bin) =5°""1+1 , whened z*
a Show that(n+1)-f(n) = (*"Y) , wherg is an integer to be determined.

b Hence prove by induction than) is divisible by €

Solution:

a

f(n + 1) - 52(n+1)_1+ 1
=g2nt2-1, ¢

=154
=25@F" Y +1

0 f(n+1)-f(n) :[25(52”‘1)+1}—[52”‘1+ 1]

=253 Y151
= 245"}

Thereforeu =24 .

bf(n)=5""1+1 wheren 0 Z" .

7 f(1) = 2141 =5 +1 =6 which is divisible by 6.
7 f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 551+ 1is divisible by 6 fok 0 Z* .

Using (a)f(k + 1) - f(k) = 24(5% 1

T f(k+ 1) = f(k) + 245K 7Y

Pagel of 1

As both fk) and24(§k‘1) are divisible by 6 then the sum of thesetBmms must also be divisible by 6. Thereforg f§

divisible by 6 whem =k +1 .

If f(n) is divisible by 6 whem =k , then it has been sholat f(n) is also divisible by 6 whem=k+1 . Asniis

divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn O z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 7

Question:
Use the method of mathematical induction to prana7" + 4" + 1is divisible by 6 for aln 0 Z™.

Solution:

Letf(n) =7"+4"+1, wheren O Z* .

0 f(1) = 72+ 4"+ 1 =7+ 4+ 1= 12 which is divisible by 6.
O f(n) is divisible by 6 whem =1 .

Assume that fon=k ,

f(k) = 7%+ 4 + 1is divisible by 6 fok 0 Z* .

0 f(k+1) =714l
=M A+ 4
=7(7) + 44y +1

0 f(k+1)—f(k) =[7(75) +4(&) +1] - [7K+ & +1]
=7(F)+a ) +1-7% -4 -1
= 6(7) + 3(4)
= 6(7) +3(&h.4
= 6(7) + 12(47Y
= 6[7€ +2(4)" Y

0 f(k+1) = f(k) + 6[7% + 24}
As both fk) and6[7k + 2(4)"'1] are divisible by 6 then the sum of thesetevms must also be divisible by 6.
Therefore ff) is divisible by 6 whem =k+1 .

If f(n) is divisible by 6 whem =k , then it has been shokat f(n) is also divisible by 6 whem=k+1 . Asnis
divisible by 6 whem = 1, f(n) is also divisible by 6 for an = 1andn 0O Z* by mathematical inductic
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Proof by mathematical induction
Exercise E, Question 8

Question:

3up-1
4

A sequencey, up, ug, Ug, = is defined loy,, = , =2

a Find the first five terms of the sequence.

3 n
b Prove, by induction fan 0 z* , thaf, = 4(2) -1
Solution:

_3up-1
a.Un+1— 4 .

Given,u; =2

_3w-1_3@2)-1_5

4 4 4 16
(g)_l 17
3uz—-1 16 16 _ 17
uyy=——-=-24L =30 ="
4 4 4 64
() -
u =3U4—1= 64 :_a :—:I'_3
5T 4 4 56

1117 13

The first five terms of the sequence arg, e
4’16’ 64" 256

b
3\ .
n= l;u1=4(z) -1=3-1=2, as given.
3\? 9 5
n=2up= 4(2) -l=2-1=7 from the general statement.

From the recurrence relation in part (8)= %

Sou, is true when =1 and also true when?2

k
Assume that fon=k y = 4(%) -1 istrue faro z*
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n
Therefore, the general statements 4(%) -1  istrue wher+1

n
If uyis true whem =k , then it has been shown that 4(;) -1 alds truewhen=k+1 .As, istruefor=1 and
n=2, thenu, istrue forah=21 and0Zz* by mathematical irtibrc
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Proof by mathematical induction
Exercise E, Question 9

Question:
A sequencey, up, ug Uy, > is defined loy=3°" + 721
a Show thatyy, 1 - 9u, = 2(7%7% , wherg is an integer to be determined.

b Hence prove by induction that is divisible byoB &ll positive integers.

Solution:

a

Uppp =320FD) 4 7200+1)-1
- 32n(32) + 72n+2—1
=332 + 72479
= 9(@") +49(7"7Y

O Une1—9up = [9(32") +49(P" Y] - 9[3* + 72"
= 9@ +49(P" Y - 9@ - 9(?"Y
= 40(P"7Y

Therefore/ =40 .

bu,=3"+7"""1 wheren 0 Z" .

0 u =2 -720"1-32 4 7L = 16 which is divisible by 8.
O up is divisible by 8 whem =1 .

Assume that fon=k ,

u, = 3 + 7% Lis divisible by 8 fok 0 Z* .

Using (a) U1 - 94, = 40(72K 7Y

O Ugrq = Oug +40(2K7Y

As both9uy andio(?<"Y are divisible by 8 then the sum ebthtwo terms must also be divisible by 8. Thesafgris
divisible by 8 whem =k +1 .

If unis divisible by 8 whem =k , then it has been shdhattu,, is also divisible by 8 when=k+1 . As is divisilby
8 whenn = 1 u,, is also divisible by 8 for alb1  andlZ*  bwtimematical induction.
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Proof by mathematical induction
Exercise E, Question 10

Question:

Prove by induction, for all positive integarsthat
(Lx5)+(2x6)+(3X7)+ > +n(n+4) = %n(n +1)(2n+13)
Solution:

The identity(1 x 5) + (2 x 6) + (3x 7)+ = +n(n + 4) = %n(n +1)(2n+13)

n
can be rewritten a3’ r(r +4) = %n(n +1)(2n+13)
r=1

1
n=1;LHS = z r(r+4)=1(5)=5
r=1

RHS = %(1)(2)(15)= %(30) =5

As LHS = RHS, the summation formula is true for 1

Assume that the summation formula is truerferk

K
ie. 3 r(r+4)= %k(k+ 1)(2+13).
r=1

With n = k + 1terms the summation formula becomes:

k+1
Sor(r+4) =1(5)+2(6)+3(73 = +k(k +4) + (k+ 1)(k +5)
r=1

- %k(k+ 1)(2 + 13) + (k+ 1)(k + 5)

- %(k +1)[K(2k +13)+6(k +5)]

= Lk + 1)[2K2 + 13+ 6k + 30]

(k+1)[2k2+ 19 + 30]

ol olk ol o

(k+ 1)(k+2)(2k + 15)

(k+1)(k+1+1)[2k+1)+13]

Therefore, summation formula is true whenak + 1

If the summation formula is true far=k , then it iosvn to be true fon=k+ 1 . As the result is truedcr 1 tisinow
also true for aln > 1andn O z* by mathematical inductic
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