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Edexcel AS and A Level Modular Mathematics

Vectors
Exercise A, Question 1

Question:

The diagram shows the vect@d, c andd. Draw a diagram to illustrate the
vector additiona + b + ¢ + d.

/e

&
s
=R

d

Solution:

atb+c+d=PQ

(Vector goes from the start afto the finish ofd).
The vectors could be added in a different order,
eg.b+c+a+d:

Ve

Hereb+c+a+ d=RS
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Vectors
Exercise A, Question 2

Question:

The vector is directed due north and | a| = 24. The velstisrdirected due
westanc|b| =7.Find |a+b]| .

Solution:
b
e
~ L
a+b /ANa
la| =24
|b| =
la+b|2=24+72=625

S la+b] =25
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Vectors
Exercise A, Question 3
Question:
The vector is directed north-eastand |a| = 20. The vdeisrdirected
soutl-eastanc|b| =13 Find |a+Db]| .
Solution:
&
b
a
atb
|la] =20
|b|] =13
la+b|2=20°+ 13 =569
la+b| = \| 56€=23.€(3s.f.
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Exercise A, Question 4

Question:

In the diagram, PQ = a, QS = b, SR = c and PT = d. Findrims ofa, b, c and
d:

(@) QT
(b) PR
(c) TS
(d) TR

Solution:

@) QT=QP+PT= —a+d
(b)PR=PQ+QS+SR=a+b+c
()TS=TP+PQ+QS= -d+a+b=a+b-d
(dTR=TP+PR= -d+ (a+b+c) =a+b+c-d
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Exercise A, Question 5

Question:

In the diagram, WX = a, WY = b and WZ = c. Itis giveratXY = YZ. Prove
thata + c = 2b.
(2b is equivalent to b + b).

W

Solution:

XY=XW+WY=-a+b
YZ=YW+WZ= -b+c

Since XY =YZ,
-a+b=-b+c
b+b=a+c
a+c=2b
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Exercise B, Question 1

Question:

In the triangle PQR, PQ = 2a and QR = 2b. The mid-poifiR is M.
Find, in terms of andb:

(@) PR

(b) PM

(c) QM.
Solution:

2b

2a 0
@ PR=PQ+QR=2a+2b

1 1 )
() PM=5PR=5| 2a+2b] =a+b

QM =QF+PM= -2a+a+b=-a+b
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Exercise B, Question 2

Question:

ABCD is a trapezium witliAB parallel toDC and DC = 3ABM is the mid-point of
DC, AB = aand BC =bh.
Find, in terms oh andb:

(a) AM
(b) BD
(c) MB
(d) DA.
Solution:

D M C
Since DC = 3AB, DC = 3a
3
SinceM is the mid-point oDC, DM = MC = Ja

3 1
@AM =AB+BC+CM=a+b-5a= -7 a+b

() BD=BC+CD=b - 3a

N lw

(c)MB=MC+CB=a-b

(d)DA=DC+CB+BA=3a-b-a=2a-b

© Pearson Education Ltd 2C
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Vectors
Exercise B, Question 3

Question:

In each part, find whether the given vector is jpalréo a — 3b:

(a) 2a — 6b
(b) 4a - 12b
(c)a+3b
(d)3b-a
(e) 9b — 3a
(f)3a- b
Solution:

(@)2a-6b=2(a-3b)
Yes, parallel to a — 3b.

(b)da-12b=4(a-3b)
Yes, parallel to a — 3b.

(c) a + 3bis not parallel to a — 3b

(d3b-a=-1(a-3b)
Yes, parallel to a — 3b.

(e)9b-3a=-3(a-3b)
Yes, parallel to a — 3b.

2 _1( _4 .

1
(Nza-3b=%  a-3b
No, not parallel ta — 3b.
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Exercise B, Question 4

Question:

The non-zero vectosandb are not parallel. In each part, find the valué of
and the value af:

(@a+3b=2va-pub

(b) (» +2)a+ (p-1)b=0
(c)4dra-5b-a+ub=0

d (1+x)a+2rb=pa+4ub

(e) (312 +5)a+b=2pa+ (A -3)b
Solution:

(@a+3b=2va-pub
1=2A2 and 3= —-p
1

A=75 and p = -3
(b)) (LA +2)a+ (p-1)b=0
A+2=0 and p -1=0

A=-2 and p =1

(c)4dra-5b—-a+ub=0
42 -1=0 and -5+p =0

1
A=7 and p =5

(d (1+A)a+2A b=pa+4pub
1+X=p and 20 =4pu
Since2. =4u, A =2u
1+2p =
u=-1 and LA =-2

€) (3% +5)a+b=2ua+ (A -3)b

3L +5=2p and 1=X -3
» =4 and 2p =12+5
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A=4 and p =873
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Exercise B, Question 5

Question:
In the diagram, OA = a, OB = b ar@ldividesAB in the ratio 5:1.

(a) Write down, in terms af andb, expressions for AB, AC and OC.
Given that OE =\ b, wherel is a scalar:

(b) Write down, in terms od, b andi, an expression for CE.
Giventhat OD =p (b —a) , wherauis a scalar:

(c) Write down, in terms dd, b, A andu, an expression for ED.
Given also thaE is the mid-point ofCD:

(d) Deduce the values afandp.

LE

Solution:
(@@AB=AO+0B=-a+hb
_ 5, ,_5¢ A
AC— GAB_ 6k _a+b)

_ _ 5¢ Yy 1 _ 5
OC—OA+AC—a+6\ —a+b) =5 a+; b

(b) OE = A b:
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(1 5 ) 1 ( 5)
CE:CO+OE:—\ga+g b] +Xb:—ga+kx—gjb
(cOD=pn (b-a) :
ED=EO+OD=-Ab+pu(b-a) =-pa+ (p-21)Db

(d) If E is the mid-point ofCD, CE = ED:
—la+(k—§\b—— +( —x\b
637 | 6 )P T HaT (K )
Sincea andb are not parallel

e- ~H = H =g

© Pearson Education Ltd 2C
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Vectors
Exercise B, Question 6

Question:

In the diagram OA = a, OB = b, 30C = 20A and 40D = 70B.
The lineDC meets the lin@&B atE.

(a) Write down, in terms af andb, expressions for
(i) AB
(i) DC
Given that DE =A DC and EB =p AB wherei andp are constants:

(b) Use A EBD to form an equation relating &b, A andp.
Hence:

9
(c) Show thath = —.

(d) Find the exact value qf

(e) Express OE in terms afandb.
The line OE produced meets the IW@ atF.

1

Given that OF kKOE wherek is a constant and that AF To |

o

(f) Find the value ok @
0 B

Solution:

2 2 7 7
(@0C=350A=35a0D=; OB=, b

()AB=A0 +OB= —a+b
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2
(i)DC=DO+0C=3a-7 b

(b) DE = . DC and EB =p AB.
From A EBD, DE = DB + BE

: 7 _ I 3
SlnceOD:4 b,BD—OD—OB—4 b—b71 b

".DB= - 3b

So  ADC=DB- uAB

 (Fa-gb) =-2b-u [ -avp)
(éx—u }a+ (%+u—£x }b:O

6 7
(e)OE=0OB+BE=0OB-uAB=Db- E( —a+b) =zat b

(f) OF =kOE and AF =7c b - a.

_&k &
OF = zat 13b

From A OFA, OF = OA + AF
6k 7k (7 4 6 7

mat phb=a+  pb-pa) = afg b

6k _ 6 ko7
SO T3 T (and; =75 )
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= k=75
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Vectors
Exercise B, Question 7

Question:

In A OAB, P is the mid-point oAB andQ is the point orOP such that OQ =
%OP. Given that OA = a and OB = b, find, in termsacindb:

(a) AB
(b) OP
(c) OQ

(d) AQ
The pointRon OB is such that OR = kOB, where Ok 1.

(e) Find, in terms o&, b andk, the vector AR.
Given thatAQR is a straight line:

(f) Find the ratio in whicl dividesAR and the value df.

LE

Solution:

0 i A
3
BP = PAand OQ =, OP

(A)AB=A0+O0B= —a+b
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1 1 1 1
(b)OP:OA+AP:OA+§AB:a+§( —a+b) = a+% b

3 3(1 1) 3 3
(c)OQ:4OP:4\2a+2 b) =5 afz b

3_ .3,y _ 5 3
g dtg b) = af b

/T

d)AQ=A0+0Q= —a+

(e) Given OR %OB (0 <k<1)
In A OAR, AR =A0 + OR = —a +kb
(f) SinceAQR s a straight line, AR and AQ are parallel vectors

R

)

Suppose AQ =\ AR

R e
_8a+8b—>\, \—a+kb}

5 5
So—gz—x => ng
3
andgzkk
= k—i
~ 8
3
= k:g

5 3
Since.  AQ =3 AR,RQ=; AR
SoQ dividesAR in the ratio 5:¢

© Pearson Education Ltd 2C
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Vectors
Exercise B, Question 8

Question:

In the figure OE:EA=1:2,AF:FB=3:1and OG : OB = 3 : helvector
OA = a and the vector OB = b.
Find, in terms of, b ora andb, expressions for:

(a) OE
(b) OF
(c) EF
(d) BG
(e) FB
(f) FG

(g) Use your results in (c) and (f) to show that gointskE, F andG are collinea
and find the ratio EF : FG.

(nh) Find EB and AG and hence prove tEB&tis parallel toAG.

LE

O | A

Solution:
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1 1
(@ OE=350A=7a

3
(b) OF = OA + AF = OA + 5 AB

2 3
(QEF:EA+AF:§OA+ZAB

_2_ 3/ )

= +4\b a)

2 3 3

=3a+;b-ja

1 3

= - pa+ b
(d)BG =20B =2b
(e)FB:%AB:%(b—a) :—% a+% b

sfo
o

1 1 1
HFG=FB+BG=-7a+, b+2b= -, a

FG= -~a+2p=3 -= a+ b =3EF
(9)‘4a4‘k12a4j‘

So EF and FG are parallel vectors.
SoE, F andG are collinear.
EF:FG=1:3

(hWEB=EO+0OB= -3 a+b

1
AG =A0 + OG = —a+3b:3( -3 a+b) = 3EB
SOoEB is parallel tcAG.

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 1

Question:

Pagel of 1

The pointsA andB have position vectors andb respectively (referred to the

origin O).

The pointP dividesAB in the ratio 1:5.
Find, in terms oa andb, the position vector cP.

Solution:

AP:PB=1:5
1 a1 A
SOAP—GAB—6\b_a)
_ _ i)
OP=0OA+AP=a+g | b-a,
_ i 1
=a+ ;b-%a
5 1

= Gzatgh

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 2

Question:

The pointsA, B andC have position vectors b andc respectively (referred to
the originO). The pointP is the mid-point ofAB.
Find, in terms oa, b andc, the vectoPC.

Solution:

PC=PO+0C= -0P+0C
_ _ N A
ButOP—OA+AP—OA+2AB—a+2K b—aj = af b
1
2

(1,1

1
SoPC:—K2a+§ ) +C:_E a

© Pearson Education Ltd 2C
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Vectors
Exercise C, Question 3

Question:

OABCDE is a regular hexagon. The poidtandB have position vectorgandb
respectively, referred to the origin
Find, in terms oa andb, the position vectors «C, D andE.

Solution:

0 E

OC=2AB=2(b-a) = -2a+2b
OD=0C+CD=0C+AO=(-2a+2b) —a= —-3a+2b
OE=OD+DE=0OD+BA=( -3a+2b) + (a—-b) = -2a+b

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 5 c ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise D, Question 1

Question:

Giventhata=9i+ 7}, b=11i-3jand c = — 8i — |, find:
(@a+b+c

(b)2a-b+c

(c)2b + 2c - 3a
(Use column matrix notation in your workin

Solution:

_ (9 (11 ) (-8) _ /(12
@a+b+c= ;) +*{ 3) ¥ -1) T3 )

_ A9 ([ -11) ([ -8)
(B)2a-b+c=2{ ;) *{3 ) * -1

_ (1Y) -1y -8) _ ( -1)

- (1) L3 ) \-1) = (1 )

_ o 11 ) (-8 9 )
(c)2b+2c—3a—2\ Z3 ) +2\ ~1 ) —{7}

_ (22 ) ([ -16 ) [ -27) [ -21)

S U-6) " U-2 )" U-21) 7 ( -20)

© Pearson Education Ltd 2C
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Vectors
Exercise D, Question 2

Question:

The pointsA, B andC have coordinates (3, -1) ,(4,5and ( -2, 6)
respectively, an@® is the origin.
Find, in terms of and;:

(a) the position vectors &, B andC
(b) AB

(c) AC
Find, in surd form:

(d) |OC |

(€) |AB |

(f) AC|

Solution:

(@a=3i-j, b=4i+5, c= -2i+6j
(b)AB=b-a= (4i+5)) - (3i—j)

= 4i + 5) - 3i +
=i+ 6]
(c)AC=c-a=(-21+t6)) — (3i—j)
= —2i+6)—3i+]
= - 5i+ 7]
d) |OC| = | -2i+6j| =\ (-22+62=\40={4{10=4 10
) |AB| = |i+6j] =)\2+e2=\37
(H |AC| = | -5i+7| =\ (-5)2+72=\74

© Pearson Education Ltd 2C
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Exercise D, Question 3

Question:

Giventhata=4i+ 3}, b=51—-12j,c= - 7i+ 24jand d =i - 8pd a unit
vector in the direction ca, b, c andd.

Solution:
|a| :R£+32:\12_5:5
| __a _1(a)
Unitvector =77 =3 L3 )
b =1%+ (-12)2=\169=13
. _b _1(5
Unit vector =7 13\ -12 )
el =l (-7)%+2#=\625=25
| . _i( -7)
Unit vector = lc| — 25 24 )
1d | :L]_Z+(—3)2:\ITO
d 1

Unit vector = a7 =i ( 1_3)

© Pearson Education Ltd 2C
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Vectors
Exercise D, Question 4

Question:

Giventhata=5i+jandb s.i+ 3j,andthat | 3a+b| =10, find the
possible values .

Solution:

[ERN
[6)
+
>

5 A
3a+b:3(1) +(3 ) _
|3a+b] =10,s0
\(15+ 2% ) 2+62=10
(15+ 2 ) 2+ 6%2=100
225+ 301 + A2+ 36 =100

A2+30A +161=0
(A +7) (A +23) =0
A= -7 A= -23

A~
w P

o
~—

© Pearson Education Ltd 2C
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Exercise E, Question 1

Question:

Find the distance from the origintothe pcP (2,8, —-4) .
Solution:

Distance =22+ 82+ ( —4) 2=\{4+64+ 16=\84~9.17 (3 s .

© Pearson Education Ltd 2C
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Vectors
Exercise E, Question 2

Question:

Find the distance from the origintothe pcP (7,7, 7) .
Solution:

Distance =72 + 72 + 72 =49+ 48 + 42 = \[147 = {3~ 12.1(3 sf.

© Pearson Education Ltd 2C
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Vectors
Exercise E, Question 3

Question:

Find the distance betwed@nandB when they have the following coordinates:
@A(3,0,5)anB(1, -1,8)

(b)A(8,11,8) anB( -3,1,6)

(0)A(3,5, -2) andB(3, 10, 3)

dA(-1, -2,5)andB(4, -1, 3)

Solution:

@AB=Y(3-1)2+[0-(-1)]2+ (5-8)2
AZ+12+ (-3) 2
14~ 3.74

MAB=\[8- (-3) ]2+ (11-1)2+ (8-6)2
112 + 107 + 22
225 = 15

©)AB=\(3-3)2+ (5-10)2+[( -2) -3] 2
0°+ (=5)%+ (-5)?
50 = 5{ 2= 7.07

AB=\[ (1) -4]12+[(-2)-(-1)]2+(5-3)2
| (-5) %+ (-1)%+2
30=5.4¢

© Pearson Education Ltd 2C
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Vectors
Exercise E, Question 4

Question:

The coordinates dhandBare (7, —1, 2) andk(O0, 4) respectively.
Given that the distance froA to B is 3 units, find the possible valuesk.

Solution:

AB=\ (7-K) 2%+ (-1-0)2+ (2-4)2=3
| (49 - 1&+Kk2) +1+4 =3
49 - 1K+ Ke+1+4=9

K2 —14k+ 45 =0
(k=5) (k=9) =0
k=5o0rk=9

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga##\content\sb\content\c4 5 e ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise E, Question 5

Question:

The coordinates ohandBare (5,3, -8) and (1k, —-3)
respectively.
Given that the distance froA to B is 3[ 10 units, find the possible valuesk.

Solution:

AB=\(5-1)2+ (3-k)2+[-8-(-3)]2=310
(16 + (9 - &+k2) +25 =3[ 10
16 +9 — & + k% + 25 = 9 x 10

k?-6k-40=0
(k+4) (k-10) =0
k= -4o0rk=10

© Pearson Education Ltd 2C
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Question:

Find the modulus of:

(a) 3i + 5j + k
(b) 4i — 2k
Ci+j-k
(d) 5i — 9j - 8k
(e)i + 5 — 7k
Solution:
(@) |3i+5+k| =N&+52+12
=\9+25+1=)35
(b) |4i-2k| =)&+0°+ (-2)7?
=16 +4=[20=4\5=4\5
© li+j-k| =1P+1°+ (-1)72
={1+1+1=|3
(d) |5i-9j-8k| =A8+ (-9)2+ (-8)?2
=\25 + 81 + 64 =\ 170
(e) |i+5/-7k| = E+52+ (-7)72

=\1+ 25+ 49=\75=\25{3 =53
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Exercise F, Question 2

Question:

(5 (2 ) (7
Giventhata=| o | ,b=| 1 | andc= -4 | ,findincolumn
L 2) \ -3 ) L2 )

matrix form:
(@a+b
(b)b-c
(c)a+b+c
(d)3a-c
(e)a-2b+c
f) la—2b+c]|
Solution:

5 ) (2 ) (7 )
o] + |1 | =] 1 |
2 —_

) (U-3) (-1

(2 ) (7 ) (-5
byb-c=11 | = | -4 ] =[5 |
L -3 ) L2 ) \ -5 )

(5 (2 ) (7 ) (14 )

(c)a+b+c=] 0| +] 1 | +| -4 | = -3 |

L2 ) \ -3 ) L2 ) L1 )
(5 (7 ) (15 ) (7 ) (8)

(d3a-c=3[0o| -| -4 =0 | -] -4 =| 4]

\2) (2 J)J (e ) (2 J (4]

(
|

(@a+b=
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(5 (2 ) (7 )
ea-2b+c=| 0| =-2[1 | +] -4
L2 ) \ -3 ) L2 )
(5 (4 ) (7 )
=|lo| -2 |+ ] -4] =1 -6|

L2 ) \ -6 ) L2 ) L 10 )

M |a-2b+c| =\8+ ( -6)2+1F
=\[64 + 36 + 100

20C = \[100(2 = 10(2
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Vectors
Exercise F, Question 3

Question:

The position vector of the poiatis 2i — 7] + 3k and AB = 5i + 4j — kFind the
position of the poinB.

Solution:

AB=b-a,sob=AB +a
(5 ) (2 ) (7 )

b=1[4 [+ | -7 =1 -3]|
\-1) (s J (2 )

Position vector oBis7i — 3j + 2k

© Pearson Education Ltd 2C
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Vectors
Exercise F, Question 4
Question:
Giventhala=ti + 2J + 3k, and tha |a| =7, find the possible values t.
Solution:
al| =M\+22+32=7
t?+4+9=7
t?+4+9=49
t* = 36
t=6ort= -6
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Vectors
Exercise F, Question 5

Question:

Giventhata =6+ 2tj + tk,and that |a| = ﬁlo, find the possible values of
t.

Solution:

lal =) (8) %+ (2) 2+1t?=23(10
252 + 4t2 + t2 = 3 10

302 = 310

302 =9 x 10

t?=3

t=\3ort= -\3
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Exercise F, Question 6

Question:
(2 (2t )

The pointsA andB have position vectors 9 | antl 5 | respectively.
Lt ) \ 3t )

(a) Find AB.

(b) Find, interms of, | AB | .
(c) Find the value dfthat makes | AB | a minimum.

(d) Find the minimum value (| AB | .

Solution:

(2t ) (2 (2t-2 )
@AB=b-a=|5 | -9 ]| =] -4 |
L3t ) Lt ) L2t )

b) |AB| =] (2-2)2+ (-4)2+ (2t) 2
=\4t° - 8t + 4 + 16 + 4°
=\ 8t° - 8t + 20
(c) Let | AB | 2=p, thenp = 82— 8t + 20
d _
4 — 16t—-38
. dp ) 1
Fora minimum;~ =0,s0168=0,let= 3
d’P y -
F = 16, positive,.”. minimum
1
(d) Whent = 7,

|AB| =\8?-8t+20=\2-4+20=\18=\9[2=23\2
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Vectors
Exercise F, Question 7

Question:

((2t+1 ) ((t+1 )
The pointsA andB have position vectors t+1 | and 5 |
L3 ) \2 )
(a) Find AB.
(b) Find, interms of, | AB | .
(c) Find the value dfthat makes | AB | a minimum.

(d) Find the minimum value (| AB | .

Solution:

((t+1) ((2t+1) (-t )
@AB=b-a=|5 | = |t+1 | =] 4a-t |
L2 ) L3 ) L -1 )

(b) |AB| =1 (=t) %+ (4-t) %+ (-1)°?
=\t?+16-8+t2+1
=\ 2t% - 8t + 17

(c) Let |AB|2=P, thenP = 2t - 8t + 17

@® _
o —4-8

dP
For a minimuma =0,s48=0,i.et=2

d?P . -
i 4, positive, .. minimum
(d) Whent = 2,

|AB| =\22-8t+17=\8-16+17=\9=3

© Pearson Education Ltd 2C
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Exercise G, Question 1

Question:

The vectorsa andb each have magnitude 3 units, and the angle betavaadb
is60 ° . Finda.b.

Solution:

1
a.b=Ja| |b]| cas=3x3xcos60° =3x3x; =

© Pearson Education Ltd 2C
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Exercise G, Question 2

Question:

In each part, findv.b:
(@a=5+2)+3k,b=2i-j-2k
(b) a=10i - 7j + 4k, b = 3i — 5) — 12k
(ca=i+j—-k,b=-i—-j+4k
(d)a=2i-k, b=6i -5 -8k
(e)a=3 +9%,b=i+12 -4k

Solution:
(5Y)Y (2 )

@a.b=|21] .| -1| =10-2-6=2
\3) -2
(10 )\ (3 )

Ma.b=1] -7 .| -5 | =30+35-48=17
\4 ) ( -12)
(1 ) ( -1)

(ca.b=|1 | .| -1] =-1-1-4=-6
\-1) (4 )
(2 )Y (6 )

(da.b=]o0o | .| -5] =12+0+8=20
\-2) (U -8)
(oY (1 )

ea.b=]3] .| 12 | =0+36-36=0
L9 ) \ -4)

© Pearson Education Ltd 2C
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Question:

In each part, find the angle betweeandb, giving your answer in degrees to 1
decimal place:

(@a=3i+7],b=5i+]
(b)a=2i-5j,b=6i+ 3]
(©a=i-7j+8k,b=12i+ 2]+ K
(d)a= —i-j+5k, b=11i - 3j+ 4k
(e)a=6i—-7j+12k,b= -2i+j+Kk
(f) a = 4i + 5k, b = 6i — 2]

(a= -5i+2j-3k,b=2i-2j+11k
(ha=i+j+kb=i-j+k

Solution:
(a)a.b:(ﬁ} (f) =15+7=22
la] =)%+72=\58
\Ij_b =18+ 12=\26
58\ 26 co® = 22
_ 22
cosH = @%
6=555° (1d.p.)

(2 Y (6 .o ae_ _
Da.b= ") .5 =12-15= -3
la] =02+ (-5)2=\29
\Ij_b :é+32:\|T5
20\ 4

5co9= -3

-3

cosd = [29{45
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6=94.£° (1d.p.
(1 ) ([ 12)
©a.b=1| -7 | .| 2 | =12-14+8=6
\s ) (1)
la| =p\%+ (-7)2+8=\114

b] =112+22+12=\149
114{129co§ 6

cosd = \Immg
0=87.4° (1d.p)

(-1) (11 )
(da.b=1] -2 ] .| -3 | =-11+3+20=12
\s ) L4 )
|a| :(—1ﬂ+(—u2+§=ﬁ7
\ﬁ_ 12+ (-3)2+42=\146
27 146c0§ 12
cosd = \I_ﬂm
6=79.0° (1d.p.)
(6 Y [ -2)
(ea.b=1| -7 | .| 1 | =-12-7+12= -7
\12 ) (1 )

la] =)+ (-7)2+12%=\229
[b| =} (-2)?+17+1°=\6
229féco§--—7

cosd = @1_6

6=100.9° (1d.p.)
(4)Y (6 )

Ma.b=| 0] .| -2 ] =24+0+0=24

\5 ) Lo )

la| =)\4&+52=\41

\IJ_ &+ ( —2)2-\|_0

41 Oco§ 24

CcoSsH = mm

6=53.7° (Ld.p.
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(-5 (2 )
(@a.b=1]2 | .| -2 | =-10-4-33= -47
\ -3 ) ()
la] =p( -5)2+2%2+ ( -3)2=\38
\Ij_b =12+ (-2)2+112=\129
38Y129co9 = - 47

- 47

cosd = [38{129
6=132.2° (1d.p.)

(1Y (1 )
(ha.b=1] 1| .| -1 ] =1-1+1=1
\1) (1 )
la] =pB+12+12=1\3
Hu =\ £+ (-1)2+12=\3
3\3cog =1
1 1
cos@zng

0=70E° (1Ld.p.
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Exercise G, Question 4

Question:

Find the value, or values, bffor which the given vectors are perpendicular:
(@) 3i+5jandA i+ 6

(b) 2i + 6 — kandA i — 4] — 14k

(c)3i+ Aj—8kand 7i — 5] + k

(d)9i—-3j+5kandri+ Aj+ 3k

(e)Ai+3—2kandri+ Aj+5K

Solution:
(a)(g) . (6”) =31 +30=0
> 312 =-30
> A =-10
(2 Y ()
o [e | . ] -4 | =2L-24+14=0
\-1) \ -14)
> 2L =10
= A =5
(3 Y (7 )
| » | .] -5] =21-5.-8=0
\-8) (1 )
= 5\ =13
3
= A =2
f9 Y [ x)
| -3 . ] » | =9x -31 +15=0
\5 ) (3 )
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= ©6A = -15
= A =-23
S N G
@13 | .| »] =22+3%-10=0
\ -2) 5 )

= (A +5) (A -2) =0
> A =-50rA=2

© Pearson Education Ltd 2C
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Exercise G, Question 5

Question:

Pagel of 1

Find, to the nearest tenth of a degree, the ahglethe vector 9i — 5j + 3k

makes with:
(a) the positivex-axis

(b) the positivey-axis

Solution:

(@) Usinga=9i -5+ 3kand b =1,
(9 Y (1)
a.b=1] -5 .] 0| =9
\3 ) (o)
la| =)@+ (-5)2+32=\115

bl =1

115co9 =9
9

cos&zm

§=329°

(b) Usinga =9i - 5)+ 3kand b =,

(9 Y [(0)

a.b=1] -5 | .| 1] =-5
\3 ) (o)

al| =115 |b| =1

115co9 = -5
-5

cosﬁzﬁ5

g=117.€°

© Pearson Education Ltd 2C
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Vectors
Exercise G, Question 6

Question:

Find, to the nearest tenth of a degree, the ahglethe vector i + 11j — 4k
makes with:

(a) the positive-axis

(b) the positivez-axis

Solution:
(@) Usinga=i+11j—-4kand b =j,
(1 )Y [(0)
a.b=1] 11 | .| 1] =11
\ -4) (o)
la| =\P+112+ ( -4) 2=\138
b|] =1
138co9 =11
11
COS(9—\|E3
§=205°
(b) Usinga =i+ 11— 4k and b =k,
(1 )Y [(0)
a.b=1]111 | . ] o] =-4
\ -4) (1)
al| =§138, |b| =1
138co9= -4
-4
cosﬁzﬁ3
6§ =109.¢°

© Pearson Education Ltd 2C
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Vectors
Exercise G, Question 7

Question:

The angle between the vectorsi +j+ kand 2i +j + #.is
Calculate the exact value co<6.

Solution:

Usinga=i+j+kandb=2i+j+Kk,
(1Y) [ 2)

a.b=| 1] .| 1] =2+1+1=4
\1) (1)

la| =\£+12+12=V\3

\l]_kqj_ ={Z+12+1%2=\6
3\6coy =4

4 4 4
COS0'= Yafe = Vavaiz - 3(2
4 V2 42 2y2

“ 3227 6 T 3

© Pearson Education Ltd 2C
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Exercise G, Question 8

Question:

The angle between the vectorsi + 3j and Ak is 60 ° .

13

Show thath = + 5

Solution:

Usinga =i+ 3jand b =j +A K,
(1) (0 )
3] .11 | =0+3+0=3
\ o) L x )
la| =)\£+32=\10
b =2+ 22=\1+ 22
10y 1 + A 2cos60° =3
1+ A2= = - 2
\10cos60° ~ \10

Squaring both sides:

a.b=

1+ 2= 2
+ = 10
26 13
2 2 _ =
7\’_10_5
_ 13
A=+ =

© Pearson Education Ltd 2C
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Exercise G, Question 9

Question:

Simplify as far as possible:

(@a. (b+c) +b. (a-c) ,given thiatis perpendicular to.
(b) (a+b) . (a+b) ,giventhat |a|] =2and |b]| =3.
(c) (a+b) . (2a—Db) , given thamais perpendicular tb.
Solution:

(@a. (b+c) +b. (a-c)

—a.b+ta.c+b.a-b.c
=2a.b+a.c (becauseb.c=0)

(b) (a+b) . (a+b)
—a. (a+b) +b. (a+h)
—a.ata.b+b.a+b.Db
= |a|%+2a.b+ |b|?
=4+2a.b+9
=13+2a.b

(c) (a+b) . (2a-b)
—a. (2a-b) +b. (2a-Db)
=2a.a-a.b+2b.a-b.b
=2|al 2- |b| 2 (becaus@.b=0)

© Pearson Education Ltd 2C
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Exercise G, Question 10

Question:

Find a vector which is perpendicular to batandb, where:
(@a=i+]j-3k,b=51-2)-k
(b)ya=2i+3j-4k,b=i-6]+3k
(c)a=4i-4-K,b= -2 -9 +6k

Solution:

(a) Let the required vector xe+ yj + zk. Then
(1) [ x) (5 ) [ x)
1 | . ]y | =0 ad | -2] .]y | =0
\-3) \(z) \-1) \(z)
X+y-32=0
X-2y-z=0
Letz=1:
X+y=3 (x2)
5x-2y=1
2x+2y=6
SX-2y=1
Adding, k=7 = x=1
1+y=3,s0oy=2
Sox=1,y=2andz=1
A possible vectorisi + 2j + k.

(b) Let the required vector be+ yj + zk. Then
(2 Y [ x) (1Y [ x )
'3 | .|y | =0 ad | -6 ] .|y | =0
\ -4) \z) \ 3 J \z)
2X+3y—-4z=0
X—6y+3z=0
Letz=1:
2X+3y=4
X—6y= -3 (x2)
2Xx+3y=4
2x—-12y= -6
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wiln

Subtracting, =10 = y=
2X+2=4,sox=1

2
Sox=1,y= 3andz=1
2
A possible vectorisi+; j+k.
2
Another possible vector is é 1% ] +} =3i+ 2]+ 3k

(c) Let the required vector be+ yj + zk. Then

(4 Y (x) ([ =-2) ([ x)

| -4 ] . |y | =0 ad | -9 .|y | =0
\-1) (z) e ) (z)
Ix -4y -z=0

-2X-9y+6z=0

Letz = 1:

4x -4y =1

-2X-9y= -6 (x2)

4x — 4y =1

—4x—- 18y = - 12

1
Adding, -2%= -11 = y= 73
3
AXx-2=1,sx= 7
3 1
Sox= 7,y= zandz=1
: 3 .1
A possible vectorig i+, j+Kk
1

j
Another possible vector is{l % ER +} =3i+ 2] +4k

© Pearson Education Ltd 2C
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Exercise G, Question 11

Question:

The pointsA andB have position vectors 2i + 5] + k and 6i + j — 2k
respectively, an@® is the origin.

Calculate each of the angles i OAB, giving your answers in degrees to 1
decimal place

Solution:

Usinga andb to find 6:
(2Y) (6 )
a.b=1|5]| .| 1 | =12+5-2=15
\1) -2
la| =)Z+5%+12=\3C
\I\_ &+12+ (—2)2—\|_1
30 1co§ 15
cos@zﬁo—m
0=64.7"°
Using AO and AB to find:
(-2
AO= —a=| -5 |
\ -1)
(6 ) (2 (4 )
AB=b-a= |1 | - |5 ] =] -4|

\-2) (1) ([ -3)
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( Yoo f ) ((-2)Y) (4 )
| -a | .| b-al =] -5 .| -4| =-8+20+3=15
\ N ) \ -1 /) U -3)
| -al =h(-2)2+ (-5)2+ (-1)2=\30
b-a| =4+ (-4)2+ (-3)2=\a1
30{41co® = 15

15
COSp = [30{41
¢=64.7° (1d.p.)
(Since |[b—-a]| = |b]| ,AB = 0B, so the triangle is ist=s).
«0OBA=180° -64.7° -64.7° =50.6° (1d.p.)
Angles are64.7° ,64.7 ° and50.€° (all 1 d.p.
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Exercise G, Question 12

Question:

The pointsA, B andC have position vectors i + 3j + k, 2i + 7j — 3k and
4i — 5] + 2k respectively.

(a) Find, as surds, the lengthsAdd andBC.

(b) Calculate, in degrees to 1 decimal place, iteesf ~« ABC.
Solution:

(2 ) (1) (1 )
@AB=b-a=|7 | -3 =|4 |
L\ -3) 1) \ -4)
Lengthof AB= |AB| =[\3+42+ ( -4)2=\33
(4 ) (2 ) (2 )
BC=c-b=| -5 | - |7 | =] -12 |
L2 ) \ -3) \5 )
Length of BC = | BC | :|\22+(—12)2+52:\|F3

A Vd
(b) <18
¢
@ is the angle between BA and BC.
((-1Y) (2 )
BA.BC= | -4 ] .| -12 | = -2+48+20=66
\4 ) (s )

33173 co¥ = 66
66

COSI = V33[i7s
9=29.1° (1d.p.

© Pearson Education Ltd 2C
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Exercise G, Question 13

Question:

Given that the pointd andB have coordinates (7, 4, 4) and
(2, -2, —1) respectively, use a vector method to fimevalue of
cos AOB, whereé is the origin.

Prove that the area of\ AOB is 57\@)'

Solution:

0

a A

The position vectors oA andB are
(7)) (2 )
a= | 4 |andb=| -2 |
\ 4 ) \ -1)
7Y (2 )
a.b=141| .| -2 | =14-8-4=2
4 ) L -1)
la| =\A+42+42=\81=9
|b] =}Z+ (-2)2+ (-1)2=V9=3
9x3x%xco¥=2

_ 2
CcoSsH = 27
_ 2
cos - AOB = >7

1
Areaof ~ AOB= 7 |a]| |b] six AOB
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Using sirf + co$6 = 1:
- . (2o _ 725
S ZAOB=1- | 3 %= =

. _,‘ 725 _ \25{29  5{29
sin « AOB = E_ el
{29

5{29

Area of A AOB = l><9><3><5

2 27

© Pearson Education Ltd 2C
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Exercise G, Question 14

Question:

AB is a diameter of a circle centred at the ori@jrandP is any point on the
circumference of the circle.

Using the position vectors &, B andP, prove (using a scalar product) thd is
perpendicular tBP (i.e. the angle in the semicircle is a right ain

Solution:
P

Let the position vectors, referred to orighof A, B andP bea, b andp

respectively.

Since | OA| = |OB| andBis a straight line, b = -

AP =p-a

BP=p-b=p-(-a)=p+a

AP.BP= (p-a) . (pta) =p. (pta) —a. (pta)
=p.ptp.a-a.p-a.a

=p.p-a.a
= |p|%anda.a= |af
Also |p| = |a]| ,since the magnitude of each vemjaals the radius of the

circle.
SoAP.BP= |p|?- |a|?%=0
Since the scalar product is zeAP is perpendicular tBP.

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 5 g ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 1

Solutionbank 4

Edexcel AS and A Level Modular Mathematics

Vectors
Exercise G, Question 15

Question:

Use a vector method to prove that the diagonalseosquar®©ABC cross at
right angles

Solution:
8 B
C M
0 a A

Let the position vectors, referred to orighm of A andC bea andc respectively.

AB=0C=c

AC=c-a

OB=OA+AB=a+c

AC.OB=(c—-a). (a+c) =c. (a+c) —a. (a+c)
=c.a+c.c—-a.a—-a.c

=c.c—-a.a
= |c|?-]a]|® |
But [c| = |a]| , since the magnitude of each vecjoals the length of the

side of the square.
SoAC.OB= |c|?- |a|%=0
Since the scalar product is zero; the diagonalsscab right angle

© Pearson Education Ltd 2C
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Exercise H, Question 1

Question:

Find a vector equation of the straight line whiasges through the poiAt with
position vectoml, and is parallel to the vectbr

(@a=6i+5-k,b=2i-3]-k
(b)a=2i+5,b=i+j+k
(c)a= —-7i+6]j+2k,b=3i+]+ 2k

(2 [ -3)
(da=|o0o ]| ,b=1|2 |
4 L1 )
(6 ) (0 )
(e)a=| -11 | ,b=1] 5 |
L2 ) \ -2 )
Solution:
(6 ) (2 )
@r=15 | +t] -3 |
\ -1) \ -1)
(2 (1)
b)r= | 5 | +t| 1 |
L o) L 1)
(-7 (3)
cyr=16 | +t [ 1|
L2 ) \ 2 )
(2 [ -3)
(dr=1] 0| +t] 2 |
\a) L1 )

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 5 h ... 3/6/201:



Heinemann Solutionbank: Core Maths 4

(6 ) (0 )
er=1] -12 | +t | 5 |

L2 ) \ -2

© Pearson Education Ltd 2C
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Exercise H, Question 2

Question:

Calculate, to 1 decimal place, the distance betwepointP, wheret = 1, and
the pointQ, wheret = 5, on the line with equation:

@r=(2i-j+k) +t(3i—-8j-k)
(b)r= (i+4j+k) +t(6i—2j+3k)
(c)r= (21 +5k) +t( —-3i+4-k)

Solution:
(2 ) (3 ) (5 )
@t=1 p=| -1 | +1| -8 | =] -9 |
N \ -1) Lo )
(2 ) (3 ) (17 )
t=5:. g=1| -1 | +5| -8 | =] -41 |

L1 ) \ -1) \ -4 )
(17 ) (5 ) (12 )
PQ=q-p=1| -4 ] -| -9 | =| -3 |
\ -4 ) Lo ) \ -4 )
Distance = |PQ| $\22 ( -32)2+ ( -4)?2
=\1184 = 34.4 (1 d.p.)

(1) (6 Y (7)

b)yt=1: p=|4| +1| -2 | =1 2|
L 1) L3 ) \ 4 )
(1) (6 ) (31 )
t=5. g=1| 41| +5| -2 | =] -6 |
L 1) N \ 16 )

(31 ) (7)) (24 )

PQ=q-p=1| -6 | - 2] =] -8|

\ 16 ) L4 ) \ 12 )

Distance = |PQ| $\34 ( -8)2+12
=\[784 = 28 (exact
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(2 (-3 (-1

Ct=1 p=|o| +1] 4 [ =] 4 |
\ 5 ) \ -1) L4 )

(2 ([ -3) ([ -13)

t=5:. g=|o0o | +5| 4 | =] 2 |
\ 5 ) \ -1) Lo )

PQ=g-p=1|20 | -| 4

PO| #\ ( -123+ 162+ ( -4) 2

Distance
41€=20.4(1d.p.
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Exercise H, Question 3

Question:

Find a vector equation for the line which is paataib thez-axis and passes
through the poin(4, -3, 8) .

Solution:
(0
Vectork = | 0 | isin the direction of theaxis.
\ 1)
(4 )
The point (4, -3, 8) has position vector -3 |
L8 )
The equation of the line is
(4 ) (0
r=| -3 | +t] o]
\8 ) L 1)

© Pearson Education Ltd 2C
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Exercise H, Question 4

Question:

Find a vector equation for the line which passesuhh the points:
@2, 1,9and (4, -1, 8)

(b) (-3,5,0) and (7, 2, 2)

(c) (1,11, -4) and (5,9, 2)

d (-2, -3, -7)and (12,4, -3)

Solution:
(2 (4 )
@a=1]11],b=] -1
\ 9 ) L8 )
(4 ) (2 (2 )
b-a=| -1] -] 1| | -2 |
NE: \ 9 ) \ -1)
Equation is
(2 (2 )
r= [ 1] +t] -2 |
L9) L -1)
(-3 (7))
bya=15 | ,b=1] 2|
Lo ) \ 2 )
(7)) (-3 (10 )
b-a=1]2] -5 | =] -3|
\ 2 ) Lo ) L2 )
Equation is
(=3 (10 )
r= | 5 | +t| -3 |
Lo ) L2 )
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(1 ) (5
(ca= 1] 11 | ,b=1] 9 |
\ -4 ) L2 )
(5 (1 ) (4 )
b-a=|9 | - |11 | =] -2 |
L2 ) \ -4 ) L6 )
Equation is
(1 ) (4 )
r= | 11 | +t | -2

\ -4) L6 )

(-2 (12 )
(da=| -3 ] ,b=1]4 |
\ -7 ) \ -3 )

(12 ) (-2 (14 )

b-a=|4 | - | -3| =7 |
\ -3) \ -7) \ 4 )
Equation is
(-2 (14 )
r= | -3 | +t] 7 |
\ -7 ) \ 4 )

© Pearson Education Ltd 2C
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Exercise H, Question 5

Question:

The point (1p, q) lies on the liné. Find the values g andq, given that the
equation id is:

@r= (2i-3j+k) +t(i—-4j-9k)
(b)r=( -4i+6j—-k) +t(2 -5 -8k)
(©)r=(16-9 -10k) +t(3i+2 +k)
Solution:
(2 ) (1 )
@r=1| -3 | +t | -4 |
L1 ) L -9 )
x=1. 2+t=1 = t=-1
(2 ) ( Y1) (1)

r=| -3+ | -1211| -4 =11 |
L1 ) \ ) L -9) \ 10 )
Sop =1 andqg = 10.

(-4} (2 )
Myr= 16 | +t]| -5 |
C-1) (-8
x=1. -4+2=1 = 2=5 = tzg
(-4) (2 ) (' )
r=»16 | +5] -5 =1 -65|

C-1) SU-s) U,

1
Sop= -67andq= - 21.

(16 ) (3)
cr=1 -9 | +t ] 2 |
\ -10 ) L 1)

x=1 16+3=1 = 3t=-15 = t= -5
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(16 ) ( Y[ 3) (1 )
r=1] -9 | + | =5 ]2 =] -19 |

\ -10 ) \ ) L1) \ -15 )
Sop= —-1%andq= - 1%

© Pearson Education Ltd 2C
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Exercisel, Question 1

Question:

Determine whether the lines with the given equatiotersect. If they do
intersect, find the coordinates of their pointrtersection.

(2 ) (2) (1) (1 )
r= | 4 [ +t] 1 |andr=| 14 | +s| -1 |
\ -7) \ 3 ) \ 16 ) \ -2 )
Solution:
(2+2 ) (1+s )
r= | 4+t | ,r= | 14-s | .
\ -7+3 ) \ 16-x )
(2+22 ) ((1+s )
At an intersection point] 4+t | =| 14-s |
\ -7+3 ) \ 16-% )
2+22=1+s
4+t=14 -s
Adding: 6+3=15
= 3=9
= t=3
2+6=1+s
= s=7

If the lines intersect, — 7 +t3= 16 — Z must be true.
-7+3=-7+9=2

16 -X5=16-14=2

Thez components are equal, so the lines do intersect.
Intersection point:

(2+22 ) (8 )

| 4+t =1 7|
\ -7+3 ) L2 )
Coordinates (8, 7,

© Pearson Education Ltd 2C
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Exercisel, Question 2

Question:

Determine whether the lines with the given equatiotersect. If they do
intersect, find the coordinates of their pointrtersection.

(2 ) (9 ) (3 ) (2 )
r= 1] 2 | +t| -2 Jandr=| -1 ]| +s| -1 |
\ -3 ) L -1) L2 ) L3 )
Solution:
((2+a ) ((3+2 )
r= | 2-2 |,r= | -1-s |
\ -3-t ) L2+ )
(2+9t \ /3+25 \
At an intersection point] 2-2 | =[ -1-s |
\ -3-t ) L2+ )
2+%=3+2X
2-2=-1-s ( x2)
2+A=3+5

4-4=-2-2
Adding: 6+5=1

= bt= -5
= t=-1
2-9=3+35%
= 2s= -10
= s= -5

If the lines intersect, — 3 += 2 + 3s must be true.
-3-t=-3+1=-2

2+3=2-15= -13

Thez components are not equal, so the lines do natsiett

© Pearson Education Ltd 2C
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Exercisel, Question 3

Question:

Determine whether the lines with the given equatiotersect. If they do intersect,
find the coordinates of their point of intersection

(12 ) (-2 (8 ) (2 )
r= 14 | +t| 1 Jandr=| -2 | 4s| 1 |

\ -6 ) La ) L6 ) \ -5)
Solution:

((12-2 ) ((8+2 )
r= | 4+t | ,r= | -2+s |

\ -6+4 ) \ 6-5% )
((12-2 ) ((8+2 )

At an intersection point] 4+t | =] -2+s |
\ -6+4 ) \ 6-5 )

12-2=8+2X
4+t=-2+s ( x2)
12-2=8+2X

8+2=-4+2X
Adding: 20=4+4

= 4s=16
=> s=4
12-2=8+8
> 2t= -4
> t= -2

If the lines intersect, — 6 +t4 6 — 5s must be true.
-6+4=-6-8=-14

6-55=6-20=-14

Thez components are equal, so the lines do intersdetsection point:

((12-2 ) (16 )

| 4+t =12 |.
\ -6+4 ) \ -14 )
Coordinates (16, 2, —-14)

© Pearson Education Ltd 2C
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Exercisel, Question 4

Question:

Determine whether the lines with the given equatiotersect. If they do intersect,
find the coordinates of their point of intersection

(1) (4 (-2 (1 )
r= | o | +t] 2 landr=| -9 | +s| 2 |

\ 4 ) \ 6 ) \ 12 ) L -1)
Solution:

((1+4 ) ([ =2+s )
r= | 2 l,r= | -9+2 |

\ 4+6 ) \ 12-s )
(1+a ) ([ -2+s )

At an intersection point] 2t | =] -9+ |

\ 4+6 ) \ 12-s )

1+4=-2+s

2t= -9+ ( x2)
1+4=-2+s

4= -18+4
Subtracting: 1=16 -3
= 3s=15

= Ss=5
1+4=-2+5

> 4t=2

= t:l

2

If the lines intersect, 4 +t6= 12 — s must be true.

4+66=4+3=7

12 -s=12-5=7

Thez components are equal, so the lines do intersdetsection point:

((1+4 ) (3)
| 2t | = | 1 ].
\ 4+6 ) L7 )

Coordinates (3, 1,
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Exercisel, Question 5

Question:

Determine whether the lines with the given equatiotersect. If they do
intersect, find the coordinates of their pointrtersection.

(3 ) (2 ) (3 (6 )
r=| -3 | +t| 1 |andr=1| 4| +s| -4 |

L1 ) \ -4 ) \2) L1 )
Solution:

((3+22 ) ((3+65 )
r= | -3+t |,r= | 4-4 |

L 1-4 ) \ 2+s )

(3+Z \ /3+68\
At an intersection point] -3+t | =| 4-4s |
L 1-4 ) \ 2+s )

3+2=3+6s
-3+t=4-4 ( x2)
3+2A=3+6s
-6+2=8-8&
Subtracting: 9= -5+ 18!
= 1l4s=14
= s=1
3+2=3+6
= 2=6
= t=3

If the lines intersect, 1 —t4 2 + smust be true.
1-4=1-12= -11

2+s=2+1=3

Thez components are not equal, so the lines do natsiett
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Exercise J, Question 1

Question:

Find, to 1 decimal place, the acute angle betweeiines with the given vector
equations:

r=(2i+j+k) +t(3i-5-k)

andr= (7i+4j+k) +s(2i+]-9%)

Solution:
(3 ) (2 )
Direction vectorsarea=| -5 | andb#+ 1 |
L -1) L -9 )
B a.b
S PYRTY
(3 Y (2 )
a.b= -5 ] .] 1 | =6-5+9=10
\-1) \ -9)

la] =p®+ (-5)2+ (-1)2=\35
Ib| =}2+12+ (-9)2=\86

10
cosH = @@

0=795° (1d.p.)
The acute angle between the line79.c° (1 d.p.

© Pearson Education Ltd 2C
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Vectors
Exercise J, Question 2

Question:

Find, to 1 decimal place, the acute angle betweeiines with the given vector
equations:

r=(i—-j+7k) +t( -2i—-j+3k)

andr= (8i+5 -k) +s( —4i-2j+k)

Solution:
(-2 (-4

Direction vectorsarea=| -1 | andb% -2 |

\3 ) NS

(-2 [ -4)
a.b=| -1| .| -2 | =8+2+3=13
(3 ) (1 )
lal| =)0 (-2)2+ (-1)2+3=\14
Ib] =) (-4)%+ (-2)2+12=\21

13
cosd = [14{21

0=40.7° (1d.p.)
The acute angle between the line40.7° (1 d.p.
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Exercise J, Question 3

Question:

Find, to 1 decimal place, the acute angle betweeiines with the given vector
equations:

r=(3i+5-k) +t(i+j+k)

andr= ( —i+11j+5k) +s(2 -7 +3k)

Solution:
(1) (2 )
Direction vectorsarea=| 1 | andb# -7 |
L 1) L3 )
B a.b
S PYRTY
(1Y (2 )
a.b=|1| .| -7] =2-743=-2
L 1) L3 )
la|] =p£+12+12=V\3
|b| =kZ+ (-7)2+3=\62
-2
cosH = \|§‘|?2

0=98.4° (1d.p.)
This is the angle between the two vectors.
The acute angle between the linel8C° —98.4° =81.€° (1d.p.)
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Vectors
Exercise J, Question 4

Question:

Find, to 1 decimal place, the acute angle betweeiines with the given vector
equations:

r=(i+6j—-k) +t(8i—j-2k)

andr= (6i+9) +s(i+3 —-7k)

Solution:
(8 ) (1 )
Direction vectorsarea=| -1 | andb=+ 3 |
\ -2 ) \ -7 )
B a.b
S PYRTY
(8 Y (1 )
a.b= -1 ] .| 3 | =8-3+14=19
\ -2) U -7)

la|] =0&+ (-1)2+ (-2)2=\69
|b| =}2+3+ (-7)2=\59

19
cosd = (6959

0=727° (1d.p.)
The acute angle between the line72.7° (1 d.p.
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Exercise J, Question 5

Question:

Find, to 1 decimal place, the acute angle betweeiines with the given vector
equations:

r=(2i+k) +t(11i+5)-3k)

andr= (i+j) +s( —3i+5 +4k)

Solution:
(11 ) (-3
Direction vectorsarea=| 5 | andb#+ 5 |
\ -3 ) L4 )
B a.b
COst= 51 [
(11 ) [ -3)
a.b=|5 | .|5 | =-33+25-12= -20
L\ -3) L4 )
la| =012+5%2+ ( -3)2=\155
Ib| =} ( -3)2+5%2+42=\50
- 20

cosH = “1—55‘?0

0 =103.1° (1d.p.)

This is the angle between the two vectors.

The acute angle between the linel8C° - 103.1° =76.€° (1d.p.)
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Exercise J, Question 6

Question:

The straight lineg; andl, have vector equations

r=(i+4j+2k) +t(8i+5 +k) andr= (i+4j+2k) +5(3i+))
respectively, an@ is the point with coordinates (1,4, 2) .

(a) Show that the poif (9, 9, 3) lieson,.
(b) Find the cosine of the acute angle betwegemdl,,.

(c) Find the possible coordinates of the péinsuch thaR lies onl, and
PC=PR

Solution:

(@) Linel;: r=

9
Whent=1,r = 9
3 )
So the point (9, 9, 3) lies
(8 (
(b) Direction vectorsarea=| 5 | andb ¥
\

\1)

i
)

O Frr W

(8) [ 3)

a.b=1]5| .] 1| =24+5+0=29
\1) (o)

la] =p&+52+12=\90

Ib| =12+12+02=\10
29 29 29

cosd = @m: \|9_00:§)

(C)PQ=} (9-1)2+ (9-4)2+ (3-2)2
=\82+ 52 + 12 = \[oC

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 5 j ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Page2 of 2

(1) (3) ((1+3 )
Linel: r= | 4| +s| 1] = | 4+s |

\ 2 ) L\ o) \ 2 )
Let the coordinates &be (1+3,4+s, 2)
PR=] (1+3-1)2+ (4+s-4)2+ (2-2)2

=\9s? + % = | 1052
PQ?=PR% 90 = 162
= =9
= S= +3
(10 ) ( )
Whens=3,r= | 7 | R: | 10,7, 2 |
L2 ) \ )
(-8 ( )
Whens= -3,r= | 1 | R: | -8,1,2 |
L2 ) \ )

© Pearson Education Ltd 2C
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Exercise K, Question 1

Question:

With respect to an origi@®, the position vectors of the poirlisM andN are
(4i+7j+7k) , (i+3]+2k) and (2i +4j+ 6k ) respectively.

(a) Find the vectors ML and MN.

9
(b) Prove that co LMN = —

10°
(F
Solution:
(4 (1) (2
l= | 7|, m=1] 3| ,n=1| 4|
\7) \2) \ 6 )
(4 (1) (3
@ML=I-m= | 7| - | 3| | 4|
\7) \ 2 ) \ 5 )
(2 (1) (1)
MN=n-m= | 4| - | 3| =1]1|
\ 6 ) L 2) \4)
b
(b) .
M
N
ML . MN
COSO'= “TML| [MN |
(3) (1)
ML.MN= | 4| . | 1| =3+4+20=27
\5 ) (4)
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IML| =\32+42+52=\50

IMN| =Y22+12+42=\18
27 27

27 9
COSY = \soyis = 25(2jof2 — 5x3x2 - 10

© Pearson Education Ltd 2C
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Exercise K, Question 2

Question:

The position vectors of the poimsandB relative to an origif© are 5i + 4] + k
— i +] — 2k respectively. Find the position vector bétpointP which lies on

AB produced such that AP = 2BP.

LE

Solution:
A
a
B
0
P P

(5 (-1
a=| 4 |andb=| 1 |

\ 1) \ -2 )

OP = OA + AP = OA + 2AB
p=a+2(b-a) =2b-a
(-1 (5 (=7
p=21]1 | - |4 =] -2
\ -2 ) \ 1) \ -5 )
The position vector cP is — 7i — 2] — 5k.

© Pearson Education Ltd 2C
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Exercise K, Question 3

Question:

: . . .. .3
PointsA, B, C, D in a plane have position vectors a = 6i + 8j, ;= a,

c=6i+3,d= g c respectively. Write down vector eqoas of the linefAD

andBC and find the position vector of their point ofergection.

0
Solution:

_(8) . _3__/(9)
A= (g ) P=23% 1

_(6) _5 _(10)
C= | 3) 4=3C= 5

| | ) _ (1) (&) _ (4 )
LineAD: AD=d-a= \s ) ~Ls) ~ (L -3)
_ (6 (4 )
= le) Tt -3)
LineBC: BC=c-b= (2) _(22} :(:g)
_ (9 ) (=3
= 12) ¥S -9
or

(9 ) (1)

L12) TS (3

(6+4 )\ _ ( 9+s )

WhereAD andBC intersect, \ (Using the last

6
8- ) ~ L 12+3% )
version ofBC)

6+4=9+s ( x3)

8-3A=12+3F

18+12=27+3

8-3A=12+3F

Subtracting: 10 + 15= 15

= 15=5
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1
= t:3
Intersection: r = [(6+a ) _ ( % \|
- ls-3 ) T
L7 )
22 ,
r= 31+7)

© Pearson Education Ltd 2C
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Exercise K, Question 4

Question:

Find the point of intersection of the line throuyle points (2, 0, 1) and
(-1, 3, 4) and the line through the points ( -1, 3, nda
(4, -2,5) .

Calculate the acute angle between the two lines.

LE

Solution:

Line through (2,0,1)and ( -1, 3,4) .
(2 (-1

leta= | 0 | andb=| 3 |

L 1) L4 )
[ -1) (2 [ -3)

b-a=1[13 | -]o]| =13 |

\4 )  L1) (3 )

2
Equation: r=1] o | # [ 3 |
1

or r= | 0| +t] 1 |
1

Line through ( -1,3,0) and (4, -2,5) .
(-1 (4 )

letc= | 3 | andd=| -2 |

Lo ) \5 )
(4 ) [ -1) (5 )

d-c=1| -2 | -3 | =] -5 |
\5 ) Lo ) \5 )
(-1 (5 )

Equation: r=1| 3 | + | -5 |

Lo ) L5 )
(-1 (1 )

or r= | 3 | +s | -1 |

Lo J L1 )
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((2-t ) [ -1+s )
At the intersection point] t | =] 3-s |

L1+t ) Us )

2-1t= —-1+s
t=3-s
l1+t=s
Adding the second and third equations:
1+24=3
2t =2
t=1
s=2
Intersection point:
((2-t ) (1)
r= |t | = | 1]  Coordinates (1, 1, 2)
L1+t ) L2 )
(-1 (1 )
Direction vectors of the linesare 1 | and -1 |
L1 ) L1 )
Calling thesam andn:
_ m.n
COSO= | [n|
(-1) (1 )
m.n= |1 | .| -1 =-1-1+1=-1
\1 ) (1 )
Im| =) (-1)%2+12+12=\3
In| ={f+ (-1)2+12=\3
-1 -1

cost = GE - 3

6 =109.5° (1d.p.)
This is the angle between the two vectors.
The acute angle between the linel8C° - 109.t° =70.£° (1d.p.)

© Pearson Education Ltd 2C
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Question:

Show that the lines

r=(-2i+5 —-11k) + A (3i+j+3k)
r=8+9j+ pn (4i+2)+5k)

intersect. Find the position vector of their comnpamt.

Solution:
([ -2+3% ) ((8+4p )
r= | 5+ | ,r= ] 9+2p |
\ -11+3% ) \ 5 )
([ -2+3% ) ((8+4p )
At an intersection point] 5+ A | =| 9+2pn |

\ -11+32 ) \5p )
-2+3\X =8+4p
5+ X =9+2pn (x2)
-2+3\L =8+4p
10+ 21 =18 +4p
Subtracting: -12+A = - 10
= A =12-10
> A =2
-2+6=8+4p
> 4u=-4
= Ar=-1
If the lines intersect, — 11 +8 =5pu:
-11+3AL = -11+6= -5
Su =-5
Thez components are equal, so the lines do intersgetsection point:
([ -2+3%L ) (4 )
r= | 5+ | = | 7 | =4i+7j-5k
\ -11+30 ) L -5 )

© Pearson Education Ltd 2C
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Exercise K, Question 6

Question:

Find a vector that is perpendicular to both 2i + jard i + | — 2k.

0

Solution:

Let the required vector be + yj + Zk.

(2 Y ([ x) (1 ) x)
1 | . |ly | =0 and |1 | .]y | =0
\-1) (z) \ -2 ) (z)
2X+y-z=0

x+y—-2z=0

Letz=1:

2X+y=1

X+y=2

Subtracting: x= -1,y=3
Sox= -1,y=3andz=1
A possible vectori —i + 3} + k.

© Pearson Education Ltd 2C
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Exercise K, Question 7

Question:

State a vector equation of the line passing thrabgtpointsA andB whose
position vectors ari — j + 3k and i + 2j + 2k respectively. Determine the piosi
vector of the poin€ which divides the line segmeAB internally such that

AC = 2CB.

e

Solution:
(1 ) (1)
a=| -1 |,b=1] 2|
L3 ) L2 )

Equation of line:
r=a+t(b-a)

(1 ) (0 )
r= | -1 | +t | 3 |
L3 ) L -1)
B
C
A
but AC = 2CB
Position vector o€:
c—a+§(b—a\
- 3 )
(1) (o Y ()
=l -1l +5l3 | =12
L3 ) L -1) \ 35/
.. 7
:|+J+§k

© Pearson Education Ltd 2C
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Exercise K, Question 8

Question:

Vectorsr ands are given by

r=Xxi+ (22 -1)j-Kk
S=(1-A)i+3A)j+ (41 -1)K
where is a scalar.

(a) Find the values of for whichr ands are perpendicular.
When A = 2,r ands are the position vectors of the poiAtandB
respectively, referred to an oridgin

(b) Find AB.

(c) Use a scalar product to find the size ofBAO, giving your answer to the
nearest degree.

LE

Solution:
[ A ) (1= )
r= | 2a-1] ,and s=1| 3 |
L\ -1 ) \4r-1)

(@) If r ands are perpendicular,r.s =0

[ Yoo 1= )

r.s= | 2x-11] .| 3x |

L -1 ) (4r-1)
=A(1-21)+3%r (21 -1) -1(4r -1)
=LA - A2+612-31 -4) +1
=512-6A +1
S BA%2-61 +1=0
(50 -1) (A -1) =0

_ 1 _
x_50rx_1
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(2 ) (-1
by rx =2 a=13 | ,b=1]56 |
\ -1) L7 )
(-1 (2 ) (-3
AB=b-a=16 | -3 | =13 |
L7 ) L -1) L8 )
= - 3i+3j+8k
(c) Using vectors AB and AO:
(-3 (-2
AB= | 3 |,AO=-a=| -3 |
L8 ) L1 )
AB . AO
COSABAOZW
(-3 [ -2
AB.AO= | 3 | .| -3|] =6-9+8=5
\8 ) (1 )
|AB| =\ (-3)2+32+82=\82

|AO| =] (-2)2+ (-3)2+12=\14

5
cos « BAO = V82] 14
<« BAO =82 ° (nearest degree)

© Pearson Education Ltd 2C
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Exercise K, Question 9

Question:

With respect to an origi@, the position vectors of the poiriisandM are
2i — 3) + 3k and 5i + j +ck respectively, where is a constant. The poihtis
such thaOLMN is a rectangle.

(a) Find the value af.
(b) Write down the position vector bk

(c) Find, in the form r = p 4g, an equation of the lindN.

E)
Solution:
M
L
N
O
(2 ) (5 )
@l=1 -3 and m=1] 1 |
L3 ) Lc )
(5 ) (2 ) (3 )
IM=m-I= |1 |- | -3 =14 |

\c ) L3 ) L c-3)
Since OL and LM are perpendicular, OL . LMO=

(2 Y (3 )
| -3 | . |4 [ =0
\ 3 J (¢c-3)

6-12+3(c-3) =0
6-12+3-9=0
3c =15
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c=5
(3 ) (3)
(b)n=ON=LM= | 4 | = | 4 |
\ ¢c-3) \2)
n=23i+4j+ 2k

(c) The lineMN is parallel toOL.

Using the poinM and the direction vectdr

(5) (2 )
r= | 1] +t| -3 |
\ 5 ) L3 )

© Pearson Education Ltd 2C
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Exercise K, Question 10

Question:

The pointA has coordinates (7, — 1, 3) and the pd&ritas coordinates
(10, -2, 2) .Theliné has vector equationr=i+j+k &
(3i—j+k) ,whereiis a real parameter.

(a) Show that the poi lies on the lind.
(b) Find the length oAB.

(c) Find the size of the acute angle between tied lnd the line segmeAB,
giving your answer to the nearest degree.

(d) Hence, or otherwise, calculate the perpendiaittance fronB to the lindl,
giving your answer to two significant figures

LE

Solution:
(1) (3 )
(@Linel: r= | 1| +x | -1
L1) L1 )

PointAis (7, -1, 3)
(1) (3 ) (7 )
Usingh =2,r= | 1 | +2| -1 ] =] -1 |
L 1) L1 ) L3 )

SoA lies on the lind.

M)AB=\ (10-7)2+ [ -2-(-1)]2%+ (2-3)72
=\F+ (-1) 2+ (-1)2=\11

(10 ) (7 ) (3 )

(c)AB=b-a=| -2 | - | -1 ] =] -1 |
L2 ) L3 ) \ -1)

(3 ) (3 )

Angle between the vectorls -1 | and -1 |
\ -1) L1 )
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(3 ) (3 )

| -1 ] . ] -1 ] =9+1-1=9
\-1) (1 )

The magnitude of each of the vectori;Ts\ 11

9 9
So cog = Vi1 = 11

= 0 =35° (nearest degree)

(d)

d

. o _ d
sin3 =T

d=\11sin35° =1.¢(2sf.

© Pearson Education Ltd 2C
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Exercise K, Question 11

Question:

Referred to a fixed origi@, the pointsA andB have position vectors
(5i—j—k) and (i—-5]+ 7k) respectively.

(a) Find an equation of the likd3.
(b) Show that the poir@ with position vector 4i — 2j + k lies oAB.
(c) Show thaOC is perpendicular t&B.

(d) Find the position vector of the poidf whereD # A, onAB such that
|OD| = |OA]| .

(E

Solution:

(5 ) (1 )
@a=1] -1 ] ,b=] -5 |
\ -1) L7 )
(1 ) (5 ) (-4
b-a=1| -5 - | -1 =] -4 |
\7 ) \ -1) L8 )
Equation oAB:

(5 ) (-4
r:|—1‘+t‘ —4‘
L -1) L8 )
or
(5 ) (-1
r= | -1 | +t] -1 |
\ -1) L2 )
(5 ) (-1 (4 )
(b)Usingt=1: r= | -1 | +1| -1 [ =] -2 |

L -1 ) L2 ) L1 )

So the point with position vectdi — 2j + k lies onAB.
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(4 Y [ -4)
(cOC.AB=| -2 | .| -4] =-16+8+8=0
L1 ) L8 )

Since the scalar product is zeDg; is perpendicular tAB.

d
(d) p

D

0,

Since OD = OA, DC = CA, so DC = CA.
(s Y (4 Y (1 )

CA=a-c=1| -1 | - | -2 =]1 |
L -1) L1 ) \ -2 )
(1 )
DC=c-d=| 1 |
\ -2 )
(4 ) (1 ) (3 )
Sod=1| -2 | -1 | =] -3
L1 ) \ -2 ) L3 )
d=3i - 3j+3k

© Pearson Education Ltd 2C
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Exercise K, Question 12

Question:

Referred to a fixed origi@®, the pointsA, B andC have position vectors
(9i-2j+k), (6i+2]+6k) and (3i+#j+ gk) respectively, wherp
andq are constants.

(a) Find, in vector form, an equation of the linghich passes throughandB.
Given thatC lies onl:

(b) Find the value gb and the value af.

(c) Calculate, in degrees, the acute angle betézandAB,
The pointD lies onAB and is such thadD is perpendicular tAB.

(d) Find the position vector @.

LE

Solution:

(9 ) (6 ) (3 )
a=| -2 ],b=1] 2] ,c=]

p
L1 ) \ 6 ) \a )
(6 (9 ) ([ -3)

@b-a=1]21] -| -2 =4 |
\ 6 ) L1 ) \5 )
Equation of:
(9 ) (-3
r= | -2 | +t | 4 |

L1 ) \5 )

(b) SinceC lies onl,
(3 ) (9 ) (-3

lp | = -2 | +t] 4 |
\a ) L1 ) \5 )
3=9-3

3t=6

t=2
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Sop= —-2+4t=6
andg=1+5=11

OC . AB
(c) coy = OC[ [AB |
(3 Y)Y ([ -3)
OC.AB= |6 | . | 4 = -9+24+55=70
\12) 5 )
|oCc| =\%+6%+112=\166
|AB| =Y (-3)2+42+52=\50
70

cosd = 166 50
0=39.8° (1d.p.)

(d) If OD andAB are perpendicular,d. (b—-a) =0

(9-3 )
Sinced lies onAB,used = | -2+4 |
 1+5 )

(9- )\ [ -3)
| -2+4 | . | 4
L1+ ) \5 )
-3(9-3) +4(-2+4) +5(1+8%) =0
-27+32-8+16+5+28=0

=0

50t = 30
_ 3
t=73
9
(775 ) % 2.
1T meeE ) Tl
1+3

© Pearson Education Ltd 2C
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Exercise K, Question 13

Question:

Referred to a fixed origi@, the pointsA andB have position vectors
(i+2]—3k) and (5i - 3j) respectively.

(a) Find, in vector form, an equation of the lipevhich passes throughandB.
The linel, has equationr = (4i-4j+3k) & (i-2j+2k) ,wherelis a
scalar parameter.

(b) Show tha# lies onl,,.

(c) Find, in degrees, the acute angle betweenrtbsl} andl,.
The pointC with position vector (2i - k) lies oh.

(d) Find the shortest distance fra@rto the linel,.

LE

Solution:

(1 ) (5 )
@a=1]2 [ ,b=] -3
\ -3 ) Lo )
(5 ) (1 ) (4 )
b-a=| -3 | -2 | =] -5
\o ) \ -3 ) \3 )
Equation of;:

(1 ) (4 )

r= 12 | +t| -5 |

\ -3 ) \3 )

(b) Equation of
(4 ) (1 )

r=| -4 | +x | -2 |

\3 ) L2 )
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(4 ) (1 ) (1 )
Usingh = -3,r=| -4 | -3| -2 | =12 |
L3 ) L2 ) \ -3 )

SOoA lies on the Iinéz.

(4 ) (1 )

(c) Direction vectors of; andl,are | -5 | and| -2 |
L3 ) \2 )

Calling thesen andn:

COS) = T m]
(4 Y (1 )

m.n=| -5 .| -2 ] =4+10+6=20
L3 J L2 )

Im| =)14+ (-5)2+32=\50

In] ={#+ (-2)2+22=\9=3
20

cosf = 3@

0=19.5° (1d.p.)
The angle betwedpandl, is 19.5 ° (1d.p.).

(2 )
(dc=1] 0 |
\ -1)

A
/ L
|AC| =Y (2-1)%2+ (0-2)2+[-1-(-3)]°2
=12+ (-2)2+22=\9=3
. d
smH:E

1
d=ACsing =3 x 3 =1
The shortest distance fradto I1 iIs 1 unit.

© Pearson Education Ltd 2C
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Vectors
Exercise K, Question 14

Question:

Two submarines are travelling in straight lineotlgh the ocean. Relative to a
fixed origin, the vector equations of the two lingsandl,,, along which they

travel are

r=3i+4-5k+ A (i—2]+2k)

andr=9i+j-2k+p (4i+j-k)

wherei andp are scalars.

(a) Show that the submarines are moving in pereiati directions.

(b) Given that, andl, intersect at the poir, find the position vector oA.
The pointB has position vector 10j — 11k.

(c) Show that only one of the submarines passesidirthe poinB.

(d) Given that 1 unit on each coordinate axis regmés 100 m, find, in km, the
distanceAB.

(E

Solution:
(3 ) (1 )
(@) Linel: r= 1|4 | +& | -2 |
\ -5 ) \2 )
(9 ) (4 )
Linel,: r=[1 [ +p |1 |
\ -2 \ -1)
Using the direction vectors:
(1 Y (4 )
| -2 | . |1 | =4-2-2=0
\2 ) U -1)
Since the scalar product is zero, the direstire perpendicular.
(3+% ) (9+4p )
(b) At an intersection point] 4 -2 | =] 1+ |

\ -s5+2» ) U -2-p )
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3+ L =9+4p  ( x2)
4-2% =1+ p
6+2% =18 + 8u

4-2)L =1+ p
Adding: 10=19+ 9
= 9u=-9

= u=-1
3+ A =9-4

> A =2

(3+% ) (5 )
Intersection point:l 4-2» | =] 0o |
\ -5+2% ) L\ -1 )

Position vector of\is a = 5i — k.

(o0 )

(c) Position vector oB: b =10j-11k= | 10 |

\ -11)

Forl,, to give zero as thecomponent,A = - 3.
(3 ) (1 ) (0 )
r=14 | -3] -2 | =110 |
\ -5 ) L2 ) \ -11 )

SoB lies onl,.

Forl,, to give - 11 as thecomponent,u = 9.

(9 ) (4 ) (45 )

r=»[1 | +9]1 | =110 |
\ -2 ) \ -1 ) \ -11 )
SoB does not lie om,.
So only one of the submarines passes thrBugh

(d) |AB| =1 (0-5)2+ (10-0)2+[-11- (-1)]2
=\ (-5)%+10°+ ( -10) 7
=\225=15
Since 1 unit represents 100 m, the dist@iRes
15 x 10C = 150Cm = 1.Ekm.
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