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The binomial expansion
Exercise A, Question 1

Question:

Find the binomial expansion of the following upeted including the terms ix?.
State the range valuesfor which these expansions are valid.

@ (1+x)3

(b) 7=

©Y (1+x)
(d)

1
(1+2) 3

@3N (1-%)

3
2

(f) (1-1)

N X

@ [ 1+% )

1
(1+23)

(h)
Solution:

@ (1+%) 3 Use expansion with = 3 andx replaced with £

( ) 3x2x (%) 2 3x2x1x (x)3
=1+3 | x| + 21 + 31
\ J
3x2x1x0x (x)*4
41

=1 +6x+ 122+ 83+ 0x*  All terms after & will also be zero

=1+ 6K+ 12 + 83
Expansion is finite and exact. Valid for adllwes oix.
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1
(b) T—% Write in index form
= (1-x) -1 Use expansion with = — 1 andx replaced with X
(Y () v Co) ( oy 2
1+ | -1 —x|+( )(2!)(X) N
\ )\ )
(—1)(—2)(—3)(—><)3+
3!

=1+ Ix+ D+ A+
=1+X+X2+ X3+
Expansion is infinite. Valid when | x| <1 = |x]| <1

c)Y1+x  Write in index form
(c)
1 1
= (1+x) 2 Use expansion with = 7andx replaced withx

i _ 1 2
V(5 (-5
X |+ 2 +

)

N -

)
)

AT

=1+ (

1 _ 1 _3 3
(3) (-3) (-3) ®

3!

+

1 1 1
_ i 1, 1
=1+ 5X— X+ X+

Expansion is infinite. Valid whenx| < 1.

(d);3 Write in index form
(1+2)
= (1+ ) -3 Use expansion with = — 3 andx replaced with £
(Y () ey (o) 2
1+ | _3|‘2(‘+( )(2!)() N
\ ) U
(=3)(-4)(-5)(x)3
+

3!
=1 — 6X + 24x% — 803 +
1

Expansion is infinite. Valid when k2 <1 = |x]| < 3.
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)3 (1-3x)  Write inindex form
1 1
= (1-X) s Use expansion with= Zandx replaced with - 8

Iy 22y (32
(3) (-3) (-3

+

5
=1-x-x2- x>+

1
Expansion is infinite. Valid when | x3 <1 = [x| < 3.

3 3
(f) (1-1x) 2  Use expansion with = Zandx replaced with — 10
A
3 1 _ 2
(3\| | (5) (5) (~16)
=1+ \E) I -1 I + > +
| |
\ )
3,1 _1 _ 3
() (35) (=35) (-16)
3! +
_ 3 2_ L 3 )
=1-15+ 3 x 100k - 15 % \ — 100& ) +

75 125
=1- 15+ X2+ X3+

1

Expansion is infinite. Valid when | =40 <1 = [x| < 75.
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(9) ( 1+ Xz } ~4  Use expansion with = - 4 andx replaced With%
(

X
=1+ | -4 | "

\ )
(-4) (-5)(-6) (
31 L

2!

Y (=) (-5) (x5,
) La) T

:1—x+10xE—

5 5
4 52_ 3.3
=1l-X+ gX°— X7+

Expansion is infinite. Valid Whe+ % } <l=> |x]| <4.

1
1+ 2@
= (1+22) ~1  Use expansion with= - 1 andx replaced with £2

_ () (42 ) (-1) (-2)(2?)?2
_1+k 1)\2(}"‘ 2 +

Write in index form

(h)

=1-2C+

Expansion is infinite. Valid when 1(22| <1l = [x| <73
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The binomial expansion
Exercise A, Question 2

Question:
. .. (1+x) -1 .
By first writing (1-x) aS (1+) (1-2%) show that the cubic
. . (1+x) . 2
approximation tom is 1 +33+ 6x2 + 12¢. State the range of values)of

for which this expansion is val

Solution:
X - (1ax ) (1-2) "1 Expand (1-2) - lusing binomial
1-x = | xj ( ) xpand ( ) using binomia
expansion
( VT ( Y[ A C1y(—2)( —2)2
= [ aex | ae | m1 ]| o—a |+ R
\ )L \ )\ )
(~1)(=2)(-3)(-%)3 |
31 oo |
]
= (1+x) (1+X%+4¢+83+ ... )  Multiply out
=1+ X+ +83+ ... +x+2%+43+84+ ... Addlike

terms
=1+ X+ 6x2+12C +
1

(1-2) ~lisonlyvalidwhen | -®| <1 = [x| <3

. l+x . . 1
So expansion of — is only valid wherx | < 7.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 3

Question:

Pagel of 2

Find the binomial expansion ¢f\ ( 1 %3 in ascending powers a&fup to and

including the term inc. By substitutingk = 0.01 in the expansion, find an
approximation to|\ 103. By comparing it with the exaalue, comment on the

accuracy of your approximatic

Solution:

1
2

V(1+3X) = (1+X)

1 _ 1 2
(3) (-3) ()

2!

+

N -

.
| |
_ (1)
_1+\)}3<I+
| |
L)

3 9 27
_ >, 22, 4
—1+2x 8x+16x3+

1
This expansionisvaldif pg <1 = [x| <3

1
Substitutex = 0.01 (OK, as k| < 3) into both sides to give

3 9 27
1+3x0.01= 1+, x001-; x0.6% T, x0.0F
1.03= 1+ 0.015 - 0.0001125 + 0.0000016875

103 _ (],103 103 V103

100 — 1.014889188 L ‘oo Y100 ~ 10 )
Y103 _ ( \

10 — 1.014889188 L X 10]

\| 103= 10.14889188
Using a calculatc
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\| 102 = 10.1488915
Hence approximation correct to 6 (

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 4

Question:

1
In the expansion of (1 &x) ~ 2the coefficient ok? is 24. Find possible values

of the constara and the corresponding termx>.
Solution:
()
R N )
1 g 1Y | | (-3) (-3 (a)
(1+ax)‘2:1+K—E)IaxI+ 21 +
| |
N

_ 1 _ 3 _2 3
(-2) (-2) (-2) (@)

3!

+

1 3 5
_ 4 _ = 222 2.3
1
This expansionis validif gx| <1 = [x]| < 7.
If coefficient ofx? is 24 then
3.2_

a2 = 64
a= *+8
Term inx3 is

- 5= - 1 (£8) 3= £1608

If a =8, term incis — 160¢
If a= —8, terminx3is + 160x3

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 5

Question:
. L 1ex ) :
Show that ifx is small, the expressmr\ 1-x ) s approximated byxl+
1.2
X
Solution:
I Ly 1
T
1 1
= (1+x) 2(1-x) ~ 2 Expand using the binomial expansion
1 (2) (-2) (02
=[1+(3) (x)+ "2 2 + 1 [1+(-3) (-x) +
2!
(-2) (-2) (%) 2
2 2 AL ]
21
1 1 1 3
= (1+ 5x= 9+ ) (L+35x+ 9%+ )
— 1 3.2 1 1 3.2 _1p2
—1(1+2x+ Xt .. )+2x(1+2x+ Xt ) 8x(1+
1 3.2
Xt Xt )
_ 1 32,1 12 12 :
=1+ SX+t Xt OX+ OX Xt . Add like terms
_ 1.2
=1+x+ —x°+
2
1+x - 1 2
Hence\ 7= 14+ 5x

If terms larger than or equal x3 are ignorec

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 6

Question:

3
Find the first four terms in the expansion of ( 1x)32. By substituting in a suitable
3
value ofx, find an approximation to 97.

Solution:
3 3 2y iy (mx2 0 (3 (E) (-3 (-
(1—3X)5:1+(E) (-%) + "2 2 + 2 2 2 +
21 3!
:1_9_X+2LX2+2_7X3+
2 8 16

1
Expansionisvalidif | =8| <1 = [x]| < 3.

Substitutex = 0.01 into both sides of expansion to give

3 9x0.001 27x (001)2 27x (0.01)3
(1-3x001)2 =1-——, + 8 + 16

3

(0.97) 2= 1-0.045+ 0.0003375 + 0.000001687
3
(0.97) 2 = 0.955339187
3 3 3
(97 )28 _ r(ﬂ\g 975 973 975 |
(100 j 2 = 0.955339187, |L L 100 ) 2 s (V10,3 “1000 |
1005 ]
3
975 ( )
Toog = 0.955339187 |  x 1000
\ )
3
972 = 955.339187

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 1

Question:

Find the binomial expansions of the following ircasding powers of as far a:
the term inx®. State the range of values)ofor which the expansions are valid.

@1 (4+)

(0) 7

1
(c) 2 -x) 2

() Y (9+x)

1

© Tz

M 375

1+x

(9) 5+x

[ 2+x

™\ {1

N—

Solution:

@) (4+X%)  Write in index form.
= (4+2) 2 Take out a factor of 4

T, (=) 1 L

= L4 \ 1+ INE Remember to put the 4 to the poyer
1 1 1

=45(1+X5)5 42 =2

R O N L _ X

=2 \1+ 2 )2 Use the binomial expansion wite Sandx = 3
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{
1 1 X
() (-3) (5)2
I R S I A ML L R
- | \2) (2) 2!
|
L
i
1 _1 _3 X \3
(5) (-35) (=3 (35) |
3! + : }
|
|
S A S R ) :
=2 \1+ 2 ~ 3 Y1 Tt ) Multiply by the 2

Validif} X;} <1 = |x| <2

1
(b) 7% Write in index form

= (2+x) ~ Take out a factor of 2
= [2 ( 1+ X;) }‘1 Remember to put 2 to the power - 1
=2 ( i\ 27 1= 2 Use the binomial expansion with
- \ T2 ’ - 2 p
n= —-l1landx= X;
N
_ 1 (X ) (1) (=2) (x>
‘2I1+I_1I\2j+ 21 L2 )
L \ )
]
(—l)(—2)(—3)(x\3 |
3 7 |
L) |
]
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w
—

¥ X
* 256 T 256

1
= 16T

32

N

N—

Page3 of 8

Multiply by the;

1
16- Use the binomial expansion with
(=2)(=3) ([ _x ),
21 . T4 )7
i
]
) . L
Multiply by7s

ValidforI %I <1 > |x| <4

(d)Y9 +x  Write in index form
:(9+x)%
= [9(1+X3) }E
=9§(1+X3)§ :
vz X

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 b ...

Take 9 out as a factor

: 92 = 3. Use binomial expansion with=

1
2and

3/6/201:



Heinemann Solutionbank: Core Maths 4

Paged of 8

|
1 1
oy xy 2T gy
— = - 212
3tz e T e
|

L

1

1 1 3
(E)(—E)(—E)(X\s |
> N |
L) I
]

(. x _x X ) :
:3\1+18—648+11664+ o) Multiply by 3
D S GO
=3+ % ~ 216 * 3ss8

Validfor}%} <1 = |x| <9

(e) Write in index form

2 +X

[ERN

(2+x) ~ 2

—
N

expansion witm =

f

1
V2

|
|
|
|
|
]

Take out a factor of 2

1 1 1 ) )

2= — = 5. Use binomial
1
25
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i
3

(_E)(_E)(_E)/£\3 |
31 L2 ) * : }
|
]

_L x ¥ 5 \ . 1

=2\ 1%t et Multiply by=75

1 X 3x2 5x3 . .
+ .. Rationalise surds

= Y2 7 av2 T 3292 T 128v2

N2 d2x o 3V 523
=2 T g tT e T 256

Validif} X;} <1 = |x| <2

5
() 37  Write in index form

=5(3+x) -1 Take outa factor of 3
I P23 T
_5L3\1+3 )]

%

3

(

=5x371 | 1+ V-1 3ois

} '

Wl

. Use binomial expansion with

2x
n= -1andx = 3

_§|F1+|(_1
LT

(-1)(=2)(=3) ( 2\ 3,
3| \ 3 ) e J

2X (-1)(-2) 2X
(?)"' 21 (?)24’

N——

- 1

( 2x A 8
\1——+———+

_ 5
3 9 27 Multiply by3

|
wlom

N—
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1+x . .
9) 5+« Write 5 in index form
= (1+x) (2+x) ~1 Take out a factor of 2
_ [ Y[, f x| -
Sttt gttt g
= (1+x)2‘1 (1+X3) -1 Expand( 1+X3} ~ Lusing the
binomial expansion
( ' ( ) _ i}
= |1+X|%|l+| _l|/XE\ +( 1;|( 2)()(5\2+
N I R O o2
(-1)(=2)(=38) (x5 1|
31 L2 ) *
J
1 20X (
= (1+x)§(1—%+%—§+ ) Multiply\\l—
x, #_2 Vol
2t 47 8 7 | by3
( Ny (1 X X2 x3 A _
= k1+x) \5— 2t %8 " 167 ) Multiply your answer
by (1+x)
(1 _x 2 X ) (1_x ¥ X
=l 279t Tt ) K274t Tt
)
)
1_x 2 X x ¥ X :
= S5-2+t% 1t +5 -, +35 + Collect like
terms
_ 1.1 1o, L
= 2 X X X
Validif} X;} <1 = |x| <2

2+X
(h)i 1-x

1

= (2+x) 2 (1-x) ‘%

Put both in index form
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Ly x 2 _ 1 : : .
:22\1+3)z(1—x) 2 Expand both using the binomial
expansion
.
|
|
I
1
| (7) (=3)
_ (1) (x) (x>
FVZIIr e ) T e (2
|
|
|
|
L
1T ( )
| | |
| | |
| L
1 1
E e U .
31 P 1+ =3 XA
(2 I R B
| | |
| | |
| | |
| | |
1L \ )
1
l
l
1 3 1 3 5
(_E)(_E)(_X)Z (_E)(_E)(_E)(_X)s |
21 + 31 + }
|
|
|
|
]
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1 1 1 1 3
=\/2(1+Zx— X+ T+ } (1+§x+ P+
5
S ) Multiply out
16 )
-
| ( 1 32 5 3 \ 1 / 1
=\/2|1\1+§x+gx+1—6x+ JoFax Lo
| \
L
gx+1—6x3+ J—Ex \1+5X+§X+EX3+ )
1 1 3 5
+E3x3(1+ SX+ X+ X+ ) }
[ 1 3 5 1 1 3 1 1
=2 \\1+ DX+ g+ X0+ X+ gt - X X+
)
1
e+ ... | Collect like terms
)
3 15 51
=\/2(1+ Xt X e+ } Multiply by ' 2
- 2+ 3_V2X+ 15V2X2+ 512
B 4 32 128
Validif} XE} <land | x| <1 = |x]| <1forboth to be valid

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 b ... 3/6/201:

Page8 of 8



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

The binomial expansion
Exercise B, Question 2

Question:

. . 3+ X=X :
Prove that ifx is sufficiently small;—,— — may be approximated f)y +

11 5 - o
X~ gxz. What does ‘sufficiently small’ mean in this ques®

Solution:

— 2
3+42fxx = (3+2x—x2) (4-x) 1 Write4fxas (4x) ~1
= (3+2<—x2) [4(1—%) }"1 Take out a factor of 4
= (3+2<—x2)%(1—xz) -1 Expand( 1—%) ~1using the
binomial expansion
I S I S O R E D WE D G

( J A U A oL

1
} 2+ | Ignore terms higher tha®
2

= (3+2<—x2)%(1+%+)1(—6+ ) Multiply expansion by
i
4
_ ! 2 ) (1, x ¥ ) :
- \3+2(_X ) \4+ 16+ 64+ . j MU|t|p|yreSU|tby
(3+2X-x2)
L (1, x X ) (1, x X ) (
=3 4ttt ) FX¥ 2t et et ---j_XZL
1,x % )
4t 16t et |
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_ 3,3, ., 3832, 1 1 12
= 7t Xt Xt X+ gxf- xt+ Ignore any terms
bigger than?
_ 3 1. 55
= 41 16X X
. | X
Expansion is valid |f} 2 } <l = |[x]| <4

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 3

Question:

Find the first four terms in the expansion|of\ (4 ¥ . By substitutingk = %

find a fraction that is an approximation 135. By comparing this to the exact
value, state the degree of accuracy of your appraton

Solution:
1
[ (4-x) = (4-x) 2
X 1
=[4(1-7) 12
1 1
=47 (1- 7)) 2
3
:2[1+(§)(—XZ)+(E)(‘E)(——)2+(E)(‘E)('E)
2! 31
X
(- 75) 3%+ ]
_ _x_ 2 3
=2(1 8 128 1024 )
_o_ X _® _ 3
=2 4 64 512+
. X
Valldfor} —Z} <1l = |x| <4

1 1 1
= (=)?2 (=)3
(4 1) o0 °
k4_9)_2_4_64 - 512
35 1 1 1
9 ~ 2 - 36 5184 373248
V35 736055
3 T 373248

V3= 736055 _ 736055
35= 3 X 37308 = 124416

= 5.916079} 925
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By calculator \ 35 = 5.91607! | 78
Fraction accurate to 6 decimal ple

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 4

Question:

The expansion of &+ bx) ~ 2 may be approximated biy
the values of the constara, b andc.

Solution:

[a(1l+ b—X) ] =2 Take out a factor af
a

(a+bx) ~2

_ bx | _
a 2(1+;X) 2

L Xy -2
2 (1+ 7))

_ 1 _ bx. (-2) (-3) ,bx |»
=21+ (-2) () + Y (7 )t
1 2bx 302
=27 3 + ) +
11 5
Compare thistg,  +,x + cx
- o1l
Comparing constant terms: 2 7
> a’=4 (V)
= a= 2
C : - -2 1
omparing terms ix: R
a3
= b= T3 Substitutea= +2
+2) 3
S~ p= (_8)
= b=zx1
. > 3b? _ 5
Compare terms ik~  c= o Substitutea™ = 16,b* =1
_3x1
= C= 16

Pagel of 2

1 .
X+ cx2. Find
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3
Hencea= +2,b+1,c= 16

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 1

Question:

8x+4
(1-x) (2+x)

(a) Express as partial fractions.

8+ 4
=-X) (2+x)

(b) Hence or otherwise expaufufL in ascending powexsas far a

the term inx2.

(c) State the set of valuesx for which the expansion is val
Solution:

8x + 4 A B _ A(2+x) +B(1-x)

@Let Ty 20 = (10t (20 = (1ox) (24x)

Set the numerators equal: x84=A(2+x) +B(1-x)
Substitutx=1: 8x1+4=Ax3+Bx0

= 12=3A

= A=4

Substitutx= -2: 8x ( -2) +4=Ax0+Bx3
= -12=3

> B= -4

8x + 4 4 4

Hence 15 (2+x) = (1-x) ~ (2+x)

4 _ -1
(b) (1-x) —4(1_)()

_ga ! ( )
_4|_1+\_1j

) (-1) (=2) (=x)?
) ¥ > +

(
\

L 1

=A(1+x+X2+  ..)
= 4 + Ix + 4X° +

=4(2+x) ~1

(2+x)
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N x ) | -1
_4L2\1+2)J
=4x2‘1(1+§}‘1
O N R N B N LIPS
=Axgx it )iz ) T 2
2, }
=2(1—X;+X;2+ )
=2-X+ %x2+
Therefore
8x + 4 B 4 4
(1-x) (2+x) — (1-x)  (2+x)
= (4+4x+4x2+ ) - (2—x+ %x2+ )
:2+5x+77x2

4
(c) (1-%) is valid for |x| <1

(2+%) Is valid for x| <2

Both are valid whe | x| < 1.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 2

Question:

(@) Expres(z_%zx)2 as a partial fraction.
+ X

(b) Hence prove thar%z_—zx)2 can be expressed in the fo1=m-;0< + Bx? + CxX°
+X

where constan® andC are to be determined.

(c) State the set of valuesx for which the expansion is val

Solution:

-2 _ A B _ A(2+x) +B

Let——— = + =
(a) Le (2+x) 2 (2 +x) (2 +x) 2 (24x) 2

Set the numerators equal: x2A(2+x) +B
Substitutex = - 2: 4=Ax0+B = B=4
Equate terms ix -2=A > A= -2
Hence—2— = ——— 4+ —%

(2+x) 2 (2+X) (2+x) 2

2 -1
0) 5+ = —2(2+x)

_ ol o b T '}

= 2L2\1+2}J

= -2x2"1x (1+x5)_1

r ( \ X (-1)(-2) X

R () RS ) e
(“1)(=2)(=3) ( x )3, 1|

3! L2 ) “J

X X2 X
:—1x(1—3+z—§+ )
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=1x | 1+ | -2| (XE) +(_2;!(_3) (XE}Z+
|

N—

1 3
HenceB = 3 , (coefficient of?) andC = - 5, (coefficients ok°)

(c) (2+x) is valid for x| <2

— —isvalid for |x| <2
(2+x)

Hence whole expressionisve | x| <2

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 c ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 3

Solutionbank
Edexcel AS and A Level Modular Mathematics

The binomial expansion
Exercise C, Question 3

Question:

6 + 7x + 5x° . .
(@) ExpreSb( 1+x) :1 _J; )X( 2+x) asa partial fraction.

_ L B+ X+ 5 : :
(b) Hence or otherwise expand 50" 1-x) (2+x) in ascending powfexs o
as far as
the term inc.

(c) State the set of valuesx for which the expansion is val
Solution:

6 + 7X + 5x2 A B C

(a)Let(1+x)(1—x)(2+x) = T T 10t 20

A(l-x) (2+x) +B(1+x) (2+x) +C(1+x) (1-x)
(1+x) (1-x) (2+x)

Set the numerators equal:

6+7x+5x25A(1—x) (2+x) +B (1+x) (2+x +C

( Vo )
K1+X)K1_X)

N—

Substitutex = 1: 6+7+5=Ax0+Bx2x3+Cx0

= 18=@B8

= B=3

Substitutex = - 1: 6-7+5=A%x2x1+Bx0+Cx0

= 4=2A

= A=2

Substitutex = - 2: 6-14+20=-Ax0+Bx0+Cx ( —-1) x3
> 12=-3C

= C= -4

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 c ... 3/6/201:



Heinemann Solutionbank: Core Maths 4

6 + 7X + 5x° 2 3 4
I_Ience(1+x)(1—x)(2+x) ~ (1+x) + (1-x)  (2+x)

2 -1
(b) T+x =2(1+x)

N N N SR G IO
+

:2| 1+ ‘ _1‘ |X ‘ + 21
L \ ) U )
(1) (-2)(-3) ()3 |
31 + .
]
=2(1-x+x%-x3+ ..)
= 2-X+2¢-23  Valdfor [x]| <1
—~=3(1-x) 1
I ( Y[ ) Z1) (=2 ( -x) 2
O T N N R HZ!H )2,
L \ ) )
(-1) (-2)(-3) (-x)3 |
31 + |
]
=3(1+x+x2+x3+  ...)
= 3+ 3Xx+3x%+3 Valdfor [x]| <1
T =4 (24x) T
A X\ | -1
_4L2\1+2)J
=4x2"1x (1+X3)‘1
I ( \(X\
_ X (=1)(=2) (x>
A I Uk S A TR U
(1) (=2)(=3) (x )3, }
3| \2] 'R
]
o (o x ¥ X \
—2\1_2"'4 _8 + }
X2 x3 _
= 2-x+ 75 -, Valdfor |[x| <2

Page2 of 3
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Henc
6 + 7x + 5¢° 3 2 3 4
(1+x) (1-x) (2+x) — (1+x) + (1-x)  (2+x)
= | 2—2<+2x2—2x3 |+ | 3+3<+3x2+3x3 |
\ ) \ )
( 2 8
T2TXT 2T
=24+43-2—-X+3X+X+2%+ 3 -
X 23 4 33 X
, T2XTH3H Y

9 5
=3+ X+ X+ %

(c) All expansions are valid whe | x| < 1.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 1

Question:

Find binomial expansions of the following in asceigdoowers ok as far as the
term inx3. State the set of valuesxfor which the expansion is valid.

@ (1-4«)3

(b)q (16 +x)

© o

COF e

4

O T

1+x

N 5%

@122

X—-3
() (1-x) (1-%)

Solution:

(@) (1-4) 3 Use binomial expansion with= 3 andx = - 4x

() [ ) (3) (2) ( -4) 2
= =+ —_ + +
L+ (3 ) % X
3) (2) (1) ( -«) 3
— )(3!)( ) As n = 3 expansion is finite
and exact

=1-1X+ 482 -64¢  Valid for all x
(b) ‘{ 16 +x  Write in index form

1
= (16 +x) 2  Take out a factor of 16
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N x ) 12
- |_16K1+16) JZ
- l( L\l . . . a1 X
=162 K1+ 16 ) 2 Use binomial expansion with= Zandx = ¢
[ 1 1 1 1 3
B T I R LI LI P LI L L
_4}1+2k16)+ 21 L1 ) 7 31 L
L
i
X )3
6 ) T I
J
(o x X x° \ .
_4K1+32 ~ %048 T o536 T - ) Multiply by 4
L x X X
=4+ %5 512 T Teama t
VaIidforI %I <1 = |x| <16
1
() T-x  Write in index form
= (1-2x) ~1  Use binomial expansion with= — 1 andx = - 2x
(N ) v (o () 2
R R I R A L el
\ )\ )
(-1)(-2)(=3)(-%x)°
31 +
=1+ 2+ 4%+ 8+
1
Validfor |X| <1 = |[x| <3
4 o
(d) 7= Write in index form
=4(2+%) ~1  Take out afactor of 2
a5 S T |
_4L2K1+ 2 ) |
_ 1. ! *x ) _; N SN
4x2° +x \1+ 2 Use binomial expansion witin 1 and
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_ X
X=
[ ( A
X (1) (=2) ( X
=2 1+ | -1| (2\ + 21 2 +
] \ )K ) ! L2 )
(1) (=2)(=3) ( X )3 1|
3| KZ) + B J
3x o’ 27 _
=2(1_?+T_T+ ) Multiply by 2
_ o 2
=2-X+ -t
: | 3| 2
Valldfor| 2 | <1l = |[x| <3

(e) \%( =4 (f4-x) =1 write in index form

1
=4 (4-x) ~ 2 Take outa factor of 4

R I (I S R
“ALttTe) o
_ 1y x ) _ 1 : . : : 1
=4 x4 ZKl_ 2 ) 2 Use binomial expansion with= - > and
k= - %
|
N . ) (=3) (=3) .
mazlav (-3) (-8 T E )
|
L
|
3 5
(-3) (=3 (-3) ) |
31 (_Z)S“L I
|
J
:2(1+X§+1—;x2+ﬁx3+ ) Multiply by 2
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X 3 5
_ X 85 5
=2+ 4+ Xt 512)(?”r

vmm} —%I <1 = |x| <4

1+x _ ( \ -1 . 1 ..
1+ = K1+X) (1+X) Write 75 in index form then expand

SN R R N R Ry peTye e

= | 1+x | |1+ | -1 | & | + Y
\ ) L \ ) )
(-1) (-2)(-3)(3x)°3 |
3] +
]
= (1+x) (1-3%x+9%-2n3+ ... )  Multiply out
=1 - A+ - 27+ X — 3%+ O + Collect like terms

=1-X+6x2-18¢ +
1
Validfor |X| <1 = |x| <3

1 1 2
( X Vo (1¥x) Write in index form

1-x) (1-x) 2
= (1+x) 2(1—x) -2 Expand (1 —x) ‘zusing binomial expansion
( YT ( Y o( ) _ _ 2
— |l+2(+X2 ||1+ | _2| | _X|+ ( 2)(2?)( X) +
\ ) L \ )\ J
(=2)(=8)(-4) (-x)3 |
Y + .
]
= (L+2X+x2) (1+2%+3%+43+ ...)  Multiply out brackets
=1+ X+ H+HDS+H X+ B+ B+ + 2+ ... Collect like
terms
=1+ 4+ 84+ 123+
Valid for x| <1
X—3 A B ) ) .
(h) Let(l—x)(l—Zx) = 10 t (1-2 Put in partial fraction form

_ A(1-2x) +B(1-x)
T (1-x) (1-2)
Set the numerators equal:x-3=A(1-2) +B(1-x)
Substitutex = 1: 1-3=Ax -1+Bx0
= -2=-1A

Add fractions.
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> A=2

- 1. 1 _ 1
Substitutex = 5 2—3—A><O+B>< >

1_1
= B= -5
X—3 _ 2 5
Hence 750 1) = (1-x) ~ (1-2)
— -1
(1-x) —2(1-x)
_ _ _ (1) (=2) (=x)?2
=2[1+ (-1) (-x) + > +
(-1) (=2) (=3) (=) 3 | ]
3!
=2(1+x+X2+x3+  ...)
= 2+ 2+ 2%+ 23
_ -1
1-2) =5(1-2)
_ _ _ (-1) (-2) (-x)?
=5[1+ (-1)(-%)+ > +
(-1) (-2) (=3) (=) % | ]
3!
=5 (1+X+82+83C+ .. )
= 5+ 10+ 20 + 40¢
X—3 _ 2 5
Hence 7 50 1) = (1-x) ~ (1-2)

= (2+ X+ 24 +23) - (5+ 10+ 20¢2 + 40¢3)
= -3-8&- 184 - 38¢

2 . :
1 _cisvaldfor [x]| <1

5 . _ 1
1_xisvaldfor |X|] <1 = |x]| <3

- 1
Both are valid whenq| < 7.

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 2

Question:
Find the first four terms of the expansion in asiteg powers ok of:
(1,12
\1— >X ) 2 x| <2
and simplify each coefficiel® (adaptec
Solution:
1 (2) (-2) (-3x)2

=1+ ( ¢ - =X) + 2 2 2 +
(1- ix (3) (-3x) 2
1 3
2 (5) (=35) (=5) (=59°%

3!

=1-gxk (- 5) X (PB) +(35) x (—F)

— i, _ 12 1.3

=1 xm X X

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 3

Question:

L . 3 . 3
Show that ifx is sufficiently small theqﬁ can be approximatedpy
Ser =22
16% 7 256°
Solution:

3
V4 +x =3 ({4 +x) ~1 write inindex form

1
=3(4+x) ~ 2 Take out a factor of 4

X _1
:3[4(1+Z)] 2
1
1 _ 1 R
SACRAICSS SRENELRRIVES
3 _1 _3 X 2
:Ex[1+(——)(—)+( ) (7)) ()7
21
_ = _ 2 _>5 X 3
(=35) (=2) (=5 ()7 ]
3!
-3 4_Xx ., 32 - 3
—2(1 s T Xt e ) Multlplyby2
- 3_ 3., 2.2,
) 6% " 256°
- 3_3 2.2 : 2 re i
= 57 X T 26X If terms higher tham“ are ignored

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 4

Question:

Given that k| <4, find, in ascending powersftip to and including the
term inx3, the series expansion of:

1

N

(@ (4-x)

|~

b) (4-x) 2 (1+x) O (adapted)

Solution:

N

(@) (4-x) 2 Take out a factor of 4

[ x ) 12
=Lttt e
Ly x )1 . . . 1 B X
—42\1— )2 Use binomial expansion with= Zandx= - 7
{
1 1 X
(=) (-3) (-75)°?
g (EV(xy 2Tt Al
- L2) "4 2!
|
L
i
1 _ 1 _3 _X 3
(5) (=3) (=-3) (=) |
31 + .
|
|
|
(,_x _xX X ) -
:2K1_§_128_1024+ e Multiply by 2
_,_x_ ¥ X
=2- 4 "% " 512 T
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1
(b) (4-x) 2 (1+ ) Use answer from part (a)

_ ! x X X A ) :
brackets

_ x X X XX

=2 - 4~ 61 512t +&- 5 - o Collect
like terms

_ 15 3o 17 3

S24 X X T skt

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 5

Question:

(a) Find the first four terms of the expansionastending powers af of

(2+%) ~L x| <3

(b) Hence or otherwise, find the first four nona&erms of the expansion, in
ascending powers af of:

1+ 2
=, x| <0

2+3x'’

Solution:

P )1 -1
= L2uttz )
=21 (1+37X} 1 Use binomial expansion with= - 1 andx =
3
2
[ ( \

_ 1 (X ) [ (=1)(=2) (X ),
=<1+ | -1 | + , +
21 1 p L2 2 L2 )

(-1)(-2)(-3) (& )3, }
3' \2) - J
= % ( 1- Sx+ gx2— £x3+ ) Multiply by%
:%—§x+ gx—gx3+

- | 3| 2
Valldfor| 2 | <1l = |x]| <3

1+x .
(b) 7% Put in index form

= (1+x) (2+3x) ~1  Use expansion from part
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_ Y (1 3 S.2
_K1+X)\2_4X+8X_
_ 1 3 So 2 1
= 9 T Xt Xt T Xt X -
terms

1 1 32 8
2T aXT X T X T

, | 3x |
Val|dfor|7‘ <1l = |x|

© Pearson Education Ltd 2C

27

—x° +

16

3
=2
4X

9
=3

N—

Page2 of 2

Multiply out

Collect like
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The binomial expansion
Exercise D, Question 6

Question:

Find, in ascending powers »ilp to and including the term id, the series
1

expansion of (4 &) ~ 2, giving your coefficients in their simplest fol®

Solution:
(4 +x) ‘%: r4(1+£\ 1‘% Take out factor of 4
L "\ 4 ) ]
_iy xY-2 - 1 _1
=4 2K1+4) 2 4 2—_1—2
42
1( x ) - % _ _ _ . X
= E\1+Z) 2 Use binomial expansion with= - Zandx= 7
{
_1 _ 2 X2
ol oy ey 2R
‘2I1+\_2)\4)+ 21 +
|
L
}
_1 _3 _2 X \3
(-3) (=35) (-3) (7)) |
3! + : I
|
]
_ i 1 . 32 5 3 )
=2 17Xt X Xt )

1 1 3 _5 3
2~ 16X 7T 256X T 2048

vmdmr|§|<1 = x| <4

I
|

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 7

Question:

f(x) = (1+3) ~% x| <3.

(a) Expand ) in ascending powers @fup to and including the term i,

(b) Hence show that, for smatl

1+X~ _ 2
o = 1 20+ 6x2 - 18¢.

(c) Taking a suitable value far which should be stated, use the series
expansion

in part (b) to find an approximate value ﬁ%& giving your answer to 5

decimal placee

Solution:
(@ (1+X) -1  Use binomial expansion with= — 1 andx = 3x
[ \\ ( \ -1 -2 X 2
:1+|_1|‘3(‘+( )(2!)()+
\ ) U
(-1) (=2)(=3) (x)°
3 +

=1- X+ -27C +

1+X ( \ -1 .
b)) Toa = L 1 +x ) (1+X) Use expansion from part (a)

= (1+x) (1-X+9%-2%3+ ...)  Multply out
=1-X+ -2 +x-3x2+9+ ...  Collect like terms
=1-X+6x2-183+ ...  Ignore terms greater thaf

1+x N 2 3
Hence, 5 =1 - 2+ 6x° — 18&

(c) Substitute< = 0.01 into both sides of the above
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1+0.01
Tiaxooi- 1-2x001+6x0.01-18x0.0F
101 [ 101 101 ]

Tos= 1-002+0.0006-0.000018, | To3 T3

101

Toz — 0.980582 Round to 5 d.p.

101 _
os = 0.98058  (5d.p.)

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 8

Question:
Obtain the first four non-zero terms in the expansin ascending powers xf
of the function f§) where f (x) = ﬁ, <10
Solution:
) T s (ved)

= (1+332) ~ > Use binomial expansion with= - %andx:3x2

1 3 2\ 2
=1+ (-3) (3)+ (T2 75 BOT,
2!
(-5) (-2) (-2) @@)°

3!

2 6
~1_3i+27x4_135<

B 2 8 16

Valid for |3x%| <1

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 9

Question:

1
Give the binomial expansion of ( 1)) 2up to and including the term .

By substitutingx = %, find the fraction that is an approximation t05.
Solution:
Using binomial expansion

1 (3) (-2) (x)2
=1+(E)(X)+ 2 2 +

2!

Ly 2Ly 232 3
(7)) (=35) (=35) )7

3!

1 1, 1
= 14 oX- X+ =
L+ X=X+ %

Expansionis valid if x| < 1.

1
Substitutingk = 7in both sides of expansion gives

( 1YL i1 1 (1Y, 1 (1) 3
R I e S O U TS
(5)1_ i1 1 [ (52 _|5]
L4 )2~ 1+ %5~ 1 Tos | L4 )27} e |
5 _ 1145 [ 8 _ N5 _ A5
4~ 1024 | 147 V47— 2 |
\5 1145 ) .
> = Toxa Multiply both sides by 2

1145
V5= T

© Pearson Education Ltd 2C

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 d ... 3/6/201:



Heinemann Solutionbank: Core Maths 4 Pagel of 2

Solutionbank
Edexcel AS and A Level Modular Mathematics

The binomial expansion
Exercise D, Question 10

Question:

When (1 +ax) "is expanded as a series in ascending poweqstioé
coefficients ofx andx? are - 6 and 27 respectively.

(a) Find the values @ andn.

(b) Find the coefficient of°.

(c) State the values x for which the expansion is val@
Solution:

(a) Using binomial expansion
( \ n(n-1) (ax) 2 N

(1+ax)”:1+n\ax)+ Y
n(n-1) (n-2) (ax) 3
31 +
If coefficient ofxis —6then na= -6 O©
-1 2
If coefficient ofx? is 27 then % =27 @

6 ) )
From® a= - Substitute I@:

n(n-1) [ —6\2_

n(n-1) N 36 _
2 2

(n-1)18 _

— . =27

(n-1)18=2n

18n - 18 = 2'h

- 18 =T

n= -2

Substituten = — 2 back in®: -2a= -6 = a=3

27

(b) Coefficient ofx? is
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n(n-1) (n-2)a3 (-2)x (-3)x (-4)x3

31 = 3x2x1 = - 108

1

© (1+X) ~Zisvalidif |X| <1 = |x| <3

© Pearson Education Ltd 2C
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The binomial expansion
Exercise D, Question 11

Question:

9x2 + 26x + 20 tial fracti
as a partial fraction.
(1+x) (2+x) 2 P

(a) Express

92 + 26x + 20

(b) Hence or otherwise show that the expansiorroi > h asctending
(1+x) (2+x)

: 7
powers ok can be approximated to 5 % BxZ + Cx3 whereB andC are
constants to be found.

(c) State the set of valuesx for which this expansion is val

Solution:
. x+26x+20 A B C
(2) et(1+x)(2+x)2: (1+x) T (2+x) T (2 +x) 2
X+26x+20  A(2+x) 2+B(1+x) (2+x) +C(1+x)
(1+x) (2+x) 2 (1+x) (2+x) 2

Set the numerators equal:

X2+ 26K+ 20=A(2+X) 2+B(1+x) (2+x) +C(1+x)
Substitutex = - 2: 36 -52+20Ax0+Bx0+Cx ( —-1)
= 4= -1C

= C= -4

Substitutex= - 1: 9-26+20=Ax1+Bx0+Cx0

= 3=1A

= A=3
Equate terms i 9=A+B
= 9=3+B
> B=6
%2 + 26 + 20 3 6 4
Hence(1+x)(2+x)ZE (1+x) T (2+x) C (2+x) 2

(b) Using binomial expansi

file://C:\Users\Buba\Desktop\further\Core Matheroga#\content\sb\content\c4 3 d ... 3/6/201:



Heinemann Solutionbank: Core Maths 4

Page2 of 3

(1+x) —3(1+x) -t
-1) (-2 2 -1) (-2) (-3 3
S3[14 (-1) (x) + < )(2!)(x) L -1 3)!( NCI IR
=3(1-x+X-x3+ ..)
=3-X+3%-3+
(2+x) =6(2+x) i
=6[2(1+5) ] 71
_ -1 Xy -1
=6x2 (1+2)
1 x (-1)(=2) X (-1)(=2)(-=3) , X
=6x ~ [1+ (-1) (5 ) +—— (3 )%+ o ()
_ _x X2
=3(1 > * 3 8+...)
:3—3—X+3—X2—£+
2 4 8
4
(21x) =4(2+x) =2
=4[2(1+7) ] 72
_ -2 Xy -2
=4 %x2 x(1+2)
1 x (=2) (=3) X (=2) (=3) (-4) , X
=4x x [1+(=2) (5 ) +—5 — (5 )%+ T (3
S+ ]
3 1
=1x (1-x+ ZXZ— EX3+ )
3 1
=1-x+ ZX_EXS+
Hence
Ox2+26x+20 3 6
(L+x) (2+x) 2 (1+x) © (2+x)  (p4x) 2
( )
| , S v !
= |3—3<+3x—3x3|+K3—7+4x——x3 | 1-x+
| | \
\ )
)
3 1
- o3|
)

I
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X 2 é

-23
HenceB = 3 andC = 8

3
(0) Trayy is validif [x| <1

Zooisvalidif [x| <2

—2 __isvalidif [x| <2
(2+x) 2

Therefore, theall become valid 1 | X |

© Pearson Education Ltd 2C
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