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Question:

Show that each of these equationsf)( = 0 has a root in the given interval(s):
@xC-x+5=0 -2<x< -1

M3 +x2-x3=0 1<x<2.

©X2- Yx-10=0 3<x<4.
@3- +-2=0 -05<x< -02andl«<2.

©xX°-5x3-10=0 -2<x< —-1.8, —1.8<x< —land2<x<3.

dsinx—-Inx=0 2.2<x<2.3
@€ -Inx-5=0 1.65<x<1.75.

Mm3A\x-cosx=0 0.E<x<0.E

Solution:

@) Letf (x) =x3-x+5

f(-2) =(-2)3%-(-2) +5=-8+2+5= -1

f(-1) =(-1)3-(-1) +5=-1+1+5=5

f(-2) <O0Oandf( —1) >0 sothereis achange of sign.
=  There is aroot betwear= — 2 andx = - 1.

by Letf(x) =3+x2-x3

f(1) =3+ (1)2-(1)3%=3+1-1=3

f(2) =3+ (2)2-(2)%=3+4-8=-1

f(l) >0andf(2) <0 sothereis achange of sign.
=  There is a root betweer= 1 andx = 2.

©Letf(x) =x2- Vx-10

f(3) =3%-Y3-10= -2.73
f(4) =42-V4-10=4
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f(3) <0andf (4) >0so there is a change of si
=  There is a root betweerr 3 andx = 4.

3

1
dLetf(x) =x°- -2

(1] f( -05) = (-05)3- —0z-2= -0.125

1
f(-02) =(-02)3- —53-2=2992

f( —05) <Oandf( —0.2) >0 sothere is a change af.sig
=  There is aroot betwear= — 0.5 andk= - 0.2.

[2 (1) = (1)3-T-2=-2

f(2) = (2)3- ;-2=55

f(l) <Oandf(2) >0 sothereis achange of sign.
=  There is a root betweer= 1 andx = 2.

e)Letf (x) =x° - 5¢3 - 10

[1] f( -2) = (-2)°-5(-2)3%-10= -2

f(-18) = (-18)°-5( -1.8)3-10=0.26432

f(-2) <Oandf( —1.8) >0 so there is a change of sign.
=  There is a root betwear= — 2 andx = - 1.8.

[2] f( —1.8) =0.26432

f(-1) =(-1)°-5(-1)3%-10= -6

f( -1.8) >0andf( —1) <0 sothereis a change of sign.
=  There is aroot betwear= — 1.8 andk = - 1.

[3] f(2) = (2)°-5(2)3-10= -18

f(3) = (3)°-5(3)3-10=098

f(2) <Oandf(3) >0 sothereis a change of sign.
=  There is a root betweer= 2 andx = 3.

M Letf(x) =sinx-Inx

f(2.2) =sin2.2-1n2.2=0.0200

f(23) - 0.0872

f(2.2) >0andf (2.2) <0so thereis a change of si
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=  There is a root betweer= 2.2 andx = 2.3.

@Letf(x) =e-Inx-5
f(1.65) =e%-In1.65-5= -0.294

f(1.75) =e®-In1.75-5=0.195
f(1.65) <Oandf(1.75) > 0 so there is a change af.sig

= There is a root betweer 1.65 andk = 1.75.

mLetf(x) =3\x- cosx
f(0.5) =3[0.5-cos0.5= - 0.0839

f(0.6) =3[0.6 - cos0.6 =0.0181
f(0.5) <Oandf(0.6) >0 so there is a change of sign.

=  There is a root betweer= 0.5 andx = 0.6.

© Pearson Education Ltd 2C
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Exercise A, Question 2

Question:
Giventhatf (x) =x3 - 5x%+ 2, show that the equation k() = 0 has a root
near tox = 5.
Solution:
Letf(x) =x3-5x2+2
f(4.9) = (49)3-5(49)2+2= -0.401
f(50) =2
f(49) <Oandf(5) >0 so there is a change of sign.
=  There is a root betwearr 4.9 andx = 5.

© Pearson Education Ltd 2C
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Exercise A, Question 3

Question:

Giventhat f (x) =3 - 5x + x5, show that the equation () = 0 has a root
X = a, wherea lies in the interval < a < 2.

Solution:

Letf(x) =3-5+x

f(1) =3-5(1) + (1)3= -1

f(2) =3-5(2) + (2)%=1

f(l) <Oandf(2) >0 sothereis achange of sign.
=  There is a root betweer= 1 andx = 2.

Soifthe root ix = a, thenl <a< 2.

© Pearson Education Ltd 2C
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Exercise A, Question 4

Question:

Given that f (x) = €*sinx— 1, show that the equation k() = 0 has a root
x = r, wherer lies in the interva0.t <r < 0.€.

Solution:

f(x) =€sinx—-1

f(05) =&5sin0.5-1= -0.210

f(0.6) =e&"6sin0.6 - 1=0.0288

f(0.5) <Oandf(0.6) >0 so there is a change of sign.
=  There is a root betweer= 0.5 andx = 0.6.

Soifthe rootix =r, then0.E <r <0.€.

© Pearson Education Ltd 2C
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Exercise A, Question 5

Question:
Itis giventhatf (x) = X3 — 7 + 5.

(a) Copy and complete the table below.

X -3 o
fix)

()

—1 0 |

-]
T

(b) Given that the negative root of the equabt%n— 7x+ 5 =0 lies between anda + 1,
wherea is an integer, write down the valueo.

Solution:
(a)

X —3 -2 -1 0 | 2 3
fix) | -1 L L1 3 —1 —1 11

mf( —-3) <Oandf( —2) >0 so thereis a change of sign.
=  Thereis aroot betwears — 3 andx = - 2.
Soa= -3.(Note. aa +1= - 2).

© Pearson Education Ltd 2C
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Exercise A, Question 6

Question:

1
1 3
2, 0 < x < —r show that

Giventhatf (x) =x- (sinx+ cosx) 2

the equation f k) =0 has a root lying betwee%l a%d

Solution:
1
f(x) =x- (sinx+cosx) 2
T T T T l
f(g):s— (sing+cosg)z:—0.122
T T T T l
f(;):g— (sin;+cosg)z =0.571
f [z ) <Oandf(£\ > 0 so there is a change of sign
L3 ) L2 ) g gn.

. T T
=  There is a root betweer= gandx: 5.

© Pearson Education Ltd 2C
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Exercise A, Question 7

Question:
(a) Using the same axes, sketch the graplysoé ~ * andy = X2,
(b) Explain why the equation €* = x2 has only one root.

(c) Show that the equatice ~* = x2 has a root betweex = 0.7C andx = 0.71,

Solution:

(@) Vi

0

(b) The curves meet where & = x2

The curves meet at one point, so there is one dlxéhat satisfies the equati
e X=x2

So e~ X = x2 has one root.

©Letf(x) =e X-x2
f(0.70) =e~970-0.7¢% = 0.00659

f(0.71) =e 971-0722= -0.0125
f(0.70) >0andf (0.71) < 0 so there is a change af.sig

= There is a root betweer 0.70 andk = 0.71.

© Pearson Education Ltd 2C
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Exercise A, Question 8

Question:
(a) On the same axes, sketch the graphs-ofn x andy = & - 4.
(b) Write down the number of roots of the equatior e’ — 4.

(c) Show that the equatidn x = €€ - 4 has a root in the interval (1.4, 1

Solution:

@ VA

o1 |

}':37

(b) The curves meet at two points, so there are tgesaofx that satisfy the
equation Inx = & - 4,
So Inx = & - 4 has two roots.

Letf(x) =Inx—-¢e+4

f(1.4) =Inl4-é%+4=0.281

f(15) =In15-é&°+4=-0.0762

f(14) >0andf(1.5) <0 sothere is a change of sign.
=  There is a root betweer= 1.4 andx = 1.5.

© Pearson Education Ltd 2C
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Exercise A, Question 9

Question:

(a) On the same axes, sketch the graphs=ofv x andy = Xg

2

(b) Using your sketch, write down the number of razftthe equationy x = mr

(¢ Given thatf (x) = Vx- Xg show that f ) = 0 has a roat, wherer
lies betweerx = 1 andx = 2.

(d) Show that the equatioN x = szay be written in the form® = g, wherep

andq are integers to be found.

2
X

(e) Hence write down the exact value of the root efelquation\/ X — =0.

Solution:
(a)

(b) The curves meet at one point, so there is onee\a@lx that satisfies th
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_ 2
equationV x= 7.

2
So v x=  hasone root.

©f (x) = Vx- XE

f(1) =V1—§=—1
2

f(2) =v2- 73 =0414

f(l) <Oandf(2) >0 sothereis achange of sign.

= There is a root betweer 1 andx = 2.

2
@ Vx= 7
2
X2=
1
X2 XX=2
1
x2+t1=2
3
X2 =2

3
(x2) 2=22
x3=4

© Pearson Education Ltd 2C
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Exercise A, Question 10

Question:

@) On the same axes, sketch the graphe:ofxl andy = x + 3.
(b) Write down the number of roots of the equatﬁon X €3.

(c) Show that the positive root of the equati;(lon x £ 3 lies in the interval (0.3
0.31).

(d) Show that the equatioin ¥+ 3 may be written in the for® + 3x — 1 = 0.

(e) Use the quadratic formula to find the positivetrobthe equation
x2 + 3x — 1 = 0to 3 decimal place

Solution:
(a)

(b) The line meets the curve at two points, so thexévao values ok that satisf

1
the equatiorp, =+ 3.
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1
So, =x+ 3 hastwo roots.

1
cLetf(x) = -x-3

1
f(0.30) =735 - (0.30) -3=0.0333

1
f(0.31) =335 - (0.31) -3= -0.0842

f(0.30) >0andf(0.31) <0 so there is a change af.sig
=  There is a root betweer 0.30 andk = 0.31.

1
M3 =x+3

1

T XX=EXXX+3 XX ( xXX)

1 =x2 + 3x
Sox2+3x-1=0

_ -b+\b?-4ac .
(e) Usingx = 2 witha=1,b=3,c= -1
- (3) £\ (3)2-4(1) (-1) -3xVo+4 -3:\i3
= 2(1) = 2 = 2
-3+\{13
Sox= —22 - 0,303
-3-\13
andx = 21_ = —-3.303

The positive root is 0.303 to 3 decimal pla

© Pearson Education Ltd 2C
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Exercise B, Question 1

Question:
Show that? — 6x + 2 = 0 can be written in the form:

_ X2 + 2
@X= "¢

(b)x:\|6x—2

2
X=6 - M

Solution:

@Xx2 - 6Xx+2=0
6x=x2+2 Add 6« to each side

X2 + 2 . .
X= "¢ Divide each side by 6

X2 —6x+2=0
x2+2=6x Add 6xto each side

x2=6x—2 Subtract 2 from each side
X = \|6x — 2  Take the square root of each side

(c)x2—6x+2=0
x2+2=6&x Add 6xto each side
x2=6x—-2 Subtract 2 from each side

€_ & _ 2
~ = % — % Divide each term by

2 : :
x=6-  Simplify

© Pearson Education Ltd 2C
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Exercise B, Question 2

Question:

Show thate + 5x2 — 2 = 0 can be written in the form:

(@)X = 3\|2 — 5x2

2
bpyx= — =5
(b) 2

2 -x3
(©X= 5
Solution:

(a)X3+5X2—2:0

x3+5x2=2 Add 2 to each side

x3=2-5¢  Subtract % from each side

X = 3\| 2 - 52 Take the cube root of each side

(b)X3+5X2—2:0
x3+5x2=2 Add 2 to each side

x3=2-52 Subtract % from each side
5x2 .
~  Divide each term by’

) ke®

2 _
2

x= = -5  Simplify

X2
(c)>c°'+5x2—2:O

x3+5x2=2 Add 2 to each side

5x2 =2 -x3  Subtractx from each side

5  2-X . .
x== —7  Divide each side by 5

x3
x=\ —5  Take the square root of each side

© Pearson Education Ltd 2C
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Exercise B, Question 3

Question:

X3
Rearrange<3 — 3x + 4 =0 into the fornx = 3 +a, where the value dis to

be found
Solution:

x3-3x+4=0
3x=x>+4 Add Xto each side

4 o
3 + 3 Divide each term by 3

© Pearson Education Ltd 2C
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Exercise B, Question 4

Question:

Rearranged - 333 - 6 = 0 into the formx = 3| px® — 2, where the value gfis
to be founc

Solution:
x*-33-6=0
I=x*-6 Add 3 to each side

¥ _ A s

3 = 3 — 3 Divide each term by 3

5 X o
x*= 73 =2 Simplify

3 X -
X=\73 -2 Take the cube root of each side
1

Sop= 3

© Pearson Education Ltd 2C
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Exercise B, Question 5

Question:

@) Show that the equatioﬁ — %2 + 7 = 0 can be written in the form= 3\(x2 - 7.

(b) Use the iteration formula x,, ; | = x,,? -7, starting with x, = 1, to find x, to 1 decimal place.

Solution:

@x3-x2+7=0

x3+7=x2 Addx?to each side

x3=x2-7 Subtract 7 from each side

X = 3\| 2 -7  Take the cube root of each side

() Xy =1
x =3\ (1)2-7=-1817
L 817...

X, =3\ ( -1.817..)%-7= - 1.546...
Sox, = =15(1d.p.)

© Pearson Education Ltd 2C
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Exercise B, Question 6

Question:

() Show that the equatiorf + 3x% — 5 = 0 can be written in the form=\
5
X+ 3

. . _ ,‘ 5 . . _ .
(b) Use the iteration formulmh 17 e starting WIthXO =1, to fmdx4 to 3
decimal place

Solution:
@x>+3x2-5=0

x>(x+3) -5=0 Factoris&
x2(x+3) =5 Add5 to each side

2

x>= ——  Divide each side by X+ 3)
x=\ 773 Take the square root of each side
)Xy =1
5
X1 =\ 1) +3 = 1.118...
— 5 —

X2 =\ (1118 +3= 1.101...

5
X3 =\ TT101.) +3- 1.104...

5
X4 =\ (T104.) +3- 1.103768...

Sox, =1.104 (3 d.p.)

© Pearson Education Ltd 2C
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Exercise B, Question 7

Question:

(a) Show that the equatioq‘? — 5x + 3 = 0 has a root betweer= 1 andx = 1.5.

(b) Use the iteration formulmh 1= 5\‘5 - Xito find an approximation for the
n

root of the equatiox6 — 5x + 3 =0, giving your answer to 2 decimal plac

Solution:

@Letf(x) =x0-5x+3

f(1) =(1)%-5(1) +3=-1

f(15) = (15)%-5(15) +3=6.89

f(l) <Oandf(1.5) >0 so there is a change of sign.
=  There is a root betwearr 1 andx = 1.5.

() Xy = 1
_5 3 _

Xy = 5S- 7 =1.148..
Similarly,

Xy = 1.190...

X3 = 1.199...

Xq = 1.200...

Xg = 1.201...

So the root is 1.20 (2 d.

© Pearson Education Ltd 2C
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Exercise B, Question 8

Question:

Pagel of 1

(a) Rearrange the equatitx% - 6x+ 1 =0 into the forrx=p - Xl wherep is a

constant to be found.

: : : : 1.
(b) Starting withx, = 3, use the iteration formulq, , ; =p — X—Wlth your value
n

of p, to findx5 to 2 decimal places.

Solution:

(a)X2—6X+ 1=0
x2+1=6x Add 6xto each side

x2=6x—1 Subtract 1 from each side

6x
X

> |><|\)

1 : :
x=6-  Simplify

Sop=6

(b) Xy = 3

X, =6~ S = 5.666...

X, =6~ Toss. = 5-823...
Xg =6 - =5.828...

5.823...
Sox; =5.83 (2d.p.)

© Pearson Education Ltd 2C
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Exercise B, Question 9

Question:

(2) Show that the equatiof — x2 + 8 = 0 has a root in the interval ( - 2,
~1) .

(b) Use a suitable iteration formula to find an apjpration to 2 decimal places
for the negative root of the equatix® - x2 + 8 = 0.

Solution:

@) Letf (x) =x3-x2+8

f(-2) =(-2)3-(-2)2+8=-8-4+8= -1

f(-1) =(-1)3-(-1)%2+8=-1-1+8=6

f(-2) <O0Oandf( —1) >0 sothereis achange of sign.
=  There is aroot betwear= — 2 andx = - 1.

X2 —x2+8=0

x3+8=x2 Addx?to each side

x3=x2-8 Subtract 8 from each side

X = 3\| 2-8 Take the cube root of each side

Usingx, , ; = \lx&hmsp;r2 ~ 8 and any value for,, the rootis - 1.72 (2 d.p.).

© Pearson Education Ltd 2C
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Exercise B, Question 10

Question:

(&) Show thai’ — 5x% — 20 = 0 has a root in the interval (1.6, 1.7).

(b) Use a suitable iteration formula to find an apjpration to 3 decimal places
for the root oix” — 5x% — 20 = 0 in the interval (1.6, 1.7

Solution:

@Letf(x) =x’-5x%-20

f(16) = (16)7'-5(16)2-20= -5.96

f(1.7) = (1.7)"-5(1.7)2-20=6.58

f(16) <Oandf(1.7) >0 so there is a change of sign.
=  There is a root betweer= 1.6 andx = 1.7.

(lo)x7 - 5% -20=0

x/ =20 =52 Add 5¢to each side

x"=5x2+ 20 Add 20 to each side

X = 7\| 5x2 + 20  Take the seventh root of each side
Soletx,, =" 5x&thmsp 2+ 20 andx, = 1.6, then

x, = 5 (1.6)2+20=1.6464...

Similarly,

X, = 1.6518...

x3 =1.6524...
4= 1.6525...

x5 = 1.6525...

So the root is 1.653 (3 d.

© Pearson Education Ltd 2C
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Exercise C, Question 1

Question:

. . . ‘ b
(a) Rearrange the cubic equatlxo%— 6x — 2 = 0 into the formx = £ \|la + o State
the values of the constargsndb.

(b) Use the iterative formulx:n +1= *a + f—nwith Xg =2 and your values @ andb

to find the approximate positive solutigpof the equation, to an appropriate de
of accuracy. Show all your intermediate answers.

[E]
Solution:

(a)x3 -6x—-2=0
x3-2=6x Add 6xto each side
x3=6x+2 Add 2 to each side

x3 6x

2
<~ = 7 t % Divide each term by

2 _ 2 : :
X=6+ 7 Simplify
‘ 2
x=\6+ L  Take the square root of each side
Soa=6andb=2

)Xy = 2

x,=\6+ 5 = \7=264575..
X, =6+ Fooe = 2.59921...
Xy = {6+ Soegsr = 2.60181...
X4 =Y6* 260181 = 2.60167...

Sox, = 2.602 (3 d.p.)

© Pearson Education Ltd 2C
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Exercise C, Question 2

Question:

(a) By sketching the curves with equations 4 - X2 andy = €, show that the
equationx2 + & - 4 = 0 has one negative root and one positive root.

1
(b) Use the iteration formulmh L1= ~ (4 -¢€n) 2with Xg= —2t0 find in
turnx,, X,, X3 andx, and hence write down an approximation to the megat

root of the equation, giving your answer to 4 dediplaces.
An attempt to evaluate the positive root of theatmun is made using the
iteration formula

1
X +1= (4-¢€n) 2withx,=1.3.

(c) Describe the result of such an attempt.

[E]
Solution:
(a) Vi
4 } = g
1
0 X
y=4 - x°

The curves meet when< 0 andx > 0, so the equatior‘e 4 — x2 has one
negative and one positive rc
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(Note that 8= 4 — x2 is the same a& + & - 4 = 0).

D)X= —2

x,= - (4-e"2) 2 = - 1.965875051

X, = — (4 - e~ 196587505} 2 = - 1.964679797
Xg = — (4 - e~ 1964679794 2 = - 1.964637175
X, = — (4 - e 1964637175 2 = - 1.964635654

Sox, = —1.9646 (4d.p.)

() Xg = 1.3

1
2

x,= (4-€3) 2=0575...

1
X, = (4-eP275) 3 =1.490...

1
xg= (4-¢et490-) 2 Nosolution

The value of 4 — &4%0--is negative.
You can not take the squareroot of a negative number.

© Pearson Education Ltd 2C
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Exercise C, Question 3

Question:

(&) Show that the equatio? - 5x — 6 = 0 has a root in the interval (1, 2).

(b) Stating the values of the constaptg andr, use an iteration of the form
1

X = (px,+4q) ranappropriate number of times to calculate s of the

n+1"-
equationx® - 5x — 6 = 0 correct to 3 decimal places. Show sufficieatking to justify
your final answer.

[E]
Solution:

@Letf(x) =x°-5x-6

f(1) = (1)°-5(1) -6=1-5-6= -10

f(2) = (2)°-5(2) -6=32-10-6=16

f(l) <Oandf(2) >0 sothereis achange of sign.
=  There is aroot betweerr 1 andx = 2.

b)X°—5x-6=0
x2 -6 =5 Add 5 to each side

=5x+6 Add 6 to each side
1

x= (5x+6) 5 Take the fifth root of each side
Sop=5,g=6andr=5
Letx; =1 then

1

= [5(1) +6] 5 =1.6153...

X,= [5(1.6153...) +6 ]% = 1.6970...
X5 = 1.7068...
X, = 1.7079...
x5 = 1.7080...
=1.7081...
x7 =1.7081...
So the root is 1.708 (3 d.

© Pearson Education Ltd 2C
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Exercise C, Question 4

Question:
f(x) =5x-4sinx - 2, wherexis in radians.
(a) Evaluate, to 2 significant figures, f(1.1) and.1®).

(b) State why the equation () = 0 has a root in the interval (1.1, 1.15).

An iteration formula of the form, , ; = psinx_ + qis applied to find an

approximation to the root of the equationX) = 0 in the interval (1.1, 1.15).

() Stating the values @f andg, use this iteration formula witk = 1.1 to findx, to
3 decimal places. Show the intermediate resulj®ur working.

[E]
Solution:

@f(1.1) =5(1.1) -4sin(11) —-2= -0.0648...
f(1.15) =5(1.15) -4sin(1.15) -2 =0.0989...

©0f(1l.1l) <Oandf(1.15) > 0 so there is a change of.sign
=  There is a root betweer= 1.1 andx = 1.15.

©5X—4sinx-2=0
5x — 2 =4sinx Add 4sinx to each side
5x=4sinx+ 2 Add 2 to each side

5x 4sinx

2 .
== "5 *t= Divide each term by 5

x=0.8sinx+ 0.4  Simplify

Sop=0.8andq=0.4

Xp=11

X, =0.8sin(1.1) +0.4=1.112965888

X, =0.8sin (1.112965888 ) + 0.4 =1.117610848
X;=0.8sin (1.117610848 ) + 0.4 =1.11924557
X, =0.8sin (1.11924557 ) +0.4=1.119817195

Sox, =1.120 (3d.p.)

© Pearson Education Ltd 2C
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Exercise C, Question 5

Question:
f(x) =2secx+ 2x— 3, wherexis in radians.

(a) Evaluate f(0.4) and f(0.5) and deduce the equdt{on) = 0 has a solution
in the interval 0.4 <« < 0.5.

q
cosx ’

(b) Show that the equation () = 0 can be arranged in the forF p +

wherep andq are constants, and state the valup ahd the value dd.

q
COSX,,

(c) Using the iteration formulg, , , =p + , Xg = 0.4, with the values qgf

andq found in part (b), calculate, X,, X; andx,, giving your final answer to 4
decimal places.

[E]
Solution:

@f(04) =2sec(04) +2(0.4) -3 = -0.0286

f(05) =2sec(05) +2(05) -3=0.279

f(04) <Oandf(0.5) >0 so there is a change of sign.
=  There is a root betweern= 0.4 andx = 0.5.

b)2secx+2x—3=0
2secx+2x=3 Add 3to each side
2x=3 —-2sex Subtract 2 seg from each side

2X 2 secx

3 .
=5, Divide each term by 2

x=15-sex Simplify
Use seg =

x=15- COoSX COSX

Sop=15andg= -1

() Xg = 0.4

1
X, = 1.5~ 5o5o4) = 04142955716
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1

Xy = 1.5 = 55 (04142955716 ) = 0-4075815187
1

X3 = 15 - cos (0.4075815187 ) =0.4107728765
1

=15- = 0.4092644032

X4 cos ( 0.4107728765 )
Sox, = 0.4093 (4 d.p.)
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Exercise C, Question 6

Question:

1 3
f(x) =08~ —— yu 2

(2) Show that the equation f() = 0 can be written as= 1.5 — 0.5e™ 9-&

(b) Use the iteration formulg, , ; = 1.5 - 0.56~ %%n with x, = 1.3 to obtain
Xq, X, andx,. Give the value of;, an approximation to a root of () =0, to
3 decimal places.

(c) Show that the equation () = 0 can be written in the form= pin
(3 - 2) , stating the value qd.

(d) Use the iteration formulg, , ; = pIn (3 - 2x,) withxy;= - 2.6 and the
value ofp found in part (c) to obtair;, x, andx,. Give the value o%;, an
approximation to the second root of X§ = 0, to 3 decimal places.

[E]
Solution:
1
(2) €08 _ —> =0
0.8 —1 _1 -
e = 3-, Add3—, toeachside
1

(3—2()e0'8": T X (3—2() Multiply each side by
(3-)

(3-2x)e%&=1  Simplify

3 - 0.8

( Olgze = % Divide each side by%*

e eY:

3-2x=e” 0¥  simplify (remembelé =& 9

3=e" 9% 4 2 Add 2to each side
2x=3-¢~ 0% gubtracte ~ 9 from each sic

file://C:\Users\Buba\kaz\ouba\c3 4 c 6.r 3/9/201:



Heinemann Solutionbank: Core Maths 2 Page2 of 2

e 0.&

3 .
=32- "3 Divide each term by 2

2
2

x=1.5-0.5e" %%  Simplify

(b) Xy = 1.3
x, = 1.5 - 0.5e” 08 (13) =1.323272659
x, = 1.5 — 0.5¢~ 08 (1.323272659) = 1 32653255

Xy = 1.5 — 0.5¢~ 0-8 (1.32653255) = 1 326984349
Soxg=1.327 (3d.p.)

1
3 -

e0-& = Add

0.8 =1In (L) Taking logs
AX=1N g ) g10g

to each side

0.8= —1In (3-2)  Simplify using In (%) = —nc

0. In (3-2x) . :

o8 =~ os _Divide each side by 0.8

x= -1.25In (3-%)  Simplify ( =125 }

Sop= -1.25

Xy = ~ 2.6

;= -125In [3-2(-26)] = -2630167693

X,= =125 1In [3-2( -2.630167693) ] = —2.639331488
X;= =125 1In [3-2( —-2.639331488) ] = —2.642101849

Soxg = —2.642 (3d.p.)
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Exercise C, Question 7

Question:

1
(2) Use the iteratiow , ; = (3x,+3) EwithxO = 2 to find, to 3 significant
figures,x,.

The only real root of the equatiaf — 3x — 3 = 0 isa. It is given that, to 3
significant figuresg = x,,.

(b) Use the substitution= 3" to express 2- 3¥* 1 - 3 = 0 as a cubic
equation.

(c) Hence, or otherwise, find an approximate soluteothe equation
27¢ - 3 *+1_3 =0, giving your answer to 2 significant figures.

[E]
Solution:

@)% = 2

1
3

x,= [3(2) +3] 3 =2.080083823

1

X, = [3(2.080083823) +3]s =2.098430533
1

X3 = [3(2.098430533) +3 ]s =2.102588765

1
x, = [3(2.102588765) + 3]s =2.103528934
Sox, =2.10 (3 s.f.)

27 -3¥*1-3=0
(33) X-3(3) -3=0
3X-3(3) -3=0
(3¥)3-3(3) -3=0
Lety = 3X
theny® -3y -3=0

(c) The root of the equatioﬁ’ -3y -3 =0isx,
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soy =2.1((3 s.f.

buty = 3%

so 3¥=2.10

In3*=1n2.10 Take logs of each side

xIn3=1In2.10 Simplify using Ira” = bln a
xIn 3 _ In2.10

Divide each side by In 3

N3 = In3

In 2.10 o
X= "3 Simplify
x = 0.6753...

Sox =0.6¢& (2 s.f.

© Pearson Education Ltd 2C
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Exercise C, Question 8

Question:

The equationx® = 2 has a solution near= 1.5.

1
(@) Use the iteration formulx:n L1152 x, With Xy=1.5t0 find the approximate solution

Xz of the equation. Show the intermediate iteratemd give your final answer to 4
decimal places.

(b) Use the iteration formulxan +1°= 2xn (1-%,) with Xp=15t0 findxl, Xy Xgy Xg:
Comment briefly on this sequence.

[E]

Solution:

(@Xg = 15

1

X, = 215 = 1587401052

1

Xy = 2 1.587401052= 1.54752265

1
X3 = 2 1.54752265= 1.565034105

1

Xq = 2 1.565034105= 1.557210213

1
X = 2 1.557210213= 1.560679241
Sox; = 1.5607 (4 d.p.)

(b)Xg = 1.5

x,=2x (15)17 (15) = 1632993162

X, =2 x (1.632993162 )t ~ (1.632993162) = 1 466264596
Xy =2 % (1.466264596 )t ~ (1.466264596) = 1 673135301

X, =2 x (1.673135301 )t - (1.673135301) = 1 414371012
The sequencg,, X;, X,, X3, X,gets further from the root. It is a divergent
sequenct

© Pearson Education Ltd 2C
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Exercise C, Question 9

Question:
(2) Show that the equatiort Z X = 4x + 1 can be arranged in the fosns % ( 2~ X )
+ q, stating the value of the constant

(b) Using the iteration formulg1 +1= % ( 2% ) + g with Xy =10.2 and the value ¢

g found in part (a), fin&k, , X,, X;andx,. Give the value o%,, to 4 decimal places.

[E]
Solution:

@21 "X=4x+1
4x=21"%X-1  Subtract 1 from each side
Ax=2(2"%) -1 Use®*tb=20ax2band 2=2

4x 2 ( —x \ 1 ..
T 2 ) T3 Divide each term by 4
1
x=3(27% ] -3 simpity
Soq= - 3
(b)Xy = 0.2
_1( ,-02) _1_
=32 ~ 5 =0.1852752816
w = [ 5-01852752816 ) _ 1 _ 31897406227
27 2 | ) 4T
« = L[ 5-01897406227) _ 1 _ (1383816687
37 2 ( ) 4
« = L[ 5-01883816687) _ 1 _ (1387947991
47 2 ) 4 '

Sox, = 0.1888 (4 d.p.)

© Pearson Education Ltd 2C
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Exercise C, Question 10

Question:
The curve with equatiop=In ( 3x) crosses thg-axis at the point Rp( 0).

(a) Sketch the graph gf=In ( 3x) , showing the exact value pf
The normal to the curve at the point Q, withoordinateg, passes through the
origin.

(b) Show that = ¢ is a solution of the equatioﬁ +In 3x = 0.

2
(c) Show that the equation in part (b) can be reasdmg the formx = %e X

: . 1 _ 2 1 .
d) Use the iteration formulmh L1~ € X&thinsp;n , with Xg= 3,10 find

3 3
Xy, X5, Xgandx, Hence write down, to 3 decimal places, an appraion
for g.
[E]

Solution:
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(@) Y y =4n 3x
¢ L, 0) 4
)
1
Sop= 3
d 1
OO L In3x=

1
So the gradient of the tangent at Qq-is

The gradient of the normal is ¢g-(because the product of the gradients of
perpendicular lines is — 1).

The equation of the line with gradientgthat passes through (0, 0) is
y—ylzm(x—xl)

y-0=-q(x-0)

y= —0X
@ The liney = — gx meets the curwe= In 3x when
In3x = — gx

We know they meet at Q.

So, substitute = ginto In X = - gx:
In3g=-q(q)

In3g= - g2

g>+In3g=0 Addg®to each side

This isx? + In 3x = 0 withx = g

Sox = qis a solution of the equati(x2 +In3x=0
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©x2+IN3x=0
In3x= —x2 Subtracix? from each side

2
x=e X Uselna=b = a=¢&

1 _ 2 .
x= e % Divide each term by 3

) =0.2982797723
1 2

x,= e (02982197723 ) = 03049574223
1 2

xg= ze~ (03049574223 )" - 03037314616

1 2
x,= ze (03037314616 )" = 0 3039581993
Sox, =0.304 (3d.p.)
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Exercise C, Question 11

Question:

(a) Copy this sketch of the curve with equation e ~ * — 1. On the same axes

sketch the graph :%(x—l),forx > 1,andy:—%(x—1),

for x < 1. Show the coordinates of the points where taplymeets the axes.

Vi

=¥

0

Thex-coordinate of the point of intersection of themra iso.

(b) Show thai = « is a root of the equation+ 2e ~* - 3 = 0.

() Show that — 1 <« < 0.

The iterative formulx, , ;= —1In [ % ( 3 =X, ) } is used to solve the

equatiorx + 2e X -3 =0.

(d) Starting Withx0 = -1, find the values ofl andxz.

(e) Show that, to 2 decimal places= — 0.58.

[E]
Solution:
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Vi

“ Y

0 (1, 0)
‘].1:.3—.1_1
(@)
1

® Substitutex = 0 intoy = E} X -1 I :
_ 1 | _1

-l q ] (o 1)
Soy = 35 | X 1 | meets thg-axis at\ O’zj

X1}

N -

@ Substitutey = 0 intoy =

1
Soy= 3 I x—1 | meets the-axis at (1, 0)

N

( )
\1_)(/

(b) The equation of the branch of the curvexXer 1 isy =

This line meets the curye= e ~ * - 1 when

% (1—x ) —e X-1

(1-x) =2(e™*-1) Multiply each side by 2
1-x=2e"*-2 Simplify

-x=2e~*-3 Subtract 1 from each side
0=x+2e~*-3 Addxto each side

or x+2 *-3=0
The line meets the curve wher a, sox = a is a root of the equation

X+2 X-3=0
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clLetf(x) =x+2e"*-3

f(-1) =(-1) +2e- (1) -3=144

f(0) = (0) +2e~ (0) —3= -1

f(-—1) >0andf(0) <0 sothereis achange of sign.
=  There is a root betweer= — 1 andx =0,

l.e. —1<a<0

@%= -1
( w
X, = = In <L§[3— ( —1) } J% = - 0.6931471806
bir L Y7
Xy = —In A > ] 3 - L —0.6931471806) ] b = -0.6133318084

!

©% = —In %[ 3| 3-  -0.6133318084) | }% = - 05914831048

X,= - In { 3| 3- [ -059014831048) | b = - osesa100577

Xe = —In { 31 3- ( -o0s854180577) | | = -0.5837278097
( =

- 0.5832563908

TN

1]
X = —In {5 3-

L L
Soa = -0.5¢(2d.p.

—0.5837278997) ] %
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