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Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise A, Question 1

Question:

Write down the expansion of:
@ (x+y) *

(b) (p+a)®

() (a=-b)?

(d) (x+4)3

(€) (x-3)1

(M (a+2)°

(@ (x-4)*

(h) (2x-3y) *

Solution:

(@) (x+y) *would have coefficients and terms

14 6 4 1
Oy
(x+y) 4= D+ 43y + 6x%y2 + Axy® + Iy?

(b) (p+q) °would have coefficients and terms

15 10 10 5 1

p° p*q p3e? p’q° pa ¢°

(p+q) °=1p°+ 5p%q + 10p% + 10p°9° + 5pq’ + 1g°
(c) (a-b) 3would have coefficients and terms

13 3 1
a3a?( -b)a(-b)2(-b)?3

(a-b) 3=1a3 - 3a% + 3ab? - 1b°

(d) (x+4) 3would have coefficients and ter
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13 3 1
X3 X24 x42 43
(x+4)3=13+ 122+ 48 + 64

(e) (2 - 3) *would have coefficients and terms

1 4 6 4 1
(2x) 4 (2x) 3(-3) (x)2(-3)2(x)(-3)3(-3)%

(2x=3)4=1(2x) *+4(x)3(-3) +6(X) 2(-3)2+4(x) (-3)3+1(-3)*
(2x-3) 4=16¢* - 96x3 + 216¢2 — 216¢ + 81

() (a+2) ®>would have coefficients and terms

15 10 10 5 1
a® a*2 a%22 a223 a2% 2°
(a+2) °=1ad+ 10a* + 40a° + 80a2 + 80a + 32

() (3x-4) *would have coefficients and terms

1 4 6 4 1
(3x) 4 (3x) 3(—-4) (X)2(-4)2(3x)(-4)3(-4)"

(3x=4)4=1(3X) *+4(X)3(-4) +6(X) 2(-4)2+4(X) (-4)3+1(-4)*
(3x—4) 4=81x* - 432 + 864x% — 768 + 256

(h) (2x-3y) “would have coefficients and terms

1 4 6 4 1
(2x) 4 (2x) 3( -3y) () 2(-3y)2(x)(-3)3(-3y)*

(2x=3y) #=1(x) *+4(2x) 3(-3y) +6(x) 2( -3y)2+4(X) (-3)3+1(-3)*
(2x—3y) 4=16x* - 96x% + 216x%y2 — 21€xy3 + 81y*
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The binomial expansion
Exercise A, Question 2

Question:

Find the coefficient ok3 in the expansion of:
(@ (4+x)*

(b) (1-x)°

(© (3+%)3

(d) (4+)°

(e) (2+x) °

(1),
® k4_ ij

@ (x+2)°
(h) (3-2x) *

Solution:

(@) (4 +x) *would have coefficients 1 4® 1
The circled number is the coefficient of the tertr®4
Termis 4 x 4x3 = 163

Coefficient = 16

(b) (1-x) 5would have coefficients 15 1® 5 1

The circled number is the coefficient of the terfr(1- x ) 3.
Termis 10 x £( - x) 3= - 103

Coefficient = - 10

(c) (3 + ) 3would have coefficients 1 3®

The circled number is the coefficient of the terréx() 3.
Termis1x (%) 3=83

Coefficient =8

(d) (4 + ) ®would have coefficients 1 5 ®s1
The circled number is the coefficient of the terfr(2x) 3.
Termis 10 x 4 (2x) 3= 12803

Coefficient = 1280

(e) (2 +x) ®would have coefficients 1 6 1B 15 6 1
The circled number is the coefficient of the terfr32
Termis 20 x 233 = 1603

Coefficient = 16C
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( )

1
() L 4- X ) 4 would have coefficients 1 4® 1

Y,

1
The circled number is the coefficients of the tetn{ - X /

Vs

Ny
Termis 4 x 4 ->X = -23
L)

Coefficient = =2

(@) (x+2) 5would have coefficients 1@ 1051
The circled number is the coefficient of the terfg2.
Term is 10 xx322 = 403

Coefficient =40

(h) (3 - 2) 4would have coefficients 1 4® 1

The circled number is the coefficient of the terh(3- 2x) 3.
Termis4 x 3 ( - 2x) 3= - 96¢

Coefficient = - 96

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 3

Question:
Fully expand the expressic(1+3x) (1+2x) 3.

Solution:

(1 + 2x) 3has coefficients and terms

13 3 1

1312 (2x) 1(2x) 2 (2x) 3

Hence (1+2) 3=1+6x+ 122+ 8

(1+3) (1+2)3

= (1+3) (1+6x+12¢2+8x3)
=1(1+6k+123+83) +3x(1+6x+ 122+ 8x3)
=1+ 6K+ 124+ 83+ 3x + 182 + 363 + 24x*

=1+ 9x + 30x2 + 44x3 + 24x*

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 4

Question:

Expand (2 +y) 3. Hence or otherwise, write down the expansio ( 2 + x — x2) 3in ascending powers .

Solution:

(2 +y) 3has coefficients and terms

13 3 1
2322y 2y2y3

Therefore, (24) 3=8+ 12/ + 6y + 1y3

Substitutey = x — x?
= (2+x-x2)83=8+12(x-x%) +6(x-x°) 2+1(x-x?) 3
> (2+x-x2)3%=8+1X%(1-x) +6x3(1-x) 2+x3(1-x) 3

Now

(1-x)2=(1-x) (1-x) =1-X+x2

and

(1-x)3=(1-x)(1-x)?2

(1-x)3=(1-x) (1-2%+x2)

(1-x) 3=1-X+xX2-x+22-x3

(1-x)3=1-X+3%-x3

Or, using Pascal's Triangles

(1-x)3=1(1)3+3(1)2( -x) +3(1) (-x)2+1(-x)?3
(1-x)3=1-X+3%-x3

SO (2+x—-x2)3=8+1X(1-x) +6x2(1-X+x2) +x3(1-3x+3Z¢-x3)
> (2+x-x2)3=8+1X-12¢+6x2 - 123+ 6x* + x3 - 3* + A — X8
> (2+x-x2)3=8+1X-6x2- 113+ 34+ 3° - x8

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\C2 5 A 4.h 3/10/201:



Heinemann Solutionbank: Core Maths 2

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise A, Question 5

Question:

Find the coefficient of the term x3 in the expansion ¢ (2 +3x) 3(5-x) 3.

Solution:

(2 + 3x) 3would have coefficients and terms

13 3 1

2322 (3x) 2(3) 2 (3x) 3
(2+3) 3=1xB+3x2(3x) +3x2(X) 2+1x ()3
(2+3x) 3=8+ 36+ 542 + 273

(5 -x) 3would have coefficients and terms

13 3 1

5352( -x)5( -x) 2 (-x)3

(5-x)3%=1x53+3xF( -x) +3x5( -x) 2+1x ( -x)?3

(5-x) 3=125- 7%+ 15¢¢ - x3
(8+36x+54x*+27x" W 125-T5x+15x3-x")

(2430 3(5-x) *= SN A~

Term inx3is

8x (=x3) +36xx 152+ 542 x ( —75) + 273 x 125
= - 83+ 5400 - 40503 + 33753

= - 1433

Coefficient ofx3 = — 142

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\C2 5 A 5.h

Pagel of 1

3/10/201:



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2
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The binomial expansion
Exercise A, Question 6

Question:

The coefficient 0x2 in the expansion ¢ ( 2 + ax ) 2is 54. Find the possible values of the consa.

Solution:

(2 +ax) 3has coefficients 1 & 1

The circled number is the coefficient of the terh{ 2x ) 2.
Terminx2is 3 x 2 x (ax) 2=6a%2

Coefficient ofx? is 6a2.

Hence

6a2=54 ( +6)

a2=9

a= =3

© Pearson Education Ltd 2C
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Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise A, Question 7

Question:
The coefficient 0x2 in the expansion ¢ (2 -x) (3+bx) 2is 45. Find possible values of the consb.

Solution:

(3 +bx) 3has coefficients and terms

13 3 1
3332(bx) 3(bx) 2 (bx) 3

(3+bx) 3=1x3BF+3xFbx+3x3(bx) 2+1x (bx) 3
(3+bx) 3=27 + 2x + 922 + b33

(2=x) (27427 bx + 9b3x* + Hx%)
So (2-x) (3+bx) 3= ~__

Term inx2is 2 x 922 — x x 27bx = 180%x2 — 27bx2
Coefficient ofx? is 1&?2 - 27

Hence

1802 -27b=45 ( +9)

2b2-3b=5

202 -3b-5=0

(20-5) (b+1) =0

_ s
b= 5, -1

© Pearson Education Ltd 2C
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The binomial expansion
Exercise A, Question 8

Question:

2x

1),
IE

Find the term independent win the expansion ofk X2 —

Solution:

(

oo 1), .
K Xe= 5 ) has coefficients and terms

1 3 3 !
) )5 )

This term would be independentyoés thex's cancel.
P I U O -
4

Term independent ofis 3 \x } k - } = 3¥FxT7 =

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 1

Question:
Find the values of the following:
(a 4!
(b) 6!
8!
©)&r

10!
CAryn

(e)*C,

(f) 8Cs

(9)°C,

(h) °C,

(i) *°Cq

() °c,

(k) 8C,

() "G,

Solution:

@4! =4x3x2x1=24
(b)6! =6x5x4x3x2x1=720

81 8xTxBxBExAx3xIx]

AT vy v v vy A
o0 10x91
91 ~ 9)1 -
4 41 ar A3xxd 12
©)7C= "4-2) 121 = 2121 :m,:z =6
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8! 81 8xTx61 s6
(f) 8Cq = (8-6) 16! — 2161 =T6.1_f_=2 =28
51 5. S5xdx3 2
@©°C;= 572y 121 T 3121 T 3121 =7 =10
_ 6! _ 61 6x5x4x31_6x5x4
(h)6C3_ (6-3) 131 = 3131 ™ 3!){3»’! - ﬁ =20
_ 10! 01 10x91 10
(i) 1%, = (10-9) 191 = 1191 = 1191 =7 =10
. 6! 6! 6x5x41 30
() °c, = (6-2) 121 — 4121 = 4 20 =7 =15
8! 8xTx6x5! _8xTx6
K8Cs= "5 5) 151 = 31 5 = s =56
o ni _ax(n=1)x(n=-2)x(n=3) n(n-1) (n-2)
0 "Cs= "3y iar = (n=3)1 3! - 6
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The binomial expansion
Exercise B, Question 2

Question:
Calculate:

(@)*Cy

(4]
Pl

(©)*C,

(d)(;‘}

(4]
Y

Now look at line 4 of Pascal's Triangle. Can youlfany connectiot

Solution:

4! M
(@)*Cy = (4-0) 10! — M0l

) (4 _ 41 _a 4xH 4
\1j (4-1) 111 31T 3R
. 4 4 3xY 2
©7°C= 42y 121 T 2121 - 21 2 =35 =6
@A) o e A s
\3} (4-3) 13! 113! I! 31 1

(4) & 4 1
= =0 =1

(e) L4 ) T 4-a T gr

The numbers 1, 4, 6, 4, 1 form the fourth line as&al's Triangl
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The binomial expansion
Exercise B, Question 3

Question:
Write using combination notation:
(a) Line 3 of Pascal's Triangle.

(b) Line 5 of Pascal's Triang

Solution:

(a) Line 3 of Pascal's Triangle is

(3) (3) [(3)
\o) (1) (2)
(b) Line 5 of Pascal's Triangle is
(5) (5) (5)
\o) (1) \(2)

© Pearson Education Ltd 2C
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The binomial expansion
Exercise B, Question 4

Question:
Why is6C, equal to( Z ) ?

(a) Answer using ideas on choosing from a group.

(b) Answer by calculating both quantiti

Solution:

(6

€)) 602 or k 5 ) is the number of ways of choosing 2 items fgroup of 6 items.

(6)

K 4 / or 6C4 is the number of ways of choosing 4 items frommaupg of 6 items.

These have to be the same.
For example, if you have a group of six people wadt to pick a team of four, you have automatica#liected a team
of two.

61 6! 6x5x4
(b)6C2= (6-2) 121 = 4120 T 4[ 21 =15
(6\ 61 6! _ﬁxﬁx‘:}.‘!_

=15

L4 ) (6-9)a = 2141 21 41

(6)

Hence®C, = \4}

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 1

Question:

Write down the expansion of the following:
@ (x+y)*

®) (p-a)®

(€ (1+)*

(d) (3+x)*

@ 1= )
M (4-x)*

(@ (x+3y)°
(h) (x+2)°
Solution:

@ (x+y) *
=9Cy(2x) *+4Cy (2x) 3(y) +7C,y(2x) 2(y) ?+9C3(2x) *(y) 3+%C,(y) *

=1x16¢+4x 83y +6 X MY2+4x xP+ 1 xy
= 16¢* + 323y + 24xy2 + 8xy® + y*

(b) (p-q)°

=5C, p°+5C, p*( -q) +5C, p3( -q) 2+5C; p?( -q) 3+5C, p( -q) *+5%C,( -q) ®
=1xp+5x (-pig) +10xp’?+10x ( -p’g®) +5xpg*+1x ( -°)

= p° - 5p'q + 10p%° - 100%¢° + 5pg* - o°

€ (1+) 4

=4C, (1) 4+9C (1) 3(2x) 1+4C, (1) 2(2x) 2+4C5(1) (2x) 3+4C,(2x) 4
Z1x1+4xX+6x2+4x%x83+1x16¢

=1+ &+ 24¢2 + 323 + 16¢

(d) (3+x) 4

=4CH(3) 4+4C (3) 3(x) +4C,(3) 2(x) 2+4C4(3) (x) 3+4C,(x) *
=1x8l+4x2%k+6x WK +4x33+1xx

=81+ 10& + 54x2 + 123 + x4

(1),
(e)Kl—zxj
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=4C, (1) 4+4C (1) 3 ( - %x) +4C, (1) 2 ( - %x } 2+14c, (1} ( - %x } 3+4c, ( -
AP
X
J
1 1 1 1
=1x1+4x ( —Ex} +6 x ZX2+4X ( —gx3) +1 x EX4
=1-X+ gxz— %x3+ %x“

(M (4-x)*
=9Co(4) 4+9C (4) 3(—x) +7C,(4) 2(—x) 2+C5(4) 1 (-x) 2+C,(-x) 1

=1x256+4x%x (-64) +6%x16C+4x%x ( -43) +1xxt
= 256 — 256 + 96x% — 163 + x*

(@ (2x+3y)°
=5Cy(2x) 2+5C; (2x) *(3y) +°C,(2x) 3(3y) 2+°C5(2x) ?(3y) *+°C,(2x) (3y) *+°C5(3y) °

=1x32%+5x48% + 10 x 7252 + 10 x 10824y° + 5 x 16Xy* + 1 x 243°
= 325 + 240¢% + 7203y2 + 108033 + 810ky* + 2435

(h) (x+2)°

=6CO(X) 6+6C1(X) 521+6C2(X) 422+6C3(X) 323+6C4(X) 224+6C5(X) 125+6C626
=1xx8+6x20+15x &4 +20% 83+ 15 % 16+ 6 x 3X + 1 x 64

= x8 + 12x° + 60x* + 160x3 + 24(x? + 192x + 64

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 2

Question:

Find the term ind of the following expansions:
@ (3+x)°

(b) (x+y)*®

© (1-x)°

) (3+x)°

(e) (1+x) 10

) (3-2)°

(@) (1+x) 20

(h) (4-3x) 7

Solution:

(@ (3+x) >
Terminx®is®C,; (3) 2 (x) 3=10x 9¢ =90

(b) (x+y) >
Terminx®is®C, (2x) 3(y) 2=10 x 8Sy? = 80¢%y?

© (1-x)°®
Terminx®is®C, (1) 3( -x) 3=20x ( -3) = - 203

d (3+x)°
Terminx3is®C, (3) 2(2x) 3=10 x 723 = 7208

(e) (1+x) 10
Term inx3is 10C4(1)" (x) 3=120 x 3= 1203

) (3-2x) °
Terminx®is®C, (3) 3( -2x) 3=20x ( -2163) = - 43203

(@) (1+x) 20
Terminx®is2°C, (1) 17 (x) 3=1140 x &3 = 11403

(h) (4-%) 7
Terminx®is’C;(4) #( -3x) 3=35x ( -691%%) = -241 9203

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 3

Question:

Use the binomial theorem to find the first foumtearin the expansion of:
(@ (1+x) 1°

(b) (1-2)°

(€) (1+3)°

(d) (2-x) ®

© ( 2= 2y ] 1
M (3-x) 7

(@ (x+2y) 8

(h) (2x-3y) °
Solution:

(@ (1+x) 10

= 1000110 + 10C119x1 + 100218)(2 + 100317)(3 +
=1+10 x X+ 45 x % + 120 x &3 +
=1+ 10+ 45 + 1208 +

(b) (1-2)°

=5C 15 +°5C 14 ( - 2x) 1+5C,13( - 2x) 2+5C12( - 2) 3+
=1x1+5x (-X) +10x42+10x ( —-83) +

=1- 10+ 402 - 80<3 +

€ (1+X) 58

=6C16+6C 15(3x) 1+6C,14(3x) 2+°6C,13(3x) 3+
=1x1+6xX+15x K +20x 2% +

=1+ 18& + 135 + 5403 +

(d) (2-x) 8

=8C,28+8C 27 ( -x) 1+8C,285( -x) 2+8C25( -x) 3+
=1x256+8x ( —128) +28x642+56x ( —323) +
=256 — 1024 + 1792 - 1792 +

(1 V4
(e)KZ—zxj
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=10C0210+10C129 ( _ %X ) 1+10C228 ( _ %X ) 2+10C327 ( _ 1 \3_,_
=1x1024+10x ( —256) +45x 642+ 120 x ( - 163) +
= 1024 - 2568 + 2880¢ — 1920 +

M (3-x) 7

=7C3"+7C,3F( -x) 1+7C,35( -x) 2+7C3*( -x) 3+
=1x2187+7x%x ( —729) +21x2432+35x ( -8K3) +
= 2187 - 5108 + 51032 — 2835 +

(@ (x+2y)®

:8C0X8+8C1X7(2y) 1+8C2x6(2y) 2+8C3x5(2y) 34+
=1 xx8+8 x X'y +28 x &y2 + 56 x 85y +

=x8 + 16x7y + 1128y2 + 44858 +

(h) (x-3y)°

=9Cy(2x) 2+9C, (2x) B( -3y) 1+9C,(2x) "( -3y) 2+9%C5(2x) O( —-3y) 3+
=1x512%2+9x ( —7688y) +36 x 115"y + 84 x ( —172853) +

= 5129 - 69128y + 4147:x7y? — 1451583 +

© Pearson Education Ltd 2C

file://C:\Users\Buba\kaz\ouba\C2_ 5 C 3.t 3/10/201:



Heinemann Solutionbank: Core Maths 2 Pagel of 1

Solutionbank C2

Edexcel Modular Mathematics for AS and A-Level

The binomial expansion
Exercise C, Question 4

Question:

The coefficient o&? in the expansion of (2 + ax§is 60.
Find possible values of the consta.

Solution:

(2+ax) "

Term inx?is8C,2* (ax ) 2= 15 x 1622 = 240a°x?
Coefficient ofx? is 24®2.

If this is equal to 60 then

2402=60 ( +240)

N |-~

Thereforea = +

© Pearson Education Ltd 2C
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The binomial expansion
Exercise C, Question 5

Question:

The coefficient o&3 in the expansion of (3 bx) °is - 720.

Find the value of the consteb.

Solution:

(3+bx) 5

Term inx®is5C,32 (bx ) 3= 10 x D3 = 90033
Coefficient ofx® is 93,

If this is equal to — 720 then

90b3= - 720 ( +90)

b= -8 (V)

Henceb = - 2.
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The binomial expansion
Exercise C, Question 6

Question:

The coefficient o&3 in the expansion of (2 %) (3 - ax) “is 30.
Find the values of the constza.

Solution:

(3-ax)*

=4C3*+4C,33 ( —ax) +4C,3%( —ax) 2+4C3 ( ~ax) 3+4C,( —ax) 4
=1x8l+4x ( —27ax) +6x&C+4x ( -&X3) +1xak

=81 - 108ax + 5822 — 12a33 + a’x*

(2+x) (3-ax)*=

(2+x)(81=108ax + 5S4a’x* = 12a°x" + a‘x*)
—

Terminxdis 2 x ( — 1233) +x x 54a2x2 = — 24a3x3 + 54ax3
Hence

-24a8+5482=30 ( +6)

- 4a%+92=5

0=4a%-9a%+5 (4xPB-9x212+5=0 = a=1lisaroot)
0=(a-1) (4?-5a-5)

Soa=1 and

422 -5a-5=0

Using the formula for roots,

5+{25+80 5% 105

8 8

a=

) 5+ V105 5- 105
Possible values afare 1, s and— 5
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The binomial expansion
Exercise C, Question 7

Question:

Y,

X
Write down the first four terms in the expansion Qf 1-7 )

By substituting an appropriate value fofind an approximate value to ( 0.9%) Use your calculator to find the
degree of accuracy of your approximat

Solution:
[ x Vs
L)

x ) Vo,
10} j
[ _x) 2 (

\

=1%x1+6x \ —10} +15><100 + 20 x

X

=0Cy1° + °Cy1° ( - 10

(
+6C 14 -
=\

=1-0.6¢+0.15Z - 0.026 +

We need to find ( 0.99 ¥

Sol-7, =0.99
X

> 7, =001

= x=0.1

X
Substitutex = 0.1 into our expansion for( 15, } 6

(o1

= \1— 10j6=1—0.6xo.1+0.15x(0.1)2—0.02><(0.1)3+
= (0.99)%=0.94148

From a calculator (0.99 § = 0.941480149
Accurate to 5 decimal plac
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The binomial expansion
Exercise C, Question 8

Question:

£ )

Write down the first four terms in the expansion €f2 + ]

By substituting an appropriate value fofind an approximate value to ( 2.11%. Use your calculator to find the deg
of accuracy of your approximatic

Solution:

PR

Sy

10¢c 210 4 9( \1+1 8( \2_,_10 7( \
Co2 OCZ \ ) 0C2 \ / C.2 \ /

512
=1x1024+10 x —  +45x
=1024 + 1024 + 460.82 + 122.883 +
If we want to find ( 2.1 )1°we need

X
2+ 7 =21
x
= 5 = 0.1

= x=05

Vg

Substitutex = 0.5 into the expansion fo{ 2 4)-;‘ ]

(2.1)19=1024 + 1024 x 0.5 + 460.8 x (0.53+ 122.88 x (0.5)3+
(2.1)10=1024 + 512 + 115.2 + 15.36 +

(2.1) 19=1666.56
From a calculator

(2.1)10=1667.988
Approximation is correct to 3 s.f. (both 167
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The binomial expansion
Exercise D, Question 1

Question:

Use the binomial expansion to find the first foeimts of
(@ (1+x)®

(b) (1-2)°

(©) ( ;) 10
(d) (1-3%)°
(€) (2+x) 7

(M (3-2) 3

(@ (2-%)°
(h) (4+x)*

(i) (2+5x)

Solution:

(a) Heren = 8 andx = x
8><72 8x7x6
21 Xt g

(1+x) 8=1+8+ x3 +
(1+x) 8=1+8+ 282+ 56 +

(b) Heren = 6 andx = — 2x

o (D29 %

\ 6x5 6x5x4
J

(1-2) 6=1+6( - X

(1-2x) %=1-12+ 60x% - 160 +

X
(c) Heren =10 andx = 7

(s Vi () om0 (x),, moxsxe (x ),
T Rl U B THN UE3) AT W B
( X;)10:1+5x+%x2+15x3+

(d) Heren=5 andx = - 3x

(1—3x>5:1+5( —&} £ DT (-3 2 T (-3 3
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(1-3x) °=1-15¢+ 90x% - 270 +

(e)(2+X)7‘r2( %)}7=27(1+X;)7

L2 \
Heren=7 andx= >, so
(2+x)7:128[ 1+7(X;) +72x!6(%) + 72”(%)% }
(2+x)7:128(1+2x+ Tl e )
(2+x) 7=128 + 44& + 6722 + 560 +
oo [2(o5) Jor n3)
eren =3 and= 2 so
(3—&)3:27[“3( —%X) +32X!2( -%)u 3?”( _%)3}
(3—2x)3—27(1—2x+ %xZ %x3\

(@ (2-%) 6= [2(1—%) }6=26(1—37X}6
Heren=6 andx = - 37)( SO
(2_&)%@4[Lw( —7} +25(_?)2+6ff4(i?)3+ }
(2—3)()5—64(1—9<+ %x—%x+ )
(2-3x) =64 - 57& + 2160¢ — 4320 +
(h) (4+x) 4= [4(1+X;) }4=44(1+f)4
Heren = 4 andx = L,so
vl (2) (1))
(4+x)4=256(1+x+g +%x3+ )
(4+x) 4=256+ 256 + 96x% + 163 +
PSP I SR AU T

() (2+5x) "=

G N Ak e
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5x
Heren =7 andx = PEE
(2+5x)7=128[1+7(57x) +72X!6(57X)2+7x36.XS(57X)3+ }
(2+5x)7=128(1+%x+ 5725x2+ %Bx?w )

(2+5x) 7=12¢+ 2240 + 1680(x2 + 700003 +
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The binomial expansion
Exercise D, Question 2

Question:

If x is so small that terms &f and higher can be ignored, show that:
(2+x) (1-3x) 5=2-29 + 165x2

Solution:

(1-23) 5:1+5( —3<) b2 (- 24

(1-3x) 5=1- 15+ 90%? +

(2+x) (1-3) °
= (2+x) (1-1%+90%+ ... )
=2 - 30+ 180¢ +
+ x-15¢+
=2 - 29x + 165x2
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The binomial expansion
Exercise D, Question 3

Question:
If x is so small that terms &f and higher can be ignored, and

(2-x) (3+x) “=a+bx+cx?
find the values of the constara, b andc.

Solution:

(3+x) ¢

=8

[

=81 + 10& + 54x% + 123 +

(2-x) (3+x) 4
= (2-x) (81+10&%+542+ 123+ ... )
=162 + 216 + 108¢ +
- 8I1x-108¢Z+
=162 + 13% + 0x2 + ...
Thereforea =162, b=135c¢c=0
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The binomial expansion
Exercise D, Question 4

Question:

When (1-X) Pis expanded, the coefficientxf is 40. Given thap > 0, use this information to find:
(a) The value of the constgmt

(b) The coefficient ok.

(c) The coefficient ox3.

Solution:
(1-%)°P
( \ p(p-1)
=1+p \ —2x) +T(—2()2+
=1-2px+D(p-1)x2+
Coefficient ofx2is p (p-1) =40
= p(p-1) =20
> p?P-p-20=0
= (p-5) (pt+t4) =0
= p=5

(a) Value ofp is 5.

(b) Coefficient ofxis — 2 = - 10.

p(p-1) (p-2 5X4X3( \\

)
(c) Term inx3 = 31 (-2x) 3= BETHE k - 83 ) = — 803

Coefficient ofx3is — 80.
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Exercise D, Question 5

Question:

Pagel of 1

Write down the first four terms in the expansion(of + 2« ) 8. By substituting an appropriate valuexdfwhich should

be stated), find an approximate valuel.028. State the degree of accuracy of your ans

Solution:

(1+2) 8
ﬁ 2 8x7x%x6 3
=1+8x X+ 21 (2x) <+ 31 (2x) °+

=1+ 16K+ 1122 + 4483 +

If we want an approximate value to ( 1.02 yve require
1+2%=1.02

2x=0.02

x=0.01

Substitutex = 0.01 into our approximation for (1 3 8
(1.02)8

=1+16x0.01+112x (0.01%+448x (0.01)3
=1+ 0.16 + 0.0112 + 0.000448

=1.171648

By using a calculator

(1.02) 8=1.171659

Approximation is correct to 4 s.f. (1.172 for baiblutions
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The binomial expansion
Exercise E, Question 1

Question:

(

3
When \ 1-7x ] Pis expanded in ascending powerxothe coefficient ok is — 24.

(a) Find the value gb.
(b) Find the coefficient of2 in the expansion.
(c) Find the coefficient af3 in the expansion.

[E]
Solution:

( 3x\p:1+p(_3_x\ Leeon [ m ), ey eo2) [ x ),
2} \ 2) 2! \ 2) 3! \ 2}

+

(a) Coefficient ok is — =~

We are given its value is - 24

3
= - 7p = -24
> p=16
L 2. p(p-1) 9 _ 16 x 15 9 _
(b) Coefficient ofx“ is 2 X, =", x, =270
- ) p(p-1) (p-2) 27 16 x 15 x 14 27
(c) Coefficient ofx®is — T s X3 = - 3 x5 =-18%
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Exercise E, Question 2

Question:

Given that:
(2-x) B=A+Bx+Cx%+ ...
Find the values of the integetsB andC.

[E]
Solution:

(2-x) 13

:213+13C1212( —X) +13C2211( —X) 2 4
=8192 + 13 x ( —4096) + 78 x 20482 +
= 8192 — 53248 + 1597442 +
=A+Bx+0C¢Z+ ...

S0A =819, B= - 5324¢ C = 15974«
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The binomial expansion
Exercise E, Question 3

Question:

(a) Expand (1 -2) 1%in ascending powers afup to and including the term id, simplifying each coefficient in the
expansion.

(b) Use your expansion to find an approximation(1.98 ) 19, stating clearly the substitution which you hasedifor
X.

[E]
Solution:

@ (1-x) ™

( \\ 10x9 10x9x8

:1+1o\ —2<) + S (mX) 2+ T

(-2) 3+

=1+10x ( -X) +45x 42+ 120 x ( -83) +
=1 - 20k + 180¢ - 9603 +

(b) We need (1-2) =0.98

= 2X=0.02

= x=0.01
Substitutex = 0.01 into our expansion for (1 %x2 10
(1-2x0.01)10=1-20x0.01 + 180 x 0.1- 960 x 0.0% +
(0.98)19=1-0.2 +0.018 - 0.00096 +
(0.98)10=0.81704 +
So (0.9¢) 10~ 0.8170:-
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The binomial expansion
Exercise E, Question 4

Question:

(a) Use the binomial series to expand ( 2x3 3%in ascending powers afup to and including the term id, giving
each coefficient as an integer.

(b) Use your series expansion, with a suitablee/éux, to obtain an estimate for 1¥7giving your answer to 2
decimal places.

[E]
Solution:

(@ (2-%) 10

=210+20C 29 ( - 3x) 1+10C,28 ( -3x) 2+10C27( - 3x) 3+
=1024 +10 x ( —1536) + 45 x 23042+ 120 x ( —34563) +
= 1024 - 15368 + 1036862 — 41472063 +

(b) We require 2 —8=1.97
= 3x=0.03
= x=0.01

Substitutex = 0.01 in both sides of our expansion of ( 2x)310
(2-3x0.01)10=1024 - 15360 x 0.01 + 103680 x 0% 414720 x 0.03 +
(1.97) 19~ 102¢ - 153.€ + 10.36¢ — 0.4147: = 880.3532 = 880.3! (2 d.p.
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The binomial expansion
Exercise E, Question 5

Question:
(a) Expand (3 +2) “4in ascending powers af giving each coefficient as an integer.
(b) Hence, or otherwise, write down the expansibrf 8 — 2x) 4 in ascending powers af

(c) Hence by choosing a suitable valueXshow that (3+2/2) 4+ (3 -2+ 2) 4is an integer and state its value.

[E]
Solution:

(@) (3 + X) “has coefficients and terms

14 6 4 1
333 (2x) 3 (2x) 23 (2x) 3 (2x) 4
Putting these together gives

(3+2X) 4=1xF+4xFx2X+6xFx () 2+4x3x (X)3+1x (x)*
(3+2x) 4=81+ 216+ 216¢ + 963 + 16x*

(b) (3-2%)4=1x3F+4xPBx (=) +6xFx (-X)2+4%x3x (-X%)3+1x (-X%)*
(3-2x) 4=81- 216+ 216¢ - 96x3 + 16¢*

(c) Using parts (a) and (b)
(3+2X) 1+ (3-X) =

81 +216x + 216x* + 96x° + 16x°
81 = 216x + 216x* = 96x° + 16x°

162 t 432x? b 32x!

Substitutingx = V 2 into both sides of this expansion gives
(3+2V2) 4+ (3-2V2)4=162+432(V2)2+32(V2)
4=162+432x2+32x4=162+ 864+ 12€ = 115¢
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Exercise E, Question 6

Question:
X
The coefficient o&? in the binomial expansion 0( 1% } N wheren is a positive integer, is 7.

(a) Find the value af.

(b) Using the value df found in part (a), find the coefficient &f.

[E]
Solution:

( n(n-1) [i\z n(n-1) (n-2) (1\3 n(n-1) (n-2) (n-3)

Ve + +

Kl 2)-1 ‘\ZJ 2 | 2 31 L2 41
[ x)

\ 2 )

N | X

(a) We are told the coefficient &f is 7
n(n-1) 1

ES 5 XZ:7

= n(n-1) =56

> n-n-56=0

= (n-8) (n+7) =0
= n=8

(b) Coefficient ofx* is

4
n(n-1) (n-2) (n=3) o _BXTHS ] =
4 TR €7 €961 IS T A
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The binomial expansion
Exercise E, Question 7

Question:
(a) Use the binomial theorem to expand ( 3 x L& giving each coefficient as an integer.

(b) Use your expansion, with an appropriate vatwefto find the exact value of ( 10034 State the value ofwhich
you have use

[E]
Solution:

(@ (3+1x) 4

=3*+4C,33(10x) +4C,(3) 2(10x) 2+4C,(3) 1(10x) 3+ (10x) *
=3%+ 4 x 27k + 6 x 900¢ + 4 x 30003 + 10000¢

=81 + 108 + 5400¢ + 12000 + 10000¢

(b) We require 1003 = 3 + X0

= 1000 = 1&

= 100 =x
Substitutex = 100 in both sides of our expansion
(3+10x 100)% =81+ 1080 x 100 + 5400 x 186- 12000 x 108 + 10000 x 106
(1003 ) 4 =81+ 108 000 + 54 000 000 + 12 000 000 000 + 1 000 0OMO00
(1003) 4=

1 000 000 000 000
12 000 000 000

54 000 000

108 000

81

1012054 108 081
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The binomial expansion
Exercise E, Question 8

Question:
(a) Expand (1 +2) 12in ascending powers afup to and including the term id, simplifying each coefficient.

(b) By substituting a suitable value fgrwhich must be stated, into your answer to partd@culate an approximate
value of (1.02)12

(c) Use your calculator, writing down all the dagih your display, to find a more exact value of.q21) 12
(d) Calculate, to 3 significant figures, the petegie error of the approximation found in part (b).

[E]
Solution:

@ (1+x)

=1+12 ( X ) + —12;!11(2() 24 —lZXBl[lxm(zx) 34

=1+ 24 + 264¢ + 17603 +

(b) We require 1 +2=1.02
= 2=0.02

= x=0.01
Substitutex = 0.01 in both sides of expansion
(1+2x%x0.01)12=1+24x0.01 + 264 x 0.1+ 1760 x 0.0%
(1.02)12=1+0.24 + 0.0264 + 0.00176

(1.02) 12=1.26816

(c) Using a calculator
(1.02) 12=1.268241795

| Answer b - Answer c |

(d) % error = x 100

Answer ¢

% error = 0.006449479
% error = 0.0064! %
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The binomial expansion
Exercise E, Question 9

Question:

1
Expand \ X= 7 } 5, simplifying the coefficients.

[E]
Solution:

(

1
K X= 3 ) 5 has coefficients and terms

15 10 10 5 1
X (= )R (=) PR 3= = )]

Putting these together gives

(VT ISR S U EPORY S U PO (R S IR SRS D
G Al U e U Rl U R G B
1),

)

[ i\5_5 3 10 5 1

\x—xj—x—5x+10x—x+;—;
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The binomial expansion
Exercise E, Question 10

Question:

In the binomial expansion of k2 x) ", wherek is a constant aralis a positive integer, the coefficientxdfis equal to the
coefficient ofxC,

(a) Prove thah = 6k + 2.

2
(b) Given also that = 3, expand (R+x) "in ascending powers afup to and including the term i, giving each coefficient

as an exact fraction in its simplest form.

[E]
Solution:

@ (K+x) "= (2k) "+1C (2K) ""Ix+1C, (2k) "2 +1C, (2k) "33+
Coefficient ofx? = coefficient ofx3
nCZ(Zk) n—2:nC3(2k) n-3

—'Hr_ (2k\n—2_ '}ﬁ
(n=2)120 (7 ) (n-3)13!

(2k) "2 (n-2) 12!

(2078~ (n-3) 131 (Use laws of indices)

(2k)1:% [(n—z)!:(n—
{rr—2_l></2“
2k = I3

3

2

(2() n-3

3x2&k=n-2
6k=n-2
n=6k+2
2 2
(D) Ifk= Zthenn=6x 3 +2=6

Expression is

4096 2048 1280 2 1280)(3
= + a1 X+ 27 Xc + +
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The binomial expansion
Exercise E, Question 11

Question:
(a) Expand (2 4 ) 6as a binomial series in ascending powers giving each coefficient as an integer.

(b) By making suitable substitutions foin your answer to part (a), show that (2#3) 6— (2 - v 3) 6canbe
simplified to the formk \' 3, stating the value of the inteder

[E]
Solution:

(@ (2+x)°
= 26+ 6C 25 + 6C,29x2 + 6C 233 + 6C,22¢* + 6C2x° + X5
=64 + 19X + 240¢ + 160 + 60x* + 12 + x8

(b) Withx= v 3

(2 + V3)j=64+192V3+240(V3) 2+160(V3)3+60(V3)4+12(V3)5+ (V3)6 D
withx= - v 3

(2-V3)6=64+192( -V3) +240( -V3)2+160( -V3)3+60( - V3)*+12( -V3) 5+
(-V3)*

(2-+V3)0%=64-192V3+240(V3)2-160(V3)3+60(V3)*-12(V3)5%+ (V3)°¢ @
@—@gives

(2+V3) 8- (2-+3)°"

=384V3+320(V3)3+24(+V3)°

=384V3+320x3V3+24x3x3V3

=384+ 3+ 960V 3 + 216+ 3

= 1560+ 3
Hencek = 156(
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The binomial expansion
Exercise E, Question 12

Question:
The coefficient o&? in the binomial expansion of (2 + kx8, wherek is a positive constant, is 2800.
(a) Use algebra to calculate the valud.of

(b) Use your value df to find the coefficient o3 in the expansion.

[E]
Solution:

(@) The term i of (2 +kx) 8is
8C,20 (kx) 2= 28 x 643x% = 17932
Hence 179 = 2800

k2= 1.5625

k= +£1.25

Sincek is positivek = 1.25.

(b) Term inx3of (2 +kx) 8is
8C,25 (kx ) 3=56 x 3233
Coefficient ofx3 term is179zk3 = 1792 x 1.253 = 350(
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Exercise E, Question 13

Question:

(a) Given that
(2+x) 5+ (2-x) °=A+Bx2+Cx4,
find the value of the constams B andC.

(b) Using the substitutiop = x2 and your answers to part (a), solve
(2+x) 5+ (2-x) 5=349.

[E]
Solution:

(@) (2 +x) °will have coefficients and terms

15 10 10 5 1
25 24 23x2 223 2y O

Putting these together we get

(2+x) 5=1xP+5x2x+10x B2+ 10 x BS+5x 24+ 1 xx°
(2+x) 5=32+ 80+ 802 + 40 + 10x* + x°

Therefore

(2-x) 5=32-80+ 8% - 40 + 10x* - x°

Adding (2+x) 5+ (2-x) =64+ 16062 + 20¢*

SoA =64,B=160,C =20

(b) (2+x) 5+ (2-x) 5=349
64 + 160 + 20x* = 349

204 + 16062 - 285=0 ( +5)
44+ 322 -57=0

Substitutey = x?

42 +3%-57=0

(2y-3) (y+19) =0

31

Y= 207 o

3 ‘3
— 2 2 - — _ =
Buty=x45sox“= 75 = x=z*\7
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The binomial expansion
Exercise E, Question 14

Question:

In the binomial expansion of (2 + px3, wherep is a constant, the coefficient xfis 135. Calculate:

(a) The value op,

(b) The value of the coefficient af in the expansion.

[E]

Solution:

(a) The term in@ in the expansion of (2 + pxYis
5C,22 (px ) 3=10 x 43S = 40>

We are given the coefficient is 135 so
40p3=135 ( +40)

p3 = 3.375 ( ’\‘7)
p=15

(b) The term ink* in the expansion of (2 + px Jis
5C,2t (px) 4=5xp™*=5x2(15)%*=50.625
Coefficient ofx* is 50.62!
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